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A B S T R A C T

In the present study, we investigate blood flow and mass transfer of the low-density lipoprotein (LDL) in a
simplified axisymmetric geometry with a mathematically well-defined narrowing (stenosis), which mimics a
diseased human coronary artery. The interior of the arterial wall is represented as a porous media containing
multi-layered structures of different thickness. This multi-layered structure includes anatomically realistic
sublayers: endothelium, intima, internal elastic layer (IEL), media and adventitia. The coupling between the
blood flow and mass transfer of LDL in the lumen (interior of artery) and arterial wall is established through
a multipore model at the lumen/endothelium interface. This multipore model takes into consideration three
different contributions for transport of LDL: normal and leaky junctions of endothelial cells, as well as their
vesicular pathway. A comprehensive mathematical model, which is based on solving the set of PDEs for
conservation of mass, momentum, and concentration, is completed by introducing the wall shear-stress (WSS)
dependent transport properties of the arterial wall. Several variants of the model are evaluated, including
the constant and wall shear-stress dependent transport properties of the endothelium, as well as different
representation of the arterial wall internal structure. The response of the model on changing the transmural
pressure (to simulate hypertension effects) and geometrical shapes of the stenosis (to mimic the various
stages of atherosclerosis development) is also presented. It is shown that the present model can predict the
levels of LDL inside the arterial wall in good agreement with experimental studies in pressurized rabbit
aorta under similar conditions. The model is recommended for future simulations of LDL accumulation in
the patient-specific cardiovascular system conditions.

1. Introduction

Atherosclerotic cardiovascular disease remains the leading cause
of death and disability in the United States and Europe, [1–4]. As
such it is of great importance to understand the fundamental causes
of disease development to be able to prevent and cure it more ef-
fectively. Atherosclerosis is an inflammatory disease, characterized by
endothelial dysfunction and the buildup of lipids, cholesterol, calcium
and cellular debris within the arterial wall of large and medium-sized
muscular arteries, [5]. It is postulated that this endothelial dysfunc-
tion is caused by elevated LDL-cholesterol concentration, hyperten-
sion, obesity, diabetes, smoking, physical inactivity, etc., [6]. Devel-
opment of atherosclerosis starts with the accumulation of lipoprotein
in macrophages in the intima sublayer of an arterial wall. This accu-
mulation results in visible fatty streaks, which are the first pathologic
lesions of atherosclerosis. As lipids and cholesterol are provided by
low density lipoprotein (LDL), and without adequate removal from the
macrophages by functional high density lipoprotein (HDL), the lesions
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grow, forming atheromatous plaques (as illustrated in Fig. 1, for a
case of the left circumflex coronary artery). The presence of plaques
triggers a cascade of events that results in clot enlargement, which
may, with time, obstruct the flow of blood. A complete blockage leads
to ischaemia of whatever organ the artery provides blood for. If the
organ is heart or brain, this process is called a ’heart attack’ or ‘stroke’
respectively, causing potentially life threatening damage, [7,8].

Of course, this is an overly simplified description of atherosclerosis.
In reality, many of the underlying processes for the initiation of this
disease are still unknown and are the topic of undergoing research
worldwide. Despite the complexity of cardiovascular diseases, there is
much clinical evidence that certain factors play a major role. These
include elevated levels of the LDL and arterial pressure (hypertension)
as well as the inflammation caused by the oxidized LDL within the
arterial wall. In the present study, we will introduce a mathematical
model based on the transport equation of the LDL, which includes
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Fig. 1. Coronary angiography showing partial occlusion of the left circumflex coronary
artery (as indicated by the red arrow) (a); The reconstructed geometry of the left
circumflex coronary artery obtained by computed tomography angiography (CTA) (b).
The red color denotes regions where the diameter is less than the (locally interpolated)
average diameter (stenotic regions).
Source: Courtesy of Dr. T. van Walsum and Dr. H. A. Kirisli, Erasmus Medical Centre
Rotterdam, The Netherlands.

all main transport mechanisms: convection, diffusion and biochemical
reaction. In addition to the LDL, we also consider blood flow within the
lumen (interior of an artery) as well as the plasma flow within a porous
arterial wall — both described with modified Navier–Stokes equations.
These modifications can include non-Newtonian effects for the blood
flow, and porous wall effects (Darcy’s law terms) for plasma flow.

Different models of LDL transport through an arterial wall have
been proposed in literature. The simplest model is the wall-free model
where only the interior of an artery is considered (lumen) and the
effects of the surrounding wall are calculated through the imposed
boundary conditions, [9,10]. The primary advantage of such a model
is its simplicity, and the main deficiency is its inability to provide any
information regarding plasma or LDL distribution within the arterial
wall. The more complicated models also include the arterial wall as
a homogeneous porous media layer, [11–13]. The most complicated
model includes an anatomically realistic multi-layered structure of
the arterial wall, [14–18]. This multi-layered structure includes the
endothelium (with a typical thickness of ≈ 2 μm), intima (with a

thickness of ≈ 10 μm), internal elastic layer (IEL) (with a thickness of
≈ 2 μm), media (with a thickness of ≈ 200 μm), and adventitia (with a
thickness of ≈ 60–400 μm). In the present work, we will combine the
multipore model of [11] with the multi-layered arterial wall structure.
As a first step, we will introduce the model where the endothelium
is treated separately from the rest of the arterial wall and will be
numerically resolved. As a second step, the rest of the arterial wall will
be not treated as a homogeneous layer, but as a multi-layered geometry
which corresponds to the anatomic structure of the arterial wall, i.e. in
addition to the endothelium, also the intima, the internal elastic layer
(IEL), and the media will be numerically resolved. The major novelty
of the present work is in the coupling of the multipore transport model
of LDL across the lumen/endothelium interface with the multi-layered
arterial wall structure, as well as the inclusion of the inflammation
process.

The presented model represents a hybrid model that is constructed
on the WSS dependent LDL transport of [11,12] (who considered only a
single-layer arterial wall structure without resolving the endothelium),
and the multi-layered arterial wall structure of [14,15] (who considered
only constant transport properties of the endothelium). The similar
approach was followed in [17], but they considered a fully developed
flow in a simple cylinder with a single value of the transmural pressure
and a constant filtration velocity (1D analysis).

Our final goal is to provide a mathematical model which is based
on an anatomically realistic geometrical representation of the inner
structure of the arterial wall and a sound physical foundation of the
transport of LDL through the endothelial cells which involves three
characteristic pathways: through normal junctions, through leaky junc-
tions, and through vesicles. The final form of the model should also be
suitable for patient-specific simulation of LDL accumulation in various
parts of the human cardiovascular system.

2. Mathematical model

2.1. Arterial interior: lumen

The blood is assumed to be a homogeneous Newtonian fluid (which
is valid for the considered here value of the Reynolds number, i.e.
Re=(102)), with its behavior determined by conservation of mass and
momentum as:

∇ ⋅ 𝑣L = 0 (1)

𝜌B
𝜕𝑣L
𝜕𝑡

+ 𝜌B
(

𝑣L ⋅ ∇
)

𝑣L = −∇𝑝L + 𝜇B∇2𝑣L (2)

where 𝜌B is the density and 𝜇B is the dynamic viscosity of the whole
blood. The transport of the low-density lipoprotein (LDL) obeys the
standard convection–diffusion transport equation, which can be written
as:
𝜕𝑐LDL,L

𝜕𝑡
+ 𝑣L ⋅ ∇𝑐LDL,L = L∇2𝑐LDL,L (3)

where the L = 𝜈∕Sc is the diffusion coefficient, 𝜈 is the kinematic
viscosity and Sc is the Schmidt number.

2.2. Connecting the lumen and endothelium: WSS dependent wall properties

The multipore model connecting the lumen and endothelium as-
sumes that the total momentum and concentration flux can be ex-
pressed as a sum of contributions through different pathways, [11,12,
19]. These contributions include the normal (‘‘nj’’) and leaky (‘‘lj’’)
junctions as well as the vesicular pathway (‘‘vp’’), and are calculated
as:

𝐽v = 𝐽v,nj + 𝐽v,lj + 𝐽v,vp (4)

𝐽s = 𝐽s,nj + 𝐽s,lj + 𝐽s,vp =
(

𝑃nj + 𝑃lj + 𝑃vp
)

𝛥𝑐interfaceLDL (5)

𝛥𝑐interfaceLDL =
(

𝑐endotheliumLDL,L − 𝑐intima
LDL

)

(6)
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Fig. 2. Flow chart of the WSS-dependent endothelium properties of the model of [11].

where 𝐽v is the total volume flux, 𝐽s is the total concentration flux, 𝑃
is the permeability, and 𝑐endotheliumLDL,L is the concentration of the LDL at
the lumen side of the endothelium. For the volume flux, the vesicular
pathway is much smaller than through the normal and leaky junctions.
In contrast, the concentration flux occurs through leaky junctions and
vesicular pathways, since the normal junctions prevent transport of
macromolecules with radius larger than 2 nm. The total volume flux
can now be written as:

𝐽v =
(

𝐿p,nj + 𝐿p,lj
)

𝛥𝑝 (7)

where 𝐿𝑝 is the hydraulic conductivity and 𝛥𝑝 is the pressure drop
across the endothelium. The hydraulic conductivity of the normal
junctions is estimated to be 𝐿p,nj = 1.16 × 10−9 m/Pa s, [11]. Similarly,
the value of the vesicular permeability 𝑃vp = 1.92 × 10−11 m∕s, as
reported in [20]. The hydraulic conductivity and diffusive permeability
of the leaky junctions are defined as:

𝐿p,lj =
𝐴p

𝑆
𝐿p,slj, 𝑃lj =

𝐴p

𝑆

(

1 −
𝑟LDL
𝑤

)

𝑃slj (8)

where 𝐴p∕𝑆 is the fraction of the surface areas 𝑆 occupied by the leaky
junctions, 𝑟LDL is the radius of the LDL macromolecule (≈10 nm), 𝑤 is
the pore half-width (≈ 20 nm), 𝐿p,slj is the hydraulic conductivity and
𝑃slj is the diffusive permeability of a single leaky junction. The latter
are calculated as:

𝐿p,slj =
𝑤2

3𝜇P𝑙lj
, 𝑃slj =

𝐷lj

𝑙lj
(9)

where 𝑙lj is the length of the leaky junction (same as the thickness of
the endothelium, 2 μm), 𝜇P is the dynamic viscosity of plasma, and
𝐷lj is the diffusion of the leaky junction. The diffusion of the leaky
junction is related to the free diffusion coefficient in the lumen (L) as
a function of the ratio of the radius of the transported molecule and the
half-width of the leaky junction. For the transport of LDL, [21] reported
that 𝐷lj = 0.51L. Similarly, the concentration drag coefficient of the
leaky junction (𝜎f ,lj) is also a function of the restrictive diffusivity and
is estimated in accordance with [21] to be 0.55. Finally, to connect the
total with contributions from a single leaking cell, we need to estimate
the 𝐴p∕𝑆 ratio, as shown in Eq. (8). By applying the model of [11], this
ratio can be simply evaluated as
𝐴p

𝑆
= 4𝑤

𝑅cell
𝜙 (10)

where 𝑅cell is the radius of the leaky cell and 𝜙 is the fraction of leaky
junctions. If the value of 𝜙 is known, all transport properties within
the endothelium can be estimated. In the model of [11], the leaky
junctions are modeled as ring-shaped pores surrounding leaky cells
with a spacing of 2𝜉. The fraction of leaky junctions is expressed as
a ratio of the area of leaky cells and the area of all cells:

𝜙 ∼
𝑅2
cell

𝜉2
(11)

where 𝑅cell is the endothelial cell radius (taken to be 15 μm, [22]), and 𝜉
is the distance between the leaky cells which depends on the local flow

characteristics. In the model of [11], the fraction of the leaky junctions
is estimated through the following four steps process: (I) In the first
step, the changes of the endothelial cells due to the wall shear-stress
(calculated as 𝜏w = 𝜇 (𝜕𝑣∕𝜕𝑟)|𝑟=0) at the lumen/endothelium interface
are represented through the shape index (SI = 4𝜋 × area∕ (perimeter)2).
For a perfectly circular cell, the shape index is one, and for a very
elongated cell, the shape index is zero. By calibrating the experi-
mentally obtained shapes of the endothelial cells under various WSS
conditions [11,23–26] adopted the following correlation:

SI = 0.38 ⋅ 𝑒−0.79⋅WSS + 0.225 ⋅ 𝑒−0.043⋅WSS (12)

(II) In the second step, the number of the mitotic cells is evaluated as
a function of the shape index (SI), which is based on the experiments
of [27], and can be written as:

#MC = 0.003797 ⋅ 𝑒14.75⋅SI (13)

(III) In the third step, based on experiments of [28], the number of
leaky cells is expressed as a function of the number of mitotic cells as:

#LC = 0.307 + 0.805 ⋅ #MC (14)

(IV) Finally, the fraction of the leaky cells is evaluated [11] as:

𝜙 = #LC
𝜋𝑅2

cell
unit area

(15)

It can be seen that by knowing 𝜙, the ratio 𝐴P∕𝑆 can be calculated from
Eq. (10), and consequently, Eq. (8) can be evaluated, making a fully
closed system of equations connecting the WSS and transport properties
of the endothelium. By re-arranging Eq. (7), we have:

𝐿p,nj + 𝐿p,lj =
𝐽𝑣
𝛥𝑝

=
𝐾E
𝜇𝑝𝑑

(16)

where 𝜇𝑝 is the dynamic viscosity of plasma, 𝑑 is the characteristic
thickness of the endothelium and 𝐾𝐸 is the Darcy’s permeability of the
endothelium. The latter is now a function of the hydraulic conductivity
of the leaky junctions. Similarly, in analogy with Eq. (8), the effective
diffusivity of the endothelium can be obtained as:

E =
𝐴P
𝑆

(

1 −
𝑟LDL
𝑤

)

𝐷lj (17)

making it a function of the 𝐴P∕𝑆 ratio, and ultimately, a function of
the WSS (through ’𝜙’ dependency, Eqn.9). The flow chart of the WSS-
dependent endothelium properties model (steps (I)–(IV)) is shown in
Fig. 2.

The final form of the transport equation of the LDL concentration
within the endothelium can be written as:
𝜕⟨𝑐LDL,E⟩

𝜕𝑡
+
(

1 − 𝜎f ,lj
)

⟨𝑣E,lj⟩ ⋅ ∇⟨𝑐LDL,E⟩ =

∇ ⋅
(

E ∇⟨𝑐LDL,E⟩
)

(18)

where ⟨𝑣E,lj⟩ is the velocity of plasma through the leaky junctions:

⟨𝑣E,lj⟩ =
𝐿p,lj

𝐿p,lj + 𝐿p,nj
⟨𝑣E⟩ (19)
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Fig. 3. Sketch (not to scale) of the basic coronary artery geometry: an axisymmetric channel with a stenosis. The blood flow is from left to right. The 𝑅𝑎,𝑡 indicates the extension
of the stenotic region and 𝑧∗ = 𝑧∕𝑑 is the non-dimensional axial coordinate.

Note that in Eqs. (18) and (19), ‘‘⟨⟩’’ stands for the volume-averaged
variables, which is usually adopted for the flow and mass transfer in
a porous medium. The diffusion tensor (E) is constructed to accom-
modate the non-isotropic properties of the endothelium such that the
diffusion occurs only along the radial direction across the endothelium.
The final forms of the continuity and momentum transport equation can
be written as [15,29]:

𝜕
(

𝜖𝜌P⟨𝑣E⟩
)

𝜕𝑡
+ ∇ ⋅

(

𝜖𝜌P⟨𝑣E⟩
)

= 0 (20)

𝜕
(

𝜖𝜌P⟨𝑣E⟩
)

𝜕𝑡
+ ∇ ⋅

(

𝜖𝜌P⟨𝑣E⟩⟨𝑣E⟩
)

=

−𝜖∇⟨𝑝⟩ + ∇ ⋅
(

𝜖𝜇P∇⟨𝑣E⟩
)

−
𝜇P⟨𝑣E⟩

𝐾E

(21)

where 𝜌P is the density of plasma and 𝜇P its dynamic viscosity, 𝜖 is the
porosity (𝜖 = 0 for the total flow blockage and 𝜖 = 1 for an entirely free
fluid flow), ⟨𝑝⟩ is the averaged pressure inside the fluid, 𝐾E (Eq. (16)) is
the non-isotropic permeability of the endothelium tensor, constructed
in such a way as to permit only transport in the radial direction.

2.3. Arterial wall: intima, IEL and media

For the rest of the arterial wall (here indicated as ‘‘W’’) that includes
the intima, IEL and media, the equations for conservation of mass, mo-
mentum and concentration have a similar form to equations presented
for the endothelium, with a major difference in assuming the isotropic
porous medium and with inclusion of the chemical reaction term within
the media to account for the uptake of the LDL by smooth muscle cells
there:
𝜕
(

𝜖𝜌P⟨𝑣W⟩

)

𝜕𝑡
+ ∇ ⋅

(

𝜖𝜌P⟨𝑣W⟩

)

= 0 (22)

𝜕
(

𝜖𝜌P⟨𝑣W⟩

)

𝜕𝑡
+ ∇ ⋅

(

𝜖𝜌P⟨𝑣W⟩⟨𝑣W⟩

)

=

−𝜖∇⟨𝑝⟩ + ∇ ⋅
(

𝜖𝜇P∇⟨𝑣W⟩

)

−
𝜇P⟨𝑣W⟩

𝐾W
(23)

𝜕⟨𝑐LDL,W⟩

𝜕𝑡
+
(

1 − 𝜎f
)

⟨𝑣W⟩ ⋅ ∇⟨𝑐LDL,W⟩ =

∇ ⋅
(

W∇⟨𝑐LDL,W⟩

)

− 𝑘react⟨𝑐LDL,W⟩ (24)

where 𝑘react is the biochemical reaction rate coefficient (active only in
the media, [14]). To assure continuity of the total transport (convection
and diffusion) across the interfaces of individual layers within the
arterial wall, we imposed the following boundary condition:
[

(

1 − 𝜎f
)

⟨𝑣W⟩n⟨𝑐LDL,W⟩ −W
𝜕⟨𝐶LDL,W⟩

𝜕𝑛

]

|

|

|

|

|+

=
[

(

1 − 𝜎f
)

⟨𝑣W⟩n⟨𝑐LDL,W⟩ −W
𝜕⟨𝐶LDL,W⟩

𝜕𝑛

]

|

|

|

|

|−
(25)

where ⟨𝑣W⟩n is the velocity perpendicular to the interface and where
the ‘‘+’’ and ‘‘-’’ indicate the different sides of the interface. To complete
the entire system of equations, the porosity, permeability, effective
diffusivity and reflection coefficient for each layer are listed in Table 1.

3. Numerical method

The system of the transport equations Eqs. (1)–(3) and (18), (20)–
(24) are discretized with a finite-volume based Navier–Stokes solver
for complex geometries, within the commercial CFD package AN-
SYS/Fluent 14.0. Note that a standard version of ANSYS needs to
be significantly modified in order to adequately accommodate WSS
dependent properties, as well as to include effects of the porous wall
structure. This is done by developing a series of user defined functions
and user defined variables, which are then integrated with the AN-
SYS/Fluent solver. The simplified flow chart of the algorithm is shown
in Appendix, Fig. 15. The benefits of such an implementation within
the commercial CFD code lie in the possibility of direct application
of the models developed here to a complex subject or patient specific
coronary arteries.

In the present study, all simulations are performed in a steady
regime. All diffusive terms of transport equations are discretized by the
second-order central differencing scheme (CDS). The quadratic upwind
scheme (QUICK) is used for the convective term of the momentum
equations. For the discretization of the species (LDL and oxidized
LDL), the second-order linear-upwind discretization scheme is applied.
Calculation of discretized gradients of all variables is performed by
the least squares cell based (LSCB) approach. The SIMPLE algorithm is
applied for coupling of the velocity and pressure fields. The final linear
set of equations is solved by the algebraic multigrid method (AMG) in
combination with the incomplete lower upper (ILU) smoother.

4. Geometry, boundary conditions and numerical mesh

In the present study, we focus primarily on the mathematical aspects
of coupling between the blood flow within the lumen and mass transfer
of the LDL within the arterial wall. We have selected a simplified
axisymmetric geometry of a diseased (stenosed) coronary artery (with a
realistic inner radius and thickness of arterial wall of 𝑅𝑎 = 1.85 mm and
𝑡𝑎 = 0.34 mm, respectively) that is mathematically well defined and is
based on the work of [11], Fig. 3. The total length of the stenotic region
is 𝑑 = 2𝑅𝑎, whereas the entire length of the artery is 𝐿 = 30𝑑. The
interface between the lumen and the endothelium within the stenotic
region, 𝑧1 ≤ 𝑧 ≤ 𝑧2, with 𝑧1 = 4𝑑 and 𝑧2 = 5𝑑, is described with
following function:

𝑟(𝑧)
𝑅𝑎

= 1 −
𝑅𝑎 − 𝑅𝑎,𝑡

𝑑

{

1 − cos

[

2𝜋
(

𝑧 − 𝑧1 − 𝑧2
)

𝑧2 − 𝑧1

]}

(26)

At later stages of the validation process, in addition to the basic
geometry with the stenotic region extension of 40% (i.e. 𝑅𝑎,𝑡 = 0.6𝑅𝑎),
we will also analyze 20% and 60% stenotic extensions (i.e. 𝑅𝑎,𝑡 = 0.8𝑅𝑎
and 0.4𝑅𝑎, respectively), mimicking an earlier and a later stage of
atherosclerosis development.

A summary of the applied boundary conditions is shown in Fig. 4.
For the blood flow calculations in the lumen, a fully developed and
steady laminar parabolic axial velocity profile is applied at the inlet:

(

𝑣L
)IN
𝑧 = 2𝑉0

[

1 −
(

𝑟
𝑅𝑎

)2
]

(27)

where 𝑉0 is the averaged inlet velocity. In the present study we use
𝑉0 = 0.24 m∕s to mimic identical flow conditions as presented in [11]
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Table 1
Model parameters used in the simulations.

Layer Symbol Parameter Value Unit Reference

Lumen 𝜌B Density 1.0573 × 103 kg/m3 [14]
L Diffusivity 2.87 × 10−11 m2/s [14], [30]
𝜇B Dynamic viscosity 3.70 × 10−3 kg/m s [14], [30]

Endothelium 𝐾E Permeability 𝑓 (WSS), Eq. (16) m2 [11], [12]
E Effective diffusivity 𝑓 (WSS), Eq. (17) m2/s [11], [12]
𝜇P Dynamic viscosity 0.72 × 10−3 kg/m s [31]
𝜎f Reflection coefficient 9.979 × 10−1 – [31]
𝜖 Porosity 5 × 10−5 – [32]

Intima 𝐾W Permeability 2.00 × 10−16 m2 [33]
W Effective diffusivity 5.40 × 10−12 m2/s [33]
𝜇P Dynamic viscosity 0.72 × 10−3 kg/m s [33]
𝜎f Filtration coefficient 8.272 × 10−1 – [31]
𝜖 Porosity 9.93 × 10−1 – [33]

IEL 𝐾W Permeability 4.392 × 10−19 m2 [31], [30]
W Effective diffusivity 3.18 × 10−15 m2/s [31], [30]
𝜇P Dynamic viscosity 0.72 × 10−3 kg/m s [31]
𝜎f Reflection coefficient 9.827 × 10−1 – [31]
𝜖 Porosity 2 × 10−3 – [34]

Media 𝐾W Permeability 2.00 × 10−18 m2 [33],[35]
W Effective diffusivity 5.00 × 10−14 m2/s [33],[36]
𝜇P Dynamic viscosity 0.72 × 10−3 kg/m s [31]
𝜎f Filtration coefficient 8.836 × 10−1 – [31]
𝜖 Porosity 2.58 × 10−1 – [37],[30]
𝑘react Reaction rate coefficient 3.197 × 10−4 1/s [31]

and which closely corresponds to the typical mean velocity in the
left coronary artery. At the outlet, a constant pressure is specified
with values that correspond to experimental conditions of [38] who
performed a series of experiments with pressurized rabbit aorta. As a
referent case, the pressure at the outlet was 𝑝out = 100 mmHg (13332
Pa), whereas for the hypertension conditions, this value was 𝑝out = 150
mmHg (19998 Pa). The pressure at the media/adventitia interface was
kept constant at 𝑝M∕A = 30 mmHg (4000 Pa), which gives values of
transmural pressure of 70 and 120 mmHg, respectively, same as in [38].
The symmetry boundary conditions are applied at the center of the axis
along the lumen. For the mass transfer of LDL, the inlet and initial
values are specified to be 𝑐0LDL = 3.12 mol/m3 (a recommended normal
value for an adult person). At the outlet, along the central axis, as well
as at radial segments between the lumen and adventitia, a zero gradient
boundary condition is applied (𝜕𝑐LDL∕𝜕𝑛 = 0, where ’𝑛’ indicates
the wall-normal direction). To closely mimic experiments of [38], the
values of the 𝑐M∕A

LDL ∕𝑐
0
LDL = 0.005 and 0.01934, are specified at the

media/adventitia (M/A) interface, for the normal and hypertension
case, respectively.

Examples of the numerical mesh used are shown in Fig. 5. Note that
the numerical mesh in the radial direction is refined in the proximity
of the endothelium and the internal elastic layer (IEL). The finest mesh
employed 200 control volumes distributed over the stenotic region in
the axial direction. In the case of the endothelium resolving simu-
lations, various mesh distributions in the radial direction have been
used, varying between 16 and 64 radial segments per endothelium. The
mesh convergence study proved that at least 200 axial segments in the
stenotic region and 16 radial segments within the endothelium should
be used to get the grid independent results (as shown in Appendix
and Fig. 14). The numerical mesh in the radial direction is always
locally refined in the proximity of all interfaces with a characteristic
grid expansion ratio varying between 1.1 and 1.25. The thickness of the
very first row of the control volumes next to the lumen/endothelium
interface, for various numerical meshes (as listed in Table 2) with
𝑁end = 16, 30 and 64, is 𝑟1∕𝑅𝑎 = 10−4, 5×10−5 and 2×10−5, respectively.

Fig. 4. The sketch of the simulated domain with the imposed boundary conditions.

Fig. 5. (a) The coarse numerical mesh in the proximity of the stenotic region used
for the endothelium-wall simulations (Model 1); (b) The numerical mesh used for
the multilayer-wall simulations (Model 2): lumen (gray), endothelium (black), intima
(blue), IEL and media (green).
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Fig. 6. The simplified coronary artery case with 40% stenosis and transmural pressure of 70 mmHg. All results are obtained with the Model 2 — WSS dependent mass transfer:
(a) streamtraces, (b) contours of the non-dimensional streamwise velocity (𝑢∕𝑈0), (c) contours of the non-dimensional radial velocity (𝑣∕𝑈0), (d) contours of the non-dimensional
LDL concentration (𝑐LDL∕𝐶0), (e) contours of the non-dimensional oxygenated LDL (𝑐oxLDL∕𝐶0).

Table 2
Model parameters used in the simulations. The ‘𝑁 ’ indicates the number of axial
(stenosis) and radial (end) segments, whereas ‘𝑇 ’ indicates the total number of control
volumes per indicated arterial wall region.

𝑁stenosis 𝑁end 𝑇lum 𝑇end 𝑇wall 𝑇int 𝑇IEL 𝑇med

lumen/endothelium
Mesh A 50 16 4⋅104 104 3⋅104 – – –
Mesh B 50 64 4⋅104 4⋅104 3⋅104 – – –
Mesh C 200 16 2⋅105 3⋅104 7⋅104 – – –
Mesh D 200 30 2⋅105 5⋅104 8⋅104 – – –
Mesh E 200 64 2⋅105 105 9⋅104 – – –

lumen/multi-layered wall
Mesh F 200 30 2⋅105 5⋅104 – 8⋅104 4⋅103 3⋅104

5. Results and discussion

5.1. The models validation was accomplished as follows: the 40% stenosis
case and comparative assessment with the ‘‘single layer/three pores models’’
of Olgac et al. [11]

To validate numerical implementation, we start analysis by compar-
ing our results with the model of [11]. As mentioned in the Mathemati-
cal model section, this model approximates the entire arterial wall as a
single layer, but involves three characteristic pathways for the transport
of the LDL from lumen to the arterial wall. This is our reference model
(Model 1). In comparison with to this approach, we also develop a more
anatomically realistic model of the multi-layered arterial wall (Model
2). Note that both models are identical on the lumen side. The most
salient flow and mass transfer features are illustrated in Fig. 6. It can
be seen that the blood flow within the lumen exhibits a relatively large
recirculation behind the stenosis with characteristic reattachment point
at approximately 𝑧∗ = 7.5, Fig. 6(a). The streamtraces within the arte-
rial wall are also present, since the arterial wall is treated as a porous
medium. The axial velocity component reaches its peak in the middle
of the stenosis and gradually decays farther downstream, Fig. 6(b). A
mild variation of the radial velocity component in the lumen is only
present at the beginning and the end of the stenotic region, Fig. 6(c).
The contours of the non-dimensional concentration of LDL are shown
in Fig. 6(d). It can be seen that an enhanced accumulation of the LDL
within arterial wall takes place in the proximity of the reattachment
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Fig. 7. Profiles of the wall shear-stress (WSS) along the lumen/endothelium interface
(a), filtration velocity (b) and non-dimensional LDL concentration (𝑐∗ = 𝑐LDL∕𝑐0) (c)
along the endothelium/intima interface for the 40% stenosis case with 70 mmHg
transmural pressure.

point. Note that the discussion of Fig. 6(e), dealing with oxidized LDL,
is presented in the last paragraph of Section 5.

To provide a more detailed insight into physics of the lumen/arterial
wall interactions, we plot characteristic axial profiles of the absolute
wall shear-stress (WSS), the characteristic filtration velocity, and of the
non-dimensional LDL concentration (𝑐LDL∕𝑐0) in Fig. 7. The first two are
plotted along the lumen/endothelium interface, whereas the latter one
is for the endothelium/intima interface. The wall shear-stress reaches
its peak in the proximity of the center of the stenosis, later equals zero
at the reattachment point (𝑧∕𝑑 = 7.5), and finally, turns back to the
undisturbed values (the Poiseuille solution) after 𝑧∕𝑑 = 25, Fig. 7(a).
It can be seen that the present simulations are in good agreement with
the results of [11], also confirming the adequacy of the numerical mesh

Fig. 8. The radial profiles of the non-dimensional LDL concentration (𝑐∗ = 𝑐LDL∕𝑐0)
within the arterial wall extracted at the base point 𝑧∗ = 25. The 𝑟∗ is the non-
dimensional radial distance from the lumen/endothelium interface (normalized by the
arterial wall thickness) The simulated case is again artery with 40% stenosis and 70
mmHg transmural pressure, Fig. 4.

employed. The filtration velocity exhibits more complex behavior, as
shown in Fig. 7(b). The local minimum is reached in the stenosis center,
followed with local maxima at the separation (𝑧∗ = 4.625) and reattach-
ment (𝑧∗ = 7.5) points (for the wall shear-stress dependent properties,
Model (2)). These peaks are not present in the models with constant
transport properties. The profiles of the non-dimensional concentration
(𝑐LDL∕𝑐0), for the models with the WSS-dependent properties, extracted
along the endothelium/intima interface, exhibit characteristic peaks at
the beginning and the end of stenosis, as well as at separation and
reattachment points, Fig. 7(c). The models with the WSS-dependent
transport properties are portraying a dramatic increase of the LDL
concentration (up to 35% of the value within the lumen) within the
arterial wall at locations where the WSS is zero. At these locations, the
mass transfer through the leaky junctions is largest (due to reduced
flow and mass transfer resistance), causing an increase in the overall
mass transfer. By further zoom-in in the proximity of the separation
pint (𝑧∗ = 4.625, Fig. 7(c)), we can directly compare the levels of the
non-dimensional concentration of LDL (𝑐∗) for the a standard (not WSS
dependent model) (Model 1) and WSS dependent models (Model 2). At
this particular location approximately a ten-fold increase is obtained
with the WSS dependent properties, stressing importance of considering
this effect. It can be also seen that there is a strong correlation with the
filtration velocity distribution and that a good agreement is obtained
with the results of [11], confirming a proper implementation of the
three-pore model.

The radial profile of the non-dimensional LDL concentration ex-
tracted at 𝑧∗ = 25 is shown in Fig. 8. As can be seen in Fig. 7,
at this particular location, both blood flow and mass transfer are
reaching their undisturbed values. This location is selected to mimic
the experimental conditions of [38] with pressurized rabbit aorta.
The simulated values are in a qualitatively good agreement with the
measured values. Note that the characteristic distribution of the LDL
concentration with a local minimum around 𝑟∗ = 0.6 is caused by
activation of the biochemical reaction term, which simulate the uptake
of LDL by the smooth muscle cells within the media. It can also be seen
that the present models show a better agreement with experiments in
the proximity of the endothelium (𝑟∗ = 0.1) compared to the model
of [11]. This improvement can be explained because of a more realistic
geometrical representation of the multi-layered arterial wall, in contrast
to a single homogeneous layer, as was used in [11].

5.2. Effects of hypertension

As a next step, the model response will be analyzed by impos-
ing an increased transmural pressure of 120 mmHg, which mimics
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Fig. 9. The non-dimensional concentration of LDL (𝑐∗ = 𝑐LDL∕𝑐0) (a) and the filtration
velocity (b) along the lumen/endothelium interface of the coronary artery with 40%
stenosis for two different values of the applied transmural pressure of 70 mmHg and
120 mmHg, respectively.

Fig. 10. The radial profile of the non-dimensional concentration of LDL (𝑐∗ = 𝑐LDL∕𝑐0)
within the arterial wall of the coronary artery with 40% stenosis for two values of the
transmural pressure of 70 mmHg and 120 mmHg, respectively.

hypertension. This is achieved by increasing the pressure at the lu-
men outlet to 150 mmHg, whereas the pressure at the intima/media
interface was kept constant at 30 mmHg. The characteristic axial
profiles of the non-dimensional LDL concentration (𝑐LDL∕𝑐0), along
the lumen/endothelium interface, are shown in Fig. 9(a). Note that
the mechanism of concentration polarization (an increase of the LDL
concentration in the proximity of the arterial wall compared to its
initial value) can be observed. This behavior is due to a higher mass
transfer resistance imposed by the endothelium, which is treated as

a porous layer, is previously also reported in [14,15,39–46]. The dif-
ferences between models with constant and WSS-dependent transport
properties are present only in the region after stenosis, where WSS-
dependent profiles exhibit a local minimum at the reattachment point.
This is explained in view of a LDL transfer increase through the leaky
junctions. Additionally, both models have a characteristic drop within
the stenosis region (4 ≤ 𝑧∗ ≤ 6) caused by a strong blood flow
acceleration in the axial direction followed by a sudden drop in the
filtration velocity, Fig. 9(b). It can be seen that the elevated transmural
pressure produces overall larger polarization of the LDL along the lu-
men/endothelium interface, Fig. 9(a). Similarly, the filtration velocity
shows a significant increase in undisturbed regions, from a 1.8×10−8 to
3.1×10−8 m∕s. Note that at the reattachment point, characteristic peaks
in the filtration velocity can be observed (due to already mentioned
reduced endothelial resistance, when WSS is low).

To get insights into the LDL concentration distribution inside the
arterial wall, the radial profiles extracted at an undisturbed location
(𝑧∗ = 25) are shown in Fig. 10. A qualitatively good agreement is
obtained between simulations and experiments. Hypertension causes
significantly higher levels of the non-dimensional LDL concentration
inside the arterial wall. For example, by comparing the values at
the center of the media (𝑟∗ ≈ 0.6,) where the lowest values are
obtained), it can be seen that an almost tenfold increase in the LDL
concentration is observed, i.e. 𝑐LDL∕𝑐0 reach 5 × 10−4 and 4.7 × 10−3,
for transmural pressures of 70 mmHg and 120 mmHg, respectively.
At the media/adventitia interface (𝑟∗ = 1), this enhancement is still
significant, with a fourfold increase.

5.3. Effect of changing the stenotic regions: 20% and 60% stenosis cases

Next, we analyze the effect of changing the severity of stenosis by
introducing a less (20% radius reduction) and more advanced (60%
radius reduction) stages of atherosclerosis – under identical transmural
pressure of 70 mmHg – as previously done for the reference case of 40%
arterial intima reduction. It can be seen that the geometrical impact
on flow and mass transfer is significant, as shown in Figs. 11 and 12.
For the 20% radius reduction case, the flow recirculation is hardly
visible and is confined to the very narrow region in the proximity of
the stenosis ending (at 𝑧∗ = 5), Fig. 11(a). In contrast, for the 60%
radius reduction case, a very long recirculation region is generated
with the reattachment point located at 𝑧∗ = 18 (compared to 𝑧∗ = 7.5
for the 40% radius reduction case), Fig. 12(a). Also, from contours
of the non-dimensional axial and radial velocity, it is concluded that
smaller stenosis imposed a relatively small and larger stenosis imposed
a massive alteration of both axial and radial velocity, and, significantly
extended disturbed region, Figs. 11(b),(c) and 12(b),(c). This alter-
ation of the blood flow patterns has a pronounced influence on the
distribution of the LDL concentration along and inside the arterial wall,
Figs. 11(d) and 12(d). To analyze these variations in more details,
we plot profiles of the wall shear-stress, filtration velocity and LDL
concentrations along the lumen/endothelium and endothelium/intima
interfaces, Fig. 13. From the WSS profiles, distinct separation points
can be identified at 𝑧∗ = 4.8175, 4.6255 and 4.5675 for the 20%, 40%
and 60% stenosis cases, respectively. Similarly, the reattachment points
are located at 𝑧∗ = 5.0225, 7.5 and 18, respectively. From profiles
of the filtration velocity, Fig. 13(b), it is shown that the local peaks
coincide with reattachment and separation points. Consequently, this
behavior is also mirrored in distributions of the non-dimensional LDL
concentration, Fig. 13(c). This also explains the local accumulation of
the LDL concentration for the 20% stenosis case, shown in contour plots
in Fig. 11(d), i.e. due to flow reattachment location in the proximity
of the stenosis ending. It is interesting to note that the peak values of
𝑐LDL∕𝑐0 are very similar for all cases. This is because of the identical
value of the transmural pressure (70 mmHg) for all geometries.
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Fig. 11. The simplified coronary artery with 20% stenosis and transmural pressure of 70 mmHg. The streamtraces (a), the contours of the non-dimensional streamwise (𝑢∕𝑈0) (b)
and radial (𝑣∕𝑈0) (c) velocity, and the non-dimensional concentration of LDL (𝑐∗ = 𝐶LDL∕𝐶0) (d).

5.4. Modeling of inflammation: oxidized LDL (oxLDL) distribution

In addition to the transport of LDL within the arterial wall, we also
made a first step towards modeling of the inflammatory process within
the arterial wall. This is done by solving the transport equation of the
oxidized LDL, which has the following form:
𝜕⟨𝑐oxLDL,W⟩

𝜕𝑡
+
(

1 − 𝜎f
)

⟨𝑣W⟩ ⋅ ∇⟨𝑐oxLDL,W⟩ =

∇ ⋅
(

W∇⟨𝑐oxLDL,W⟩

)

+react
oxLDL (28)

where react
oxLDL is the source term due to oxidation of LDL, which

is represented as an irreversible first-order biochemical reaction, i.e.
react

oxLDL = 𝑑LDL⟨𝑐LDL,w⟩, with 𝑑LDL = 3 × 10−4 1/s, as measured by [47]
and used in [48]. The major source contribution to the oxidized LDL
comes from a local concentration of the LDL, i.e. the most active
oxidation will occur at the locations inside the arterial wall with
elevated levels of LDL. It should be noted that the present model of
LDL oxidation is a very simple one, introduced here just to conceptually
validate a proof of concept for a possible model of inflammation. The
more advanced model includes detailed biochemical reactions which
involve the monocytes and macrophages as an immune response to an
already initiated inflammation process, [48,49]. The results obtained
for calculated concentrations of the oxidized LDL are shown in Fig. 6(e).
It can be seen that oxidized LDL is confined within the arterial wall
at locations where the concentration of the LDL is highest, i.e. in the
proximity of the reattachment point as well as in the stenosis region
where the separation occurs. These are locations most affected by the

inflammation. The present distribution is qualitatively very similar to
obtained concentrations for oxidized LDL presented in [48], confirming
the validity of the present approach.

6. Potential clinical benefits

The potential clinical befits of the present study can be in ap-
plication of the developed CFD tool for a recognition of the initial
(or advanced) stage of the atherosclerosis. The present model can be
applied for the patient specific geometries obtained from the CT/MRI
scans (similar to Fig. 1) with measured levels of the LDL concentration
in the blood sample. The model can be run for the measured values of
the transmural pressure (variations of the measured value). In addition
to the map of the WSS at the lumen/endothelium interface, the highest
local levels of the LDL and oxidized LDL inside the arterial wall can be
easily visualized indicating regions with an active inflammation.

7. Limitations of the present study

The arterial wall is assumed to be rigid, i.e. possible fluid–structure
interaction (FSI) effects were not considered. The thickness of the
arterial wall (except the intima sublayer) is assumed to be constant.
The glycocalyx layer is neglected, but the current model is directly
applicable under the assumption that the this layer is already removed
and that lumen is in direct contact with the endothelium. The modeling
of inflammation is based on a very simple transport equation of the
oxidized LDL. This needs to be extended with a more comprehensive
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Fig. 12. Same as in the previous figure, only now for the 60% stenosis case.

model which, in addition to LDL and oxLDL, also includes transport of
monocytes, macrophages, foam cells, smooth muscle cells, cytokines,
and collagen. The performed simulations are done in a steady mode.
The pulsating inflow conditions can be easily adopted in future studies.
Finally, the considered geometry is based on an exact mathematical
distribution function, whereas the patient-specific geometries will be
more complex.

8. Summary and conclusions

A comprehensive model of coupled blood flow and LDL transfer
through the arterial wall is presented. The arterial wall is considered
as a multi-layered porous structure with distinct transport properties
for each sublayer: endothelium, intima, internal elastic layer (IEL)
and media. Our particular focus is the endothelial layer, which is a
first interface between the lumen and the arterial wall. Here, three
primary mechanisms of the transfer of LDL are considered: the normal
and leaky junctions and the vesicular pathway. This is done through
expressing the endothelium transport properties as a function of the
wall shear-stress at the lumen side. The present contribution represents
a novel approach combining treatment of the multi-layered arterial wall
structure and the multipore modeling of the mass transfer of LDL. The
present models are extensively validated for cases involving a simpli-
fied axisymmetric geometry with a stenosis of different severities. The
wall shear-stress dependent transport properties of the endothelium are
the most important in the proximity of the separation and reattach-
ment regions. Compared to the models with constant properties, the
local increase of the LDL concentration along the endothelium/intima

interface can be as much as tenfold. Also, the effects of hypertension
are analyzed. For all cases considered, a qualitatively good agreement
is obtained with available results in the literature, which include the
numerical and modeling studies, as well as measurements in rabbit
aorta. The present models show improvements in predicting the LDL
concentration in the proximity of the endothelium. Particularly impor-
tant are results indicating a significant (between two and ten times)
increase of the local LDL concentration at particular locations inside
the arterial wall, caused by elevated pressure (hypertension effect). A
very preliminary attempt to model the inflammatory process within
the arterial wall by solving a governing equation for the oxidized
LDL is presented too. By visualizing contours of the oxidized LDL,
locations where inflammation occurs are identified. These regions show
a great s the similarity with results of more detailed models of in-
flammation reported in the literature. The present multipore/multilayer
model is recommended for use as a basic modeling platform for future
studies dealing with the initial onset of atherosclerosis as well as its
progression.
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Fig. 13. The profiles of the WSS along the lumen/endothelium interface (a), fil-
tration velocity (b) and non-dimensional LDL concentration (𝑐LDL∕𝑐0) (c) along
the endothelium/intima interface for different levels of stenosis: 20, 40 and 60%,
respectively.

Appendix

To check the mesh dependency in more details, we have selected
to analyze the filtration velocity profiles along the endothelium/intima
interface, since it is one of the most sensitive quantities. The mesh
convergence study proved that at least 200 axial segments in the
stenotic region and 16 radial segments within the endothelium should
be used to get the grid independent results, Fig. 14. This is addi-
tionally confirmed by analyzing the WSS profiles (extracted along
the lumen/endothelium) where an excellent agreement is obtained in
comparison with characteristic peak values of [11], as shown in Fig. 7.

The WSS-dependent properties in the endothelium are implemented
with several user defined functions (UDF). ’determine_proximity.c’

Fig. 14. Mesh dependence of the filtration velocity profile (at the endothelium/intima
interface).

Fig. 15. Schematic representation of information transfer from the velocity field to
the different wall shear-stress dependent properties in the endothelium. Red boxes
indicate the user defined functions (UDFs) which are written separately in the C-
program language and coupled with the Fluent/ANSYS; the blue boxes are additional
variables (data files).

is an execute-on-demand UDF. It determines for every computational
cell inside the endothelium which cell face at the lumen/endothelium
interface is closest. The WSS is calculated at that face, from which
several WSS-dependent quantities are derived and written in files.
The values of 𝐾E from Eq. (15) for each cell are written in ’vis-
cous_resistance.wss’ and are read out by another UDF to implement
the WSS-dependent viscous resistance in Fluent. The AP∕𝑆 from Eq. (9)
is saved in ’ApoverS.wss’ and is used by UDFs to implement the
WSS-dependent diffusivity and reflection coefficient of LDL. The unit
normal vector of the cell face is saved in ’direction_vector.wss’ which
is used for both the anisotropic viscous resistance and the anisotropic
diffusivity of LDL.
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