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Explicit integral representations for the wave fields generated by air-coupled or underwater transducers in an
acoustic medium with a submerged elastic (metallic or laminate composite) plate are obtained in the form of
path Fourier integrals. Together with the far-field asymptotics for the incident, reflected, transmitted and guided
waves that were derived from those integrals, they proved to be a convenient tool for the in-depth study of wave
phenomena inherent in such acoustic-elastic structures. The present paper is focused on the non-conventional
properties of backward leaky waves such as the increased wave energy transfer through the plate due to the

increasing occurrence of energy vortices impeding lateral outflow of wave energy. The transformation of clas-
sical Lamb waves into leaky guided waves due to a fluid loading, especially in the backward wave range, the
energy properties of those waves and the appearing traveling Scholter-Stoneley waves as well as source energy
partition among the reflected, transmitted and guided waves are also numerically illustrated and discussed.

1. Introduction

The interaction of sound and ultrasound waves with an elastic plate
immersed in acoustic medium (liquid or gas) is a classical problem of
structural acoustics. It relates to numerous technical applications ran-
ging from vibration isolation, noise control and acoustic stealth to ul-
trasonic non-destructive evaluation (NDE). An important specific mo-
tivation for the present research is a study of wave processes underlying
the work of acoustic microscopes and ultrasonic underwater and air-
coupled transducers [1] (Fig. 1). The latter are often used as a cheaper
alternative to the laser Doppler vibrometry. Guided waves (GWs) gen-
erated in the plate by the ultrasonic beams have been increasingly used
for long range ultrasonic NDE within the Structural Health Monitoring
concept [2,3]. The development of adequate and efficient mathematical
models facilitates the choice of optimal parameters and operating
modes for such devices and technologies.

The analysis of incident plane-wave reflection from and transmis-
sion through a laminate plate is now a fairly standard procedure [4].
The classical problem of wave interaction with immersed thin-wall
structures is well studied on the basis of ray and modal analysis tech-
niques [5-8]. These methods allow one to analyze the reflection and
transmission of acoustic beams and to obtain the dispersion char-
acteristics of GWs propagating over the plate. However, it is still
complicated to simulate wave processes in such fluid-loaded structures
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with a strict accounting for the wave source, i.e., via the solution of a
coupled source-structure boundary value problem (BVP). Finite-ele-
ment (FEM) packages are ample for such simulation [9], but their use is
often too expensive, and the total FEM results are not as physically clear
as analytically based expansions in terms of bulk and guided waves.

A thorough review of various semi-analytical methods can be found
in Ref. [10]. The advantages and limitations of such approaches as the
use of Huygens’ principle [11] and superimposing of Gaussian beam
solution [12,13] are discussed in comparison with the distributed point
source method (DPSM) [14]. The DPSM avoids the most of those lim-
itations and does not require any far-field approximation. However,
being a special case of the boundary element method, it is based on the
wave field representation in terms of fundamental solutions for un-
bounded homogeneous acoustic and elastic media. Therefore, its ap-
plication assumes the distribution of such basis functions (boundary
elements) over all boundaries and interfaces of the structure considered
(e.g., Fig. 1 in Ref. [10]).

A drastic reduction in the number of basis functions (distributed
sources) can be achieved with the laminate element method (LEM)
[15], which is based on the use of fundamental solutions (Green’s
functions) of the laminate structure as a whole. Such basis functions
automatically satisfy the conditions at all plane-parallel boundaries and
interfaces, so that only the conditions at the local surfaces of the source
and obstacles are to be approximated. Specifically, to simulate the
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Fig. 1. Ultrasonic sounding, geometry of the problem.

source generated waves in the acoustic-elastic structures considered, it
is sufficient to distribute the laminate elements only along the emitter.
There is no need to distribute them along the plate’s parallel surfaces
and interfaces that extend to infinity, and, consequently, there is no
problem of their correct truncation.

The use of Green’s function based integral representations of wave
fields for immersed plates is a known method (e.g., [16]). In no small
measure, the present research has been induced by S. Banerjee [10],
who encouraged us to implement the LEM technique to the source-
sounded fluid-loaded laminate plates. The key stage of LEM im-
plementation is the elaboration of efficient algorithms for Green’s
function calculation. We have been developing such algorithms for
vertically inhomogeneous (stratified) elastic half-spaces subjected to
surface loading. The inhomogeneity may be both piecewise constant
(laminates) [15] and functionally gradient [17], including fluid sub-
layers as a particular case of elastic medium with zero shear wave ve-
locity. The main idea of the present approach is to use these algorithms
that we already have in hand as a basis for the Green’s function cal-
culation for the immersed elastic waveguides. The incorporation of the
Green’s matrix K for the underlying elastic half-space into the re-
presentation for the Green’s function for a submerged plate requires
minimal analytic effort, as described in Section 3 below. This approach
opens the possibility to simulate the source-generated non-contact
probing of various waveguide structures, including anisotropic lami-
nate composites [18] and piezoelectric [19] guides.

In the present study, the numerical analysis is limited to the classical
case of isotropic plate sounded by a normally oriented transducer,
which is enough for the objectives of the research. However, the
mathematical framework is given in the general form to be easily used
with more complex structures and tilted or concave emitters.

The Green’s functions are obtained in the explicit form of inverse
path Fourier integrals. While their numerical integration in the near
field is still a rather time-consuming procedure, the asymptotics for the
incident, reflected, transmitted and leaky guided waves derived from
those integrals provide low-cost and physically evident analytical ex-
pressions for the evaluation of source excited waves in the far field. The
explicit solutions have also been used to derive compact integral re-
presentations for the wave energy emitted from the source and its
partition among the bulk and guided waves. Moreover, they make it
possible to visualize time-averaged energy fluxes from the source to
infinity by tracing the energy streamlines specified by the vector field of
the Umov-Poynting vectors of energy flux intensity [20].

In the present paper, first, we give a general description of the
mathematical and computational model developed. Then its abilities
are illustrated by a few validating numerical examples. Here we focus
on the effect of increased acoustic energy transfer through the plate
[21] that occurs at the plate thickness resonance frequencies and in the
backward mode range. The numerical results obtained are compared
with the experimental and FEM results [22]. The analysis of the
structure of wave energy streamlines in resonance and non-resonance
cases complements the understanding of the mechanism of resonance
transmission.
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Independent interest is the backward leaky wave phenomenon. In
spite of the well-known studies of the Lamb mode non-propagating
branches and complex dispersion curve transformation under liquid
loading [7,23], seemingly unusual wave energy effects still occur in this
range that require an explanation [24]. To clarify those effects, the
transformation of the classical Lamb waves, including backward modes,
into guided leaky waves with fluid loading, and the peculiarities of
wave energy transportation along the plate, especially in the backward
wave range, are also analyzed and discussed.

2. Mathematical framework

Let us consider a steady-state time-harmonic oscillation u(x)e=*! of
an elastic plate of thickness h submerged in acoustic environment. In
Cartesian coordinates x = (x, y, ), the plate occupies the volume
D: —0 <X,y < o0, —h<z<0 (Fig. 1). Most generally, it may be a
laminate  composite plate, which displacement amplitude
u = (uy, uy, u;) obeys the full set of linear elastodynamics equations for
anisotropic media [18,25]. In simpler models, the plate’s material is
isotropic, governed by the Navier-Lamé equation

(A + w)Vdivu + uAu + pw?u =0, x € D. 1)

Here A and u are Lamé elastic moduli, p is density, w = 2zf is angular
frequency, and f is frequency; the time-harmonic factor e is con-
ventionally omitted.

A source located in the upper acoustic half-space z > 0 or attached
to its surface z = 0 generates the pressure field

0

>
< —h
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in the acoustic medium and the displacement field u(x) in the plate.
Here p, is the direct source field while p_ and p stand for the reflected
and transmitted scattered fields, respectively.

The wave fields u(x) and p(x) in the plate and environment are
coupled by the conditions of continuity of the normal displacement and
stress components at the plate-fluid interfaces z =0 and z = —h. In
view of the relation u = Vp/(o,w?) between the displacement and
pressure complex amplitudes in fluid, the coupling boundary conditions
take the form

) = {po x) + p; (%),

1 op

U, = ——=
27 ppw? oz’

atz=0and z = —h.
G =D, Tu =Tz =0

3)

Here p, is the density of acoustic fluid, and the components of the stress
vector 7 = (T, Ty, 07) are expressed via the displacement components
in accordance with Hooke’s law [25]. Conditions (3) also take into
account the absence of tangential tensions and the opposite of signs of
the normal stress and acoustic pressure load at the fluid-solid interfaces.
To ensure correct radiation at infinity, we use the principle of limiting
absorption [26].

The wave source is modeled by a given distribution g,(x) of some
driven force F over the surface S of the radiating element. The pressure
and displacement fields generated by this distributed force can be re-
presented as the integral over S of the pressure and displacement Green’s
functions g(x, £) and g, (x, £) multiplied by the distribution g, (£) :

P = [fg|x &la@de~ Y Ag|x §a &) x & S, x & D,
J

@

u@ = [f g% & |0@dé~ 3 Ag,|x §|aE). xeD.
J 5)

Here £ € S are source points distributed over S, and A; are weight
coefficients of a cubature formula used for the numerical integration.
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Not infrequently, the shape of the area S (e.g., of a circular emitter) and
the law of the distribution g, chosen in the model enable the analytical
integration in Egs. (4) and (5), eliminating the need for numerical ap-
proximation.

In view of the connection between the displacement and pressure
fields in an acoustic medium, the displacement Green’s function can be
extended onto the whole space by the relation g, = Vg/(o,w?) for z > 0
and z < —h.

3. Green’s functions

Both the pressure and displacement Green’s functions g(x, £) and
g,(x, &) are derived as the fundamental (point-source) solution to the
coupled BVP for the monopole source located at a point &€ = (£, 5, ¢) in
the upper half-space ({ > 0).

The pressure Green’s function, which is determined in the acoustic
half-spaces z > 0 and z < —h, obeys the Helmholtz equation

Ag + 158 = 5(x—§). (6)

Here x, = w/cy is the wavenumber of bulk waves in the acoustic
medium, ¢ is their phase velocity.

The Green’s functions satisfy the same boundary conditions as Eq.
(3) with p replaced by g and u replaced by g,,. In the plate domain D, the
latter is governed by the same elastodynamic equations as u (Eq. (1) in
the isotropic case).

Same as in Eq. (2), the pressure Green’s function g can be re-
presented above the plate by a sum of the direct and scattered fields:
g =g, + g,, where

8o (X—f) =
@

is the classical fundamental solution to Eq. (6). It describes a spherical
bulk wave generated by the monopole source in a homogeneous space.
As for the scattered parts g7 and the displacement Green’s function g,
their explicit integral representations are derived via the application of
the Fourier transform .#,, with respect to the horizontal coordinates x
and y, which reduces the BVP equations to the system of ordinary dif-
ferential equations. The Fourier symbols G = .7y, [gland G, = 7 [g,]
are derived analytically while the corresponding Green’s functions are
obtained as the inverse Fourier integrals:

— —1 — 1 . —i(apx+azy)
g(x, §) = 741Gl = Gn? ‘/;1 ‘/;2 G(Oﬁ, a, Z,§)€ vty den dog,

1 eik(}R
“am R

x—=§

B

®

and similarly for g,. The integration paths I; and I, go along the real
axes in the complex planes o; and o, deviating from them to round the
real poles of the integrands in accordance with the principle of limiting
absorption (see Refs. [18,27] for details).

In view of the splitting g = g, + g,

G(a, a, 7€) = [Go(at, 2=8) + Gielan, @, ]2, 2> 0, (9)
where

Gola, 2) = =€~/ (209), Gy (at, 2§) = c1($)e %,
a= Vfoclz +a}, oy=+a*x{, Regq>0, Imo,<0, (10)

and the unknown coefficient ¢; is to be obtained from the Fourier
transformed coupling boundary conditions at z = 0.

The function G, is obtained on the basis of the existing algorithms of
Green’s matrix calculation for a stratified elastic half-space z < 0 sub-
jected to a surface load 7 = q (e.g., [15,18]).

With any dependence of the half-space elastic moduli and density on
the depth z (including the degeneration of elastic solid into the acoustic
fluid as the shear modulus 4 — 0 and Poisson’s ratio v — 0.5, which is
required for z < —h in the case), the half-space solution in the Fourier

160
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transform domain takes the form

U(al, 0, z) = K(ali 0, Z)Q(O{L az), 250, (1 1)

where U = .7, [u], Q = % [q] and K = .7, [k] are the Fourier symbols
of the displacement u(x), surface load q(x, y) and 3 X 3 Green’s matrix
k (x) of the elastic-fluid half-space z < 0. The matrix K can be written as
the ratio of the matrix numerator K and the denominator . The latter
yields the characteristic (dispersion) equation A(ey, o, w) = 0 for the
GWs excited in the half-space without fluid loading.

With a fluid loading, the tangential components of the load vector
are zero: q = (0, 0, q), so that only the third column K; of the matrix K
works in Eq. (11): U = K3Q. Wherein, the Fourier symbol Q of the stress
q induced at the interface z = 0 by the field p, emitted by the point
source located at the distance { = d from the plate is derived from the
Fourier transformed boundary conditions g = —q and dg/dz = p,w?u;, at
Z = 0 with accounting for Egs. (9)-(11):

Q = (A/Ag)e0dei(cab+am)
Gy = —(00A + pyw*Ksz(a, 0, 0))/(20pAg)e=0@+D),

Ay = 0y A—pyw?Kss (0, b, 0).

Function A, is the common denominator of the pressure Green’s func-
tion G and the displacement Green’s function

Gu(at, o, z:) = KsQ = (Ks/Ag)e—o0d+i@itam 7z <, (12)

Since the matrix K is defined in the whole lower half-space z < 0,
including the fluid half-space z < h, the lower part of the pressure
Green’s function can be derived from Eq. (12) in the form

G = G = —pyw0pKaz(au, o, 2)e04/Ay, 7 < —h. (13)

It is worthy to note that the denominator of K; is reduced here with
the same function A in the numerator of Q, so that there appears a new
characteristic equation for the GWs in the fluid-loaded half-space:

Ag(ay, o, @) =0 (14)

instead of the equation A = 0 for the half-space in the vacuum. It is
evident that A, — gyA as p, = 0, i.e., as the acoustic loading becomes
impalpable. In the isotropic case, Ay = A¢(a, w) depends only on the
radial variable a in the plane (o, &) (the polar coordinates are in-
troduced in Eq. (14) below). The roots of Eq. (13) ¢, are the wave-
numbers of GWs propagating along the plate. With an isotropic plate,
they are also independent of the angular variable y.

A comprehensive description of the calculation algorithms for the K
matrix and, consequently, for the Green’s functions G and G,, in the
case of multilayer isotropic and anisotropic elastic waveguides are
available in Refs. [15,18], respectively. Analytic representations for the
particular case of an immersed homogeneous isotropic plate are given
in Appendix A.

4. Guided and bulk waves

Being the exact solutions to the point-source BVPs, the Green’s
functions expressed through the path Fourier integrals of form (8)
contain precise quantitative information about the waves of all types
excited by the source. In the isotropic case, there is no need in nu-
merical integration of such double-fold path integrals, since in the polar
coordinates

x—& = rcosp, y—n =rsing = acosy, @ = asiny

r=(x=£?+ (y—n)? )
0<g<2r

= o2 2
a=ai +ay

0<y<2m (15)

they can be reduced to onefold integrals over a, which numerical in-
tegration in the near field becomes quite acceptable. For example, for
the function G of form (9), Eq. (8) can be reduced to the form
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g(X, f) = 80("—5) + % ‘/; G, (oc, z;{)Hé” (ocr)ocda,

where T’ is the so-called unfold integration contour [18,27], and
the Hankel function of the first kind and zero order.

In the far field xR > 1 (x is a characteristic wavenumber), the os-
cillation in the integrands increases, and asymptotic evaluation be-
comes more profitable. The stationary phase points yield the asymptotic
expressions for the transmitted and reflected spherical acoustic waves
g [28] while the residues from the poles a = ¢, of the integrands G,
and G depict, in the isotropic case, axially symmetric cylindrical GWs
propagating over the plate and in the adjacent acoustic environment.
Inside the plate

uc[r, z] ~ D bu@)EN S, Gr > 0
b, = iRs(&, 2)e 0 /204(&)),  Gon = $2—E

(16)

HY is

17)

where u. = (u,, u;) denotes g, written in the cylindrical coordinates
(r, @, z) in the case of axial symmetry (u, = 0); A is the derivative of A,
with respect to a.

In the anisotropic case, the GW asymptotics cannot be obtained by
simple substitution of the residues of Ks/A into Eq. (17). Nevertheless,
the residues from the angular dependent poles a = ¢, (y) also yield the
far-field asymptotics of quasi-cylindrical GWs. Its derivation is de-
scribed in detail in Ref. [18].

5. Traveling and leaky waves

In GW asymptotics (17), the dependence of the amplitude factors b,
on z coincides, up to constant coefficients, with the eigenforms of the
corresponding normal modes obtained using the modal analysis tech-
nique. Moreover, the exponentials e~“n¢ uniquely specify the GW
amplitudes, depending on the distance d from the point source to the
plate. The terms of Eq. (17) associated with the real roots (wave-
numbers) ¢, are classical traveling waves propagating without ex-
ponential decay while complex ¢, yield evanescent waves. They pro-
pagate with the phase velocities ¢, = w/Re{, and attenuation factors
e~m&l" controlled by the imaginary parts of the poles. With a free
homogeneous elastic plate, pure real poles yield classical Lamb waves
(Fig. 2a); A, and S, conventionally denote the branches of antisym-
metric and symmetric fundamental (n = 0) and higher (n = 1, 2, 3, ...)
modes. Fluid loading (o, # 0 in Ag) causes a slight shift of the real
poles into the complex plane (Fig. 2b) reflecting the appearance of
exponential attenuation due to the leakage of wave energy into the
environment.

In accordance with the general law of GW propagation in internal
waveguides, the leakage occurs when the GW phase velocity is greater
than the bulk wave velocity in the environment (c, > ¢o). This takes
place for the branches ¢,, which real parts lie below the straight line
Ko = w/co marked in Fig. 2b, ¢ by bold dots (Re¢,(w) < x¢(w)). One can
see that almost all branches A,, and S,, meet this condition, and, in the
immersed plate, they become leaky Lamb waves, except the small part
of Ay mode in the low-frequency range 0 < w < 0.44 (Fig. 2c). Besides
them, two new real branches A and S appear with a fluid loading that
yield the Scholte-Stoneley guided waves [29,30]. Their pure real dis-
persion-curve branches go very close to the straight line x, = w/c, i.e.,
these waves propagate almost with the sound velocity in the liquid, still
not coinciding with it (Fig. 2c).

The numerical results here and in some other figures below are
presented in the dimensionless form obtained by normalizing all di-
mensional parameters to the three basic units: the unit of length [, = h,
the unit of velocity v, = ¢, and the unit of density o, = p as well as to
all other units expressed in terms of these basic values. For example, the
unit of frequency is f, = v,/l, = h/c,, the unit of stresses, pressure and
elastic modules is 7, = p,v7 = pc?, the unit of pressure frequency spectra
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is p, = w/f, = pcsh, and so on. With such choice, the dimensionless
angular frequency w = 27fh/c;, where f is dimensional frequency. To
obtain dimensional results for a particular specimen from the di-
mensionless results applicable for a variety of samples, it is necessary to
specify the dimensionless input parameters corresponding to the
structure under study before the numerical calculations, and multiply
the obtained dimensionless results by the basic and following from
them units.

To be comparable with the results of work [22], we have taken the
following dimensionless input parameters:
1.847,¢,=1,p =1, h =1, ¢p = 0474, and p, = 0.125. They correspond
to the dimensional parameters of a steel plate of thickness h = 6.05 mm,
density p = 8000 kg/m>, P-wave velocity ¢, = 5780 m/s and S-wave
velocity c¢; = 3130 m/s. The density of the surrounding liquid is
P, = 1000 kg/m?>, and the sound velocity is ¢, = 1485 m/s. Since in Ref.
[22] the magnitude and distribution of the transducer force are not
specified, we simulate the source by the dimensionless distribution
g, = 1 given in a circular area S of radius a. For the transducer of radius
30 mm, dimensionless a = 4.959.

The branch S; in Fig. 2a has a characteristic bend in the range
542 < w < 5.81 with a negative slope of the tangent indicating the ap-
pearance of the so-called backward mode S;'. At the left end of this
range, the tangent is vertical yielding the mode with zero group velo-
city v, = dw/d¢, (a ZGV mode) while the phase velocity ¢, = w/¢, is
non-zero (n = 4 counting the real branches in Fig. 2a top down).

By now the resonance phenomena associated with backward and
ZGV modes in elastic layered waveguides have been well studied and
found practical applications [31-34]. However, since, in fluid-loaded
guides, the non-attenuating traveling waves turn into leaky waves, the
left limit of the backward mode range becomes blurry, and the asso-
ciated ZGV effects are not so pronounced.

The reason for that difference is evident in the change of trajectories
along which the backward-mode poles come from the complex plane to
the real axis with increasing frequency (Fig. 3). Such a transformation
of complex branches was already noted in Refs. [7,23]. While in a free
guide all regular (i.e., non-backward-mode) poles + ¢, enter the real
axis through the origin (Fig. 2a), the two ZGV-generic (irregular)
complex conjugate poles move toward each other and merge at the real
axis in the non-zero double pole ¢, = 1.69 at the ZGV mode frequency
w = 5.42 (Fig. 3a). Then they diverge in different directions along the
real axis yielding two traveling waves: regular S; and backward S;' (see
also the corresponding branches in Fig. 2a). The positive regular pole of
the S; mode moves to the right while the pole of the backward wave S/
moves to the origin (the negative counterparts —¢, and —{ are centrally
symmetric with respect to the origin).

The corresponding deviations of the unfolded integration contour '
from the real axis, to get around the regular and irregular real poles in
accordance with the principle of limiting absorption [27], are shown in
Fig. 3c. It should be mentioned that only such a choice of the directions
of deviation in the integral representations for the generated wave
fields provides wave energy outflow from the source to infinity in an
ideally elastic free guide in the backward wave range [27].

Note that a pair of backward mode branch poles ¢, and ¢, e.g., of
the modes S; and —S;" in the example above, always gets into the closed
integration contour together unlike a pair of regular poles + ¢, only
one of which contributes in GW asymptotics (17). Hence, a pair of poles
¢, and {7 obtained from the bending part of a backward mode branch at
certain frequency is unbreakable. Its contribution into the GW asymp-
totics should not be treated as two separate modes. Such a considera-
tion just leads to unexpected seemingly unusual effects.

After the meeting at the origin with the symmetric negative pole,
the irregular real pole of the S; mode goes briefly to the imaginary axis
and returns through the origin on the real axis at the cut-off frequency
w = 6.28. Then it moves to the right, creating now the pure real branch
of the S, mode (see also Fig. 2a).

With a fluid-loaded plate, the complex poles cease to be exactly

Ccp =
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Fig. 2. Real (solid lines) and imaginary (dashed lines) branches of the dispersion curves a = ¢, (w) for a free (a) and submerged (b) elastic plate; zoomed-in low-
frequency range with Scholte-Stoneley modes A and S and A, mode crossing the border x, (dotted line) between the domains of real and complex wavenumbers
(traveling and leaky waves) (c); imaginary parts of leaky Lamb modes (d) in the submerged plate; within the figure scale, the line x, overlaps the S-mode branch but
still not coincide; the asterisks indicate the backward-mode parts of the branches.

complex-conjugate ones (Fig. 3b). They also move toward each other, After passing the origin, the pole corresponding to the quasi-back-
but the mirror symmetry about the real axis is no longer held (while the ward mode S;' converts into the pole of regular mode S,, same as in the
central symmetry still holds). They do not reach the real axis but turn free-layer case, with the difference in a slight shift of the pole trajectory
apart nearby to the left and to the right, and move along it remaining in into the complex plane. Due to those shifts of the former real poles
the complex plane (leaky GWs). Thus, no classical ZGV mode at a (Fig. 2d), there is no longer necessity to deviate the integration contour
meeting point occurs. And the imaginary part of the pole corresponding from the real axis to get around the nearly real poles, except the poles
to the quasi-backward mode S;' is significantly larger in absolute value associated with the Scholte-Stoneley modes that appear on the real axis
than that of S;. This is consistent with the fact that a backward leaky (Fig. 3d).
wave decays faster than regular GWs. In spite of the absence of classical ZGV modes in a fluid-loaded
(a) Ima 4 (b) Ima 4
3 3
2 w=4.5
1 5
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. N S5
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Fig. 3. The trajectories along which the dimensionless complex poles associated with the mode S; and the backward mode S;° shown in Fig. 2a, b move with
increasing frequency in the case of free (a) and water-loaded (b) steel plate; the dots show the poles’ location at certain fixed frequencies w; the corresponding forms
of the integration path I' at w = 5.5 (in the backward mode range) for the case of free (c) and water-loaded (d) plate.
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Fig. 4. Experimentally obtained [22] transfer function |H,,(f)| (solid line) and
that function calculated within the analytically based model developed (dashed
line).

plate, the former ZGV frequencies still manifest themselves in certain
resonance effects, such as the effect of increasing acoustic penetration
through the plate [21,22,35].

6. Resonance acoustic transparency

To validate the mathematical model developed against experi-
mental and numerical data, we have selected the recent results of Ref.
[22], where a resonance sound transmission through a water-immersed
steel plate has been experimentally observed and FEM-based simulated.
In addition to the validation goals, the results obtained give an insight
into the mechanism of the resonance transmission observed.

The transmission of time-harmonic acoustic waves through the plate
is characterized by the pressure-to-pressure transfer function
Hp, = p(%)/p(x1), where points x; and x, are taken on the top plate
surface and in the liquid under the plate, respectively. Fig. 4 gives an
example of the experimentally obtained [22] (solid line) and analyti-
cally based simulated (dashed line) transfer function H,, for the
transducer of radius a = 30 mm located at the distance d = 270 mm
above the plate; point x, is located 100 mm below the plate. One can see

=457 kHz

Of T——
= 200-
so0 8 TEN
L LA
-300 300
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a good coincidence of these experimental and theoretical results as well
as the results of FEM calculations that was also presented in Ref. [22].

Fig. 5 gives one more validating example. It presents spatial patterns
of the acoustic pressure magnitudes generated in the same structure as
in the previous example at the frequencies f= 457 and 956 kHz at
which the peaks of acoustic transfer through the plate occur. For
comparability, the coordinate system is the same as in Ref. [22], from
which the images (a) and (b) are copied. They were calculated using the
finite element-angular spectrum method (FEM-ASM) while the bottom
pictures (c) and (d) display the results obtained using the integral and
asymptotic representations. The patterns in the top and bottom images
are similar. The difference in magnitudes is due to different source
models: FEM simulation of the in-house-constructed transducer [22] (a,
b) versus the uniform dimensionless distribution (g, = 1) in the circular
arear < a (c, d). Specific integral representations of the pressure fields
p derived for such a source are given in Appendix A.

It should be mentioned that only the source field p, is shown above
the plate in Fig. 5, same as in Ref. [22], while the full field in the upper
half-space includes the reflection pressure field p_ as well. Accounting
for the latter drastically changes the pressure pattern above the plate.
The beams, reflected from the plate are superimposed on the beams
emanated from the transducer creating a lattice pattern (Fig. 6). The
images (a), (b), and (c) of Fig. 6 are for the frequencies f = 329, 457,
and 576 (kHz) taken close before, inside, and just after the former
backward-mode range; the corresponding dimensionless frequencies
w = 4, 5.5, and 7 are indicated in Fig. 2b by arrows. Fig. 6 is intended to
illustrate the increased acoustic energy transfer in the vicinity of the
former ZGV-mode frequency. Indeed, one can see that the vertical
beams penetrating through the plate at non-resonance frequencies
329 kHz and 576 kHz (w = 4 and 7) look much weaker than that in the
central subplot.

The patterns of acoustic pressure in Figs. 5 and 6 give an idea of the
spatial distribution of acoustic power while specific trajectories of time-
averaged energy transfer in a time-harmonic wave field can be visua-
lized by energy streamlines that are tangential to the Umov-Poynting
vectors of energy flux intensity e at each point [31,34,36,37]. Fig. 7
depicts the streamline structures for the pressure fields shown in
Fig. 6a, b. The bottom zoomed-in insets (c) and (d) of Fig. 7 are for the

=956 kHz

(b)
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Fig. 5. Patterns of transducer-generated and transmitted pressure magnitudes (20log,,|p,| for z > 0 and 2010g10\p;| for z < —h [dB re 1 Pa/Hz]) calculated by FEM-
ASM [22] (a, b) and the magnitudes 20log,,|p,/p,| for z > 0 and 20log,,|p} /p, | for z < —h calculated within the analytically based model for the source simulated by

the dimensionless distribution g, = 1 (c, d).
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Fig. 6. Full-field pressure patterns for the frequencies taken close before, inside, and just after the backward-mode range illustrating increased acoustic penetration at

the backward-mode frequency.

streamlines inside the plate. Their patterns can visually explain the
increase in the energy transfer through the plate at the resonance fre-
quency.

In the regular case (w = 4, f = 329 kHz), only a few close to the
central axis streamlines go directly through the plate (Fig. 7a, c). The
others either turn upward being reflected from the plate or turn lat-
erally depicting winding trajectories of energy transfer along the plate
with the excited GWs. These sinuous streamlines regularly approach the
horizontal boundaries of the plate, and small portions of energy are re-
radiated into the liquid feeding the reflected and transmitted fields p_
in the course of leaky GW propagation.

In the resonance case (w = 5.5, f = 457 kHz), the streamlines inside
the plate are featured by the appearance of energy vortices that es-
sentially change the regular pattern of wavy lateral energy flow along
the plate. Much more streams blocked by the lateral vortices [38] go
down into the lower liquid half-space, thus, increasing the acoustic
transfer.

7. Energy transfer
The time-averaged over the period of oscillation amount of wave

energy transferred in a time-harmonic elastic or acoustic wave field
through a surface S is specified by the quantity [20]

E=fjs'es(x)ds, esz—%lm(u, ‘rs),

where e; = (e, n) is the projection of the Umov-Poynting vector e onto
the surface normal n;z; is the stress vector at a surface element with the

18

normal n; the scalar product of complex vectors assumes complex
conjugate components of the second multiplier.

In such particular cases of surface S as a closed surface around the
source, horizontal planes z = const far above the source and far below
the plate, and a lateral cylindrical surface r = const of large radius r, Eq.
(17) yields the source energy E,, the energy the reflected and trans-
mitted waves E~ and E*, and the lateral energy outflow to infinity with
GWs E,. A detailed description of the derivation of specific expressions
for Ey, E* and E, in terms of Green’s functions and surface stress q is
available in [34] and papers cites therein.

Using this technique, similar expressions for the case under con-
sideration have been derived and tested [39]. The main criterion was
the fulfilment of the energy balance

Ey=E~ + Et +E,

in the entire frequency range of interest, including the leaky backward
mode band. In the present paper, we focus on the energy transfer by
guided waves, including seemingly unusual energy properties of leaky
backward waves discussed in Ref. [24]. The unusualness is associated
with the opposite directions of the horizontal components of wave
energy fluxes in different parts of the vertical energy-flux profile of the
backward leaky wave, which is schematically illustrated in Fig. 4 of Ref.
[24]. In fact, this behavior is not quite unusual, and it does not violate
the energy balance.

The occurrence of energy flux density vectors e(x) = (e,, e,) directed
back to the source does not mean that the backward energy flux goes up
to the source. If this occurs in the vertical energy profile e, (z) of a se-
parate mode, this may not occur in the total wave field consisting of the
sum of normal modes and bulk waves. Their interference completely

z [mm)]

120

120

-120

Fig. 7. Energy streamlines in the same time-harmonic fields as in Fig. 6a and b (a, b), thick horizontal segments at the top show the size of the emitter; bottom insets

(c, d) show streamlines in the vertically zoomed-in plate domain D.
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Fig. 9. Examples of energy-flux profiles ¢,(z) of the regular Lamb modes Ay, Sy and A (top, central, and bottom rows of subplots) at dimensionless frequencies

w =4, 5.5, and 7 (left, central, and right columns).

changes the pattern of the vector field e(x) in comparison with x-in-
dependent profiles of single traveling waves. In the total field, the
backward vectors e usually indicates the appearance of energy vortices,
i.e., spatial areas in which the time-averaged energy circulates along
closed paths without inflow or outflow [31,40,41]. The total energy
flux through any cross-section of the vortex area is equal to zero;
therefore, they cannot violate the energy balance.

In rare cases, backward energy flows coming from infinity can arise
in ideally elastic waveguides. But, in the near field, such an inverse
stream is necessarily turned away by the more powerful energy flux
from the source. Mathematically, the turn is due to the evanescent
modes associated with the complex ¢,. Their contribution to the total
field is negligible at a distance from the source, but they come into play
in the near field. Numerical examples of such backward energy fluxes
from infinity are presented in Refs. [31,34]. Those backflows can be
treated as sleeves of vortices circulated through infinity, and they also
violate neither energy balance nor the condition of energy radiation to
infinity.

Moreover, although the energy profiles e,(z) of backward modes
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typically exhibit opposite direction at various depths z (e.g., Fig. 8a, b),
they are, as noted above, unbreakable. They always enter the total field
together, and the profile of their summary contribution is already di-
rected from the source (Fig. 8c).

For convenience, Figs. 8-10 display normalized profiles of leaky
modes &,(z) = lim,_ we,(z)re?™%’, non-decreasing as r — oo. In these
figures, they are shown as vertical plots of the dimensionless coordinate
z = z/h. The plate cross-section is —1 < z < Owhile z > 0and z < —1lare
for the fluid environment. In the latter, the horizontal energy flux is
comparatively weak (except for the Scholte-Stoneley modes in Fig. 10),
and the plots of &,(z) in these domains look as vertical lines closely
pressed to the axis z.

The energy-flux profiles of regular Lamb modes are typically
without negative sections (Fig. 9). Although, sometimes such behavior
also occurs (e.g., the profile of A; mode at w = 5.5 and 7).

It should not be forgotten that the backward energy streams coming
from infinity occur only in the fields of traveling guided waves asso-
ciated with purely real wavenumbers ¢,. Since in an immersed plate all
the Lamb waves, except the low-frequency A, mode, become leaky GWs
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Fig. 10. Energy-flux profiles of the Scholte-Stoneley modes A and S.

with complex wavenumbers, they decay exponentially as the distance r
increases without the possibility of delivering energy to infinity.
Respectively, no backward fluxes from infinity may exist with leaky
modes, and all vortex phenomena may only occur in the middle and
near field.

Besides the mode A(, which wavenumber, however, is real only at
low frequencies, far from the backward mode band, the only GWs with
purely real wavenumbers in the whole frequency range are Scholte-
Stoneley modes A and S. They provide the delivery of wave energy to
infinity along the plate, but their profiles do not assume backward
fluxes (Fig. 10). As an illustration of the A and S mode contribution into
the total energy transfer to infinity, Fig. 11 shows the dimensionless
frequency dependencies of the full source power E,(w) of the monopole
source located near the plate (d = h), and its partition among the re-
flected and transmitted bulk waves (E*) and A and S guided waves. The
circular markers are for the sum E, + E~ + E*to confirm the energy
balance (in the range w > 0.44, E, = E; + Eg).

8. Conclusions

The analytically based computer model for the ultrasonic sounding
of a fluid-loaded elastic plate has been developed on the basis of explicit
integral and asymptotic representations for the Green’s function of the
coupled acoustic-elastic structure. The analysis of the source energy
spatial distribution and the visualization of wave energy fluxes in the
total wave field help to clarify the mechanism of the resonant acoustic
transparency of the plate and energy properties of leaky backward
modes, which seemed to be unusual. The model has been validated
against FEM and experimental results only for isotropic plates, but the
existing algorithms of Green’s matrix calculation for anisotropic, func-
tionally graded and laminate structures make it possible to use the
model with a wider range of plate samples of complex structure
(composite materials).

Appendix A

1.2 ‘ ; ‘ : ;
E

0.8}

I E

0 1 2 3
Q)
Fig. 11. Frequency dependence of the point source power E, and its partition
among the reflected, transmitted and non-attenuating guided waves A and S
(E~, E*, and E,, respectively, circular markers are for their sum, top subplot);
partition of the guided wave energy E, between the A and S modes (bottom).

Acknowledgements

The work is supported by the Russian Science Foundation (Project
No. 17-11-01191).

In the case of an isotropic plate and axially symmetric source function g, distributed in a circular domain 0 < r < a, which is parallel to the plate
surface z = 0 and located above it at the distance d ({ = d), the axisymmetric fields pZ and u = (u,, u;) can be represented in terms of onefold path

integrals

P (r, z) = ifn Gy (oz, z;d)Qo (oc)]o(ocr)adoc, 220,

ur(r, = P Y (OC, Z)

i
u, (r, z) ij;+ R(a, z)Q(oc, d)QO (a)]o(ar)ocda, -h<z<0,

by (r, z) s G;(a, z;d)Qo(a)Jo(ar)ocda, z< —h

8 d)QO(oc)Jl(ocr)oczdoc, -h<z<0,
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R, S are the constituents of the third column K; of the half-space Green’s matrix K:

K; = (i S, —ie S, R),

which are also in the integrands for the radial and vertical displacement components u, and u,:

S, z) = 8 (@, 2)/A,
S = (S18-p @R 4 S2)/Ar,

A = gpAL + @Ry,

R(a, z) = R(a, 2)/A
R = (RIA—py@*R 1 R)/AL, —h <2 <0

Run=Ru(a, —h), n=1,2

Si(a, z) = —i[o2(a®?c; + yie)—onyieen + alohssy—aloiyiecr; + ¥Ossil
Ri(a, 2) = a[—a? (o271 + 7%s2) + aPo17%cs1—y5scar + a?yiesi—ataraser]

Sy(a, 2) = Si(a, —z—h),

Ry(a, 2) = R(at, —z—h)

AL = 2u[—2a%0,y* =8 + a'or)si(W)sy(h) + 2a%01, 7% (h) ey (h)]

O12

Smn (2) = 5m(2)$n (2 + h),
Scmn(z) = Sm (Z)cn(z + h),

5n(z) = sh(0,2), ¢n(z) = ch(oyz)
CCmn (Z) = cn(z)cm(z + h)
CSmn(2) = cm(2)sn(z + h),

= 0102,

mn=1,2

2= ar—x2/2, 0, = JaP—x?2, ko= wlco, ¥ = w/cp, K = w/c

Q(a, §) = —(A/Ag)e%

Qo(

a) = 27rf0a qo(NJar)rdr = 2mak (ac)/a for q, = 1

Jy and J; are the Bessel functions.

Appendix B. Supplementary material

Supplementary data associated with this article can be found, in the online version, at https://doi.org/10.1016/j.ultras.2018.10.001.
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