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A B S T R A C T

This article is concerned with the application of reciprocity in computing guided wave motions generated by a
time-harmonic load in a layer of uniform thickness joined to a half-space. Explicit expressions for free Rayleigh
waves and Love waves propagating in the layered half-space are introduced. Exact solutions of Rayleigh waves
and Love waves are derived from reciprocity relations between an actual state – guided waves generated by a
time-harmonic line load and a virtual state – an appropriately chosen free wave traveling in the structure.
Scattered amplitudes of the wave motions are thus determined. The validation of the reciprocity approach is
shown through the computation of the lowest Rayleigh wave mode in the layered half-space, which approaches
the calculation of the Rayleigh surface wave in the half-space once the layer thickness approaches zero in the
limit.

1. Introduction

Guided wave propagation in a layer on a half-space can be separated
into in-plane Rayleigh waves, also called Rayleigh-Lamb type waves [1]
and out-of-plane Love waves. Earlier theoretical modeling works on
waves in a layer and a supporting half-space of different material
properties can be found, e.g., in textbooks [1–7]. There are also a great
number of research articles addressing this interesting topic available in
the literature. In particular, dispersion curves for free waves in a
layered half-space were analyzed by Achenbach and Keshava [8].
Tiersten [9] investigated the influence of thin film on guided wave
propagation in the joined structure of a film over a half-space with
comparison to experiment data. Vinh et al. [10] explored the approx-
imate secular equation and the velocity formula for guided wave pro-
pagation in an isotropic elastic half-space, which is coated by a thin
isotropic elastic layer with smooth contact. In such a way, the ap-
proximate secular equations for guided waves in an orthotropic half-
space coated by a thin orthotropic layer with sliding contact were also

derived and reported in [11] by the same authors.
Reciprocity theorems in general provide a relation between dis-

placements, tractions and body forces for two different loading states of
the same body. Statements of elastodynamic reciprocity theorems have
already presented, and curious readers can refer to, e.g., Refs. [12–14].
Reciprocity relations have been successfully used in direct applications
to compute guided waves generated by a time-harmonic load, see
[15–21]. Balogun and Achenbach [15] examined surface waves gen-
erated by a line load on a half-space with depth-dependent properties.
The applications of reciprocity to surface waves on an inhomogeneous
transversely isotropic half-space was discussed by Kulkarni and
Achenbach [20]. The reciprocity approach was also applied to study
scattering of surface waves by cavities on the surface of a half-space
[22–24] and scattering of Lamb waves by a partial spherical corrosion
pit in a plate [25].

Due to time-harmonic sources, the elastodynamic reciprocity thus
offers a simpler approach for deriving the far-field displacements
compared with the conventional integral transform techniques
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reported, for examples, in [3,4,26]. The material to be studied may be
anisotropic, inhomogeneous or viscoelastic. The validity of the re-
ciprocity approach was shown by Phan et al. [16,17] for Rayleigh
surface waves in a half-space. It was proved that the calculations ob-
tained by the reciprocity consideration and the integral transform
techniques are identical. An appropriate theoretical solution of guided
waves generated by a time-harmonic load in a layered half-space is,
unfortunately, not available in the literature.

In this contribution, our purpose is to apply the reciprocity to
compute Rayleigh waves and Love waves due to a time-harmonic
source in a layered half-space. Explicit expressions for free guided
waves propagating in the layered half-space are proposed in terms of
reciprocity theorems. One of the main contributions is the derivation of
exact solutions of Rayleigh waves and Love waves due to the load.
Moreover, it has been proved one important finding presented in the
examples that the obtained computation of the lowest Rayleigh mode in
the layered half-space approaches the result of the Rayleigh wave in the
half-space once the thickness of the layer approaches zero. The in-
dicated limit is for small layer thickness (i.e. low frequencies).

The rest of the article is divided into five sections. In Section 2, we
briefly review the solutions of free Rayleigh waves propagating in a
layered half-space and proposes explicit expressions for the displace-
ments and stresses. The reciprocity applications for a layered half-space
to obtain the scattered amplitudes of Rayleigh waves generated by a
time-harmonic line load are presented in Section 3. The detailed im-
plementation of Love wave motions is given in Section 4, while the
calculation of the lowest Rayleigh wave mode is detailed in Section 5.
Some major conclusions drawn from this study are given in Section 6.

2. Explicit expressions for Rayleigh waves in a layer half-space

Guided waves may exist in a layer on a half-space in which the
materials of the layer and the half-space are different. Let us consider a
solid layer and a solid half-space which are perfectly bonded to-
gether along the plane =z 0, relative to the Cartesian coordinate
system x z( , ), see Fig. 1. The Lame constants and mass density of these
two materials are indicated by µ, , and µ, , , respectively, and
the thickness of the layer is noted by h. For an isotropic elastic medium,
the partial waves polarized in the x z( , ) plane can be completely se-
parated from the partial waves polarized in the y direction. The former
is called Rayleigh waves, also Rayleigh-Lamb type waves [1], which is
discussed in this section, while the latter is Love waves. The governing
equations for a homogeneous isotropic elastic solid are the displace-
ment equations of motion in the absence of body forces [3]

+ + =µu µ u u( ) ¨i jj j ji i, , (1)

The solutions of Rayleigh waves in a layered half-space can be ex-
pressed as a combination of partial waves based on the partial wave
theory, which is discussed in detail, for example, in [1]. In this case,
there are four partial waves in the layer and two in the half-space.

Therefore, the displacements of the layer may be written as

= + + +u A e A e A e A e e( )x
ik z ik z ik z ik z ik x ct

1 2 3 4
( )1 2 1 2 (2)

= + +u A e A e A e A e e1 1
z

ik z ik z ik z ik z ik x ct

1
1 2 2

1
3 2 4

( )1 2 1 2
(3)

and the displacements of the half-space are of the form

= +u A e A e e( )x
k z k z ik x ct

1 2
( )1 2 (4)

= +u i A e A e e1
z

k z k z ik x ct

1
1 2 2

( )1 2
(5)

Here, =A j( 1, 2, 3, 4)j and =A j( 1, 2)j are the constants to be de-
termined and kindicates the wavenumber where =k c with being
the angular frequency and c being the phase velocity.

The dimensionless quantities in Eqs. (2)–(5) are defined in the fol-
lowing.

= + = +c c c c1 1T L1
2 2

2
2 2 (6)

where

= = +c µ c µ( 2 )T L (7)

are the transverse and longitudinal wave velocities, respectively, of the
solid layer .

= =c c c c1 1T L1
2 2

2
2 2 (8)

where

= = +c µ c µ( 2 )T L (9)

are the transverse and longitudinal wave velocities, respectively, of
the half-space . Note that stress components , ,xx xz zz of the layer
and , ,xx xz zz of the half-space can be easily calculated from the
displacements by the use of Hooke’s law.

For Rayleigh waves in this layered half-space, there are two free
boundary conditions at the surface =z h( ) and four at the interface

=z( 0) written as

= = =at z h0, 0xz zz (10)

= = = = =u u u u at z, , , 0x x z z xz xz zz zz (11)

Eqs. (10) and (11) result in

=DA 0 (12)

where

= A A A A A AA [ ]T
1 2 3 4 1 2 (13)

and D is the six-by-six matrix whose expression is given in the
Appendix, see Eq. (A.1).

To have nontrivial solutions, the determinant of D in Eq. (12) must
be zero. This leads to a transcendental equation with phase velocity as
an unknown parameter when the properties of the two materials and
the frequency are given. Since the determinant appears with a fre-
quency term via wavenumber k, the phase velocity of Rayleigh wave
problems is dependent of frequency. Therefore, Rayleigh waves are
dispersive. A numerical method can be used to solve the characteristic
equation which results in the dispersion curves.

As an example of calculation, the dispersion curves of a plexiglas
layer joined to an aluminum half-space with the material properties
tabulated in Table 1 are shown in Fig. 2. It can be seen that the lower
bound of the phase velocity value is the Rayleigh wave velocity in the
plexiglas while its upper limit value is the shear wave velocity in the
aluminum. Also, the wave velocity approaches the Rayleigh surface
wave in aluminum at the low frequency limit where the layer thickness
is much smaller than the wavelength.

Since the determinant of D must be zero, Eq. (12) has actually fiveFig. 1. Coordinate system for guided waves in a layer half-space.
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independent equations with six unknowns A A A A A A, , , , ,1 2 3 4 1 2. It
has an infinite number of solutions. A general solution of Eq. (12) is
found in the form of

= = = = = =A Ad A Ad A Ad A Ad A Ad A Ad, , , , ,1 1 2 2 3 3 4 4 1 1 2 2 (14)

where A 0 is an arbitrary constant with a dimension of length while
dimensionless quantities d d d d d d, , , , ,1 2 3 4 1 2 depend only on mate-
rial properties of the layer and the half-space. The equation-solving
process to obtain these quantities is quite tedious. Therefore, we pro-
vide their expressions without a detailed proof, see Eqs. (A.2)–(A.7).

The displacements and stresses of free Rayleigh waves in a layered
half-space may now be rewritten as

=u AU z e( )x x
ik x ct( ) (15)

=u AU z e( )z z
ik x ct( ) (16)

= ikµAT z e( )xx xx
ik x ct( ) (17)

= ikµAT z e( )xz xz
ik x ct( ) (18)

where

= + + +U z d e d e d e d e( )x
ik z ik z ik z ik z

1 2 3 41 2 1 2 (19)

= + +U z d e d e d e d e( ) 1 1
z

ik z ik z ik z ik z

1
1 2 2

1
3 2 41 2 1 2

(20)

= + + +
+ +

T z d e d e d e
d e

( ) 2 ( 2 1) 2
( 2 1)

xx
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4
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= +T z d e d e d e

d e
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2
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1
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1
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for material . For material they are

=u AU z e( )x x
ik x ct( ) (23)

=u iAU z e( )z z
ik x ct( ) (24)

= ikµ AT z e( )xx xx
ik x ct( ) (25)

= kµ AT z e( )xz xz
ik x ct( ) (26)

where

= +U z d e d e( )x
k z k z

1 21 2 (27)

= +U z d e d e( ) 1
z

k z k z

1
1 2 21 2

(28)

= + +T z d e d e( ) 2 (2 1)xx
k z k z

1 2
2

1
2

21 2 (29)

= + +T z d e d e( ) 1 2xz
k z k z

1
1

1 2 21 2

(30)

Here, U z U z T z T z( ), ( ), ( ), ( )x z xx xz and U z U z T z T z( ), ( ), ( ), ( )x z xx xz are
functions of depth z . They are all dimensionless quantities as well as
d d d d d d, , , , ,1 2 3 4 1 2 which are dependent on the material properties
of the layer and the half-space. In Eqs. (15)–(18) and (23)–(26), there is
only one unknown constant A, which we refer to as the relative am-
plitude of Rayleigh waves in a layered half-space, to be computed by
reciprocity considerations in the next section.

3. Computation of Rayleigh wave motions by reciprocity
considerations

Reciprocity theorems, in general, offer a relation between dis-
placements, tractions and body forces for two different loading states of
an elastic body. As will be discussed, it is possible to use the reciprocity
relations to obtain closed-form solution of Rayleigh waves generated by
a time-harmonic load in a layered half-space. The reciprocity theorem
for a two-material body was studied in [12,19] written as

+

= +

f u f u d f u f u d

u u n dS u u n dS

( ) ( )

( ) ( )

j
A

j
B

j
B

j
A

j
A

j
B

j
B

j
A

S
ij
B

j
A

ij
A

j
B

i
S

ij
B

j
A

ij
A

j
B

i
(31)

Here, S and S defines contours around domains and without the
interface, respectively, while ni and ni are normal vectors, see Fig. 3.
Superscripts A and B denote two elastodynamic states. For the com-
putation discussed in this section, state A, the actual state, is the field
generated by a time-harmonic loading while state B, the virtual state, is
the field of a free Rayleigh wave in the layered half-space.

We first consider a vertical load applied at x z( , )0 0 where x z,0 0 are
the x coordinate and the z coordinate, respectively, of the point of
application, see Fig. 3. The load is of the form

=f P z z x x e( ) ( )z
A ikct

0 0 (32)

The load generates both propagating and evanescent wave modes in
the layered half-space. Real-valued wavenumbers correspond to pro-
pagating modes while imaginary and complex wavenumbers corre-
spond to evanescent modes. The amplitude of the evanescent wave
modes decays exponentially with respect to x , around or less than a
wavelength of a propagating mode at the same frequency [1]. Only the

Table 1
Material properties of plexiglas and aluminum.

Material ρ (kg/m3) λ (GPa) μ (GPa)

Plexiglas 1 180 5.45 1.48
Aluminum 2 700 55.25 25.94

Fig. 2. Dispersion curves for a plexiglas layer of 1 mm thickness and an alu-
minum half-space – Rayleigh waves.

Fig. 3. Layered half-space subjected to a time-harmonic load.
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propagating modes are therefore of critical interest for purposes of
nondestructive evaluation and structural health monitoring.

For the propagating modes, since the body waves suffer a geome-
trical attenuation while the Rayleigh waves are not geometrically at-
tenuated, the Rayleigh wave modes dominate in the far field. The wave
motion can then be expressed as a summation over the Rayleigh wave
modes. The expansions for the far-field displacements of the actual state
A in the positive x direction >x( 0) may be written as

= =
= =

+u u A U z e( )x
m

x
m

m
m
P

x
m ik x c t

0 0

( )m m

(33)

= =
= =

+u u A U z e( )z
m

z
m

m
m
P

z
m ik x c t

0 0

( )m m

(34)

and

= =
= =

+u u A U z e( )x
m

x
m

m
m
P

x
m ik x c t

0 0

( )m m

(35)

= =
= =

+u u i A U z e( )z
m

z
m

m
m
P

z
m ik x c t

0 0

( )m m

(36)

where +Am
P are unknown relative scattered amplitudes of modem. For a

given frequency, the wavenumber km follows from the characteristic
equation. The functions U z U z( ), ( )x

m
z
m and U z U z( ), ( )x

m
z
m are defined

by Eqs. (19,20) and Eqs. (27,28), respectively. Similar expansions can
be written for the stress components but they are skipped here for
brevity. Note that although the summations are for an infinite number
of modes, the actual number is finite since only modes with real-valued
wavenumbers are included.

The virtual wave of mode n, state B, is first chosen in the negative
x direction

= +u B U z e( )x
n

n x
n ik x c t( )n n (37)

= +u B U z e( )z
n

n z
n ik x c t( )n n (38)

and

= +u B U z e( )x
n

n x
n ik x c t( )n n (39)

= +u iB U z e( )z
n

n z
n ik x c t( )n n (40)

Application of the reciprocity relation is now considered over a
domain defined by <a x b z h, (Fig. 3). There is no con-
tribution of the integral along to the top surface of the layered half-
space since a free boundary condition is applied. Moreover, the con-
tribution from the integration along the line at constant z is not in-
cluded since it vanishes as z . Therefore, Eq. (31) can be reduced
as

=

+ +

=
= =

= =

Pu x z e F dz F dz

F dz F dz

( , ) | |

| |

z
Bn ik c t

m

h
AB
mn
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mn

x a

h
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mn

x b AB
mn

x b

0 0
0 0

0

0

0

n n

(41)

where

= +F u u u uAB
mn

xx
Bn

x
Am

xz
Bn

z
Am

xx
Am

x
Bn

xz
Am

z
Bn (42)

= +F u u u uAB
mn

xx
Bn

x
Am

xz
Bn

z
Am

xx
Am

x
Bn

xz
Am

z
Bn (43)

It can be easily shown that the integration along =x a and =x b in
Eq. (41) only yield contributions from counter-propagating waves. For
state B in the negative x direction, there is only contribution along

=x b. Eq. (41) becomes

= +
=

= =PB U z e e F dz F dz( ) | |n z
n ik x ik c t

m

h
AB
mn

x b AB
mn

x b0
2

0
0

0
n n n0

(44)

Substitution of the expressions of displacements and stresses of the
states A and B into Eq. (44), after some manipulation, leads to

= +
=

+PU z e A e µI µ I( ) 2 ( )z
n ik x

m
m
P i k k b

mn mn0
0

( )n m n0

(45)

where
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+

I i k T z U z T z U z
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1
2
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mn
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n xx
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n
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m xx
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n
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m

z
n
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(46)

= +

+ +

I i k T z U z T z U z

k T z U z T z U z dz

1
2
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( ( ) ( ) ( ) ( ))]

mn n xx
n

x
m

xz
n

z
m

m xx
m

x
n

xz
m

z
n

0

(47)

By the use of the orthogonality relation for counter-propagating
Rayleigh modes see Eq. (B.4) of the Appendix B for detail, the right-
hand side of Eq. (45) cancels out for m n. Thus

=
+

+A
PU z e

µI µ I
( )

2( )n
P z

n ik x

nn nn

0 n 0

(48)

where

=I ik T z U z T z U z dz[ ( ) ( ) ( ) ( )]nn n
h

xx
n

x
n

xz
n

z
n

0 (49)

= +I ik T z U z T z U z dz[ ( ) ( ) ( ) ( )]nn n xx
n

x
n

xz
n

z
n0

(50)

with U z U z T z T z( ), ( ), ( ), ( )x
n

z
n

xx
n

xz
n and U z U( ),x

n
z
n

z T z T z( ), ( ), ( )xx
n

xz
n following from Eqs. (19)–(22) and Eqs. (27)–(30)

for the given wavenumber kn of mode n, respectively. Detailed calcu-
lations of I I,nn nn are shown in the Appendix C, see Eqs. (C.1)–(C.6).

For virtual state B chosen in the positive x direction, there is only
contribution of the integration along =x a in Eq. (41)

=
=

= =PB U z e e F dz F dz( ) | |n z
n ik x ik c t

m

h
AB
mn

x a AB
mn

x a0
2

0
0

0
n n n0

(51)

which becomes

= +
=

PU z e A e µI µ I( ) 2 ( )z
n ik x

m
m
P i k k a

mn mn0
0

( )n m n0

(52)

The orthogonality condition is again applied to find the scattered
amplitude in the negative direction due to the vertical load

=
+

A
PU z e

µI µ I
( )

2( )n
P z

n ik x

n n

0 n 0

(53)

which is equal to +An
P of Eq. (48) in magnitude.

Consider now is the Rayleigh wave motions generated by a time-
harmonic horizontal load, which is of the form

=f Q z z x x e( ) ( )x
A ikct

0 0 (54)

Similarly, the load will generate Rayleigh waves along the structure
in both the positive and negative x directions with unknown relative
scattered amplitudes +AQ

m and AQ
m , respectively, where

=m 0, 1, ..., indicate modes. Consider state B, the virtual wave of
mode n in the negative direction. Following the same procedure as the
case of the vertical load, Eq. (44) is now of the form

= +
=

= =QB U z e e F dz F dz( ) | |n x
n ik x ik c t

m

h
AB
mn

x b AB
mn

x b0
2

0
0

0
n n n0

(55)

It yields the scattered amplitude in the positive direction due to the
horizontal load
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=
+

+A QU z e
µI µ I

( )
2( )n

Q x
n ik x

n n

0 n 0

(56)

Scattered amplitude in the negative x direction can be found in a
similar manner as

=
+

A QU z e
µI µ I

( )
2( )n

Q x
n ik x

n n

0 n 0

(57)

It should be noted that +An
Q is equal to An

Q in magnitude.

4. Reciprocity approach for Love wave motions

The guided wave modes polarized in the y direction in a layered
half-space (Fig. 1) are called Love waves. The displacements of the layer
and the half-space can be rewritten as

= +u A e A e e( )y
ik z ik z ik x ct

1 2
( ) (58)

=u A e ey
k z ik x ct

1
( ) (59)

where A A,1 2 and A1 are constants to be determined. The dimensionless
quantities in Eqs. (58,59) are defined as

= + c c1 T
2 2 (60)

= c c1 T
2 2 (61)

where =c µT and =c µT are the transverse wave velocities of
the layer and the half-space , respectively.

There one free boundary condition at the surface =z h( ) and two
boundary conditions at the interface =z( 0) which are written as

= = =u u at z, 0y y yz yz (62)

= =at h0yz (63)

Eqs. (62) and (63) result in a system of three equations

=
e e

iµ

A
A
A

0
0

1 1 1
ik h ik h

0

1

2

1 (64)

where =µ µ µ0 . The determinant of the three-by-three matrix in Eq.
(64) must be zero for nontrivial solutions. This will lead to an equation
with phase velocity as an unknown parameter when the properties of
the two materials and the frequency are given. Since the determinant
appears with a frequency term via wavenumber k, Love wave is also
dispersive. Love wave dispersion curves of a plexiglas layer joined to an

aluminum half-space with material properties tabulated in Table 1 are
displayed in Fig. 4.

As the determinant of the matrix is zero, Eq. (64) has actually two
independent equations with three unknowns A A A, ,1 2 1; thus, it has an
infinite number of solutions. A general solution may be found in the
form of

= = =A Ad A Ad A Ad, ,1 1 2 2 1 1 (65)

where A 0 is an arbitrary constant which has a dimension of length
while dimensionless quantities d d d, ,1 2 1 depend only on material
properties of the layer and the half-space. Expressions of d d d, ,1 2 1 can
be found as

= = + =d iµ d iµ d 21 0 2 0 1 (66)

The displacements and stress components can now be rewritten as

=u AU z e( )y y
ik x ct( ) (67)

= ikµAU z e( )xy y
ik x ct( ) (68)

where

= +U z d e d e( )y
ik z ik z

1 2 (69)

and

=u AU z e( )y y
ik x ct( ) (70)

= ikµ AU z e( )xy y
ik x ct( ) (71)

where

=U z d e( )y
k z

1 (72)

In Eqs. (67,68) and (70,71), again, there is only one unknown
constant A, which we refer to as the relative amplitude, to be de-
termined by the use of reciprocity theorems.

Love wave motions radiated by a time-harmonic line load are now
calculated by reciprocity considerations. This study is considered for a
horizontal time-harmonic load in the y direction applied at x z( , )0 0
where x z,0 0 are the x coordinate and the z coordinate, respectively,
of the point of application. The load is of the form

=f R z z x x e( ) ( )y
A ikct

0 0 (73)

Love waves will be generated along the structure in both the posi-
tive and negative x directions with unknown relative scattered am-
plitudes +Am

R and Am
R , respectively, where =m 0, 1, ..., indicate the

mode. This is the actual state A whose amplitudes are to be determined.
The expansions for the far-field displacements and the stresses of state
A in the positive direction >x( 0) may be written as

= =
= =

+u u A U z e( )y
m

y
m

m
m
R

y
m ik x c t

0 0

( )m m

(74)

= =
= =

+u u A U z e( )y
m

y
m

m
m
R

y
m ik x c t

0 0

( )m m

(75)

State B in the negative x direction, a free Love wave of mode n,
may be expressed as

= +u B U z e( )y
n

n y
n ik x c t( )n n (76)

= +u B U z e( )y
n

n y
n ik x c t( )n n (77)

The reciprocity relation in Eq. (31) is again used for the calculation
of Love wave motions. Eq. (44) for virtual state B in the negative
x direction is now of the form

= +
=

= =RB U z e e H dz H dz( ) | |n y
n ik x ik c t

m

h
AB
nn

x b AB
nn

x b0
2

0
0

0
n n n0

(78)

Fig. 4. Dispersion curves for a plexiglas layer of 1 mm thickness and an alu-
minum half-space – Love waves.
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An orthogonality condition can be easily derived for Love waves in a
layered half-space. For this condition, we finally obtain

=
+

+A
RU z e

µL µ L
( )

2( )n
R y

n ik x

n n

0 n 0

(79)

where L L,n n are dimensionless quantities which can be calculated as

= +L d e d e ikhd d
2

( 1)
2

( 1) 2ik h ik h1
2

2 2
2

2
1 2 (80)

=L id
2

1
2

(81)

Similarly, we find the scattered amplitude in the negative
x direction due to the horizontal load

=
+

A
RU z e

µL µ L
( )

2( )n
R y

n ik x

n n

0 n 0

(82)

5. Example: calculation of the lowest Rayleigh wave mode

The low modes of Rayleigh waves are very useful for application in
nondestructive evaluation. In this section, we consider computation of
the lowest Rayleigh mode in a plexiglas layer joined to an aluminum
half-space. Their material properties are given in Table 1. As shown in
Fig. 2 that only the lowest Rayleigh mode exists in the layered half-
space as f 0.3 MHz or fh 0.3 (MHz·mm). When the thickness of the
plexiglas layer is much smaller than the wavelength, the phase velocity
approaches the velocity of Rayleigh surface wave in the aluminum half-
space. As a consequence, the influence of the layer on wave propagation
is very small.

It is now of interest to show that the displacement amplitudes of the
lowest Rayleigh wave mode approach the amplitudes of Rayleigh waves
as the thickness of the layer h approaches zero in the limit for a fixed
finite values of frequency f . It means that fh goes to zero. The fre-
quency is =f 1 MHz while the thickness of the layer varies from =h 0
to =h 0.3 mm. The vertical and horizontal loads are applied on the free

surface of layer with the magnitude chosen as = =P Q µ 2. The loads
generate the lowest Rayleigh wave modes with scattered amplitudes A P

0
and A Q

0 , respectively. These amplitudes are compared with the ones of
surface waves in an aluminum half-space, AR

P and AR
Q, obtained by Phan

et al. [16]. The amplitude ratios of the lowest Rayleigh mode to the
Rayleigh wave, A AP

R
P

0 due to vertical load P and A AQ
R
Q

0 due to hor-
izontal load Q, are visualized in Figs. 5 and 6, respectively. It can be
easily seen that A A 1P

R
P

0 and A A 1Q
R
Q

0 as the thickness of the
layer approaches to zero. This indicates the validation of the reciprocity
approach discussed in the current study.

6. Conclusions

In this paper, we have theoretically analyzed the motions of
Rayleigh waves and Love waves generated by a time-harmonic source
in an elastic layer of uniform thickness joined to an elastic half-space.
We have introduced explicit expressions of free Rayleigh type waves in
order to perform direct applications of the reciprocity relations. One of
the main contributions of this work is the derivation of exact solutions
of Rayleigh waves and Love waves due to the load. Also, it has been
proved one important finding as shown in the examples that the ob-
tained calculation of the lowest Rayleigh mode in the layered half-space
approaches the computation of the Rayleigh wave in the half-space as
the thickness of the layer approaches zero in the limit. This demon-
strates the validation of the reciprocity approach presented in the
current investigation. The obtained results and expressions reported in
this study could be, in general, useful for the applications and devel-
opment in the area of nondestructive evaluation and structural health
monitoring.
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Appendix A:. Expressions of free Rayleigh waves in a layered half-space
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where =µ µ µ0 .
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where
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Appendix B:. Orthogonality condition

An orthogonality condition for counter-propagating Rayleigh wave modes in a layered half-space is derived by application of the reciprocity
relation in Eq. (31) to two free Rayleigh waves. State A is mode m with wavenumber km and state B represents mode n with wavenumber kn. The
domain is defined by <a x b z h, , see Fig. 3. Since there is no force term, the left-hand side of Eq. (31) vanishes. Thus

+ =u u n dS u u n dS( ) ( ) 0
S

ij
B

j
A

ij
A

j
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i
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ij
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j
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ij
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We may write

+ = += = = =F dz F dz F dz F dz| | | |
h

AB
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mn

x a
h

AB
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x b AB
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x b0

0

0
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where FAB
mn and F AB

mn follow from Eqs. (42,43). Substitution of the expressions of displacements and stresses of the states A and B into Eq. (44), after
some manipulation, yields

+ =e e µI µ I( )( ) 0i k k a i k k b
mn mn

( ) ( )m n m n (B.3)

where Imn and Imn are defined by Eqs. (46,47).
Eq. (B.3) must be satisfied for arbitrary values of a and b. It is satisfied for =m n. When m n, Eq. (B.3) can be satisfied only if + =µI µ I 0mn mn .

Therefore

+ =µI µ I m n0 formn mn (B.4)

This is the orthogonality condition for Rayleigh waves in a layered half-space.

Appendix C:. Calculation of integrals I I,
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