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We propose an efficient method for calculating level anti-crossing spectra (LAC spectra) of interacting
paramagnetic defect centers in crystals. By LAC spectra we mean the magnetic field dependence of the
photoluminescence intensity of paramagnetic color centers: such field dependences often exhibit sharp
features, such as peaks or dips, originating from LACs in the spin system. Our approach takes into account
the electronic Zeeman interaction with the external magnetic field, dipole-dipole interaction of paramag-
netic centers, hyperfine coupling of paramagnetic defects to magnetic nuclei and zero-field splitting. By
using this method, not only can we obtain the positions of lines in LAC spectra, but also reproduce their
shapes as well as the relative amplitudes of different lines. As a striking example, we present a calculation
of LAC spectra in diamond crystals containing negatively charged NV centers.

� 2019 Elsevier Inc. All rights reserved.
1. Introduction

Owing to their unique properties [1] negatively charged
nitrogen-vacancy centers, NV� centers, in diamond crystals are
promising quantum objects for various exciting applications, such
as, e.g., nano-sensing [2–6], quantum information processing [7–
11], imaging of biological processes [12–15]. Experiments with
NV� centers exploit optically detected magnetic resonance, allow-
ing one to probe the spin dynamics of single color centers [16,17],
i.e., of single quantum objects. Such extraordinary sensitivity,
along with extremely long spin memory times and decoherence
times [18] make feasible various challenging experiments. Impor-
tantly, such properties are preserved even at room temperature
[19–21], which dramatically extends the range of existing and
potential applications of NV� centers. One of the key issues for
such applications is interaction of NV� centers with other defect
centers of the diamond lattice. Since such defect centers are often
‘‘dark” centers, information about the interactions can be deduced
indirectly from Level Anti-Crossing (LAC) spectra. Experimentally
such LAC spectra of diamond single crystals containing NV� cen-
ters can be studied by monitoring the magnetic field dependence
of the photoluminescence intensity, which contains sharp features
associated with LACs [21–37]. To probe such features, here termed
‘‘LAC lines”, no resonant microwave or radiofrequency pumping is
required.

The scheme of the energy levels of an NV� center at zero exter-
nal magnetic field is shown in Fig. 1, with radiative and nonradia-
tive transitions and radiofrequency-driven spin transitions
indicated. The ground state of the defect center is an electronic tri-
plet state. Due to zero-field splitting (ZFS) in the absence of a field
the lowest state in energy is the state with zero projection, denoted
as Ms, of the electron spin on the NV� center symmetry axis, here-
after denoted as rNV . The excited state has a similar structure of the
spin energy levels, but with a smaller ZFS value (by approximately
a factor of two). For practical applications of NV� centers, it is
important that the ‘‘optical cycle” gives rise to strong spin polariza-
tion [38–41]. The mechanism of polarization formation is given by
the dependence of the inter-system crossing rates on the spin pro-
jection value Ms (see Fig. 1).

Due to the peculiarities of the optical cycle, there is a strong dif-
ference in the luminescence quantum yield upon excitation of an
NV� center in the spin states with different Ms values. When exci-
tation occurs from the Ms ¼ 0 state, the yield of subsequent photo-
luminescence is close to unity. For this reason, the Ms ¼ 0 state is a
‘‘bright” state of the color center. By contrast, after excitation from
the Ms ¼ �1 states the luminescence yield is small due to the fast
intersystem crossing process 3E ! 1A1; hence, these states are
‘‘dark” states. Owing to the fact that the 1E ! 3A2 process is also
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Fig. 1. Energy levels of an NV� center at zero magnetic field. By arrows we show the
zero-phonon line optical transitions, inter-system crossing between the triplet and
singlet states and RF-induced transitions in the ground and excited states. Faster
transitions are shown by solid lines, slower transitions are shown by dashed lines.
States of the NV� center are classified according to the spin multiplicity and
irreducible representations, A and E, of the C3v point group. ZFS of each triplet state
is indicated, as well as the wavelengths of the optical transitions.

Fig. 2. Scheme of the experimental setup used for measuring LAC spectra.
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dependent on the Ms value (it is faster for the Ms ¼ 0 state); after
light irradiation the system goes to the Ms ¼ 0 state. This means
that the ground state of the NV� center acquires spin polarization
[38,42,43]. Hence, NV� centers can be spin-polarized by light exci-
tation; such spin-polarized states can also be studied by optically
detected magnetic resonance by using the remarkable property
that NV� centers have ‘‘bright” and ‘‘dark” spin states.

Spin dynamics of NV� centers can be thus probed via photolu-
minescence, which also strongly depends on the magnetic field.
The reason is that at specific field strengths mixing of the ‘‘bright”
and ‘‘dark” states takes place, which gives rise to a drop in the
luminescence intensity. Specifically, such mixing becomes efficient
at LACs, which give rise to sharp features in the field dependence of
luminescence.

As usual, by a LAC we mean the following situation. Let us
assume that at a field strength B0 ¼ BLC a level crossing occurs for
a pair of levels, El and Em, corresponding to the eigenstates jli
and jmi of the main part of the spin Hamiltonian Ĥ0. However, if
there is also a perturbation term to the full Hamiltonian, i.e.,

Ĥ ¼ Ĥ0 þ V̂ , such that Vlm ¼ hljV̂ jmi – 0, the levels never cross. In
the mathematical sense this means that the l-th and m-th eigen

values of Ĥ are different at any field; the minimal splitting between
them at B0 ¼ BLC is equal to 2jVlmj– 0. In other words, the crossing
is avoided: the level crossing turns into a LAC. Importantly, at the
LAC not only the degeneracy of the energy levels is lifted, but also
the eigenstates change: the true eigenstates are no longer given by
jli and jmi but by superposition states. As a result, coherent mixing
of the jli and jmi states takes place. For this reason, LACs are of
importance for analyzing the magnetic field dependence of the
photoluminescence intensity of NV� centers: at a LAC involving a
‘‘bright” state and a ‘‘dark” state the intensity drops because the
initially over-populated ‘‘bright” state becomes mixed with the
‘‘dark” state. Dips in the magnetic field dependence of the photolu-
minescence intensity are thus associated with such LACs. There-
fore, we hereafter term this field dependence ‘‘LAC spectrum”.

Simulation of LAC spectra remains a challenging problem
because of the need to model the spin dynamics in a complex
multi-level system. As we show below, for simulating some LAC
lines one should treat a multi-spin system, which dramatically
increases the dimensionality of the spin Hamiltonian matrices. In
principle, full quantum mechanical treatment of polarization
transfer, which would explicitly include the dynamics in both tri-
plet states, 3A and 3E, is possible [28,34,44,45]; however, it requires
introducing the density matrix of a multi-level system (including
the energy levels of the excited states) and working in the Liouville
space rather than in the Hilbert space. As a consequence, the
dimensionality of the Liouville super-matrices becomes too large
and numerical solution of the equation for the density matrix of
the system becomes extremely time consuming, if at all possible.
In the present case, this problem is further aggravated by the
necessity to take into account a second defect center, to which
polarization is transferred from the primarily polarized NV� center.
For this reason, we use simplifying assumptions, which allow us to
treat re-distribution of the light-induced spin polarization in a sys-
tem of two coupled defect centers having magnetic nuclei. The
simulation method proposed here is numerically efficient and rel-
atively easy to implement. As we show below, this approach allows
one to model LAC spectra, being able to reproduce not only the
positions of LAC lines (including weak satellites to main lines)
but also their relative amplitudes. Hence, we are able to simulate
LAC spectra, model LAC lines and assign them to interaction of
specific pairs of interacting defect centers. This work is thus impor-
tant for developing methods for detection of ‘‘dark” defect centers
in diamond crystals.
2. Experimental

The experimental method is described in detail in a previous
publications [28,34]. The principal scheme of the experimental
setup is shown in Fig. 2. All experiments were carried out using
single crystals of a synthetic diamond. The concentration of NV�

centers of 9:3� 1017 cm�3 was estimated from the integral absorp-
tion of the zero-phonon line at 637 nm at 77 K [28]. The samples
were placed in a magnetic field, which is a superposition of the
constant field, B0, and a weak field modulated with the amplitude
Bm at the frequency f m, and irradiated by the laser light at a wave-
length of 532 nm (the irradiation power was 400 mW). The beam
direction was perpendicular to the magnetic field vector B0. The
laser light was linearly polarized and the electric field vector E
was perpendicular to B0. In experiments, we precisely oriented
the sample such that the magnetic field was parallel to the ½1 1 1�
crystal axis.

The luminescence intensity was measured by a photo-
multiplier. The resulting signal was sent to the input of a lock-in
detector to increase the detection sensitivity. Such a method
indeed allows one to enhance the sensitivity and to resolve multi-
ple LAC lines. Due to lock-in detection, lines in experimental LAC
spectra have dispersive shapes. For this reason, we also integrate
the obtained LAC spectra and compare them to calculated spectra.



Fig. 3. Experimental LAC spectrum of a diamond single crystal containing NV�

centers. Here we show the signal obtained by using lock-in detection (curve 1) with
the polarization of light E ? B0 and the integrated spectrum (curve 2). The
modulation frequency is 17 Hz, the modulation amplitude is 0.5 G.

Fig. 4. Calculated energy levels of the ground state of an isolated NV� center (a) and
the system of NV� and P1 centers (b) in an external magnetic field B0. Stars
highlight the ‘‘bright” energy levels of the NV� center.
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The modulation frequency f m was 17 Hz and modulation
amplitude was Bm ¼ 0:5 G. All experiments were carried out at
room temperature.

In this work, we present the experimental results, namely, LAC
spectra, obtained earlier [34]. In Fig. 3 we present the LAC spec-
trum of the sample obtained by using lock-in detection of photolu-
minescence and also the integrated spectrum. Both spectra contain
multiple sharp LAC lines. Below, we compare parts of the inte-
grated spectrum with calculation results. We discuss only some
of the LAC lines and do not model the lines, which are not yet
assigned (these are the lines found in the range 50–250 G and lines
at about 750 G and 950 G).

3. Theory

The calculated energy levels, i.e., the eigenvalues of the spin
Hamiltonian (see Appendix A), as functions of the external mag-
netic field B0 are shown in Fig. 4.

In Fig. 4(a) we present the energy levels of a single isolated NV�

center for the two possible orientations with respect to the exter-
nal magnetic field, which are existing when the [1 1 1] crystal axis
is parallel to the B0 field. Specifically, there is an orientation where
rNV is parallel to B0 (1/4 of all centers have this orientation) and an
orientation where the angle between rNV and B0 is equal to the
tetrahedral angle ht ¼ 109:47� (3/4 of all centers have this orienta-
tion). (Strictly speaking, one should talk about eight possible orien-
tations of defect centers in the diamond crystal lattice, since there
are NV as well as VN centers. However, NV and VN centers have
identical magnetic parameters; hence, it is common to talk about
only four different orientations of the NV centers in the crystal lat-
tice. The same is true for other defect centers.) In Fig. 4 (a) we show
the energy levels for both possible orientations; in the calculation
we take into account the Zeeman interaction, ZFS, hyperfine cou-
pling (HFC) of the electron spin of the NV� center with the spin
of the nitrogen nucleus and nuclear quadrupolar coupling. When
the angle between rNV and B0 is equal to ht there are no level cross-
ings in the ground state. However, once rNV is parallel to B0, at the
field of B0 ¼ D ¼ 1024 G (field strength is matched to the ZFS) there
is a crossing between the ‘‘bright” Ms ¼ 0 level and the ‘‘dark”
Ms ¼ �1 level. HFC turns this crossing into a LAC; spin mixing at
this LAC brings the system from the Ms ¼ 0 state to the Ms ¼ �1
state. Consequently, the population of the ‘‘bright” state decreases,
giving rise to a reduction of the photoluminescence intensity at
this field. As a result, a sharp LAC line appears in the field depen-
dence of the luminescence intensity, see Fig. 3.

In Fig. 4(b) as a representative example we show the calculated
energy levels of a coupled system comprising an NV� center and a
P1 center. P1 center is a lattice defect in diamond, in which the car-
bon atom is replaced by a neutral nitrogen atom. P1 center is para-
magnetic having the electron spin of 1/2; symmetry properties of
this defect center are described by the C3v group, same as for
NV� center. (It is nontrivial that P1 centers have C3v and not a
higher symmetry: this comes about because of a Jahn-Teller-type
effect that shifts the nitrogen into a non-central position [46,47].)
The total number of states in the considered system of two param-
agnetic centers (each having a 14N spin-1 nucleus) is equal to
54 ¼ 3� 3� 2� 3. The interaction between the defect centers is
the magnetic dipole-dipole interaction. In the calculation we
assume that the symmetry axes of both centers are parallel to
the B0 vector. Since the energy levels are plotted for the total
energy of the system of two defect centers, the energy of the
Ms ¼ 0 level of the NV� center is no longer constant, as in Fig. 4
(a), but depends on the B0 field due to the Zeeman interaction of
the P1 center with the external field. One can see that in the case
under consideration there are multiple level crossings. HFCs and
electronic dipole-dipole interaction turn these crossings into LACs.
As previously, LACs of the Ms ¼ 0 levels (highlighted with asterisks
in the Figure) with the Ms ¼ �1 levels give rise to a decrease of the
population of the ‘‘bright” state; consequently, sharp LAC lines
appear in the spectrum. In the present case, in addition to the lines
at around 1024 G more lines appear at around B0 � D=2 � 500 G,
which are traditionally called ‘‘cross-relaxation lines”. Below we
demonstrate clearly that these lines are due to the coherent polar-
ization transfer between paramagnetic defect centers.

The analysis of the energy level diagram, like the one shown in
Fig. 4, allows one to determine the level crossing points. This is,
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however, not sufficient for analyzing LAC spectra because one also
needs to know the efficiency of polarization transfer between the
‘‘bright” and ‘‘dark” states at each crossing. Hence, for quantitative
analysis of LAC spectra the theoretical treatment needs to be
extended.

3.1. Simulation method

To calculate LAC spectra, we adapted an approach developed
previously to describe coherent polarization transfer in coupled
multi-spin systems [48]. In order to use this approach, we also
introduce the following simplifications:

1. We assume that photo-excitation of the NV� center is a very
fast process as compared to the spin dynamics of hyperpolar-
ized NV� centers in the ground state. The same holds for the
inter-system crossing processes, 3E ! 1A1 and 1E ! 3A2, and flu-
orescence process, 3E ! 3A2. Hence, we assume that all photo-
induced processes do not affect polarization transfer and only
provide the initial spin polarization of the NV� center.

2. We consider only the spin evolution of the ground state of the
system: the reason is that the system spends only a small frac-
tion of time in the excited state. We also do not see any traces of
excited-state LACs in the measured spectrum shown in Fig. 3.
We also assume that the spin Hamiltonian of the NV� center
interacting with another defect center does not depend on time.

3. We completely neglect spin relaxation. Re-distribution of the
polarization in the NV� center, as well as between the NV� cen-
ter and another defect center in the crystal lattice is thus trea-
ted as a coherent process in the same manner as before [48,49].

We introduce the initial spin density matrix of the system in the
form of the direct product (Kronecker product) of the individual
electronic and nuclear spin density matrices:

q0 ¼ qS1 � qS2 � qI1 � 	 	 	 � qIn: ð1Þ
Here qS1 is the electron spin density matrix of the NV� center is a
completely or partially polarized state

qS1 ¼ a
0 0 0
0 1 0
0 0 0

0
B@

1
CAþ 1� a

3

1 0 0
0 1 0
0 0 1

0
B@

1
CA; ð2Þ

where a is the degree of the light-induced polarization of the 3A tri-
plet state of the NV� center. The other matrices, qS2 (the electron
spin density matrix of the second defect center) and qIi (the nuclear
spin density matrices of the NV� center) and qIj (the nuclear spin
density matrices of the second defect center) are the equilibrium
density matrices of the corresponding spin systems. Hence, if we

neglect the tiny thermal spin polarization, they are equal to N�1Ê

where Ê is the unity matrix of the corresponding dimensionality N

(here the coefficient N�1 is introduced to provide the normalization
condition Trfq0g ¼ 1).

The state described by Eq. (1) is a non-stationary state (i.e., it is
not an eigenstate) of the Hamiltonian; therefore, the density
matrix evolves with time. The spin evolution can be described
quantitatively in the simplest way in the eigenbasis of the Hamil-

tonian operator Ĥ. In this basis, the initial state is as follows:

qeb
0 ¼ V̂�1q0V̂ ; ð3Þ

where V̂ is the matrix composed of the eigenvectors of Ĥ. Since the

Hamiltonian Ĥ is time-independent, the matrices V̂ and V̂�1 are the
same at any instant of time. In the new basis the Hamiltonian is

diagonal and has the following matrix elements: Ĥeb
ij ¼ Eidij, where
Ei is the i-the eigenvalue of the Hamiltonian (i.e., the energy of
the i-th state), dij is the Kronecker delta. If we express the energies
Ei in the frequency units, the density matrix obeys the following
equation:

i
dqeb

ij

dt ¼ bHeb;qeb
h i

¼ 2p
P

k
Eidikqeb

kj � qeb
ik Ekdkj

� �
¼ 2p Ei � Ej

� �
qeb

ij :

ð4Þ

Consequently, we can obtain:

qeb
ij ðtÞ ¼ qeb

0

� �
ij expð�2piDijtÞ; ð5Þ

where Dij ¼ Ei � Ej.
By going back to the original basis of spin states, we obtain the

following expression for the time-dependent density matrix:

qðtÞ ¼ V̂qebðtÞV̂�1; ð6Þ
which allows us to calculate the population of the ‘‘bright” state
(the Ms ¼ 0 spin state of the 3A state of the NV� center) at any
instant of time:

q00ðtÞ ¼ TrfP̂0qðtÞg; ð7Þ

where P̂0 ¼ j0ih0j is the projector on the Ms ¼ 0 state, j0i.
The coherent spin evolution described by Eq. (7) is interrupted

at the instant of time t after light excitation, i.e., after the NV� cen-
ter in the ground state absorbs a photon. After that, the system
goes back into the initial state, see Eq. (1), emitting a photon. If
the light intensity is constant, the distribution of the coherent spin
evolution times is exponential expð�t=sÞ=s, with the mean evolu-
tion time, s, depending on the light intensity and the probability of
light absorption by the NV� center.

To evaluate the photoluminescence intensity we need to aver-
age the Ms ¼ 0 population, q00ðtÞ, over the instants of time when
the photon is absorbed. This averaged population is as follows:

hq00i ¼ hq00ðtÞi ¼
1
s

Z 1

0
q00ðtÞ expð�t=sÞdt ¼ TrfP̂0V̂qst V̂�1g; ð8Þ

where

qst
ij ¼ hqebðtÞiij ¼ qeb

0;ij
1
s

R1
0 expð�t=s� 2piDijtÞdt

¼ qeb
0;ij=ð1þ 2piDijsÞ:

ð9Þ

We would like to note that here averaging is performed in the
eigenbasis, which makes the calculation much simpler. This is pos-
sible because all transformations used here are linear transforma-
tions and also due to the fact that the Hamiltonian is constant;

hence, the matrices V̂ and V̂�1 are time-independent.

4. Results

4.1. LAC spectra of different systems

In this subsection, we present the calculated LAC spectra for iso-
lated NV� centers as well as for pairs of interacting defect centers.
Such calculations allow us to describe different groups of lines
found in the experimental LAC spectrum. We would like to empha-
size that each calculation can reproduce only some of the observed
LAC lines. The reason is that in a real experiment, different NV�

centers have different environment. For this reason, the experi-
mental LAC spectrum is a superposition (with appropriate weights)
of the spectra for isolated NV� centers as well as for systems
comprising an NV� center and another paramagnetic center. In
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addition, in the proximity of the paramagnetic centers there can
also be 13C nuclei, which affect LACs and become manifest in the
observed LAS spectra. Here we present calculations for isolated
NV� centers and for NV� centers interacting with other defect cen-
ters; such calculations will be done neglecting HFCs to 13C nuclei
and also taking such HFCs into account in order to describe weak
satellites to main LAC lines. For the sake of simplicity, in this sub-
section we always assume a sufficiently long s; the effect of the
evolution time on the LAC spectra is considered in Appendix B.

In this work, we always evaluate the photoluminescence signal
as the averaged population, hq00i, of the Ms ¼ 0 state of the NV�.
Hence, we term the hq00i dependence on the B0 magnetic field as
‘‘LAC spectrum”, assuming that the photoluminescence intensity
is directly proportional to q00.

In Fig. 5(a) we show the calculated LAC spectrum for a single

NV� center. In the calculation we used the Hamiltonian Ĥ of the
form (see Appendix A for detailed discussion of individual interac-
tion terms):

Ĥ ¼ b gkB0;zŜz þ g?ðB0;xŜx þ B0;yŜyÞ
h i

þ D Ŝ2z �
2
3

� 	

þ AkŜzÎz þ A? ŜxÎx þ ŜyÎy
h i

þ P Î2z �
1
3
IðI þ 1Þ

� 	
: ð10Þ

Here Ŝ and Î stand for the spin operator of the electron and nucleus.
Hereafter, in calculations we use the followingmagnetic parameters
for the NV� center [50]: gk ¼ 2:0029; g? ¼ 2:0031 (principal values
of the g-tensor), D1 ¼ 2872 MHz, E ¼ 0 (ZFS parameters, the E-
term is zero due to axial symmetry of the ZFS tensor),
Ak ¼ �2:2 MHz, A? ¼ �2:7 MHz (principal values of the HFC tensor),
P ¼ �4:8 MHz (nuclear quadrupolar coupling).

When the symmetry axis of the NV� center is parallel to exter-
nal field vector B0, there is a single sharp LAC line at the field of
1024 G, where the unperturbed Ms ¼ 0 and Ms ¼ �1 levels cross,
as shown in Fig. 4. At this LAC, the HFC to the 14N nucleus of the
defect center becomes active, turning the level crossing into a
LAC. Due to spin mixing at this LAC, the population of the ‘‘bright”
state is reduced and a dip in the luminescence intensity is found,
see Fig. 5(a). When the angle between the rNV and B0 vectors is
equal to ht there are no level crossings (see Fig. 4); consequently,
there are no sharp lines in the spectrum. Instead, there is a smooth
decay of the population of the Ms ¼ 0 state upon increase of the
field strength. A similar decrease of the photoluminescence is
observed experimentally, as can be seen in Fig. 3. The reason for
this effect is that the field component, which is perpendicular to
the NV� symmetry axis, gives rise to transitions between the tri-
plet sublevels of the ground state. As a result, the ‘‘bright” Ms ¼ 0
state is mixed with the ‘‘dark” Ms ¼ �1 states and its population
Fig. 5. LAC spectrum of an isolated NV� center (a) and of interacting NV� and P1 centers
to ht . In the calculation, we have performed averaging over all four possible orientation
decreases giving rise to the decrease of the photoluminescence
intensity. Hence, the calculation for an isolated NV� center can
describe the smooth decay of the luminescence intensity with
increasing magnetic field strength and also the LAC line at
1024 G but not other LAC lines found in experiments. To describe
these lines, we need to perform calculations for two interacting
defect centers with one of them being the NV� center.

In Fig. 5(b) we show the calculated LAC spectrum for the system
of two interacting defect centers, NV� center and P1 center. In the
calculation, we make use of the Hamiltonian given by
Eqs. (A.1)–(A.3), where the characteristics with the subscript ‘‘1”
belong to the NV� center, whereas those with the subscript ‘‘1”
belong to the P1 center. We use the following parameters:
g2;k ¼ g2;? ¼ 2:0023, A2;k ¼ 114 MHz, A2;? ¼ 81 MHz, Q2 ¼ Q1 ¼
�4:8 MHz, Ddd ¼ 1 MHz. Hence, the parameters for the NV� center
are the same as those in the calculation shown in Fig. 5(a). All
calculations are performed using averaging over the four possible
orientations of the P1 center.

When the angle between the B0 and rNV vectors is equal to ht ,
like in the previous case, there is a smooth decrease of hq00i upon
increasing the magnetic field strength and no sharp lines are seen.
The reason for this is exactly the same as in the previous case of an
isolated NV� center: there is mixing of the triplet sublevels by the
perpendicular field component and there are no level crossings.

In the case rNVkB0, in the LAC spectrum there are two groups of
sharp lines seen at around 1024 G and at around 500 G. These lines
are also discussed below in further detail. They are caused by the
level crossings shown in Fig. 4; however, we would like to stress
that in the calculation presented in Fig. 5(b) all four possible orien-
tations of the P1 center are taken into account. The fact that the
two groups of lines are found at the magnetic fields of about D1

and D1=2 is due to the very small difference in the g-factors of
the NV� center and P1 center. Hence, the present calculation can
account for the LAC lines at around 500 G.

In Fig. 6 we show the calculation result for a pair of NV� centers,
where one of them is oriented parallel to B0, while the other one is
oriented at the ht angle to the magnetic field. In the calculation,
averaging over the three possible orientation of the second NV�

center is performed. Parameters of the calculation are the same
as those in the previous calculations. For calculating the LAC spec-
tra, we use different degree of spin polarization a of the NV� cen-
ters having different orientations with respect to the magnetic
field. The reason is that the probability of absorbing a photon by
an NV� center depends on the polarization of the incident light.
Specifically, the absorption probability is maximal when the polar-
ization vector is perpendicular to rNV being close to zero when the
two vectors are parallel. In our experiments, the polarization
vector is always perpendicular to the external magnetic field.
(b) for the case rNVkB0 and for the case where the angle between rNV and B0 is equal
s of the P1 center.



Fig. 6. LAC spectrum of a system of two interacting NV� centers; one of them is
oriented parallel to the magnetic field and the other one is oriented at the ht angle
to the field (averaging over the three possible orientations of the second center is
performed). The degree of polarization a (see Eq. (2)) for the first NV� center is
equal to 1; for the second center it is 0.7. In the plot we show the average
population hq00i of the Ms ¼ 0 state for each NV� center as well as the sum of these
populations.

Fig. 7. Experimental LAC spectrum in the field range 450–650 G (curve 1) and
integrated spectrum (curve 2). Curves 3–6 present the calculated LAC spectrum for
the pair NV�/P1 (curve 3); for the pair NV�/P1 assuming that the P1 center has a 13C
nucleus at the C1 position (curve 4); for the pair NV�/NV� with different
orientations (curve 5); for the pair NV�/NV� when one of the centers has a 13C
nucleus (curve 6). Arrows indicate the lines in the LAC spectrum, which become
manifest due to the HFC with 13C nuclei.
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Therefore, we always assume that when rNV is parallel to B0 then
a! 1 (maximal spin polarization), while for the other orientations
we take a ¼ 0:7. Hence, both NV� centers are polarized, though to a
different extent.

When the angle between the rNV and B0 vectors is equal to ht ,
like in the previous case (and for the same reason), there is a
smooth decrease of hq00i with the field. Besides this, there are
three sharp LAC lines at zero field, at 590 G and at 1024 G. The lines
at zero field and at 590 G have different signs for the different ori-
entations of the NV� center. The reason is that the defect centers
exchange light-induced polarization. It is worth noting, that the
zero-field line has exactly the same amplitude for the different ori-
entations considered here; consequently, the total polarization
does not have a feature at zero field. This is consistent with the
assumption [28] that this line is merely due to the polarization
transfer between NV� centers with different orientations. In exper-
iments this line becomes visible only because the luminescence
intensity of the differently oriented NV� centers is not the same
(due to the different absorption efficiency of the incident light).
As a consequence, the zero-field LAC line (in contrast to all other
LAC lines) is a second-order effect and its intensity quadratically
depends on the light intensity [28]. For other lines, compensation
of positive and negative LAC lines is incomplete: hence, the total
polarization has a pronounced dip when polarization exchange
between two defect centers is taking place.

Hence, our calculation can account for the additional LAC lines
at around 500 G and 590 G, which were reported before and come
from polarization exchange between different defect centers. In
the literature these lines are usually named ‘‘cross-relaxation
lines”. We would like to stress that in the present case the
‘‘cross-relaxation lines” originate from coherent exchange of polar-
ization at corresponding LACs.

4.2. Comparison with experiment

Having discussed the nature of different lines in LAC spectra, we
can compare our theoretical considerations with the experimental
results and analyze the origin of different lines (or groups of lines)
found experimentally.

The experimental LAC spectra in their original appearance and
also integrated spectra in the field range 450–650 G are shown in
Fig. 7. Additionally, in this figure we present the calculation results
for different pairs of interacting paramagnetic centers. All parame-
ters of NV� centers and P1 centers are the same as those given
above. In the calculation, the first center is always an NV� center
oriented parallel to the B0 vector; we perform averaging over all
four possible orientations of the P1 center (single orientation par-
allel to the field and three orientations where the P1 centers are
tilted by ht) and for all three possible orientations of the second
NV� center (where the angle between B0 and rNV is equal to ht).

One can see that the calculation performed for the NV�/P1 pair
very well describes the seven previously reported LAC lines in the
range 490–540 G. We would like to stress that our model can
describe not only the positions of the lines, but also their relative
amplitudes. The calculation run for the NV�/NV� pair also very
well reproduces the line at 590 G.

For assigning other lines, namely, the weak satellite lines indi-
cated in Fig. 7, we performed a calculation assuming that the defect
centers have the HFC with surrounding carbon nuclei in the lattice.
In the sample studied, 13C nuclei are present at the natural abun-
dance of 1.1%. For this reason, we also perform simulations taking
into account the fact that one of the two centers has a 13C spin in
the close proximity to the paramagnetic defect. For this carbon
nucleus in the C1 position we use the following HFC parameters:
for the NV� center Ak ¼ A? ¼ 100 MHz, for the P1 center
Ak ¼ 340 MHz, A? ¼ 140 MHz [51].

The LAC spectra calculated taking into account the additional
HFC terms are also presented in Fig. 7. In the figure, the arrows
indicate the weak satellite lines in the experimental spectrum
and also in the simulated spectra. One can readily see that there
is a very good agreement between the positions of the lines in
the experimental and calculated spectra. As far as the amplitude
of these lines is concerned, their relative intensities are reproduced



S.V. Anishchik, K.L. Ivanov / Journal of Magnetic Resonance 305 (2019) 67–76 73
properly. Additionally, the calculation can describe the doublet
seen in the spectrum at 477 G.

However, if we keep in mind the low natural abundance of 13C
nuclei in the sample, the amplitude of the satellite lines in the cal-
culation is much smaller than that found experimentally. This is
true for the pair NV�/P1 and even to a greater extent for the pair
NV�/NV�. Most likely, this discrepancy is caused by the effect of
field modulation on LAC lines [34]: at low frequencies the line
amplitude strongly increases, this effect is much more pronounced
for weak low-amplitude lines.

One more group of LAC lines is found at around 1024 G; close
inspection shows that in addition to the main line there are also
weak satellite lines seen in the spectrum. In Fig. 8 we show the
LAC spectrum in its original appearance together with the calcu-
lated spectra for different pairs of interacting defect centers: pair
NV�/P1 and also pairs NV�/P1 and NV�/NV� hyperfine-coupled
to nearest 13C nuclei. In the case of the NV�/P1 pair we take into
account the coupling to a 13C nucleus in the C1 position in the P1
center. All calculation parameters are the same as those in previous
calculations.

The LAC lines in the spectra calculated for different pairs
strongly overlap, therefore it is problematic to assign all individual
lines. We can state only that the weak lines at the wings of the
spectrum shown in Fig. 8 are caused by the HFC to a 13C nucleus
in the P1 center. From the calculation, we can also deduce that
some asymmetry of the spectrum is caused by the HFCs to carbon
nuclei in the NV�/NV� pair. As far as relative amplitude of individ-
ual lines are concerned, the amplitude of the satellite lines is much
stronger in experiments than in the calculation; this effect is even
more pronounced as compared to the spectra shown in Fig. 7.
Fig. 8. Experimental LAC spectrum in the range 950–1100 G (curve 1) and
integrated spectrum (curve 2). Calculation for pairs of interacting defect centers:
pair NV�/P1 (curve 3); pair NV�/P1 taking into account coupling of the P1 center to
a 13C spin in the C1 position (curve 4); pair NV�/NV� with different orientations
taking into account a 13C spin in the proximity of one of the two centers (curve 5).
Arrows indicate the corresponding lines in the experimental and calculated LAC
spectra.
5. Discussion

Hence, we present a method, which can be used to treat quan-
titatively LAC spectra in diamond crystals containing paramagnetic
color centers. The method uses only standard linear algebra meth-
ods, such as matrix multiplication and solution of the eigenprob-
lem of a hermitian matrix. Consequently, we are able to treat
multi-spin systems that are described by Hamiltonians of a large
dimensionality. For instance, here we consider the system of four
spins 1 (two spin-1 paramagnetic defects each having a spin-1
14N nucleus) and one spin-1/2 13C nucleus; in this case the Hamil-
tonian is a 162� 162 matrix. Our approach can be easily extended
to systems containing color centers other than NV� centers. The
main simplifying assumption used here is neglecting the spin evo-
lution in the excited state: when necessary, the spin evolution in
the excited state can be treated by using the same method by
redefining the time s as the lifetime of the excited state. A more
rigorous approach, which would explicitly take into account the
evolution in both states and transitions between them can also
be implemented, see e.g. Ref. [45], but it is significantly more time
consuming.

Our treatment shows that the positions of LAC lines can be accu-
rately described by the proposed theoretical approach. We would
like to note that the calculations shown here do not use any free
parameters other than the evolution time (which does not strongly
affect LAC spectra): the parameters of the relevant interaction ten-
sors are taken from independent measurements reported in litera-
ture. As far as the relative amplitudes of LAC lines are concerned,
our method precisely describes the amplitudes of lines belonging
to the same group. This is true, for instance, for the lines found in
the range 490–540 G, which are conditioned by coupling of the
electron spins of NV� centers and P1 centers. The same situation
holds for the lines found in the range 450–650 G: these lines are
due to 13C nuclei in the C1 position of the P1 center. However, the
satellite lines at around 1024 G, as well as the satellite lines in the
range 450–650 G, which are due to HFC to 13C nuclei (present only
in low concentration), in experiments are much stronger than
expected from the theoretical treatment.

Field modulation effects are not included in our simulations
(this is not feasible with available computational resources) but
on the qualitative level the influence of modulation can be
rationalized from our previous work [34]. Specifically, we have
considered the effect of field modulation on the amplitude of LAC
lines and demonstrated that the line amplitudes strongly increase
at low modulation frequencies. Furthermore, for weak lines such
an increase is associated with polarization transfer to nuclear spins
giving rise to an even stronger increase of the line amplitude.
Specifically, for weak LAC lines the increase in amplitude upon
decreasing the modulation frequency from 12.5 kHz to 17 Hz is
an order of magnitude stronger than for intense lines, e.g., than
for the LAC line at 1024 G. Thus, the amplitude ratio calculated
by using our method is more similar to experimental observations
at the modulation frequency of 12.5 kHz, rather than to those at
17 Hz. Numerical calculations [34] show that such an enhance-
ment of LAC lines is due to the fact that nuclear spins, which relax
much slower than the electron spins, can store spin polarization.
After many excitation-radiation cycles (or excitation-
radiationless relaxation), the polarization is transferred from NV�

centers to nuclei. Due to the much slower spin relaxation, nuclei
can store polarization; subsequently, polarization transfer back to
NV� centers can occur. Such polarization transfer is most efficient
at low modulation frequencies; in the present theoretical model it
is not taken into account. Polarization transfer of this kind can be
exploited for implementing microwave-free dynamic nuclear
polarization, as demonstrated in recent work [37].
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6. Summary

We propose a numerically efficient method for describing LAC
spectra of NV� centers in diamond crystals. From the mathematical
viewpoint, the method makes use of the solution of the eigenprob-
lem of hermitian matrices and basic matrix operators. Standard
numerical algorithms for such calculations are well established
and efficient, allowing one to implement the proposed method.
The method allows one to predict not only the positions of LAC
lines, but also their shapes and relative intensities; hence, we are
able to model the main groups of lines in LAC spectra, assign lines
to specific LACs and analyze satellites coming from 13C nuclei at
low natural abundance. We expect that the proposed method can
be used to determine magnetic resonance parameters of dark
defect centers interacting with NV� centers and also to investigate
such interactions.
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Appendix A. Spin Hamiltonian

Generally, the spin Hamiltonian Ĥ of two interacting paramag-
netic centers in the external B0 field can be written as a sum of the
main Hamiltonian and a perturbation term:

Ĥ ¼ Ĥ0 þ V̂ ðA:1Þ
where

Ĥ0 ¼ bB0G1Ŝ1 þ Ŝ1D1Ŝ1 þ bB0G2Ŝ2 þ Ŝ2D2Ŝ2 ðA:2Þ
and

V̂ ¼
X
i

Ŝ1A i Îi þ
X
i

ÎiQi Îi þ
X
j

Ŝ2A j Îj þ
X
j

ÎiQj Îj

þ Ddd 3ðŜ1 	 n12ÞðŜ2 	 n12Þ � ðŜ1 	 Ŝ2Þ
h i

; ðA:3Þ

Here Ŝ1 and Îi are the electron and nuclear spin operators of the NV�

center, Ŝ2 and Îj correspond to the other defect center. The main
part of the Hamiltonian takes into account the electronic Zeeman
interaction (described by the g-tensors G1 and G2 with b being
the Bohr magneton) and ZFS (given by the ZFS tensors D1 and
D2). The perturbation term includes the HFCs to magnetic nuclei
(given by the HFC tensors A i and A j), nuclear quadrupolar cou-
plings (given by the tensors Qi and Qj) and the electronic dipole-
dipole interaction between the two centers, which depends on the
distance between them: Ddd / r�3

12 , where r12 is the vector connect-
ing the two defect centers, n12 ¼ r12=r12 is unity length vector par-
allel to r12. Here, for simplicity, nuclear Zeeman interaction is
neglected as we are working at relatively low magnetic fields. In
this work, we will specify the Hamiltonian and all relevant param-
eters (HFC and quadrupolar couplings, ZFS values, Ddd) in the units
of Hz. In this work, all tensors are denoted by calligraphic capital
letters.

The interaction terms in Eqs. (A.2) and (A.3) come from aniso-
tropic interactions and therefore depend on the molecular orienta-
tion and on the choice of the coordinate frame. The individual
terms of the Hamiltonian become simple, when the reference
frame coincides with the Principal Axes System (PAS) of the corre-
sponding interaction tensor: in such a frame the tensor simply
becomes diagonal and its non-zero elements are the principle val-
ues of the tensor. As a consequence, the relevant terms in their
PASs are written as follows (here k ¼ 1;2):

bB0GkŜk ¼ b gk;kB0;zŜkz þ gk;?B0;xŜkx þ gk;?B0;yŜky
h i

; ðA:4Þ

ŜkDkŜk ¼ Dk Ŝ2kz �
2
3

� 	
; ðA:5Þ

ŜkA i Îi ¼ Ai;kŜkzÎiz þ Ai;?ŜkxÎix þ Ai;?ŜkyÎky; ðA:6Þ

ÎiQi Îi ¼ Qi Î2iz �
1
3
IiðIi þ 1Þ

� 	
: ðA:7Þ

Here we take into account that all defect centers have C3v symme-
try. This type of symmetry gives rise to axially symmetric interac-
tion tensors; consequently, the x; y-components of all tensors are
identical (denoted by ? instead of x; y),X generally, being different
from the z-component (denoted by k). Hence, gi;k; gi;? are the rele-
vant components of the Gk tensor; Dk is the relevant component
of the ZFS tensor (hereafter we always assume that Ek ¼ 0, i.e.,
due to axial symmetry the x and y directions are equivalent);
Ai;k;Ai;? are the components of the A i tensor; Qi is the quadrupolar
coupling of the corresponding nucleus. In any frame different from
PAS additional terms appear in the interaction tensor and, conse-
quently, in the Hamiltonian. To define frame rotations one can
use different methods, e.g., one can specify the three angles for con-
secutive Euler rotations. Here we do not dwell into details of frame
rotations, which are done in a standard way [52].

In this work, we always choose the reference frame such that
the z-axis is parallel to the rNV vector of the first defect center
(which is always an NV� center). This means that the tensors
G1;D1;A i;Qi have the simple form given by Eqs. (A.4)–(A.7). In
this situation, if the B0 vector is parallel to the ½1 1 1� crystal axis,
the magnetic field can be either parallel to rNV , so that only the
B0;z component is non-zero, or tilted by ht ¼ 109:47� (tetrahedral
angle), so that the transverse field components are present as well.
For the second center we assume that it (i) has the same orienta-
tion meaning that the relevant interaction tensors also take the
simple form, expected for the PAS or (ii) its orientation is tilted
by ht with respect to rNV .

Appendix B. Effect of the average evolution time s

Appearance of LAC spectra also depends on the evolution time s
because spin mixing at each LAC requires finite time to develop.
Specifically, when the minimal splitting at a LAC is equal to
2jVlmj– 0 the characteristic mixing time is of the order of
1=jVlmj. When this time is much longer than s the corresponding
LAC would not reveal itself as a feature in the magnetic field
dependence of photoluminescence. Hence, to observe a feature
coming from a LAC the evolution time should be greater than or
comparable to 1=jVlmj– 0; s � 1=jVlmj– 0 gives a threshold value
for observing the feature. In our calculation method, the evolution
time s is an input parameter, which is difficult to estimate. For this
reason, we need to know how critical is the s dependence of LAC
line intensities. In Fig. 9 we present the LAC spectra calculated
for different s values considering a pair of defects coupled by
dipole-dipole interaction of the strength of 1 MHz. The parameter
s is varied over a wide range from 10�8 to 10�1 s. One can readily
see that there is a certain threshold s value: above this value the
spectrum almost does not change. For the LAC line at 1024 G this
value is approximately 10�7 s. The weak satellite lines are more
sensitive to the s value, as can be seen from Fig. 9. For these lines,
the threshold s value is about 10�5 s. In all calculations, we use the



Fig. 9. Dependence of the LAC spectrum (shown in the range around 1024 G) on the mean evolution time s for an isolated NV� center (left) and for the pair NV�/P1 of
interacting defect centers (right). For an isolated NV� center we present the calculated hq00i field dependence and the integrated experimental LAC spectrum (subplot a) and
also the B0 derivative of hq00i and the experimental spectrum in its original appearance (subplot b). For the pair NV�/P1 the integrated spectrum is presented.
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value s ¼ 10�4 s, which guarantees correct evaluation of the spec-
tra in all cases (meaning that all LAC lines of interest become
manifest).

The theoretical curves in Fig. 9 exhibit a splitting of the main
LAC line at 1024 G. In experiments such an effect is not observed,
which we attribute to a relatively high amplitude of field modula-
tion, which is 0.5 G, lowering the resolution. From comparison of
Figs. 9 (left) and 9 (right) we can draw one more conclusion: the
position of the LAC line of an isolated NV� center is shifted to
higher fields as compared to the experimental observation (by
approximately 0.5 G). For the NV�/P1 pair, this line is slightly dis-
torted so that the low-field component becomes stronger and the
high-field component becomes weaker. As a result, there is only
a single LAC line present in the spectrum and its position precisely
fits to that found experimentally. Hence, we can conclude that the
pair NV�/P1 makes the dominant contribution to the line at
1024 G.
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