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1. Introduction

Transverse (spin-spin) and longitudinal (spin-lattice) relaxation
have long been known to depend on pore size and surface propor-
tions in porous media [1] and material properties such as molecu-
lar density and viscosity [2]. Restrictions in rotational and
translational diffusion due to the physicochemical environment
of the spin-bearing molecules generate variations in relaxation
process that lead to important effects in observed relaxation
behavior. Multi-dimensional relaxation methods provide the
means to study the coupling of T1 and T2 relaxation mechanisms,
or modes, through T1-T2 correlation experiments and the interplay
of T2-T2 correlations over a T1 storage time [3–5]. A complicating
aspect of such measurements is the inversion of the time-domain
data from an experiment by a regularized Fredholm integral
method i.e. inverse Laplace transform (ILT) [6], or other nonlinear
inversion method. The presence of negative eigenmodes in the
spectral form of the data and the implications of these types of
modes for inversion stability in such spectra has been broadly dis-
cussed [7–10].

Analysis of T1-T2 correlation and T2-T2 exchange experiments
by direct use of the time-domain voltage signals provides a route
to avoiding the artifacts due to data inversion [8,9,11]. The inter-
pretation of exchange phenomena in the time domain of T2-T2

experiments indicate signal curvature, a cosh modulation, due to
exchange dynamics between two T2 populations [11]. In T1-T2

experiments, Song et al. [8] have demonstrated an increase in sig-
nal amplitude with inversion recovery time, t1 for different echo
times t2 ¼ ns due to coupling of pore spin dynamics in a two-
pore porous media and discussed the effect in terms of negative
eigenmodes in the T1-T2 spectra. In this paper, the eigenfunction
solution framework of Song et al. [12] is further developed to
explore a coupled pore system and understand anomalous
observed voltage signal increases in T1-T2 experiments by time-
domain analysis. It is found that negative eigenvalue modes are a
necessary, but not sufficient condition, for the signal increase.

The motivation for the development in this paper is two-fold.
First, the model, which explicitly couples the pores through mag-
netization conservation and exchange [13,14], provides enhanced
understanding of the T1-T2 experiment for the characterization of
classical multiscale porous media [15]. Second, the model and its
solution can provide routes to interpretation of molecular dynam-
ics in reacting and soft matter systems in which such signal
increases have been observed. Specifically, in addition to the first
observations of signal rises in the T1-T2 signal [7], signal-rise
results have been observed in a model hydrate forming system
[16], a polymer-solvent system undergoing a glass or gel transition
[17] and waxes undergoing solid-solid rotator phase transitions
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[18]. In order to develop a solid basis for interpretation in this wide
range of systems, the model is analyzed over a range of parameters
related to pore- or population-size ratio, pore connectivity or
exchange between pores, and the relaxation modes specific to each
pore type. The analysis allows identification of regions of parame-
ter space for which the increase in signal with experimental inver-
sion recovery time t1 is predicted, demonstrating that the coupling
of the T1- and T2-relaxation modes in individual pores can be
probed by the T1-T2 experiment. The relaxation modes are coupled
in terms of whether they are in the fast or slow diffusion limit [19].

In Section 2, we present the development of a coupled, two-
region model for T1-T2 signal prediction by extending the frame-
work for the single-region model presented by Song et al. [12]
through the use of an exchange boundary condition at the pore-
pore interface [13,14]. The model parameter space is then explored
in Section 3 to demonstrate the range of behaviors that might be
observed in a T1-T2 experiment, including the signal rise behavior
noted above. In Section 4, the model is then considered in the con-
text of measurements in three different two-phase/two-region sys-
tems. Section 5 synthesizes the results and insights from
application of the model to provide some useful guidelines for
using the T1-T2 sequence in complex settings.
2. Model development

2.1. Setting and assumptions

The model to be developed here addresses the generic problem
of the dynamics of diffusion and relaxation in multi-phase, multi-
region systems using the ideas first proposed in an NMR context by
Brownstein and Tarr [19,20]. By the term phase, we mean a portion
of a system with distinctly different transport properties (flow, dif-
fusion and reaction, etc.) or NMR properties (relaxation, magneti-
zation, etc.). These distinct properties are homogeneous in
character, i.e. they occur within the volume of the phase, and so
appear as part of the differential balance expressions for the model.
For example, a phase might be composed of a porous media (a mix-
ture of fluid and solid materials) and be characterized, through
coarse-graining (averaging, smoothing), by an effective diffusion
coefficient and effective NMR longitudinal and transverse relax-
ation times that would appear in the Bloch-Torrey equations
[21]. The model of Belton and Hills [14] is an example of two-
phase model in which the relaxation and transport properties
Fig. 1. Settings and geometries for a single-p
change across interfaces in a system made up of plant cells or
heterogeneous gels.

The term region, will identify a portion of the system with dis-
tinct length-scale features but not distinct transport or relaxation
properties that would characterize a phase. That is, relaxation
and transport properties do not change across regions as they
would for phases. The two-pore model presented by Zielinski
et al. [15] is an example of a two-region system composed of
regions with different length scales (a small pore coupled to a large
pore) but with the diffusion and relaxation properties that are the
same in each of the pores. The random-walk simulations of Song
et al. [8] for diffusion and relaxation in porous glass particles is also
a two-region model in that it explicitly assumes constant diffusion
and relaxation parameters throughout all pore regions.

This study will develop a two-region model; specifically a two-
pore model, based on the ideas put forth in Zielinski et al. [15] and
incorporating the boundary condition suggested by Belton and
Hills [13,14] for inter-region exchange and relaxation processes.
Fig. 1 presents the features of single- and two-pore models that
we might consider. The single-pore model (Fig. 1a) consists of a
pore with a characteristic length scale, L. In the interior of the pore,
spins diffuse with diffusion coefficient D, and relax with relaxation
rates R1 ¼ 1=T1 and R2 ¼ 1=T2. The pore surface, As, is impermeable
to the spins, but the spins can undergo surface relaxation with sur-
face relaxivity rate coefficient q1 for longitudinal magnetization
and q2 for transverse magnetization. Computations for this system
will follow the developments of Song et al. [12] and simplify mod-
eling efforts by using one spatial dimension (Fig. 1c).

Features of a two-pore model are shown in Fig. 1b. This system
is composed of pores with two distinct pore sizes, LA, taken as the
larger pore and LB, the smaller pore. The pores are primarily
enclosed by surfaces that have the same type of relaxation charac-
teristics as the single-pore model. The pores can have different val-
ues for the surface relaxation rate constants, qi, (i ¼ 1;2) but have
the same homogeneous relaxation rate constants, Ri ¼ 1=Ti and dif-
fusion coefficients. The pores can be connected (coupled) over the
joint areas denoted Ai. The nature of the dynamics on these inter-
facial surfaces is key to the distinctive character of the two-pore
model [13,14].

As was done in the single-pore case, computations for the two-
pore model are simplified by using the one-dimensional geometric
representation shown in Fig. 1d. In the reduction from the two-and
three-dimensional reality of the pore setting to a one-dimensional
computational setting, detail is lost. Hence, the specific property
ore (a), (c) and two-pore (b), (d) models.
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parameters (using in the one-dimensional version of the two-pore
model) should be considered as estimates of intrinsic values.

2.2. The pulse sequence

The aim for developing the model is to simulate the time-
domain signal from an NMR pulse sequence. The T1-T2 pulse
sequence is summarized concisely as [p–t1–p/2–te–(p–te–acq–
te)n] [3,8]. The duration of the inversion-recovery interval, t1,
following the initial p-pulse is stepped through a series m of
logarithmically spaced values and encodes the longitudinal-
relaxation characteristics of the material into the signal. At the
end of a t1-interval, a p

2-pulse generates a time-domain signal from
the sample. This signal is acquired as a Carr-Purcell-Meiboom-Gill
(CPMG) echo train using a p-pulse separation time of 2te and con-
sisting of N data points acquired at equal spaced times t2;n ¼ 2nte,
n ¼ 1;2; � � � ;N. This portion of the sequence encodes the
transverse-relaxation characteristics of the material into the signal.
The net result of the experiment is a two-dimensional array of volt-
age signals covering the full extent of the t1 and t2 values,
sm;n ¼ sðt1;m; t2;nÞ.

2.3. Governing equations

The goal now is to develop a model that predicts the signal for
the experiment. We assume the pulses in the sequence are hard
pulses whose time duration is short compared to all other pro-
cesses of interest in the system. The RF pulses thus set the initial
conditions for simulating the evolution of the spin system during
the inter-pulse intervals. A predictive model of the system evolu-
tion between the pulses is based on the formalism proposed by
Song et al. [12] and on the use of the Bloch-Torrey equations [22]
to describe the dynamics of diffusion and relaxation processes.
The magnetic field within the pores is assumed to be uniform so
that dephasing due to diffusion in a non-uniform field caused by
susceptibility differences in the sample can be ignored. The
Bloch-Torrey (BT) equations for a phase during the inter-pulse
intervals then take the form,

@MT

@t
¼ Dr2MT � R2MT ð1Þ

for the transverse magnetization and

@Mz

@t
¼ Dr2Mz � R1ðMz �MeqÞ ð2Þ

for the longitudinal magnetization. If we define the generic phase
magnetization mi ¼ MT;i for the transverse magnetization in phase
i or mi ¼ Mzi �Meq;i for the longitudinal magnetization for phase i,
Eqs. (1) and (2) become

@mi

@t
¼ Dir2mi � Rijmi i ¼ A; B j ¼ 1;2 ð3Þ

Eq. (3) encompasses both the Bloch-Torrey equations, which
explores the effect of diffusion on evolving magnetization [22],
and the Bloch-McConnel equations, which explores the effect of
reaction and chemical exchange and relaxation on evolving mag-
netization [23]. For the Bloch-McConnel equations,
@mi
@t ¼ �Ri;1 � ki;1

� �
mi �m0

i

� �þ kj;1ðmj;1 �m0
j;1Þ, where i and j are

the pore regions, diffusion is neglected to focus on reaction
exchange mechanisms [23] indicated by ki;1. This method has been
used to robustly quantify exchange occurring in various systems
[5,24–26]. However, in this work, we focus on the diffusion equa-
tion parameters and assume a homogenous and diagonalized bulk
relaxation.
This two-phase formulation provides direction for a more
detailed model but the focus of the present study is to develop a
two-pore, i.e., a two region, model. The regions share common val-
ues of the diffusivity (Di ! D) and relaxation rates (Rij ! Rj). These
simplifications permit the elimination of the homogeneous relax-
ation term from Eq. (3) by using the transformation mi ¼ uie�Rjt

to obtain

@ui

@t
¼ Dr2ui i ¼ A;B ð4Þ

From this result, we note two important items. First, the diffu-
sion equations in Eq. (5) take the same mathematical form for both
longitudinal and transverse components and so a common solution
process for simulating the pulse sequence will be effective. Second,
the homogeneous relaxation processes will not play any role in the
interpretation of the final results as they have been ‘‘factored out”
of the solution.

As shown in Fig. 1, the surface area of the pores in a two-pore
system can be divided into separate categories each requiring
potentially different boundary conditions (B.C.’s) to characterize
them: areas over which there is relaxation of the magnetization
at the fluid-solid surfaces (As) and areas across which the pores
are connected (Ai). At the fluid-solid interfaces, the rate of surface
relaxation is matched by the flux of magnetization to those
surfaces

n � DruijAs ¼ �qijui

���
As

i ¼ A;B j ¼ 1;2 ð5Þ

where qij is the surface relaxation rate constant for relaxation time
mode j (longitudinal relaxation time mode j = 1, transverse relax-
ation time mode j = 2), at a fluid-solid surface in pore region i. At
the pore-pore boundaries, two B.C.’s are needed since both uA and
uB are present. Assuming these interfaces do not accumulate mag-
netization leads to the condition

n � DruAjAi
¼ n � DruBjAi

ð6Þ
Though retained in the expression, the diffusion coefficient

plays no role in this boundary condition. The second B.C.’s at the
pore-pore interfaces expresses the mechanism of inter-pore trans-
port as

n � DruAjAi
¼ kc uB � uAð ÞjAi ð7Þ

where kc is a interface conductance, i.e., 1=kc is a interface resis-
tance, which controls exchange of magnetization between regions,
analogous to the membrane permeability used by Belton and Hills
[13,14].

In the limit as kc ! 1, the pore-pore interface offers no resis-
tance to the exchange of magnetization and Eq. (7) reduces to an
expression of the continuity of magnetization uBjAi ¼ uAjAi

on those
interfaces. In the limit as kc ! 0, the boundary is impermeable and
Eq. (7) reduces to separate no-flux conditions, one for each region
(i.e., n � ruAjAi ¼ 0 and n � ruBjAi ¼ 0). Depending on the exact nat-
ure of the interface, this no-flux condition might not be an appro-
priate limiting behavior. For example, Zielinski et al. [15] added a
relaxation term to the inter-pore boundary condition in the devel-
opment of their model. As a result, when kc ! 0 in their model,
these portions of the pore surfaces would still act as relaxation
sinks for magnetization in the pores with the potential for a differ-
ent rate of relaxation than the fluid-solid surfaces of the pores. To
allow for flexibility in handling these limiting behaviors and pro-
vide a physically consistent model with respect to the connection
between pores, we follow Zielinski et al. [15] and add a surface-
relaxation term to B.C.’s at the pore interfaces (Eq. (7)). Hence, at
the surfaces Ai, we will use the conditions
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n � DruAjAi � qc;AjuAjAi
¼ n � DruBjAi

� qc;BjuBjAi ð8aÞ

n � DruAjAi�qc;AjuAjAi ¼ kc uB � uAð ÞjAi
ð8bÞ

where qc;ij; i ¼ A; B, and j ¼ 1;2 are relaxation rate constants specific
to interfacial areas between pores.
2.4. Scaling and solution

The one-dimensional Cartesian version of the diffusion equation
with the geometric parameters given in Fig. 1d will be the basis of
the solutions we present. LA is used as a length scale for the model,
tD ¼ L2A=D is used as the time scale, and Meq is used to scale magne-
tizations. The key dimensionless parameters in the model are then
the region-size ratio (b ¼ LB=LA), the surface-relaxation Damköhler
numbers of the second kind [27] (di;j ¼ qi;jLA=D), the interface-
relaxation Damköhler numbers (dc;ij ¼ qc;ijLA=D), and the scaled
inter-pore transfer coefficient (jc ¼ kcLA=D).

There are 6 parameters in the model and that number can be
reduced by connecting the interface-relaxation to the correspond-
ing surface-relaxation through

dc;ij ¼ di;j
1þ jc

ð9Þ

This relation provides useful limiting physical behaviors. As
jc ! 0, dc;ij ! di;j so that when the pores are not connected, all pore
surfaces are surfaces with the same relaxation characteristics. As
jc ! 1, dc;ij ! 0 so that when the regions are fully connected,
there is neither interface resistance nor interface relaxation at
these boundaries. Hence, the boundary conditions serve to enforce
the continuity of magnetization and magnetization flux at the
interface between the regions and the system becomes a single-
pore system with length ð1þ bÞ. Clearly other relations between
di;j and dc;ij could be proposed but the expression above is simple,
reduces the number of parameters in the model, and provides use-
ful limiting behavior for our model of a two-pore system.

The full model for diffusion and relaxation during an inter-pulse
interval is summarized in Appendix A. Here, we provide the essen-
tial features of the solution needed for the discussion to come. The
solution for the scaled magnetization components has the form

u z; sð Þ ¼ uA z; sð Þ þ uB z; sð Þ ¼
X1
k¼1

ake�kks/kðzÞ ð10Þ

The key computational problem involves finding the eigensys-
tem of the problem, fkk;/k zð Þg, consisting of the eigenvalues (kk)
and their associated eigenfunctions (/kðzÞ).

The eigenvalues will lead to the observed/effective relaxation
rates due to the interaction of diffusion and surface relaxation
within a pore characterized by the Damköhler numbers di;j, and
inter-pore exchange of magnetization, characterized by the inter-
pore exchange coefficient, jc . Each portion of the T1-T2 pulse
sequence will have its own eigensystem and so, we will refer to
the T1 eigensystem for the dynamics during the inversion-
recovery portion and the T2 eigensystem for the dynamics of the
spin-echo portions.

2.5. Pulse-sequence simulation

Using the solutions and eigensystems outlined in Appendix A,
the signal from the T1-T2 sequence can be predicted following
the framework provided by Song et al. [8]. Appendix B provides
details of the development and here we summarize the key por-
tions of that simulation. During the inversion-recovery interval,
the magnetization evolves according to
u z; sð Þ ¼
X

m
að1Þm e�k 1ð Þ

m s/ð1Þ
m zð Þ 0 < s < s1 ð11Þ

where s1 ¼ t1=tD is the scaled duration of the T1 evolution interval.
With the state of the system at the end of the s1 interval, u z; s1ð Þ,
providing initial conditions, the system evolves during the spin-
echo interval according to

u z; sð Þ ¼
X

n
að2Þn e�k 2ð Þ

n ðs�s1Þ/ð2Þ
n zð Þ ðs > s1Þ ð12Þ

The signal for the experiment is acquired during this interval
and, using hðzÞ to represent the coil response function [28], the
final expression for the signal is (Appendix B, Eq. (B.7)),

S s1; s2ð Þ ¼ P1
n¼1

P1
m¼1p

ð1Þ
m Gmnh

ð2Þ
n e�r 1ð Þ

m s1e�r 2ð Þ
n s2

¼ P1
n¼1

P1
n¼1Pmne�r 1ð Þ

m s1e�r 2ð Þ
n s2

ð13Þ

where rðiÞk ¼ ri þ kðiÞk are the observed relaxation rates. This form of
the signal clearly shows that an ILT will recover the amplitudes
Pmn of the two-dimensional relaxation spectrum of the system.

The amplitudes Pmn in Eq. (13) are composed of three factors.

The first pð1Þ
m is the projection of the initial magnetization onto

the T1 eigensystem while the third factor hð2Þ
n is proportional to

the projection of the coil response function [28] onto the T2 eigen-

system. The second factor Gmn ¼ h/ð1Þ
m ;/ð2Þ

n i
h/ð2Þ

n ;/ð2Þ
n i, has been termed the

‘‘overlap integral” by Song et al. [7]. It represents the mixing of
the two eigensystems, i.e. Gmn measures the projection of the mth

T1 eigenfunction onto the nth T2 eigenfunction. As has been dis-
cussed extensively in the literature [7,8,10,29], the Pmn coefficients
in Eq. (13) are not necessarily all positive, a fact that presents chal-
lenges for current ILT numerical routines.

The T1-T2 time domain signal rise with s1 is most clearly
observed by scaling the signal in Eq. (13) by the initial value of
the magnetization and plotting the reconstituted signal
Sðs1; s2Þ=Sð0; s2Þ as a function of s1 for different values of s2 [8].
This scaling process removes primary relaxation effects due to
homogeneous T1 and T2 processes and allows us to focus on differ-
ential effects of the inter-pore interactions. While the normaliza-
tion signal Sð0; s2Þ is easily obtained from Eq. (13),
experimentally this quantity must be estimated from the shortest
values of s1 available in a measurement.

3. Model features and predictions

In this section, we explore the parameter space of the model to
gain insights into the physics of the system and identify regions
where the anomalous signal rise most commonly occurs. Detailed
analyses of the eigenfunctions, 2D ILT spectra and time domain sig-
nals are provided for two cases: one where the signal rise does
occur and one where the rise does not occur. Our aim is to use
these base cases to provide physical insights into what information
the T1-T2 experiment can provide with respect to the molecular
dynamics in systems where the rise effect has been observed.

3.1. Model phase space

There are six dimensionless parameters to work with: four
Damköhler numbers, di;1, di;2, i ¼ A;B, the inter-pore exchange
parameter, jc , and pore-size ratio, b. The solution space is poten-
tially quite large and so our approach to understanding the physics
of the model is to first explore relaxation-contrast effects and then
investigate the effects of exchange and pore-size ratio. Note that
the use of the interface/pore-surface relaxation relation (Eq. (9))
eliminates the the need to provide explicit values of dci;j.

The Damköhler numbers, di;j, represent the ratio of the rate of
surface relaxation to the rate of diffusion in pore i for relaxation



J.E. Maneval et al. / Journal of Magnetic Resonance 308 (2019) 106592 5
mode Tj. When di;j � 1, pore i is referred to as being in the fast dif-
fusion regime [19]. In the fast-diffusion limit, diffusion acts to
maintain an essentially uniform level of magnetization throughout
the pore and so the first eigenmode dominates the solution expres-
sion (Eq. (10)) for a pore. In this regime, the system response is
essentially mono-exponential. When di;j � 10, the pore is referred
to as being in the slow diffusion regime [19]. In the slow-diffusion
limit, significant gradients develop in the pores and the interaction
of diffusion and relaxation is more complicated. The net result is
that the effects of higher order eigenmodes come in to produce a
multi-exponential system response [19].

Each of the pores (i ¼ A;B) will have two relaxation modes at its
surfaces, corresponding to longitudinal relaxation characterized by
di;1 and transverse relaxation characterized by di;2. To manage the
complexity of possible relaxation combinations amongst pores,
we use a two-element labelling system to characterize the diffu-
sion state of a pore. The first element of the label will refer to
the T1 relaxation mode (di;1) and the second label the T2 relaxation
mode (di;2) since a pore could be in a fast or slow regime for each of
the relaxation modes. For example, we will identify a pore as being
fast/slow when di;1 � 1 and di;2 � 10. Similar considerations apply
to labeling a pore as fast/fast or slow/slow. The slow/fast mode
combination would require qi;1 > qi;2 for a pore, a condition which
violates the premise that NMR longitudinal relaxation rates should
be less than or equal to transverse rates.

The result of this consideration is that each pore can be in one of
three conditions (fast/fast, fast/slow, and slow/slow) so there are
nine possible ways to combine the labels for two pores. Exploring
these combinations, it was found that the condition where the A
pore is in the fast/slow regime and the B pore is in the slow/slow
regime produced the most significant rise effects. In contrast, the
combination of the same modes for both pores, i.e. slow/slow
Fig. 2. Parameter phase spaces for dA;1 (a), dB;1 (b), jc(c) and b (d) are shown. The total tim
as dA;1 ¼ 0:001; dA;2 ¼ 1000; dB;1 ¼ 100; dB;2 ¼ 1000;b ¼ 0:33 and jc ¼ 10. Substantial sig
the slow/slow regime (b). (c) The exchange rate must be intermediate between being t
significant increases in signals. The geometry of the system, governed by b (d), shows mu
(b < 0:1) or large (b > 1) values.
regime for pore A combined with the same the slow/slow or fast/-
fast regime for pore B did not show substantial (or any) rise effects.

Fig. 2 summarizes the range of behaviors that were found for
this combination of regimes for the A and B pores. The specific
parameter values used in the computations are provided in the fig-
ure caption. From the figure, we observe the following:

� As dA;1 increases (Fig. 2a) from 10�3 to a maximum of 103, equiv-
alent to dA;2 (all other parameters fixed), the A pore moves from
having mixed T1=T2 modes of fast/slow to being a pore with
slow/slow mode. The transition is largely complete once
dA;1 > 10 and is not present when dA;1 > dB;1. The reduction in
the signal rise suggests that strong contrast in pore relaxation
mode physics is an important factor leading to signal rise.

� As dB;1 decreases (Fig. 2b) from 103 (all other parameters fixed),
the B pore moves from being a slow/slow pore to a fast/slow
pore. For the transition, there is only a relatively small range
of values of dB;1 that lead to a rise in the signal. Further increases
in dB;1 (ending at dA;1) make the B pore similar to the A pore and
that combination of conditions does not lead to signal increase.
This result supports the observation noted for Fig. 2a that a
strong inter-pore relaxation contrast is needed for a rise to
occur.

� Varying the parameter jc (Fig. 2c) over a range from 10�3 to 103

shows that for small values the system consists of uncoupled or
separate pores while at large values the system consists of an
effective single pore made up to the two fully coupled pores.
The effect of inter-pore exchange on signal rise shown here
makes it clear that a rise occurs for intermediate values of jc .
At the extremes, inter-pore exchange removes any relaxation
contrast between the pores which is not conducive to signifi-
cant signal rises.
e domain signal at s2 ¼ 2 is shown. Unless varied, all parameters were kept constant
nal increase appears when the A pore is in fast/slow regime (a) and the B pore is in
oo restricted (jc � 1, separate pores) and too connected (jc � 1, single pore) for
ltiple pore ratios for which the increase is seen with no increases occurring at small
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� The parameter b (Fig. 2d) should range over 0 < b < 1 charac-
terizing the change from a system with one pore (b ¼ 0) where
no signal rise is expected to a two-pore system of equal-sized
pores (b ¼ 1). The transition is not as smooth as those shown
in Fig. 2a and b. We do not presently have a clear reason for this
lack of smoothness and further analysis is required to resolve
this issue. However, it is clear that signal increases occur for
0:25 < b < 0:5 for the given parameter set. Given the physical
relevancy of the model [9,11,21,28] the value b ¼ 0:33 is chosen
for detailed analysis going forward.

The primary insights, then, from Fig. 2 are that the conditions
that favor substantial signal rise include a strong contrast in the
cross-pore longitudinal relaxation parameters (dA;1 � dB;1) and an
intermediate value of the inter-pore exchange rate, jc. Viewing
the scaled exchange rate as a ratio of characteristic times or rates,

jc ¼ kcLA
D ¼ L2A=D

LA=kc
¼ tD

tex
¼ rex

rD
, it is clear that the exchange rate should be

fast (an order of magnitude factor of 10, appears to be the case
here) compared to the diffusion rate for the system to ensure that
the relaxation-contrast between the pores is able to generate a sig-
nal rise. However, too high of an exchange rate reduces the relax-
ivity contrast between pores and dampens or eliminates any
potential for a signal rise.
Fig. 3. Results for eigensystem and signals using a base case with coupling between ide
dA;2 ¼ 1000, dB;1 ¼ 100, dB;2 ¼ 1000, and jc ¼ 10. First four (a) longitudinal eigenfunction
blue triangles indicate negative Pmn values and red circles indicate positive values. The
system is shown in (d). No anomalous rise in time domain signal is observed for this com
figure legend, the reader is referred to the web version of this article.)
3.2. Eigensystems, spectra, and time-domain signal features

With a general idea of the conditions which lead to a rise in the
time domain signal, we now look into the mechanisms for signal
rise by comparing the details of two base cases considered in
Fig. 2 (the slow/slow (A), slow/slow (B) and fast/slow (A), slow/
slow (B)). The first case to consider is when both pores are in the
slow diffusion regime (i.e., dA;1; dA;2; dB;1, and dB2 > 10). Fig. 3 sum-
marizes the computational results for this slow/slow setting in
the A and B pores.

The first four eigenvalue/eigenfunction pairs are shown in
Fig. 3a and demonstrate the discontinuous nature of the eigenfunc-
tions at the interface due to a finite rate of transfer of magnetiza-
tion there. Higher-order eigenfunctions oscillate with increasing
frequency as expected from the nature of the eigenvalue problem.
Additionally, the first eigenfunction, as the last one to decay to zero
in the solution (based on Eq. (10)), is a useful indicator of the mag-
netization profile in the system. Due to the large values of the
Damköhler numbers, the magnetization at the pore ends are nearly
zero and there are significant gradients in each of the pores as a
result.

Fig. 3b summarizes the same information for the T2 eigensys-
tem. There is substantial similarity to the T1 eigensystem
(Fig. 3a) because of the similar Damköhler numbers in this case.
ntical slow diffusion modes in two pores for the parameter set b ¼ 0:33, dA;1 ¼ 100,
s, (b) transverse eigenfunctions and (c) the computed spectrum (Pmn values). In (c)
size of a marker indicates the magnitude of the value. The computed signal for the
bination of relaxation modes. (For interpretation of the references to colour in this
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Fig. 3c provides the predicted relaxation-time spectrum. Note that
there are minor negative modes as well as modes below the T1 = T2
diagonal of the spectrum. Finally, Fig. 3d shows the reconstituted
time domain signal. There is no signal rise in this case due to the
positioning of the dominant relaxation modes above and along
the T1 = T2 diagonal..

The example in Fig. 3 provides a fuller understanding of the ele-
ments of the solution to the model. Recall from Eq. (13) that the
signal is a weighted sum of exponential terms. The weights are

the mode amplitudes, Pmn, which comprise three key factors (pð1Þ
m ,

Gmn, and hð2Þ
n ) whose values are summarized in Table 1 for

m ¼ n ¼ 4 terms in the two eigensystems.

The values of pð1Þ
m are the generalized Fourier expansion coeffi-

cients in the expansion of the initial magnetization in terms of
Table 1
Values of the elements of the first four mode amplitudes in Fig. 3c.

m pð1Þm
Gmn

n

1 2 3 4

1 0.996 1.029 0.055 �0.024 �0.040
2 0.078 �0.082 1.002 �0.095 �0.092
3 �0.981 0.100 0.390 1.083 0.270
4 �0.151 0.033 0.064 �0.123 0.892

Fig. 4. Results for eigensystem and signals using a base case with coupling betwe
dA;1 ¼ 0:001,dA;2 ¼ 1000, dB;1 ¼ 100, dB;2 ¼ 1000, and jc ¼ 10. First four (a) longitudinal
values). In (c) blue triangles indicate negative Pmn values and red circles indicate positiv
signal for the system is shown in (d). An anomalous rise in time domain signal is observ
colour in this figure legend, the reader is referred to the web version of this article.)
the T1 eigensystem. From the eigenfunctions in Fig. 3a and the val-

ues of pð1Þ
m in Table 1, we see that the value of pð1Þ

3 is important in
the reconstruction of the initial condition due to the way that
the third eigenfunction provides signal in the B pore relative to
the A pore compared to first eigenfunction.

The matrix of the eigenfunction overlap integral Gmn values is
strongly diagonal, reflecting the similarities of the relaxation

aspects of the two eigensystems. Finally, the values of hð2Þ
n are pro-

portional to the generalized Fourier expansion coefficients in the
expansion of the coil response function in terms of the T2 eigensys-

tem. The specific values of hð2Þ
n in this case arise from the logic that

lead to the pð1Þ
m values: modes with some spatially symmetric char-

acter are weighted most heavily in the synthesis of the (constant,
symmetric) coil-response function, h zð Þ.
hð2Þ
n

Pmn

n

1 2 3 4

0.627 0.642 0.000 0.005 0.007
0.001 �0.004 0.000 0.002 0.001
�0.207 �0.061 �0.000 0.219 0.061
�0.168 �0.003 �0.000 �0.004 �0.023

en fast and slow diffusion modes in two pores for the parameter set ¼ 0:33,
eigenfunctions, (b) transverse eigenfunctions and (c) the computed spectrum (Pmn

e values. The size of a marker indicates the magnitude of the value. The computed
ed for this combination of relaxation modes. (For interpretation of the references to
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Fig. 4 repeats the elements of Fig. 3 for the case where the A
pore is in the fast/slow mode and the B pore is in the slow/slow
mode. The T1 eigensystem (Fig. 4a) has changed from the previous
case (Fig. 3a) while the T2 eigensystem is unchanged. The reduc-
tion in the Damköhler number dA;1 in the A pore has led to a smaller
first eigenvalue and a magnetization profile (using the first eigen-
function as a guide) with gentler gradients but less strong symme-
try, a result that will have important consequences in the
discussion below.

The time domain signal for this case (Fig. 4d) shows the rise
behavior with a magnitude that increases with s2. The spectrum
(Fig. 4c) is similar to that of the prior case (Fig. 3c) but there are
important differences. The negative P31 mode amplitude (below
the diagonal) is much stronger compared to the dominant P11

mode in this case. Table 2, below, summarizes the numerical
details using the first four T1 and T2 eigenfunctions following the
structure of Table 1.

With the change in the spatial characteristics of the first T1

eigenfunction in pore A (compare Figs. 3a and 4a), more of the

pð1Þ
m terms are needed to synthesize the (constant) initial condition.

Importantly, though reduced in magnitude relative to the first, the

value of pð1Þ
3 remains negative and that negative value ultimately

translates to the negative eigenmode amplitude at P31. The overlap
value associated with this negative-going mode, G31, has increased
substantially over the value for the slow/slow (A) slow/slow (B)
case (Table 1) due to the decrease in similarity between the two
eigensystems. The net result is a stronger negative mode ampli-
tude for P31.
Table 2
Values of the elements of the first four mode amplitudes in Fig. 4c.

m;n pð1Þm
Gmn

n

1 2 3 4

1 1.018 0.921 �0.230 �0.033 �0.235
2 0.370 �0.410 0.888 �0.085 0.119
3 �0.446 0.797 �0.440 0.799 1.704
4 �0.549 �0.044 0.243 0.319 �0.315

Fig. 5. Demonstration of the contribution of the Pmn components to the time domain sign
to Eq. (14) from the six dominant modes identified from Figs. 3c and 4(c) along with thei
The thin (red) solid line locates the value of the sum as s2 ! 0 and helps to identify the
Fig. 3 and (b) the fast/slow mode coupling of Fig. 4 for increasing s2 or echo number. (For
to the web version of this article.)
The contrasts between the results in Figs. 3 and 4 amplify the
insights into the cause of a rise in the signal that were found in
Fig. 2. Specifically, the key requirements for a signal rise are first
a strong contrast in the relaxation characteristics between the
two pores (compare the first eigenfunctions in Figs. 3 and 4) and
second an inter-pore exchange rate that is larger than the diffusion
rate (jc > 1) and intermediate to the pore T1 relaxation rates
(dA1 < jc < dB1).
3.3. Time domain signal increase

Observations of anomalous time domain signal increase results
in T1-T2 measurements of Thrane et al., Williamson et al., and Nel-
son et al. [16–18] are additional motivation for development of the
exchange model. As shown in Fig. 4, the two-region model predicts
such a rise in the T1-T2 signal, thus providing a tool for investigat-
ing the physics that underlie the effects.

The spectra in Fig. 3c and 4c suggest that the interaction of the
dominant mode, P11;with the primary negative mode, P31, is key to
the development of an increase in the time domain signal ampli-
tude. Because the P31 mode means that the short-lived third T1

mode is coupled to the longest-lived first T2 mode, a stronger neg-
ative value for the P31 mode means that the signal as a function of
s1 will involve a component that decays early in a T1 sense yet lasts
longer in a T2 sense. Such a setting could lead to a signal rise [9].

A demonstration of how this type of coupling can lead to the
observed rise behavior is shown in Fig. 5. Fig. 5a presents the signal
components from the case shown in Fig. 3 (no rise observed) while
hð2Þ
n

Pmn

n

1 2 3 4

0.627 0.588 �0.000 0.007 0.040
0.001 �0.223 0.000 0.074 0.128
�0.207 �0.223 0.000 0.074 0.128
�0.168 0.015 �0.000 �0.036 �0.029

al increase for a T1-T2 experiment. Lines show the evolution of the signals according
r sum (heavy black line) with the four smallest positive modes combined for clarity.
rise in the signal with increasing s1. (a) Shows the slow/slow mode coupling case of
interpretation of the references to colour in this figure legend, the reader is referred
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Fig. 5b does the same for the signal in Fig. 4 (rise observed). The
time evolution of six significant modes from those figures all take
the form

f m s1; s2nð Þ ¼ Pmne�k 1ð Þ
m s1e�k 2ð Þ

n s2n ð14Þ
for a given set of s2n values.

At short values of s2, there is little differential T2 weighting of
the modes, and all modes contribute in proportion to their Pmn

value to the observed signal. In Fig. 5, the relative strength of the
P11 mode, along with the smaller positive modes (P33, P34, P13,
and P14) add together to balance out any effect of the negative
P31 mode might have on the signal. However, by s2 ¼ 0:1, most
of the smaller, higher-eigenvalue modes have decayed to zero leav-
ing only the P11 and P31 modes, modes that are associated with the
longest T2 mode. If the magnitude of the P31 is much smaller than
the dominant P11 mode (as it is in Fig. 3), the increase in the signal
due to the decay of this negative model is not of importance and as
the total signal drops to zero without a rise in the s1 dimension
(Fig. 5a). When P31 is larger (Fig. 4), however, the decay of the
mode makes a noticeable addition to the signal i.e., a signal rise
is observed.

From this discussion, though negative mode amplitudes are
necessary for generating a rise in the T1-T2 time-domain signal, it
is clear that they are not sufficient for the rise to appear. For exam-
ple, negative modes are part of the system shown in Fig. 3 but the
magnitudes of those modes are not large enough to cause the off-
sets shown in Fig. 4. In such cases, the T1-T2 signal is spread out in
the s1 domain as a function of the particular s2 value. Also, if the
largest negative mode has a decay rate that is closer to the domi-
nant positive mode decay rate, the rise in the signal could actually
appear as a spread in the T1-T2 signal decay as s1 increases.

4. Experimental observations

The increase in the time domain signal for T1-T2 experiments
was first reported by Song et al. [8] for a microporous glass bead
system. Diffusive coupling between the internal microscale pores
within the beads and macroscale pores due to bead packing was
shown to generate an increase in the reconditioned time domain
signal [8]. An increase in the T1-T2 time domain signal was also
observed for a polymer/solvent (HPMCAS/acetone) system in a
weak gel state above the glass transition temperature [17] and in
Fig. 6. T1-T2 time domain signal for 150 lm microporous bead pack in water at 2 MHz.
the formation of hydrates of agglomerates of hydrate cages [16].
Here data for the microporous glass bead system, the cyclopen-
tane/water hydrate system and beeswax undergoing a solid-solid
rotator phase transition [18] are presented. The data is discussed
in the context of using the exchange model to demonstrate the
insight into measurements of complex systems that is possible.
The model as investigated here is most directly applicable only
to the microporous beads. Extension to include bulk relaxation
heterogeneity is necessary to further quantify the dynamics in
the other systems.

4.1. Microporous bead pack

The data of Song et al. [8] was reproduced using the same
150 lm microporous beads (CPG2000A, Millipore) in a water-
saturated bead pack. A 2 MHz Rock Core Analyzer (Magritek Ltd,
Wellington NZ) was used to acquire T1-T2 correlation data. The
T1 domain was sampled with 32 logarithmically spaced values of
s1 from 1 to 1000 ms and a CPMG readout train with a s = 800 ls
pulse spacing and 1500 echoes. The data is shown in Fig. 6 and
clearly indicates a signal rise in the t1 domain with increases in
t2. The results here are also in accord with those of Song et al. with
signal maxima occurring around t1 � 0:01 s and the onset of the
growth of the rise in the signal appearing at about 320 ms.

In addition to particle size, Song et al. [8] provide material char-
acteristics that can provide estimates of the parameters for the
two-pore model presented here. The total porosity of the system
was reported as � ¼ 0:8. The pore volume of the system was
equally apportioned between the interior and exterior of the beads.
Using the reported external porosity of �e ¼ 0:4, the interior poros-
ity of the particles is calculated to be �i ¼ 0:67. The internal length
scale of the beads was reported as li ¼ 0:3 lm.

Our initial analysis will assume pore A is represented by the
water external to the beads. To establish a length scale, LA, we
use a unit cell of width le that contains a layer of thickness lp
representing the water-saturated bead. Hence, for the interval
lp < x < le, there is only water. From geometric considerations and
the equal apportioning of water between the regions in the system,

we have that �pVp

Ve�Vp
¼ �plp

le�lp
¼ 1 which implies le = (1 + �p)lp = (5/3)lp.

Hence, with lp approximately the particle radius, the length-scale
for the region A is given as LA ¼ le � lp ¼ eplp ¼ ð2=3Þlp � 50 lm.
From this length scale and the diffusion coefficient of water
The signal rise is detected at 320 ms and grows through the end of the CPMG train.
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(D = 2.5 	 103 lm2/s), the time scale for the system is estimated to
be tD ¼ L2A=D � 1 s. A similar computation using spheres rather
than flat layers to represent the phases leads to tD � 0.16 s and
we infer a reasonable estimate of the diffusion time to be in the
range of these values. Measurements by Song et al. of surface relax-
ation rates (at 2 MHz) suggest that q1 and q2 are on the order of 1
and 10 lm/s, respectively, leading to the guideline that
dA;2
dA;1

¼ q1
q2

� 10. From the scaling information so far, the initial esti-

mates of the Damköhler numbers are dA;1 � 0:01 and dA;2 � 0:1
indicating a fast longitudinal diffusion mode and a fast to interme-
diate transverse diffusion mode.

Identifying the B pore with the micropores in the beads leads to
the finding that LB � 0:31 lm, and so b � 10�2. As was made clear
from the discussion of Fig. 2d, we would not expect a substantial
rise to occur for this pore-size ratio. Thus, our approach, will be
to find a value of b that produces a rise and use that value to indi-
cate an effective size of the B pore relative to the A pore. With
regard to Damköhler numbers for the B pore, Song et al. [8] suggest
that the internal relaxation rates for the internal bead micropores
will be much higher than the external rates due to the small micro-
pore length scale. We anticipate that both homogeneous relaxation
in pore B along with dB;1 and dB;2 is greater than the values in the A
pore to provide the slow/slow conditions needed to generate the
rise behavior. This argument suggests a second phase as we have
defined for this model rather than two simple regions. More on
both of these issues will be provided in the discussion to follow.

Based on these considerations, a range of model parameter
combinations was explored in an effort to capture the trends in
the data shown in Fig. 6. The results are summarized in Fig. 7. To
be clear, the comparison here is not an optimized fit of the model
to the data. Rather, the parameters were chosen (see the caption
for Fig. 7 for specifics) to be consistent with the data, the parame-
ters provided by Song et al., and with the criteria we have devel-
oped for what conditions do and do not lead to predictions of a
rise in the reconstituted signal for the experiment.

As is evident from Fig. 7, a reasonable fit of the model to mea-
surements is possible, especially for the t1 interval for which the
rise develops. Given the level of estimation of the parameters
Fig. 7. Comparison of the two-pore model (solid lines) with the microporous bead
data of Fig. 6 (symbols). Model parameter values were LA ¼ 20 lm, D ¼ 2500 lm2/s,
dA1 ¼ 0:01, dA2 ¼ 100, dB1 ¼ 100, dB2 ¼ 1000, jc ¼ 10, and b ¼ 0:4. Values of Sð0; t2Þ
were estimated from the first 5 t1 values at any given t2 value in the signal array, s
(t1,m, t2,n). The time scale used for the t1 ¼ tDs1 dimensional axis of the model is
the diffusion time for the experimental spherical particle system (tD ¼ 0:16 s). The
dimensional time-scale for the model t2 curves was increased by a factor of 100
over the diffusion time t2 ¼ 100tDs2 to provide the registration of the data and
model as shown.
involved, we find the correspondence shown here to be quite
encouraging as it strongly suggests that pore-pore interactions
are key to the anomalous rise behavior in this system.

There are, however, some important discrepancies between the
model and the data. The model misses the long-t1 behavior in the
data at any value of t2. Further analysis and experimentation with
other model systems will be required to get insight into the reason
for this discrepancy. One possibility is that the system is actually
best described by a three region-model (Region 1: external water
between particles, Region 2: internal water in ‘‘large pores”, Region
3: internal water in ‘‘small pores”). A light coupling between
Region 1 and the other regions would leave the spins in Region 1
largely unimpacted by interactions with the solid and hence would
lead to a portion of the system with longer relaxation times. This
alternative view of the system would also imply that the model
predictions in Fig. 7 are associated with the material heterogeneity
or the microstructure of the beads themselves. Indeed, such a
revised conception of the system would also help make sense of
the value of b ¼ 0:4 used in the computations and suggest that
the ‘‘larger” pores are about 2–3 times as large as the ‘‘smaller”
pores. Though these extensions to the model are outside the scope
of the current study, they could provide the basis for further work
on the model and its application.

Finally, the comparison in Fig. 7 also involves an inflation of the
scaled times in the t2 dimension that is 100 times greater than that
of the required diffusion-time-scale inflation (i.e., t2 ¼ 100tDs2 for
the curves shown). We do not have a clear idea of why such a
rescaling is needed. Part of the issue might be related to the ideas
mentioned above for the t1 axis but the order of magnitude of this
rescaling seems to be much too large for an addition of a non-
interacting region. The large values of the Damköhler numbers
(�10) could also be a part of the issue since these values are key
to establishing the observed relaxation times in this system. How-
ever, rise behavior in the current model depends on the fast/slow
behavior of a pore and so reducing the values of di;2 in order to
increase the predicted lifetime of the spins would eliminate the
prediction of the observed effect. We leave this issue unresolved
and look to further work in this area to provide insights.
4.2. Organic hydrate formation – cyclopentane/water

During the formation of hydrates, a porous hydrate shell con-
sisting of hydrate cage agglomerates will form around thawing
ice particles dispersed in the organic cyclopentane phase [16].
The exchange between the regions of high mobility excess
cyclopentane and the cyclopentane entrained in the porous struc-
ture formed by the hydrate agglomerate generates a time domain
T1-T2 signal increase due to the coupling of the diffusion dynamics,
see Fig. 8. The structure of the hydrate cage agglomerate porous
media evolves from a porosity of �95%, when hydrate formation
begins, to 5% over the hydrate formation time [16,30]. The hydrate
system exhibits complex diffusion dynamics on the mesoscale of
the agglomeration of hydrate cage structures as shown by the sig-
nal increase with t1. On the scale of microseconds and Angstroms,
water molecules cage one single cyclopentane molecule and the
cages agglomerate to form structure III hydrates [31]. The rise in
the time domain signal is from the coupling of the bulk pentane
and pore scale pentane, an analogous system to the microporous
bead pack [8]. To apply the model to this system, the porosity of
the hydrate shell would be represented by the model pore connec-
tivity term j. However due to the evolution of the hydrate shell the
model would need to be extended to allow a time dependent pore
connectivity. Appropriate choice of model parameters to capture
the diffusion dynamics during hydrate formation is further compli-
cated by the magnetization loss from water and cyclopentane



Fig. 8. T1-T2 time domain signal for a model hydrate forming system of water and excess cyclopentane. The signal rise indicates diffusive coupling between bulk
cyclopentane and cyclopentane in micron size pores of agglomerates of hydrate cages. At early times (6 h) the agglomerate is of very low porosity and does not impact the
signal. After hydrate formation is complete, the signal rise is not present as the very high density / < 5% of the porous structure effectively prevents exchange through the
hydrate shell.
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molecules which are not detectable once entrained in the hydrate
cage structure. The T1-T2 time domain signal rise occurs at inter-
mediate �14 h formation times, but not at early times when the
high porosity of the porous agglomerate does not significantly
impact cyclopentane diffusion and relaxation, nor interestingly at
long time equilibrium after all water is consumed. Studies with
anti-agglomerate chemicals, which keep the cages in a nanoparti-
cle slurry state, showed no signal increase [16].

4.3. Multi-component wax – beeswax

Beeswax, a mixture of long chain alkanes, esters with smaller
amounts of free acids and alcohols, exhibits a polymorphic
Fig. 9. T1-T2 time domain signal for beeswax, a complex wax, is shown. The signal rise is
at 61 �C. In the softening state at 53 �C, the signal rise indicates exchange occurring which
exchange causing the anomalous time domain signal rise.
crystalline structure at room temperature [32]. Solid-solid phase
transitions occur throughout heating, breaking the conformation
of the polymorphic lattice and introducing mobility into the sys-
tem. These transitions occur at temperatures from 36.4 �C up to
the beginning of the softening point at 50.0 �C which is due to
the transition from a crystalline state to an intermediate state
[32]. The softening of the lipid matrix has been characterized
through 13C ssNMR [32–35] and is described as a transition from
a dominated trans configuration with short T2 with small popula-
tions of gauche structures of longer T2, to the shift toward a primar-
ily gauche lattice. This initial breaking of the symmetry toward a
gauche structure is captured by the T1-T2 measurements shown
in Fig. 9. Unlike the microporous bead pack and the hydrate sys-
not present in the crystalline solid state at 32 �C, nor at the homogenous liquid state
is not brought on through mass transfer. Rather spin diffusion is the mechanism of
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tem, this system does not have mass transfer occurring. It provides
an example of the observed time domain signal increase as a func-
tion of physico-chemical state due to flip- flop spin diffusion [35]
between the trans and gauche domains [18]. Spin diffusion ssNMR
measurements use double quantum, or other RF filters, to selec-
tively excite regions of strong dipolar coupling and use diffusion
models to quantify spin diffusion between crystalline and amor-
phous domains [36]. The spin diffusion model of Buda et al. [36]
posits an interfacial domain between the crystal domain magneti-
zation source and amorphous domain magnetization sink, through
which the magnetization diffuses. Their model is analogous to that
introduced here, with jc ¼ DI=dI , where DI is the flip-flop spin dif-
fusivity of the interface which occurs through a thickness dI , with-
out surface relaxation effects.
5. Conclusions

Song et al. [8] demonstrated an increase with experimental
time s1 in the reconditioned time domain signal in T1-T2 correla-
tion experiment. In this paper the observation of an increase in
the time domain signal from T1-T2 correlation experiments is
demonstrated to depend on exchange of magnetization between
domains of different surface relaxivity in a simple 1D diffusion
and relaxation model [14,19]. The model indicates that the pres-
ence of negative eigenmodes is necessary to induce a signal
increase in the time domain. However, the negative modes must
also be of sufficient amplitude. The negative value of the eigen-
mode can come from the projection of the initial condition onto
the third T1 eigenfunctions, from the coil response function pro-
jected on the first T2 eigenfunctions and the eigenfunction overlap
or correlation between the third longitudinal and first transverse
eigenfunctions. It is the amplitude of overlap and its rate of change
with s1 that generates the time domain signal rise. This provides
novel insight into the specific origin in the coupled diffusion prob-
lem and the role of negative eigenmodes on T1-T2 measurements
[7,10,12,15].

The signal rise effect on the time domain T1-T2 signal provides a
robust means to determine coupling or exchange between regions
of different diffusion and relaxation behavior. Experimental exam-
ples of the signal increase have been demonstrated in a microp-
orous glass bead packed beds [8], where coupling between large
and small pores due to molecular diffusion is present. In a high
concentration polymer-solvent system [17], where molecular dif-
fusion exchange between solid and liquid like domains of a glassy
state is present and in hydrate formation where organic phase
cyclopentane diffuses through an evolving porous structure of
agglomerated hydrate [16]. These systems are consistent with
the model developed in terms of varying fast and slow diffusion
modes among domains and mass transport mediated magnetiza-
tion exchange. The signal rise effect is also shown for a solid-
solid phase transition in a complex lipid system, beeswax, where
no mass transport between different domains occurs [18]. Further
analysis of the underlying physics mechanisms generating this
effect in the context of the model presented here and other exten-
sions could provide a robust time domain method for the charac-
terization of magnetization exchange in complex systems.
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Appendix A. Solution to the coupled, two-pore model

A one-dimensional, Cartesian version of the diffusion equation
is used for computations of magnetization dynamics in a pore.
The problem is scaled in order to simplify the notation and bring
out the key dimensionless parameters [37]. Scaling position by
the size of the larger pore, LA, time by the diffusion time, L2A=D,
magnetization by Meq, and factoring out the homogeneous relax-
ation terms, we arrive at the dimensionless version of the two-
pore problem, Eq. (4), with boundary conditions given by Eqs. (5)
and (8) as
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@uB

@s
¼ @2uB

@z2
ðA:1hÞ

This problem statement holds for both the longitudinal and the
transverse magnetization components. Computations presented in
Section 3 will use the relation between the Damköhler numbers at
the pore-pore interface and the pore-surface Damköhler numbers
given in Eq. (9) to eliminate the need to specify the dci-values sep-
arately from the di-values.

A normal-modes method can be applied to solve the coupled-
pore diffusion problem given in Eqs. (A.1) [12]. The approach posits
that the solution for the interval 0 < z < ð1þ bÞ takes the form

u z; sð Þ ¼
X1
k¼1

ake�kks/kðzÞ ðA:2Þ

where the elements of the eigensystem fkk;/k zð Þg are kk, the eigen-
values, and /kðzÞ, the eigenfunctions. Note the eigenfunctions are
composites of two distinct separate component eigenfunctions that
separately cover each of the pores, A and B, i.e.
/k zð Þ ¼ /A;k zð Þ þ /B;kðzÞ, where /A;k is defined for 0 < z < 1 and /B;k

is defined for 1 < z < b. The coupling boundary conditions, Eqs.
(A.1d) and (A.1e), ensure the solution obtained by adding the two
component functions is a solution to the problem. Additionally,
the inter-pore transfer boundary condition in Eq. (A.1e), allows for
a discontinuity in the composite eigenfunction at the interface.
The component eigenfunctions are continuous outside of the
interface.

The elements of the eigensystem for the problem are obtained
from the coupled set of ordinary differential equations extracted
from the spatial portions of the model, Eqs. (A.1).

d2/A;k

dz2
þ kk/A;k ¼ 0 0 < z < 1 ðA:3aÞ
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d/A;k

dz

����
0
¼ dA/A;k 0ð Þ ðA:3bÞ

d/A;k

dz

����
1
þ dcA/A;k 1ð Þ ¼ d/B;k

dz

����
1
� dcB/B;kð1Þ ðA:3cÞ

d/A;k

dz

����
1
þ dcA/A;k 1ð Þ ¼ jcð/B;k 1ð Þ � /A;k 1ð ÞÞ ðA:3dÞ

d/B;k

dz

����
1þb

¼ �dB/B;kð1þ bÞ ðA:3eÞ

d2/B;k

dz2
þ kk/B;k ¼ 0 1 < z < 1þ b ðA:3fÞ

The eigenfunctions for different eigenvalues are orthogonal on
the interval [0; ð1þ bÞ] ([38,39]) as quantified by the inner product

h/m;/ni ¼
R 1þb
0 /m zð Þ/n zð Þdz

¼ R 1
0 /A;m zð Þ/A;n zð Þdzþ R 1þb

1 /B;m zð Þ/B;n zð Þdz

¼ 0 m–n

ðA:4Þ

Any initial conditions for the problem (Eqs. (A.1b) and (A.1g))
can be used to provide the constants ak in the solution (Eq. (A.2))
as ak ¼ hu0 ;/ki

h/k ;/ki with u0 zð Þ ¼ uA0 zð Þ þ uB0 zð Þ as the (composite) initial

condition.
The problem presented in Eqs. (A.3) is linear and is it is possible

to obtain analytical expressions for the eigenfunctions [14]. How-
ever, there is substantial algebraic complexity to finding the eigen-
values for the general case which precludes finding simple, closed-
form expressions for the eigenvalues. For eigensystem computa-
tions presented in this study, solutions to Eqs. (A.3) were found
using MATLABTM and the CHEBFUN toolbox [40].

To obtain the code used for the eigensystem computations and
system simulation, please contact the author, James E. Maneval,
Bucknell University, maneval@bucknell.edu.

Appendix B. Details of the development of the signal for the
T1-T2 pulse sequence

The system is assumed to be at equilibrium before the start of
the pulse sequence so that Mz z;0ð Þ ¼ Meq. The initial p-pulse
inverts the magnetization to form the initial condition for the first
interval asMz z;0ð Þ ¼ �Meq. Settingm ¼ Mz �Meq for the inversion-
recovery interval gives m z;0ð Þ ¼ �2Meq and, in terms of u, this ini-
tial condition is u z; 0ð Þ ¼ �2. The eigensystem in this interval is the
T1 eigensystem, fkð1Þm ;/ð1Þ

m g, and is computed using the longitudinal
relaxation parameters, di1 and dci1 along with the parameters jc

and b: The system evolves according to,

u z; sð Þ ¼
X

m
að1Þm e�k 1ð Þ

m s/ð1Þ
m zð Þ 0 < s < s1 ðB:1Þ

with s1 ¼ t1=tD as the scaled duration of the T1 evolution interval.
The coefficients in the expansion above are computed from the T1

eigensystem by using the initial condition u z;0ð Þ ¼ �2 to give

að1Þm ¼ �2
h1;/ð1Þ

m i
h/ð1Þ

m ;/ð1Þ
m i ðB:2Þ

The p
2-pulse then converts the longitudinal magnetization to

transverse magnetization to provide the initial condition for the
spin-echo portion of the sequence as

u z; s1ð Þ ¼
X

m
að1Þ
m e�k 1ð Þ

m s1/ð1Þ
m zð Þ ðB:3Þ
The eigensystem in this second interval is the T2 eigensystem,
fkð2Þn ;/ð2Þ

n g, and is computed using the transverse relaxation param-
eters, di;2 and dci;2 but with the same values of jc and b used for the
T1 eigensystem. With the state of the system at the end of this
interval, u z; s1ð Þ, providing the initial conditions, the system then
evolves during the second, spin-echo interval s > s1 according to

u z; sð Þ ¼
X

n
að2Þn e�k 2ð Þ

n ðs�s1Þ/ð2Þ
n zð Þ ðs > s1Þ ðB:4Þ

The coefficients in Eq. (B.4) are obtained from the initial condi-
tion for the interval as

að2Þn ¼ h1;/ð2Þ
n i

h/ð2Þ
n ;/ð2Þ

n i � 2e�r1s1
X

m

h1;/ð1Þ
n i

h/ð1Þ
n ;/ð1Þ

n i
h/ð1Þ

m ;/ð2Þ
n i

h/ð2Þ
n ;/ð2Þ

n i e
�k 1ð Þ

m s1 ðB:5Þ

Note the coefficients for this solution involve the details of the
T1 eigensystem results as well as the duration of the inversion-
recovery interval, s1 due to the initial condition for the solution
in the second interval that is set by the final condition of the
inversion-recovery interval (Eq. (B.3)).

The signal during the post- p
2 pulse is obtained by integration

over the whole system, weighted by the coil-response function
hðzÞ. Using the solution for the spin-echo interval, we have the sig-
nal for the experiment as,

s s1; s2ð Þ ¼ e�r2s2
Z 1þb

0
u z; s2ð ÞhðzÞdz

¼ e�r2s2
X

n
a 2ð Þ
n h 2ð Þ

n e�k 2ð Þ
n s2 ðB:6Þ

with hð2Þ
n ¼ R 1þb

0 h zð Þ/ 2ð Þ
n zð Þdz proportional to the projection of the

response function onto the T2 eigensystem and s2 ¼ s� s1 is the
(scaled) time for signal acquisition during the CPMG decay. Simpli-
fications in the expression are possible by defining the difference of
the final signal based on the equilibrium magnetization [12]. Writ-
ing S s1; s2ð Þ ¼ s s1 ! 1; s2ð Þ � sðs1; s2Þ, Eqs. (B.3)–(B.6) lead to the
signal for the experiment as

S s1; s2ð Þ ¼ P1
n¼1

P1
m¼1

h1;/ð1Þ
m i

h/ð1Þ
m ;/ð1Þ

m i
h/ 1ð Þ

m ;/ð2Þ
n i

h/ð2Þ
n ;/ð2Þ

n i h
ð2Þ
n e�r 1ð Þ

m s1e�r 2ð Þ
n s2

¼ P1
n¼1

P1
m¼1p

ð1Þ
m Gmnh

ð2Þ
n e�r 1ð Þ

m s1e�r 2ð Þ
n s2

¼ P1
n¼1

P1
n¼1Pmne�r 1ð Þ

m s1e�r 2ð Þ
n s2

ðB:7Þ

where rðiÞk ¼ ri þ kðiÞk are the observed relaxation rates, combinations
of the homogeneous rate constants and the eigenvalues for the
problem.
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