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A B S T R A C T

In this work, we propose an asymmetric transmission structure (ATS) for elastic shear vertical (SV) waves in solids, which has been relatively unexplored. The ATS is
constituted by a metasurface and a phononic crystal (PC) possessing a directional band gap. While the metasurface aims to redirect the incident wave, the PC acts as a
directional filter. The metasurface is composed of a stacked array of composite plates with two connecting parts made of different materials. To examine the
performance of the designed ATS, full numerical simulations have been conducted. The numerical results indicate that the proposed ATS offered a relatively broad
working frequency band and had a one order of magnitude difference in terms of transmission between the positive and negative incidences. Our study provides an
alternative method to control elastic SV waves and could benefit applications in various fields, such as Micro-Electro-Mechanical System (MEMS), in which thin
plates are frequently used components.

1. Introduction

Asymmetric energy flow, a hallmark of electric diodes, has re-
volutionized modern communication and electronic devices.
Asymmetric energy transmission is of importance in other physical
fields as well and has been demonstrated in optics [1], therm-dynamics
[2–4], acoustics [5–11], and elasto-dynamics [12–16].

There are primarily two ways to realize asymmetric transmission of
waves: either by introducing nonlinearity into the system to break the
time-reversal symmetry or using asymmetric linear structures to break
the spatial symmetry. In general, an asymmetric transmission structure
mainly contains two parts: a component to change the behavior (i.e.,
propagation directions, modes, and frequencies) of waves and a filter.
For the sake of brevity, the first part is named “rectifier” in this work.
The filter is usually selected as a PC [17] with a full or partial band gap.
More specifically, to break the time-reversal symmetry, the rectifier is
usually made of a nonlinear material [5,12,18,19] which functions to
modulate frequencies. Additionally, a PC is well designed to prohibit
the fundamental wave instead of the after-induced higher order har-
monic waves. Thus the asymmetric transmission is realized as the
fundamental wave comes from different sides. In some cases [15,16],
the rectifier and the filter are integrated together through a nonlinear
periodic structure. In these cases, the periodic structure usually inherits
a loading-dependent band structure, and frequencies of the incident
waves are preserved.

To break the spatial symmetry, various ingenious designs of asym-

metric linear structures [13,20–27] have been proposed. Among them,
the ATS constituted by a metasurface [28] in addition to a PC has been
confirmed to be an effective tool [24,29], in which the metasurface is
designed to redirect incident waves and the PC possesses a directional
band gap. The idea is that, the incident waves would be redirected after
passing through the designed metasurface and subsequently fall within
the pass or the forbidden band of PCs. On the contrary, waves incident
from the opposite direction would be directly forbidden or allowed by
the PC. For example, Song et al. [24] have designed such an ATS for
acoustic waves, in which the metasurface is made of slits filled with two
noble gases (argon and xenon) [30], and Shen et al. [29] have proposed
a design in which a metamaterial with near-zero index is selected as the
filter. In the designs by Yuan et al. [31] and He et al. [32], the role of
metasurfaces is replaced by waveguides. It is worth noting that existing
reports are mainly focused on acoustic waves, whereas studies on
elastic waves have not been extensively reported, possibly due to the
complexity caused by the coupling between longitudinal and transverse
waves existing in solids.

In this work, a corresponding ATS constituted by a metasurface and
a PC for elastic SV waves in solids was proposed. The metasurface was
constituted by a stacked array of composite plates, which were com-
posed of two connecting parts made of two different materials. A
phononic crystal with a square lattice was selected, which has a di-
rectional band gap between 64.5 kHz and 84.5 kHz for the shear modes.
Although the size considered in this work is at the macro-scale, such a
design can be scaled down to the micro- and nano-scale as well.
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Therefore, our study is beneficial to the Micro-Electro-Mechanical
System (MEMS) in which thin plates are the typical components and
specific waves, e.g., elastic SV waves, should be controlled at certain
frequency ranges.

The remaining sections of the paper are organized as follows. Two
components of the ATS including a metasurface and a PC are in-
troduced and analyzed in Section 2. Full numerical simulations vali-
dating the asymmetric transmission performance of the ATS are de-
scribed in Section 3. Conclusions are presented in Section 4.

2. Structure of the ATS

In this work, the designed ATS for elastic SV waves was composed of
two parts as shown in Fig. 1. One is a metasurface which works to
redirect the incident wave, and the other is a phononic crystal with
directional band gaps which plays the role as a filter [5,8].

2.1. Metasurfaces

The metasurfaces used in the current ATS are those proposed by the
authors in the recently published paper [33]. Fig. 2 shows a 2D sche-
matic of the metasurface, which is composed of an array of parallel thin
composite plates connected at both ends to the half-space solids. All the
composite plates are constituted by two connecting parts made of two
different materials. As a result, varying the length ratio of the two
connecting parts is capable of tuning the travelling time of flexural
waves through these composite plates, subsequently of controlling the
phase shifts of transmitted waves.

In this work, the length ratio of the two connecting parts of the
composite plates, l l/1 2, is defined as , which varies from 0 to 1. The
materials for the two parts were denoted as material 1 and 2, respec-
tively. Among them, material 1 was selected as aluminum, and material
2 was a platonic material, with detailed material properties were listed
in Table 1.

Throughout the paper, the general sizes for the composite plates are
set as h=5mm, l=50mm, and a=0.5mm, where h is the thickness
of plates (in the y direction), l denotes the total length in the x direction,

and a represents the gap between adjacent plates. Only the normal
incident waves were considered in this work.

The theoretical transmissivity and phase of transmitted waves
changing with α at three different frequencies have been illustrated in
Fig. 3. It is confirmed that the composite plates have a good trans-
mission performance and full phase control of transmitted waves
within [0 2 ] can be achieved. For comparison, a numerical model
illustrated in Fig. 4 has been established and the calculated trans-
missions and phase shifts using COMSOL® MultiPhysics software have
also been plotted in Fig. 3. The numerical results are found to be in
good agreement with analytical results. According to the generalized
Snell’s law [34] such a metasurface is capable of steering elastic SV
waves in solids.

As an illustration, a metasurface with a prescribed refraction angle
of 45° has been designed based upon the aforementioned composite-
plate technique. Fig. 5 shows the curl of simulated displacements for
the metasurface under a normal incidence of a plane elastic SV wave. As
shown in the inset of Fig. 5, the metasuface was constituted by five
identical periodically distributed sub-structures. Each of them was
comprised of 11 composite plates numbered 1–11. Values of α for these
11 composite pates were determined by our proposed theoretical model
in Ref. [33] and tabulated in Table 2. In the numerical simulations, the
exterior zone marked as PML in Fig. 5 was set as PMLs to mimic the
non-reflecting boundaries. A uniform displacement in the y direction
was applied on the dashed line AB to generate an incident plane SV
wave. The numerical results show the incident wave was indeed
changed by 45° anti-clockwise, the same as the theoretically prescribed
value.
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refraction angles

Part 2: PCs with
directional 
bandgaps

Positive 
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Material 3

Transmitted wave

Fig. 1. Two dimensional (2D) schematic of the ATS for elastic SV waves in
solids, which is composed of two parts including a metasurface and a PC with
directional band gaps.
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Fig. 2. Two dimensional diagram of the metasurfaces acting as the role to re-
direct the incident wave, which are made of parallel thin composite plates
connected at both ends to the supporting bases. Different colors represent dif-
ferent materials. Adapted from [33], copyright Zhang et al. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

Table 1
Materials [33] used for metasurfaces.

No. Young’s modulus/Gpa Mass density/kg/m3 Poisson’s ratio

1 70.00 2700.00 0.33
2 500.00 2000.00 0.31

L. Zeng, et al. Ultrasonics 96 (2019) 34–39

35



2.2. Pcs with directional band gaps

The PC used in this work was a common 2D crystal constituted by
cylindrical fibers embedded in a matrix with a square lattice. The ma-
terial for the matrix is the same as material 1 constituting composite
plates in the metasurfaces. The cylindrical fibers are made of a material
with a Young’s modulus E =31.5 GPa, mass density = 54,000 kg/m3,

and Poisson’s ratio = 0.33, denoted as material 3 in this work.
Actually, the PCs with the required directional band gaps can be ob-
tained through topology optimization techniques [32]. Fig. 7 shows the
calculated band structure for such a PC with a 20% volume fraction of
fibers with a radius of 2mm. As indicated in Fig. 6, curves of the lowest
order denote the shear mode. It is clear that there exists a directional
band gap for elastic SV waves in the X direction, as the doubled-arrow
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Fig. 3. Theoretically [33] and numerically calculated (a) transmission and (b) phases of the transmitted waves as a function of α.
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Fig. 4. A numerical model of unit cells used to
calculate the transmission spectrum of elastic SV
waves through composite plates in the designed
metasurfaces. The periodic boundary conditions
have been applied on the top and bottom edges and
a uniform displacement in the y direction was ap-
plied on the red line to generate a plane SV wave.
Perfectly matched layers (PMLs) were set at the two
extreme ends to yield non-reflecting boundaries.
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Fig. 5. The performance of a designed metasurface which changes the direction of incident SV waves by 45° anti-clockwise at 75 kHz.
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line shown in Fig. 6. The directional band gap starts from 64.5 kHz and
ends at about 84.5 kHz.

3. Numerical validation of the performance of the ATS

In this work, the metasurface designed at the end of the Section 2.1
and the PC considered in the Section 2.2 were combined to yield an ATS
for elastic SV waves. The structure of such an ATS is plotted in Fig. 1. To
examine its performance, a series of full numerical simulations using
COMSOL®MultiPhysics software were conducted. The numerical model
is plotted in Fig. 7, in which the metasurface was constituted by 9 sub-
structures the same as those used in Fig. 5, and 10 columns of fibers
along the x direction were employed for the PC. The zone marked by
blue color was set as PMLs to yield non-reflecting boundaries. A uni-
form displacement in the y direction was applied on the dashed line AB
to generate the incident SV wave. For the negative incidence, the da-
shed loading-line AB was located on the right hand side of the PC. To
avoid rigid motion, the movement in the x direction was fixed for the

two thick red lines and the movement in the y direction for the four
thick black lines. All the domains were discretized using plane-strain
elements.

Fig. 8 shows the simulated curl of displacements for both the posi-
tive and negative incidence at three frequencies. It is obvious that a
portion of the incident wave passed through the designed ATS posi-
tively. Moreover, the transmitted wave had an angle of 45° with respect
to the x direction, since the metasurface had a refraction angle of 45°.
On the contrary, waves incident from the negative direction were en-
tirely prohibited. To quantitatively compare the transmission perfor-
mance, values of the normalized curl of displacements on the black
dash lines illustrated in Fig. 8 are averaged and plotted in Fig. 9. It is
found that, the transmission rate was one order of magnitude higher in
the positive direction than that in the negative direction. It indicates
that the current designed ATS works in agreement with the theoretical
expectation and has a relatively broad range of working frequencies.

4. Conclusions

We have presented an ATS for elastic SV waves in solids, which was
comprised of a metasurface and a PC. The metasurface was constituted
by a series of parallel composite plates with two connecting parts made
of different materials. The PC with a square lattice was selected, which
was required to possess a directional band gap. A metasurface with a
refraction angle of 45° based on our proposed composite-plate tech-
nique has been designed. Then, this metasurface and the PC constituted
an ATS for elastic SV waves. Full numerical simulations indicate that
the transmissivity of the designed ATS was one order of magnitude
higher in the positive direction than that in the negative direction
within the interested frequency range. In conclusion, the current ATS
provides an alternative way to realize asymmetric transmission of
elastic SV waves in solids.
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Table 2
Parameters of the 11 composite plates constituting the metasurface with a re-
fraction angle of 45° at 75 kHz.

Plate (π) T| |

1 0.0504 0.0220 0.8327
2 0.1562 0.2090 0.7886
3 0.2638 0.3956 0.7442
4 0.3426 0.5825 0.8525
5 0.4132 0.7695 0.8322
6 0.5155 0.9562 0.8231
7 0.5993 1.1433 0.8138
8 0.7006 1.3300 0.7160
9 0.7973 1.5169 0.8251
10 0.8887 1.7036 0.8890
11 0.9757 1.8905 0.9684
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