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Accurate T, mapping using multi-echo spin-echo is usually impaired by non-ideal refocusing due to B; +
inhomogeneities and slice profile effects. Incomplete refocusing gives rise to stimulated echo and so
called “T;-mixing” and consequently a non-exponential signal decay. Here we present a time domain for-
mula that incorporates all relaxation and pulse parameters and enables accurate and realistic modelling
of the magnetization decay curve. By pulse parameters here we specifically mean the actual refocusing
angle and axis, and phase angle of both the excitation and refocusing pulse. The method used for deriva-
tion comprises the so called Generating functions approach with subsequent back-transformation to the
time domain. The proposed approach was validated by simulations using realistic RF pulse shapes as well
as by comparison to phantom measurements. Excellent agreement between simulations and measure-
ments underpin the validity of the presented approach. Conclusively, we here present a complete time
domain formula ready to use for accurate T, mapping with multi-echo spin-echo sequences.

Generating function

© 2019 Published by Elsevier Inc.

1. Introduction

T, mapping is an important quantitative magnetic resonance
imaging (qMRI) technique investigated by various authors for mus-
culoskeletal [1], liver [2], myocardial imaging [3], as well as neu-
roimaging [4,5]. However, accurate measurement of T, in a
clinically feasible time is severely impeded by system imperfec-
tions [6-8]. The gold standard for T, mapping is the spin-echo
sequence where multiple images are acquired with different echo
times (TE) and a mono-exponential is fit to the data to calculate
T, [9]. Certainly, this sequence is too slow to be used in clinical
practice. Several faster techniques have been developed including
multi-echo spin-echo (MESE) sequences, T, prepared gradient echo
[10] and EPI [11] and balanced steady-state free precession (SSFP)
sequences [12]. In contrast to conventional spin-echo (SE) imaging
the MESE sequence uses multiple 180° refocusing pulses after a
single 90° excitation resulting in accelerated acquisition. It was
originally proposed by Carr and Purcell (CP) [13] and further made
more robust against artifacts by Meiboom and Gill (CPMG) [14].
Artifacts in these sequences usually arise due to an inhomogeneous
transmit field B;, and non-rectangular slice profiles which both
alter the actual flip angle (FA). Refocusing FAs that are not exactly
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180° do not only partially refocus the magnetization but also create
longitudinal and transversal magnetization. Especially the magne-
tization that is oriented in the longitudinal direction until the next
echo gives rises to stimulated echoes and so-called T;-mixing
[6,7,15-17]. The Meiboom-Gill extension can correct these arti-
facts for small FA deviations by introducing a 90° phase between
excitation and refocusing pulse. However, this correction method
breaks down for larger deviations at the border of slice profiles
in slice selective pulse sequences. These effects alter the desired
mono-exponential signal decay, which is best observed in the first
echo being smaller than the second as illustrated in Fig. 1 (there-
fore the first echo is often excluded from the fitting process). T,
values fitted to this data using a mono-exponential model are usu-
ally overestimated (up to 20%, especially if T; is long) [8]. A second
source of error is the phase of the excitation and refocusing pulse
across the slice, e.g. excitation pulses about the x-axis do not only
produce a magnetization component along the y-axis M, but also
some M, magnetization for which the Meiboom-Gill phase rela-
tionship is not true any more, thus experiencing a CP instead of a
CPMG sequence.

Several techniques have been proposed to correct for these
errors in T, mapping, including modifications of the sequence
[7,18-23], and applying elaborate models in the fitting process.
[24] proposed a dictionary based approach utilizing the full
Bloch-equations, [25] used the extended phase graph (EPG)
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Fig. 1. Measured slice profile and decay curves: The left images shows the
magnitude of the magnetization across the slice profile (horizontal direction). On
the right the natural logarithms of three decay curves at different positions
(indicated in the image on the right) are plotted. The first curve decays mono-
exponentially. In contrast, the second curve exhibits a first echo smaller than the
second. The third curve is taken from the very edge of the slice profile and is far
from being mono-exponential. In classical T, quantification the average of all these
curves across the profile is measured and mono-exponential models are fitted to it
whereas most of the time the first echo is excluded. Data was acquired from a
Gadolinium doped water phantom (T; = 137 ms, T, = 111 ms) using a CPMG
sequence (T =12 ms, TR=1000ms, 32 echoes, matrix 192 x 192, voxel size
0.52 x 0.52 x 20 mm?, phase encoding in slice direction).

algorithm, and [8] applied the Generating Functions (GF) algorithm
(z-transform) which utilizes a closed form solution in the z-
domain, all with comparable results. All of the methods have their
limitations, e.g. the computational effort of solving the Bloch equa-
tions, the iterative character of the EPG, or truncation artifacts of
the discrete Fourier transform which is necessary to convert the
signal decay from the z to the time domain in the GF algorithm.
In this work we present a pure time domain solution for the
evolution of the transverse magnetization for MESE sequences
with arbitrary excitation and refocusing angle and phase. This
solution is based on according to [26] and uses the z-transform
to calculate the echo amplitudes. In addition, we incorporated
the excitation and refocusing slice profile and analytically inverted
the GF to yield a time domain equation. This novel equation was
implemented and validated through simulations studies (using
the derived formula for simple test cases) and by comparing the
simulated signal evolution to MR MESE phantom experiments.

2. Theory

The derivation of the time domain formula consists of three

sequence building blocks (Fig. 2, shaded area) with arbitrary refo-
cusing and excitation pulse parameters, (2) derivation of the z-
transform/GF of the signal evolution, and (3) the inversion of the
z-transform in order to arrive at an analytical solution in the time
domain. Here we will only give the main results, the detailed
derivation can be found in the Appendix A.

2.1. Solution of Bloch equation

In a MESE sequence the elementary sequence block that is
repeating throughout the sequence after the initial excitation con-
sists of a free precession period 7/2 including relaxation and a
dephasing (readout) gradient followed by the refocusing pulse
(hard pulse approximation) and another free precession period
including the rephasing (readout) gradient (see Fig. 2). The spin
dynamics during these periods is governed by the Bloch equation
in the case of uncoupled spins with spin quantum number 1/2. It
can be solved piecewise for these relaxation, precession and rota-
tion periods. The evolution of the complex magnetization vector

M= [M+,M*+,MZ]T (where M. = M + iM,) during such a block is
then given by the difference equation [26]

Min + 1] = QPQM]n] + (QP + 1) Sy, (1)

M{0] = [M..[0], M, 0], M[0]]" )

where Q is a complex matrix accounting for relaxation (x; and x,)
and free precession U = e¥ about the z-axis where y denotes the
phase acquired during precession due to the readout gradient.

Uujiia 0 0 Ky = e,
Q=| 0 U'vic 0 |, xy=e ", 3)
0 0 NG U=ev,

I is the unit matrix, the vector S, accounts for longitudinal relax-

ation and is given by ?eq =[0,0,Mo(1 — &7)]", and 7 is the inter-

echo period. P = Pﬁ(oc) is a complex rotation matrix around an

arbitrary rotation axis U = [cos¢sind, singsing, cosd]” (¢ azimuthal

angle, 0 polar angle, see Fig. 3) about an effective flip angle o and

is given by
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Fig. 2. Sequence diagramm for a MESE sequence: The shaded area corresponds to the repeating sequence building blocks that stay the same from one echo to another. Phase
encoding and slice selection gradients are omitted as they are balanced throughout the sequence.



A. Petrovic et al./Journal of Magnetic Resonance 309 (2019) 106515 3

Fig. 3. Definition of coordinate system and angles for the B ﬁgd used in the
derivation. The same angles are used for the initial magnetization M[0] (6. and ¢,).

. . 2 i e 2 .2
— o2 _ -4 — e2io 4
= (cos% — isin%cos0)”, ) = e“esin” §sin”0,

(5)

v = 2sin%sind(sin%cos0 + icos%), (= cosasin®0 + cos20.

In general for repetitive MR sequences the recurrence relation
can be written as

Mn+1) =AM[n]+ B (6)
whereas in this special case A = QPQ and B = (QP + I)?eq [26].

2.2. z-transform of the difference equation

Introducing the z-transform ?(z) = Z(M[n]) = anzoﬁ[n]zn and
using the shifting property [27] one obtains an expression for the
= AIVI[n] + B as fol-
lows: The z-transform of 1\71[n + 1] can be easily obtained as

z-transformed difference equation M[nJrl]

n+1] :i Mn+1]z" fM[1]+M[2]z+ +M[Oo]zm (7)

n=0

(fjnv— ])—z%amm—ﬁm) ®)

n

As the sequence is causal and all values for negative n are zero

the additive factor B can be thought of as a function ﬁ[n] = ﬁu[n]
where u[n] is the unit step function. Transforming this expression
yields the sum of the geometric series (requiring |z] <1 for
convergence)

0 -1 N
Z Bunz" — Z_‘fﬁB 9)

—_— ‘

Putting all this together one arrives at the z-transformed differ-
ence equation:

-1

— — y4 —
“1(2(Mn)) - M[0]) = AZ(Mn]) + 178 (10)
M[O] is the initial magnetization (i.e. after excitation)

M0] = Mo[COS¢h,Sin0e, sing,sinde, cose]"

-
magnetization. Solving for f (z) gives a closed form solution for
the z-transform of the magnetization evolution

Flo)=a-za)" (Mo + 1 B). (11)

and My the equilibrium

?(z) accounts for the magnetization evolution for every single
isochromate. To obtain an expression that accurately models the
evolution of the signal in a MESE sequence averaging over the indi-
vidual isochromates is necessary. This can be achieved utilizing the
residue theorem of complex analysis [26] yielding an averaged

function ?O(Z) = [FO,FE;,LU}T with the relevant component F,
accounting for the transverse magnetization (L, models the evolu-
tion of the longitudinal magnetization). A detailed description of
the averaging process can be found in Appendix A. After this step
and subsequent rearrangement of terms the resultant expression
is given as:

i ci
%@—%égﬂ%wm—@@+ ?8)
- X_(2)
+isin(¢, — ¢) (1 + XAZ))} , (12)
X, (2) = (1 +zK2)(1 — z(cosasin’0 + cos?0) (kT + K2) + 22 K1 K2)
(13)
X_(2) = (1 — zK,)(1 — z(cosasin®0 + cos?0) (k; — Kz) — Z2K1K2)

(14)

The first term in the square brackets describes the signal for a
CPMG sequence and the second one for a CP sequence, respectively
(see also Ref. [26]). The factor cos(¢, — ¢) is the amount of initial
magnetization that is projected onto the orientation of the refocus-
ing B;+ field in the xy-plane, and sin(¢, — ¢) the amount that is
projected onto the perpendicular orientation. This is not surprising
since the magnetization that is aligned with the refocusing rotation
axis experiences a CPMG sequence and perpendicular magnetiza-
tion experiences a CP sequence. The polar angle of the refocusing
axis 0 enters the equation through the effective flip angle which

is defined by coso, = cosasin®0 + cos?0 [26]. After computation of
the signal evolution, the previous projection has to be undone by
rotating the resulting transverse magnetization back to its original
orientation by multiplying by ei*. Mysin0, is exactly the amount of
magnetization converted to transversal magnetization by the exci-
tation pulse (for previously fully relaxed equilibrium magnetiza-
tion). The reader should not confuse the specific angles for
excitation and refocusing pulse, namely the excitation pulse profile
expressed in polar coordinates 6, and ¢,, and the rotation axis 0
and the phase ¢ of the refocusing pulse, respectively. The former
describe the excited magnetization in spheric coordinates, whereas
the latter define the rotation axis of the refocusing pulse. The
expression incorporating the excited magnetization in Cartesian
coordinates can be found in the Appendix A.

Principally, Eq. (12) can already be used to calculate the echo
amplitudes for a MESE sequence. Bearing in mind that the z-
transform reduces to the discrete time Fourier transform (if it
exists) for z = e!”, and moreover to the discrete Fourier transform
(DFT) for equidistantly sampled values of ¢, ie. ¢, =2& and
k=0,...,K — 1, the echo amplitudes are obtained using the inverse
DFT of Fy(ei¥x) evaluated around the unit circle. However, the DFT
can cause problems through truncation/leakage effects which
results in flawed echo amplitudes [8]. Therefore, a method to ana-
lytically transform Fy(z) to the time domain is desireable.

2.3. Derivation of time domain formula
For inverse z-transform of (12) first the arguments of the square

roots are treated. Here we obtain rational functions
Y. (z) =X.(2)/X_(z) and Y (z) = X_(z)/X..(2), that can be inversely
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transformed using e.g. Mathematica. Doing that one arrives at a
time domain expression #[n], which is a convolution of the inverse
z-transform of the root itself according to the convolution property

((x[n] * x[n] o= X(z)?).). Thus,

Y| (z) oo [n] =g [n] *g[n]

The actual time domain contribution of both magnetization
components g, [n] and g;[n] experiencing a CPMG and a CP

sequence, respectively, can subsequently be obtained by deconvo-
lution of the corresponding functions #, [n] and # [n]. Since the sys-

tem is causal (1, =0 for all n < 0) the deconvolution is given
recursively as

\/M.[0] n=0
gl =1y m-5e. e ik (16)
k=1
24/1.0] n>1

with 17, |[0] = 1. A detailed derivation of these functions is given in
the Appendix A. Finally, the constant terms 1 in (12) inversely
transform to a Dirac delta function d[n]. In summary, the combined
and actually measured signal, i.e. the n" echo at echo time n - 7, can
be computed as

M, ] = M0 S0 o5, — g)(g. Im) + oln]) + isin(g, — ¢) (&
+5[n})} n>o0. (17)

For n = 0 this reduces to the magnetization directly after the
excitation pulse M, [0] = Mge¢esind,.

3. Methods
3.1. Simulations

3.1.1. Signal evolution for CPMG, CP, and mixed type MESE sequences

Six signal evolutions for various parameter combinations where
simulated and plotted. Parameters where chosen as (a) excitation
around x-axis, refocusing around y-axis (CPMG sequence), (b) exci-
tation around y-axis, refocusing around x-axis (CPMG sequence),
(c) excitation and refocusing around y-axis (CP sequence), (d) exci-
tation around an axis of 45°, refocusing around —45° (CPMG
sequence with additional phase), (e) excitation around an axis of
135°, refocusing around x-axis (mixed CP and CPMG sequence),
(f) excitation around y-axis and refocusing around an axis of 45°
(mixed CP and CPMG sequence). The other parameters were fixed
for all simulations Mg =1 a.u., T; = 1000 ms, T, = 100 ms, echos

spacing T =10 ms, excitation angle 6, =90, refocusing angle
o= 180" and polar angle of the refocusing axis 6 = 90°.

3.1.2. Simulation of the evolution of the slice profile

In this experiment the evolution of a whole slice profile was
computed. The numerical waveforms of RF amplitude and phase
and the slice selection gradient where fed into the forward
Shinnar-Le Roux (SLR) algorithm [28] to compute the correspond-
ing final Cayley-Klein parameters a and b for the accumulated
effect of the RF pulse.

For the excitation pulse the excitation magnetization profile
was computed using M, = 2ab" (assuming initially fully relaxed

magnetization M= [0,0,M,]"). This profile was then converted to
spherical coordinates and parameters 0.(z) and ¢.(z) were
extracted (z denoting the spatial coordinate in slice direction).

and Y| (z) &0 [n] = g [n] * g [n]. (15)

For the refocusing pulse the computation of the actual refocus-
ing profile is not necessary. Instead the relations between the
parameters a and b and the parameters o, 6, and ¢ given in the
publication by Pauly [28] were inverted.

o = 2arccosR(a) (18)
¢ = arctan — 9;((113)) (19)
0= arctanﬂ (20)

~3(@a)

This yields the spatially dependent parameters o(z), ¢(z), and
0(z) that can be directly inserted in the previously derived formula
(z again denoting the spatial coordinate). Care must be taken
implementing the arctan functions, e.g. for the simulations in this
publication the Matlab (Mathworks Inc., Natick, MA) function
atan2 was used. The remaining parameters used in the simulations
were Mo =1 au., T; =137 ms, T, = 111 ms, and T = 12 ms. The
results were plotted in a 3D plot to illustrate the alterations of
the signal decay when moving through the slice profile.

3.2. Comparison with measurements

To compare the signals computed with the derived formula the
simulated and measured evolution of the slice profile were com-
pared. Therefore data for a CPMG (exc. y-axis, refoc. x-axis) and a
CP sequence (both exc. and refoc. y-axis) were measured in a
Gadolinium doped water phantom (T, =111 ms and T, = 137
ms) on a 3 T scanner (Skyra, Siemens). Pulse sequence parameters
were: echo spacing T = 12 ms, TR = 1000 ms, nominal excitation
flip angle g = 90 and nominal refocusing flip angle oo = 180". The
standard Siemens MESE sequence was modified such that the read
out gradients were applied in the slice-direction to obtain the slice
signal evolution across the slice profile.

3.3. Fitting

The superior performance of models including By, -
inhomogeneities and slice profiles for T,-mapping using the GF
approach [26] was already demonstrated in [8]. To asses the accu-
racy and precision of the algorithm applied to least squares fitting
of “bi-exponential” relaxation data with two T, components Ty
(short) and Ty (long) the following experiments were performed.

1. Fitting of simulated data to assess accuracy and precision of the
model: T, values were chosen to mimic normal white brain
matter [29]. Complex MSE data were simulated with parame-
ters T=10 ms for Ty = 100 ms (Mg =40 a.u.) and Ty, =15
ms (Mps = 10 a.u.) and T; = 1000 ms. Both decay curves were
added together and Gaussian noise with was added to the real
and imaginary part of the data. Noise standard deviation was
computed to achieve 3 different SNRs (SNR = 80, 60, 40). For
each SNR the fitting was repeated with different noise
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N = 200 times and median values and the 25% and 75% quan-
tiles of the fitted parameters where evaluated.

2. Fitting of acquired white matter data to asses feasibility in brain
T,-mapping: For 183 white matter pixels T, values were esti-
mated using our method, bi-exponential and mono-exponential
least-squares fitting. Mean values and standard deviation were
compared between the methods. The CPMG sequence parameters
were TR=4000ms, 7 =10 ms, 25 echoes, matrix 192 x 192,
voxel size 1.3 x 1.3 x 4 mm>. The B;. map was acquired with a
sequence employing the Bloch-Siegert shift [30].

4. Results
4.1. Simulations

4.1.1. Signal evolution for CPMG, CP, and mixed type MESE sequences

In Fig. 4 the results of the simulations for CPMG, CP and mixed
type MESE sequences are shown. (a) corresponds to a standard
CPMG sequence. As the excitation is carried out around the
x-axis, only M, (i.e. negative imaginary part) is present. This mag-
netization is refocused around the y-axis and therefore doesn’t
oscillate but stays negative while decaying. (b) is basically the
same scenario as in (a) with the only difference that excitation
and refocusing axis are switched. This results in a decaying positive
real component M, without oscillations. Fig. 4(c) corresponds to a
classic CP sequence with excitation and refocusing around the y-
axis. The resulting decay has only a real component M, but oscil-
lates between positive and negative values after every refocusing
pulse. In (d) the phase between excitation and refocusing pulse is
90° (i.e. CPMG) but both rotation axes are turned —45°. This results
in a CPMG like decay (no oscillations) with the overall magnetiza-
tion split into a positive real and negative imaginary part with

initial magnitude of 1/+/2. Fig. 4(e) shows the magnetization decay
after an excitation around an axis of 135° (resulting in magnetiza-
tion aligned ¢, =45 between x and y-axis). Refocusing is per-
formed around the x-axis, so that the magnetization amount
along the x-axis (real part) experiences a CPMG sequence (no oscil-
lations), and the amount along the y-axis a CP sequence (oscilla-
tions). Finally, in (f) also a mixed-type sequence is shown with
excitation around the y-axis (resulting in ¢, = 0') and refocusing
around a ¢ =45 axis. The difference compared to (e) is that here
the different magnetization amounts experiencing a CP or CPMG
sequence are mixed together when they are read out giving rise
to oscillations in both the real and imaginary part. These intuitive
test cases all support the validity of the presented formula.

4.1.2. Simulation of the evolution of the slice profile

In Fig. 5 the used RF pulses and their corresponding slice pro-
files or pulse parameters o, 0 and ¢ are shown. In (a) and (b) the
excitation and refocusing pulses are displayed. Fig. 5(c) illustrates
the magnitude as well as x and y components of the transverse
magnetization after a 90° excitation using the pulse in (a) com-
puted with the forward SLR algorithm. Excitation was obviously
carried out around the y-axis as the main component of the mag-
netization is aligned with the x axis thereafter. However, some
residual magnetization is left along the + and —y axes. The param-
eters o, ¢ and 0 for the refocusing pulse were extracted from the
SLR parameters a and b and are displayed in Fig. 5(d)-(f).

In Fig. 6 the simulated evolution of the magnetization for a
CPMG (exc. y-axis, refoc. x-axis) are plotted. In (a) and (b) the
whole slice profile and selected decay  curves
(1 = middle...4 = edge) are given for M, and in (c) and (d) for
M,, respectively. In (b) it can be seen that most decay curves
exhibit a large magnetization drop already after the first refocusing

(a) (b) (@)
1 m— real part 1 m— real part 1 m— real part
imaginary part imaginary part imaginary part
0.5 0.5 0.5
: : : A
© © ©
- 0 = 0 = 0 AVA\
: : : JVVV
+ + +
= = = V
05 Exc. x-axis (¢_ = -n/2) 05 Exc. y-axis (¢_=0) e Exc. y-axis (¢_=0)
Ref. y-axis (6% /2) Ref. x-axis (¢ % 0) Ref. y-axis (¢ & n/2)
-1 -1 -1
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
time (ms) time (ms) time (ms)
(d) () ()
1 = 1 - 1 -
—M, =Re{M,} —M, =Re{M_} ——M_=Re{M_}
— My =Im{M_} — My =1Im{M,} —_— My =1m{M,}
__ 05 __ 05 __ 05
3 3 3
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©0 ©0 0
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o =-n/4 $=0 o =n/4
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0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
time (ms) time (ms) time (ms)

Fig. 4. Simulation of signal evolution for (a) excitation around x-axis, refocusing around y-axis (CPMG sequence), (b) excitation around y-axis, refocusing around x-axis
(CPMG sequence), (c) excitation and refocusing around y-axis (CP sequence), (d) excitation around an axis of 45°, refocusing around —45° (CPMG sequence with additional
phase), (e) excitation around an axis of 135°, refocusing around x-axis (mixed CP and CPMG sequence), (f) excitation around y-axis and refocusing around an axis of 45°
(mixed CP and CPMG sequence).
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Fig. 5. (a) RF waveform of excitation pulse, (b) RF waveform of refocusing pulse, (c) excitation pulse profile, (d) refocusing angle profile, (e) refocusing azimuthal angle (i.e.
refocusing phase) profile, and (f) refocusing polar angle (i.e. refocusing axis) profile, all computed using forward SLR algorithm.
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Fig. 6. (a) Evolution of the slice profile for M, (b) selected M, decay curves, (c) evolution of the slice profile for M,, (b) selected M, decay curves. For (b) and (d) numbers 1
correspond to the middle of the slice profile going to 4 at the edge of the profile.

pulse when the flip angle is not 180 (curves 2-4). The subsequent produce magnetization in the middle of the slice profile along
decay is also slower, as described previously [8]. In (d) the signal the y-axis. The other curves (3-4) alternate between positive and
curve 1 is zero at all times because the excitation pulse did not negative values.
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Fig. 7. Comparison between simulation and measurements: The top row are simulations, the bottom row the corresponding measurements. On the left hand side the signals
for a CP sequence are compared, on the right hand side signals for a CPMG sequence, respectively. For each sequence type both real and imaginary part show excellent

agreement between simulation and measurement.

4.2. Comparison with measurements

In Fig. 7 simulated (top row) and measured (bottom row) sig-
nals for a CP (left) and CPMG (right) sequence are plotted. For each
plot the horizontal position corresponds to a position across the
slice profile and the vertical position to the time evolution of the
signal, respectively. First of all, comparing simulation and mea-
surement (top and bottom row) one can observe excellent agree-
ment between those two. For the CP sequence with excitation
around the x-axis the major part of the magnetization is flipped
to the —y-axis (imaginary part) and a smaller portion with negative
parts on the left and positive parts on the right of the slice profile is
flipped to the —x/x-axis (real part). The real part then experiences a
CPMG sequence and therefore keeps its sign throughout the echo
evolution, whereas the imaginary part has alternating sign. Both
have in common that the magnetization is decaying. The imaginary
part decays with T, in the center where the flip angle is close to
180°, but faster than T, at the border of the slice due to imperfect
refocusing. The pure T, decay cannot be seen in the real part, as
there is no initial magnetization at the center of the slice. For the
CPMG sequence the main part of the magnetization is aligned
along the x-axis after excitation. It is refocused around this axis
and therefore keeps its sign and again decays with T, in the middle
of the slice and faster at the edges. The part of the magnetization
that is initially aligned along the —y/y-axis experiences a CP
sequence and therefore changes sign after a couple of pulses.

4.3. Fitting

The results for the fitting simulation are summarized in Table 1
where median values and upper and lower quantiles are compared

Table 1

to the simulation ground truth values. For the long T, species both
M, and T, were fitted with good accuracy and precision. For the
short T, species deviations were bigger but still acceptable, espe-
cially for the T value. The estimations generally tend to get worse
with decreasing SNR level.

For the fitting to acquired MR data of normal white matter the
following results were obtained for the proposed model compared
to conventional bi-exponential fitting (subscript bi) and mono-
exponential ~ fitting  (subscript ~mo):  Mono-exponential
Tomo =96.6 £3.0 ms, bi-exponential Ty =43.1+6.4 ms and
Toipi = 121.5 £ 8.5 ms, and the GF model T,; = 27.8 + 5.4 ms and
T, =87.2+5.8 ms (all values are mean + standard deviation).
This observation that T,.;; are longer than T,. coincides with the
results for mono-exponential fitting [8] where T, values are usually
overestimated using the standard mono-exponential approach.
Mono-exponential fitting yields a result located in between Top;
and Typ. Standard deviations are in a reasonable range for all
methods.

Values for M, are not given here as they are influenced by the
slice profile incorporation as well as the local sensitivity of the
receive coils.

5. Discussion and conclusion

In this work we present a time domain formula for the evolu-
tion of the transverse magnetization in multi-echo spin-echo
sequences. The derived formula is a continuation and generaliza-
tion of the Generating functions method first published by Lukzen
[31,26]. For a repetitive sequence building block a solution of the
Bloch equation is computed and, subsequently, the established

Results of the bi-exponential fitting simulations. In comparison to the ground truth median values and 25% and 75% quantiles are given for 3 different SNR values (N = 200).
Median values were tested for significance using a sign test (significance level o = 0.05).

SNR = 80 SNR = 60 SNR = 40

Ground truth 0.25 0.5 0.75 025 0.5 0.75 0.25 0.5 0.75
Mos (a.u.) 10 9.7 10.6 (p < 0.05) 119 9.4 10.8 (p < 0.05) 12.1 10.3 12.7 (p < 0.05) 16.1
Mg (a.u.) 40 393 39.9 (p=0.21) 407 38.4 39.9 (p=0.34) 40.7 382 39.9 (p=0.52) 41.1
T (ms) 15 11.9 15.2 (p=0.73) 18.1 1222 16.1 (p = 1.00) 20.1 9.1 14.0 (p = 0.65) 212
Ty (ms) 100 98.5 100.0 (p=0.10) 101.7 98.8 100.4 (p = 0.80) 103.0 97.8 100.6 (p < 0.05) 103.5
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recurrence relation is solved using the z-transform. This method
works for all sequences consisting of repeating building blocks.
Theoretically, the method can be extended also to coupled or
exchanging spins using e.g. the Bloch-McConnell equation. For
spins > 1/2 one could also use the master equation of the density
matrix, although the equations might get intractable quite soon.

Simulations for test cases are all in agreement with the
expected signal decay. Furthermore, when compared to measure-
ments also excellent congruence between simulation and mea-
surement could be observed. The provided formula contains all
relevant excitation and refocusing parameters that are used in
the MESE sequence. First, the initial excitation profile is incorpo-
rated with the flip angle 0. and the phase angle ¢,, and, second,
the refocusing axis and angle by the parameters 0, ¢, and o. Using
0. and ¢, an arbitrary magnetization preparation preceding the
refocusing train can be used. Naturally, also the equilibrium mag-
netization My, relaxation parameters T, and T, as well as sequence
timing 7 are included. Compared to the generating functions
approach, where the z-transform is evaluated at points around
the unit circle z = ei* and subsequently the inverse DFT is applied,
no leakage effects from the transformation are possible, which is
especially relevant for long T, as in blood [32], peritumoral edema
[33] or CSF [34] (see Fig. 8). The derived formula is an exact solu-
tion without any approximations.

In the limiting case of 180° refocusing pulse the formula degen-
erates to a simple and an alternating sign exponential decay, for
CPMG and CP type sequences, respectively. It is readily imple-
mented and evaluated by the computation of the sum of 3 expo-
nential functions and a discrete deconvolution step which can
also be exactly calculated due to the causal nature of the signals.
Compared to other methods, such as Bloch matrices or EPG, no
consecutive multiplication of nutation and precession matrices is
necessary, and additionally the formula inherently keeps track of
all relevant isochromats.

In the case of 2D T,-mapping the knowledge of the actual angle
and phase of the pulses across the slice is crucial. all pulse param-
eters are discretized along the slice direction giving a vector «;, and
equivalently for 0; and ¢; where subscript j accounts for discretiza-
tion across the slice profile. This gives the following expression for
the measured signal pixelwise integrated across the slice profile:

[COS(¢e.j — ¢;)(&.[n,j] +o[n])

1 & Moeiising, ;
SP _ 0 ej
M+ [n] - a jz:l: 2

+isin(ee; — ¢;)(g [n.J] + oln)] > 0.

(@)

where SP denotes integration across the slice and Q is the number
of discretization points. Basically, o;, §; and ¢; are computed from
the refocusing pulse shape (0. and ¢, for the excitation pulse,
respectively) using the SLR algorithm which takes the actual B;.
and B, values as input values for every pixel. Therefore, B;, map-
ping, e.g. by [35,30] is necessary beforehand. However, it was also
shown in [8] that the By, map can be fitted itself under certain con-
ditions. In a clinical setting By inhomogeneities usually slightly alter
the slice position and thickness (if gradients are present). To our
experience this effect is negligible and, therefore, no additional By
mapping is required.

T,-fitting is then for example accomplished by least-squares
minimization of the following functional when magnitude image
data d[n| are used:

. 2
min || d[n] — [M%[n]| |
0.T2

[Mo, T3] = arg (22)
M

In the case of a long and short T, species such as free and
myelin-bound water usually bi-exponential fits are computed. Bi-
exponential fitting itself is an ill-posed problem [36] and a suffi-
ciently high SNR in combination with a substantial difference
between T, and Ty, required to obtain reliably results. Certainly,
if exact fitting is possible, multi-parametric models can provide
additional specific information for certain tissues. Our accurate
model will further improve T, mapping for these tissues.

In a simulation experiment we demonstrated the feasibility of
the proposed model for multi-parameter estimation and presented
values on the accuracy and precision of the method for different
SNRs. For the fitting of acquired brain data the incorporation of
the slice profile yielded lower values for T, as was already demon-
strated for the case of a single T, species [8]. Mono-exponential fit-
ting yielded results between the bi-exponential T, values and
although this is certainly the wrong model a reasonably good fit
was achieved. The values obtained by our method tend to approach
the values Whittall et al. presented in [29]. This is good evidence
for the effectiveness of our method as these authors employ a sin-
gle slice CPMG sequence with rectangular (hard) refocusing pulses
to eliminate slice profile effects. Furthermore, they report a gener-
ally larger standard deviation for T,s in simulation experiments
which is also reflected in our observations.

We believe this approach is a valuable and ready to use method
that can be used for more accurate and comparable T, quantifica-
tion and will be of great value for model-based MRI reconstruction
techniques in the future as we already demonstrated at an earlier
stage [37]. Therefore, we also decided to make a C/C++ version of

(b)
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Fig. 8. Illustration of leakage effect using the DFT approach compared to the presented method for (a) blood (T, ~ 250 ms) and (b) CSF (T, ~ 2000 ms) for different DFT
lengths. Other simulation parameters where My = 1 a.u., T; = 3000 ms, T = 8 ms, 16 echoes. The shorter the computed DFT the more the deviation from the actual signal

decay becomes apparent.
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the core algorithm available to the scientific community. The
source files will for downloadable under http://www.t2mapping.
rocks.
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Appendix A. Derivation

In this section a detailed description of how to set up the frame-
work for the generating functions approach for a classic CP/CPMG
sequence is described. A complete derivation of the GF starting
from the recursive solution of the Bloch equations is presented.
Z-transformation of the recurrence relations will give a GF for
every single isochromate. As the CP/CPMG sequence is not bal-
anced, i.e. the net read out gradient area between two pulses is
not zero, many different spin configurations will be produced by
the repeating RF pulses. In this case, to yield the desired echo
amplitudes, the GF for the zeroth configuration (i.e. no phase at
the time of the echo) has to be computed by complex contour
integration.

The specific sequence considered here is a MESE sequence start-

ing with an arbitrary initial magnetization M = [M+,M1,MZ}T and
refocusing pulses that rotate around an arbitrary axis about an
angle o.

A.1. z-transform of recurrence relation

As shown in Section 2.1 the recursive solution of the Bloch
equations can be generally given by

—

Mn+1)=AM[n]+ B (A1)

where in this special case A = QPQ and B = (QP + l)?eq. After z-
transform it follows in (11)

f(2) = 2(Mn) = [F@).F @), L@)]"

= (1-28)"* (M[0) +%§) (A2)

where M [0] is an arbitrary initial magnetization resulting after exci-

tation of the spin system 1\71(0) = [My +iM,, M, — iMy,MZ]T. Evaluat-
ing this expression gives a vector of three rational functions of
which only the first F(z) is of interest concerning the transverse
magnetization. Next, it is useful to group the terms in numerator
and denominator in F(z) according to the powers of U, as we now
have to average over the isochromates. After collection the terms
we end up with the following expression:

Fz) = o+ c1U + o U? + ¢ UP
do + d1U2 + d2U4

with coefficients

(A3)

o =—M. 216, (1-2)(1 - zK1) (cosOsinZ — icosZ)?,
1 =—2€2215* (M, /K1 (1 —2) + Mo (1 — /&7)(1 +2y/K7))sinZsind (cosfsin% — icos),
€= —(1-2) (M. — M. K20+ 25in’ 0 (M’ €415 (1 + 21y )sin’ §— M, K5z ),
€3 =—2ze" /K3 (M v/K1(1—2) + Mo(1 - /&1)(1+2\/K7))singsind(cososing+ icos%),
do=—2K5(1—-2)(1—11)(cosOsing — icos%)z.,
di=-(1 —z)(l + (K322 - K%) (cosz§+cos(20)sin2%) - K1K§z3),
dy = —216;(1—2)(1 — 1) (cosfsinZ + icos2).
(A.4)

The coefficients ¢; and d; are equivalent to those published by
Lukzen [26] for the special case of a 90° excitation around the y-
axis and arbitrary refocusing around the x-axis. In this case
¢ =0, M, = My, and M, = 0. Furthermore, to be consistent with
[26] the polar angle 0 has to be replaced with /2 — 0. Expression
(A.3) now is the z-transform of the magnetization evolution for a
single isochromate and needs to be averaged to model the signal
in a MESE sequence.

A.2. Averaging over isochromates

For the averaging over isochromates it is best to first consider
the approach of decomposing the total magnetization into the con-
figurations [38,31]

0 o0

S(n,U) =Y Fe(me = > F(mu*

n=-o00 n=-00

(A5)

i.e. the total magnetization S(n, U) is nothing else but a Laurent ser-
ies with the configurations as coefficients whereas for every n only
the zeroth configuration gives rise to an echo. However, the total
magnetization is also modelled by F(z) and so S(n,U) can be
expressed as the inverse z-transform thereof’:

S(n,U) = 2" Y{F(z)} (A.6)

Equating Egs. (A.5) and (A.6), subsequent z-transform and
exploiting linearity of the z-transform
Z{S(,U)} =F(2) = 2{ Y R(mU} = > Z{Rm)U* (A7)

k=—00 k=—00

shows that F(z) is simply the Laurent series of the z-transformed
configurations. One now needs to extract the z-transform of the zer-
oth configuration, i.e. the zeroth coefficient of the Laurent series. As
known from complex analysis the closed line integral of a function
around a pole gives the coefficient F_; of the corresponding Laurent
series: F_y = 1/(2mi) § F(U)dU [39]. Thus dividing F(z, U) by U yields
the zeroth coefficient of the Laurent series.

m@:a%mkﬁ%ﬁ%fﬁﬂw (A8)

U

The evaluation of the integral can be elegantly accomplished
using the residue theorem [39]

Fo(z) = i Res (F (ZL}U) , Um> 7

where Uy, are the poles of F(z,U)/U that lie inside the unit circle. If
U, is a single pole and F(z,U)/U is of the form h(z,U)/g(z,U) then
the residue at U,, can be calculated as

Res <F(Z[,1U) , Um> = 5‘,((2—[[]]'"))

(A9)

(A.10)

By calculating the roots of the denominator in (A.3) the poles
are given as

Up =0, (A11)
_dy T Vi —ddody
u - i dp (A.12)
1234 =+
+ \@

Following the method of Lukzen [31] only the poles
inside of the unit circle (Uy, Us, U,) are used to yield the averaged
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__8z0)
U,U,U5U,

g(zv U3)
Us(Us — Uy)(Us — Uy)(Us — Uy)
n g(z,Uq)
Us(Ua — Us)(Ua — Up)(Ua — Us)

Fo(2)

(A13)

Carrying out these steps gives

—ZCzdo\/ d% — 4d0d2 +Co (4d0d2 + d] <—d] +14/ d% — 4d0d2>>

Fo(2)=
’ 2do (~d +4dody)
(A.14)
and finally
s | Mxcosp +M,sing X.(2)\ = .Mycosp—Msing X_(z)
Fo(z) =¢€" [fy(l + X,(z)) +1yf <1+ X, (z))}
(A.15)
X, (2) = (1 +2zK,)(1 — z(cosocos®0 + sin*0) (kT + k)
+ 22 K1K) (A.16)
X_(2) = (1 — 12)(1 — z(cosacos®0 + sin®0) (ic; — K2)
— Z2K1K3) (A17)

If furthermore the initial magnetization is given in spherical

coordinates M[0] = M[cos¢,sind,, sing,sind,, cosd,]" one arrives
at the final result given in Eq. (12).

A.3. Derivation of time domain formula

To arrive at a time domain formula Y, (z) = X, (z)/X_(z) and
Y| (z) = X_(2)/X.(z) have to be inversely z-transformed

Y, (z) ¢y, [n] = g, [n] * g [n]

Check poles of Y, (z) and Y (z). To do that one has to first have a
look at the roots z,, and poles z_; of Y, (z) (the roots of Y, (z) are
the poles of Y (z)). From the definition of the z-transform used in
this work, the positioning of all poles outside the unit circle corre-
sponds to a stable and causal system. The poles of Y, (z) all lie on
the real axis and are given by the following equations:

((Kiz — K1)COS0e — \/4K1 Ko+ (K1 — K2)2C052069>

z.— o (A.19)
((K; — K1)COS0 + \/4}{1 K2 + (161 — Kz)zcoszoce)
z,— T (A.20)
Zs=t (A21)
3= % .

where the abbreviation coso, = cosasin®0 + cos?0 is used. Given the
fact that 0 < k; < K1 < 1 one can calculate the minimum values for
the poles of Y, (z) which are given for all possible values of o by

min z.1=-1/K; (A.22)

and Y| (z) =0 [n] = g [n] g [1]

min z,=1/K; (A.23)

min z.5=1/K; (A.24)

We can see that all poles lie outside the unit circle and hence
conclude the system Y, (z) is both causal and stable for the
region of convergence (ROC) being the disk inside the innermost
pole [40] (causality being a logical prerequisite for every MR
sequence, as no magnetization can be measured before the first
RF pulse).

Considering the poles of Y| (z) the result is similar (whereas the
poles can be complex in this case)

((Kz — K1)COSO — \/41(?1 Ky + (—K1 — K2)2COSZOCe>

Ziy = T (A.25)

((Kz — K1)COS0, + \/4K1 Ky + (=K1 — Kz)zcoszoze>

Z.y= (A26)

2K1 K>
1

o (A27)

Z;3=—

with the minimum values also being all outside the unit circle.

min z.4 = e (A.28)
2
. 1
min z.,=-— o (A.29)
. 1
min z.3 = e (A.30)
2
(A.18)

Inverse transform of Y, (z). Upon calculating the inverse trans-
form of Y, (z) we see that the resulting function #  [n] is a sum of
weighted and shifted versions of another function ¢, [n].
N, [n] = n]+ (K2 — Kpcos0e)l, [n— 1]+

K (K1 — KpC0S0L){, [ — 2] + K1 K3, [n — 3] (A31)

{.[n] in turn is a weighted sum of three exponential functions.

Ky =e N (A.32)
Ky =e T (A33)
Km =K — K (A.34)
€0stl, = COS0sin®0 + cos>0 (A.35)
Sn = /41116 + 163 costa, (A36)
Winp) = (KmCOS0e + Spy)/2 (A.37)
W nmy = (KmCOSOle — Sm) /2 (A.38)
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Winm = K1(—2K3 + Sm) — Kn€OSOL(K1 — S + KmCOSXe) (A.39)
Wnp = K1(2K2 + Sp) + KmCOS0(K1 + Sm + KmCOSOLe) (A.40)
sec?(ote /2
é’i [Tl] = ﬁ . {*2’(25ng + Wm,mW?m,m) + WmJJW?m.p)]
(A41)

As 1, [n] = g[n] = g[n] is zero for n < 0 g[n] can be computed by
deconvolution via the following formula:

n.n] - ng Kig,[n— K
2/ 10]

Inverse transform of Y (z). The results of 77 [n] 0o Y| (z) are

n>1

g.[n = (A42)

structurally very similar and given by

ny ] = {yn] = (k2 + Kmcosa){y[n — 1]—

) (A.43)
Ko (K1 — Km€Osa){[n — 2] 4 K1 K5 [n — 3]
The formulas for {;[n] are as follows:
Kp =K1 + K (A.44)
Sp= \/ —4K1 Ky + K}C0s2 0L, (A.45)
W (pp) = (KpCOSOe + Sp) /2 (A.46)
Wpm = (KKpC080e — Sp)/2 (A.47)
Wyp = K1(—2f12 + Sp) + KpCOSae (K1 + Sp + KpCOSKL ) (A.48)
Wpm = K1(2K2 + Sp) — KpCOSOe(K1 — Sp + KpCOSUL,) (A.49)
sec? (0t /2 n n
Gl = ﬁ 21285 (= 12)" + Wy Wi, )+ Wo Wiy ]
(A.50)

Finally, the deconvolution formula for g[n] is essentially the
same as for g [n]

n-1

ny[n] - ,Zl g [klgn — K]
k=
2,/n,[0]

Special case for o, = 7. In case the refocusing angle o, = 7 the

sec(a,/2) becomes infinity. Computing the limit for both #, and
1, yields

glnj= nx1 (A51)

“limn n,[n] = 4ni," (A.52)

i@n 1yl = 4n(—x,)" (A.53)

which are the convolution of an exponential decay and an alternat-
ing sign exponential decay function, respectively.

g.[n] =2K" (A.54)

g[n] = 2(~xz)" (A.55)

This is exactly what would be expected for a 180° pulse for a
CPMG and CP sequence. Putting it all together, the evolution of
the magnetization for this limiting case is given by
M. [n] = Moe"’sind, [cos(¢, — ¢) — K" +isin(¢, — $)(—132)"] n > 0.

(A.56)
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