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A B S T R A C T

We introduce a family of sequential test procedures in the context of a futility study design, or as we prefer to call
it, a formal test of promise, suitable for use with time-to-event data. The procedures are motivated by an actual
trial that was undertaken to test the promise of very early antiretroviral therapy to achieve viral remission in
infants with perinatally-acquired HIV. Important gains in efficiency are illustrated in terms of early stopping and
statistical power compared with other methods such as Simon's two-stage design with binary outcomes. We show
how to calculate the operating characteristics of the proposed sequential tests of promise and provide optimal or
near-optimal boundaries for small or medium size samples which provide the typical context for the tests under
consideration. The design features discussed in this article are also of immediate pertinence to trials designed to
test disease cures which may require treatment interruption and small numbers of participants.

1. Introduction

Early phase clinical studies can be used to screen new treatments or
interventions for promise of efficacy or lack thereof. A prototype ex-
ample is Simon's two-stage design for testing whether a new drug holds
promise for continuing into large-scale confirmatory trials or whether,
in the alternative, the treatment lacks promise [12]. Study designs of
this type, these days often called futility designs, are arguably best suited
for such screening purposes. We do not refer here to stopping a trial “for
futility” during interim monitoring of a large-scale confirmatory trial.
In the screening context of an early phase study, for reasons explained
below, the futility design posits a pre-specified degree of positive or
superior efficacy for the experimental intervention and adopts it as the
null hypothesis, allowing the data possibly to reject that hypothesis,
suggesting that further experimentation in the face of such unpromising
evidence would be “futile”. See Levin [4] and literature cited therein for
a review of the futility design. Because study designs are conventionally
named after the alternative hypothesis rather than the null hypothesis
which is tested, it would be correct to call the futility design a non-
superiority study (as distinct from the non-inferiority study, which in a
sense is the mirror image of the design we are discussing here). To avoid
such terminological confusions and to emphasize the prime motivation
when screening interventions, we shall prefer to think of this study,
whatever we choose to call it, as a formal test of promise.
We shall return to Simon's two-stage design below after beginning

with an interesting example in the context of HIV research which will
nicely serve to motivate our discussion. One feature of the test of pro-
mise formulation that is attractive in any screening context and espe-
cially in the motivating example is that the burden of evidence is put on
the observations to reject the hypothesis of promise. This offers an
important logistical advantage in early phase research as explained
below. A second objective of this article is to delineate how to test for
promise in a sequential manner with time-to-failure data. These two
features allow for early stopping given sufficient accumulating evidence
of lack-of-promise, while allowing full follow-up information to accrue
otherwise. These are attractive features because they minimize the
number of failures one would need to observe before concluding the
intervention lacks promise, while allowing watchful follow-up if suffi-
ciently many subjects do well. Additionally, as discussed in Section 13,
by utilizing time-to-failure data, the test of promise achieves somewhat
greater power for given type I error control than a corresponding test
based only on binary outcomes such as the “response/no response”
outcomes used in the Simon two-stage design.
In technical statistical terms, then, in what follows we specify a

sequential, single-arm, one-sided test for the discrete hazard constant in
a sample of geometric time-to-event observations. After stating as-
sumptions in Section 3 and formulating hypotheses in Section 4, we
introduce the sequential test boundaries in Section 5 and discuss im-
mediate entry in Section 6 and staggered entry in Section 7. Section 8
discusses computational details of the procedure and Section 9
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introduces a useful duality between monitoring a sequence of ordered
geometric failure times on the one hand and monitoring cumulative
binomial failure counts over follow-up time on the other. Sections 10
and 11 discuss how to calculate median-unbiased estimates of the ha-
zard constant, P-values, and confidence intervals given the sequential
design, and Section 12 describes how to calculate the relevant stopping
time distributions. In Section 13 we compare some operating char-
acterisitcs of the sequential test with those of Simon's two-stage design.
Section 14 explains how to calculate optimal or near-optimal stopping
boundaries, and large-sample approximations for such boundaries are
provided in an appendix. Section 15 closes with a discussion of the
methods.

2. Motivating example—an ART cessation trial

Studies undertaken in adults with primary HIV infection have ob-
served that if antiretroviral therapy (ART) is started very soon after
infection occurred, ART can be stopped in a small proportion (5–15%)
and viral control will be retained in the absence of ART [6,7,9]. In
infants with perinatally-acquired HIV, age at ART initiation is roughly
equivalent to time after infection. However, observations of children
stopping ART are rare. One child in Mississippi who started ART within
30 h of birth and who, after defaulting treatment, remained virally
suppressed for 27months without ART, drew the attention of the sci-
entific community to this special population [8]. Moreover, con-
sideration of immunological differences between newborns and adults
led to the hypothesis that very early ART may be especially beneficial in
this group [10,11].
The LEOPARD (Latency Early neOnatal Provision of AntiRetroviral

Drugs) study was a single-arm clinical trial in South Africa undertaken
to test the promise of very early ART to achieve remission (clinicaltrials.
gov NCT02431975). The study recruited HIV-infected newborns and
initiated ART within 48 h of birth. The investigators expected that ART
would lead to rapid decline of plasma HIV RNA to undetectable levels
by 24weeks of treatment and that plasma HIV RNA would remain
below detection through 104 weeks. At that point ART would be
stopped and the proportion who remained below a cut-off plasma HIV
RNA threshold through 48weeks after ART interruption would be cal-
culated as the success endpoint of HIV remission. The original power
calculation made the argument that the benefit of early ART would
need to be substantial in order to justify the efforts of starting ART so
early. An estimate of 10–25% achieving remission was used in the
sample size calculation and a sample size of 40 children stopping ART
was chosen. A Data Safety and Monitoring Board was established that
deemed the design safe with the monitoring schedule in place.
Recruitment of the HIV-infected newborns proceeded and ART was

initiated within 48 h of birth as originally planned. However, pre-
liminary analysis revealed that the proportion of infants achieving the
minimum eligibility criteria for ART interruption—a rapid decline and
sustained HIV RNA below detection of the assay—was much lower than
expected [3]. An initial cohort more than four times the size of that
originally planned would be necessary to generate the target sample
size of 40 early-treated children to interrupt ART.
These preliminary results raised the question of whether, with the

very much smaller number of children eligible to stop ART (currently
about ten children), would there still be scientific utility of stopping
ART in these few?
We considered this question from the perspective of the futility trial

design with an appropriate formal test of promise of whether or not
stopping ART in these few children holds promise as a clinical strategy.
Testing promise as a null hypothesis seems especially well-suited for
addressing the question of whether cessation of ART could be desirable
in very young HIV infected children for whom early viral suppression
with ART may (or may not) have prevented establishment of a viral
reservoir. As mentioned in the Introduction, the burden of evidence is
put on the observations to reject the hypothesis of promise. If we fail to
reject that hypothesis, an inference which is statistically legitimate to
draw is that the possibility of a promising intervention cannot be ruled out at
the given rates of error control. If one does reject the null hypothesis,
however, one can legitimately infer that there is statistically significant
evidence of lack of promise. This is an appropriate strategic position to
aim for in screening trials, especially with small samples, because there
is better negative predictive value when the null hypothesis of promise
is rejected (in which case suspending further research seems justified)
than there is positive predictive value when one cannot rule out the
promise of a proposed intervention (in which case further confirmatory
testing seems justified). Contrast this position with the more conven-
tional formulation in which one tests the null hypothesis of no promise
and hopes to reject that in favor of the alternative of promising efficacy.
With the conventional formulation, failure to find a statistically sig-
nificant benefit (possibly due to low power in small samples) leaves one
allowed to conclude only that one hasn't demonstrated efficacy whilst
one cannot rule out that the intervention is unpromising. Whereupon
enthusiasm for further confirmatory research immediately evaporates.
These ideas are further discussed in Levin [4].

3. Notation and assumptions

Consider a sample of K subjects who are followed in discrete time
for observation of a failure event for a total of M time units. In our
application, we have K=10 children for whom ART could be sus-
pended and who would be followed for M=12months for the failure
event of a viral rebound which could be observed with monthly viral
load blood tests. Henceforth we adopt “month” as the unit of time. The
K failure times will be denoted by X1, …, XK. The event that subject i
has an observed failure at month m will be denoted by [Xi=m]; the
censoring event [Xi > M] signifies that no failure is observed within
the first M months of observation. We shall assume that each failure
time is independent and identically distributed as a geometric dis-
tribution with probability function P[Xi=m|θ]= θ(1− θ)m−1 for
m=1, 2, 3, … The discrete-time survival function is S(m)= P[Xi > m
| θ]= (1– θ)m. The parameter θ is the discrete-time hazard constant,
representing the monthly risk of failing given no prior failure. The as-
sumption of a constant discrete-time hazard function will be discussed
below. As an aid to interpretation, we also introduce the cumulative
annual failure probability Pa given by Pa=1 – (1– θ)M. The inverse re-
lation is given by θ=1 – (1–Pa)1/M.

4. Formulation of hypotheses

We adopt the criterion of promise to be Pa=0.50. That is, if the chances
of a viral rebound within 12months were truly no greater than one-half in
the population of children under study, we would consider the cessation of
ART a promising intervention. On the other hand, an annual breakthrough
probability greater than one-half would be unpromising. Therefore we
propose to test the null hypothesis of promise H0: Pa≤ P0=0.50 against the
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alternative hypothesis of lack of promise H1: Pa > P0. Under the constant
hazard assumption, this is equivalent to testingH0: θ≤ θ0=1−(1−P0)1/
M=1−0.501/12≈0.0561versus H1: θ > θ0. Let us control the prob-
ability of a type I error at the one-sided α=0.05 level. Here, a type I error
corresponds to declaring a truly promising intervention lacking in promise.
A type II error corresponds to not declaring a truly unpromising interven-
tion lacking in promise. We shall adopt as the design alternative a cumulative
annual failure probability of Pa= P1=0.90, lacking almost all promise,
and we will require our test to have power of at least 90% to reject the null
hypothesis of promise under this design alternative. The corresponding
hazard constant is θ1=1 – (1–P1)1/M=1–0.101/12≈0.1746.

5. Sequential testing

To test the hypothesis of promise sequentially, we introduce the
ordered failure times X(1)≤ X(2) ≤⋯≤ X(K) and will refer to these times
as corresponding to the first observed failure, second observed failure,
etc. Censored failure times will be grouped at the end of the chain of
inequalities with no implied ordering among the group of failures with
censored failure times. In particular, let D denote the total number of

observed failures, =
=

D I X M[ ]
i

K
i

1
. The sequential test will only uti-

lize the sufficient statistics D and X(1) ≤ X(2)≤⋯≤ X(D), together with
the fact that, by definition of D, the K–D censored observations have
X(D+1) > M, …, X(K) > M.
At this point we consider two design possibilities, namely, immediate

entry versus staggered entry. As the name suggests, with immediate entry
we assume that all K subjects begin their follow-up simultaneously in
calendar time. In this case, there is no difference between follow-up
times, as denoted by the Xi, and when failures occur in calendar time
after the start of the study. With staggered entry, we assume that for
practical reasons it is not possible to intervene simultaneously with all
K subjects. In the present case, for example, resources at the clinic to
closely monitor all ten children with simultaneous suspension of ART
may not be available. Instead we assume there will be a pre-specified
schedule of start times si for subjects to receive the intervention and
begin follow-up. The start times will be measured in calendar time after
the first intervention. Now there is a distinction between follow-up
times Xi and calendar event times, which are given by Xi+ si. For con-
venience of presentation in what follows, we shall begin by assuming
simultaneous entry and later consider the effect of staggered entry. As
we shall see, the sequential test will have the interesting and useful
property that the null hypothesis of promise will be rejected with
staggered entry if and only if the hypothesis is rejected with simulta-
neous entry. Therefore, the type I and type II error rates and power
curves are identical under either design. The only effect of staggered
entry is to lengthen the duration of the study and possibly to delay the
calendar time at which H0 might be rejected.

6. Stopping boundaries with simultaneous entry

We will refer to an ordered vector of non-negative integers (b1, …,
bK) as a stopping boundary. The stopping index will be defined as the
smallest k≥1 such that X(k) ≤ bk. If the stopping index is less than or
equal to K we stop and reject H0. By “stop” we mean that further follow-
up of subjects is optional but not required for testing purposes because

sufficient evidence of lack of promise is at hand to reject the null hy-
pothesis, irrespective of subsequent outcomes. In the event that the
stopping boundary is not crossed after all K outcomes have been ob-
served (including both observed failure times and censored failure
times after M months), we do not reject H0. Specifically, we propose the
following stopping boundary: (b1, …, b10)= (0, 0, 0, 1, 2, 4, 7, 11, 12,
12). This boundary implies that with simultaneous entry, four failures
must accrue before stopping can occur. (This must be so in order to
control the type I error rate at ≤0.05.) If all four failures occur after
1month of follow-up, we stop and reject H0. If the fourth failure occurs
after month 1, we check to see if the fifth failure occurs at month 2; if
so, we stop and reject H0, else we check to see if the sixth failure occurs
at or before month 4, and so on. If the eleventh failure is observed
(occurring at or before month 12), we stop and reject H0. Given no prior
stopping, if both the ninth and tenth failures are censored, having not
occurred at or before month M=12, we do not reject H0. As explained
below, the above stopping boundary has type I error rate ≤0.0498
under H0 and maximizes the power to reject H0 at the design alternative
Pa= P1= 0.90, namely, with power 0.9275.

7. Sequential testing with staggered entry

The test procedure with staggered entry proceeds with the same
stopping boundary as above, only now the follow-up times must be
repeatedly reordered as failures occur in calendar time. The first time
the boundary is crossed with the currently re-ordered failure times, stop
and reject H0. If this does not occur after K outcomes (observed or
censored), do not reject H0. As an illustration, suppose the K subjects
enter the study once per month, as follows.

Month of entry Months to failurea Calendar event time

Study start 0 5 5
1 1 2
2 2 4
3 1 4
4 1 5
5 1 6
6 C C
7 1 8
8 2 10
Last entry 9 3 12

a C= censored (Xi > 12).

Extend the notation for ordered failure times by lettingX(k,c) now
denote the time-to-failure for the kth earliest failure time after observing
c events in calendar event time. Three failures occur within the first
four calendar months, and then the fourth and fifth failures observed in
calendar time occur at calendar month 5, with reordered failure times
1, 1, 1, 2, 5. Because X(4,5)= 2 > 1= b4 and also X(5,5)= 5 > 2= b5
we do not stop. However, the sixth failure observed at calendar month 6
occurred after 1month of follow-up. The reordered failure times are 1,
1, 1, 1, 2, 5 which path crosses the boundary value b4, so we stop at
calendar month 6 and reject H0. Note that had there been simultaneous
entry, the study could have terminated after the first month with a
boundary crossing at b4. With staggered entry, rejection of H0 is delayed
until the sixth failure observed (coincidentally) at month 6. One
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positive feature of the delay, though, is that if the last three or even four
subjects had not yet begun their follow-up, stopping those subjects' ART
can be avoided.
It should be clear from the foregoing that if the boundary is crossed

with staggered entry, the same boundary crossing must occur with si-
multaneous entry times (assuming identical sets of failure times).
Conversely, if a boundary crossing occurs at bk, say, with simultaneous
entry, crossing must eventually occur at the same stopping index with
staggered entry, albeit at a later calendar month and with possibly
additional failures with longer waiting times already observed.
Therefore, as previously asserted, the entry schedule does not affect the
type I and type II error rates.

To further illustrate these points, the tables below display the distribu-
tion of stopping times with simultaneous and delayed entry, first under the
null hypothesis value Pa=0.50 and then under the design alternative
Pa=0.90. In each set of tables the left-hand panel displays results for si-
multaneous entry while the right-hand panel displays results for staggered
entry, assuming the same uniform schedule as above in which one subject
enters follow-up each month for ten consecutive months. For simultaneous
entry, the left-hand column reports the stopping index k for instances in
which H0 is rejected while the right-hand column reports the month m of
such rejections. With simultaneous entry, the maximum duration of the
study is 12months (whether the null hypothesis is rejected or not) and must
last 12months in those instances in which H0 is not rejected. For staggered

entry, the left-hand column reports the failure number f at which a rejection
occurs (which may be greater than or equal to the stopping index). The
right-hand column reports the calendar-time month of stopping from the
start of the trial. With staggered entry, the study duration can be as long as
21months (when the last subject enters 9months after the first and has a
follow-up time of 12months) and the duration of the trial varies even when
the null hypothesis is not rejected. The smaller tables below display the
duration of the trial in those instances.
Stopping time distributions when testing under H0: Pa=0.50 using

boundary (0, 0, 0, 1, 2, 4, 7, 11, 12, 12) (100,000 simulations; Monte
Carlo error≤ 0.0016)

Trial duration among instances in which H0 is not rejected

Staggered entry

By month number m

m Point exit prob.'s Cum. exit prob.'s

14 0.0000 0.0000
15 0.0008 0.0008
16 0.0042 0.0049
17 0.0153 0.0202
18 0.0458 0.0661
19 0.1142 0.1802
20 0.2536 0.4338
21 0.5172 0.9510

Simultaneous entry Staggered entry (one subject per month)

By stopping index k By month number m By failure number f By month number m

k Point exit
prob.'s

Cum. exit
prob.'s

m Point exit
prob.'s

Cum. exit
prob.'s

f Point exit
prob.'s

Cum. exit
prob.'s

m Point exit
prob.'s

Cum. exit
prob.'s

1 0 0 1 0.0017 0.0017 1 0 0 1 0 0
2 0 0 2 0.0019 0.0035 2 0 0 2 0 0
3 0 0 3 0.0011 0.0047 3 0 0 3 0 0
4 0.0017 0.0017 4 0.0049 0.0096 4 0.0007 0.0007 4 0.0000 0.0000
5 0.0019 0.0035 5 0.0011 0.0107 5 0.0015 0.0022 5 0.0000 0.0001
6 0.0061 0.0096 6 0.0043 0.0150 6 0.0048 0.0070 6 0.0001 0.0002
7 0.0144 0.0240 7 0.0089 0.0240 7 0.0114 0.0184 7 0.0003 0.0005
8 0.0243 0.0483 8 0.0012 0.0252 8 0.0149 0.0333 8 0.0006 0.0011
9 0.0007 0.0490 9 0.0039 0.0291 9 0.0111 0.0444 9 0.0017 0.0028
10a 0 0.0490 10 0.0073 0.0364 10 0.0046 0.0490 10 0.0032 0.0059

11 0.0119 0.0483 11 0.0038 0.0097
12 0.0007 0.0490 12 0.0045 0.0142

13 0.0053 0.0195
14 0.0050 0.0245
15 0.0057 0.0302
16 0.0054 0.0355
17 0.0047 0.0402
18 0.0041 0.0444
19 0.0027 0.0471
20 0.0018 0.0489
21 0.0001 0.0490

No rej 0.9510 1.0000 0.9510 1.0000 No rej 0.9510 1.0000 No rejb 0.9510 1.0000

a If a boundary crossing were to occur at the 10th failure, it would already have occurred at the 9th.
b The exit distribution for instances in which H0 was not rejected is given in the table below.
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Stopping time distributions when testing under H1: Pa=0.90 using
boundary (0, 0, 0, 1, 2, 4, 7, 11, 12, 12) (100,000 simulations; Monte
Carlo error≤ 0.0016)

Trial duration among instances in which H0 is not rejected

Staggered entry

By month number m

m Point exit prob.'s Cum. exit prob.'s

14 0.0001 0.0001
15 0.0005 0.0006
16 0.0019 0.0025
17 0.0046 0.0071
18 0.0090 0.0161
19 0.0138 0.0300
20 0.0188 0.0487
21 0.0251 0.0738

The table contents come from a simulation experiment using
100,000 replications per table. In the next section we discuss exact
computation of error rates and show that the exact type I error rate for
the optimal boundary is 0.0498 and the exact power at P1= 0.90 is
0.9275. The values from the simulation experiment (0.0490 and
0.9262, respectively) are within Monte Carlo error of the exact values.
The standard error for a given estimated probability p is p p(1 )/105

which in all cases is ≤0.0016.

8. Exact calculation of error probabilities

The following algorithm can be used to calculate the exact hy-
pothesis test error probabilities in the case of simultaneous entry.
Assume a given integer value of M > 1, a pre-specified number of
subjects K≥1, and a given boundary (b1, …, bK) with integer values

0≤ b1≤⋯≤ bK≤M. Assume a given cumulative annual failure
probability Pa with 0 < Pa < 1 and corresponding discrete-time ha-
zard constant θ=1 – (1–Pa)1/M. The goal is to calculate two failure-

time tail distributions for each failure number k=1, …, K:

= > > … > = …S x P X x X b X b x b M( ) [ | , , ] for , , ,k k k k k k k k( ) ( 1) 1 (1) 1 –1

(1)

which is the conditional probability that the kth failure time exceeds xk
months given no previous boundary crossing; and

= > > > … > = …T x P X x X b X b X b x b M( ) [ | , , , ] for , , ,k k k k k k k k k k( ) ( ) ( 1) 1 (1) 1

(2)

which is the conditional probability that the kth failure time exceeds xk
months given no current or previous boundary crossing.

8.1. Initialization

Though we are interested in the given sample size K, we will need to
work recursively with each smaller sample size, which will be indexed
by the letter κ (kappa) and used as a superscript in the symbols for
ordered failure times and tail distributions. When there is no ambiguity,
those symbols without superscripts will refer to sample size K, as in Eqs.
(1) and (2) above.
For each sample size κ=1, …, K, set

= > = = …S x P X x x M( ) [ ] (1 ) for 1, , ,x
1
( )

1 (1)
( )

1 11 (3)

reflecting the fact that the earliest of κ independent failure times with
tail distribution S(x) has tail distribution S(x)κ. Also set

= > > = = = …T x P X x X b S x S b x b M( ) | ( )/ ( ) (1 ) for , , .x b
1
( )

1 (1)
( )

1 (1)
( )

1 1
( )

1 1
( )

1 ( 1 1) 1 1

(4)

Note that Eq. (3) provides the continuation probability at first failure,
P[X(1)(κ) > b1]= S1(κ)(b1) among κ competing independent failure
times; the exit probability at first failure, P[X(1)(κ) ≤ b1]= 1− S1(κ)(b1);

Simultaneous entry Staggered entry (one subject per month)

By stopping index k By month number m By failure number f By month number m

k Point exit
prob.'s

Cum. exit
prob.'s

m Point exit
prob.'s

Cum. exit
prob.'s

f Point exit
prob.'s

Cum. exit
prob.'s

m Point exit
prob.'s

Cum. exit
prob.'s

1 0 0 1 0.0817 0.0817 1 0 0 1 0 0
2 0 0 2 0.1246 0.2063 2 0 0 2 0 0
3 0 0 3 0.0924 0.2987 3 0 0 3 0 0
4 0.0817 0.0817 4 0.1940 0.4927 4 0.0124 0.0124 4 0.0009 0.0009
5 0.1246 0.2063 5 0.0588 0.5515 5 0.0508 0.0633 5 0.0041 0.0050
6 0.2864 0.4927 6 0.1161 0.6677 6 0.2005 0.2637 6 0.0134 0.0184
7 0.2882 0.7809 7 0.1133 0.7809 7 0.3700 0.6337 7 0.0344 0.0528
8 0.1406 0.9215 8 0.0214 0.8023 8 0.2224 0.8561 8 0.0708 0.1236
9 0.0047 0.9262 9 0.0412 0.8435 9 0.0550 0.9111 9 0.1197 0.2434
10a 0 0.9262 10 0.0430 0.8865 10 0.0151 0.9262 10 0.1653 0.4087

11 0.0350 0.9215 11 0.1392 0.5478
12 0.0047 0.9262 12 0.1083 0.6561

13 0.0850 0.7411
14 0.0618 0.8029
15 0.0449 0.8479
16 0.0311 0.8790
17 0.0201 0.8990
18 0.0135 0.9125
19 0.0086 0.9211
20 0.0043 0.9253
21 0.0009 0.9262

No rej 0.0738 1.0000 12 0.0738 1.0000 No rej 0.0738 1.0000 No rejb 0.0738 1.0000

a If a boundary crossing were to occur at the 10th failure, it would already have occurred at the 9th.
b The exit distribution for instances in which H0 was not rejected is given in the table below.
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and the lower tail probability P[X(1)(κ) ≤ x1]= 1− S1(κ)(x1) for x1= 1,
…, b1, which will be used to obtain p-values upon rejecting H0. Note
also that Eq. (4) provides the conditional failure time distribution at
first failure given no boundary crossing then, namely, for x1= b1+ 1,
…, M,

= > =
=
=

P X x X b T x T x[ | ] ( 1) ( )
(1 ) (1 )
{1 (1 ) }(1 ) .

x b x b

x b

(1)
( )

1 (1)
( )

1 1
( )

1 1
( )

1

( 1 ) ( )

( 1)

1 1 1 1

1 1

8.2. Inductive step

We proceed inductively on both the sample size κ and failure
number k. For values xk= bk–1+ 1, …, M, let

= > > … >S x P X x X b X b( ) [ | , , ]k k k k k k
( )

( )
( )

( 1)
( )

1 (1)
( )

1 (5)

denote the tail distribution for the kth failure time given no previous
stopping with κ competing failure times. Note that when evaluated at
κ=K, the values of Sk(xk)= Sk(K)(xk) provide the following additional
quantitites:
(a) tail probabilities at the kth failure given no previous or current

stopping,

= > > … > = = …T x P X x X b X b S x S b x b M( ) [ | , , ] ( )/ ( ) for , , ;k k k k k k k k k k k k( ) ( ) (1) 1

(6)

(b) point probilities for the kth failure time given no previous or
current stopping,

= > … > = = + …P X x X b X b T x T x x b M[ | , , ] ( 1) ( ) for 1, , ;k k k k k k k k k k( ) ( ) (1) 1

(7)

(c) the continuation probability at the kth failure given no prior
stopping,

> > … > =P X b X b X b S b[ | , , ] ( );k k k k k k( ) ( 1) 1 (1) 1 (8)

(d) the stopping probability at the kth failure given no prior stopping,

> … > =P X b X b X b S b[ | , , ] 1 ( );k k k k k k( ) ( 1) 1 (1) 1 (9)

(e) the probability of stopping at the kth failure,

S b S b S b( ) ( ){1 ( )};k k k k1 1 1 1 (10)

(f) the unconditional continuation probabilities beyond the kth failure,

S b S b( ) ( );andk k1 1 (11)

(g) the cumulative probability of stopping at or before the kth failure,

…S b S b1 ( ) ( ).k k1 1 (12)

For the inductive step, assume that we have already calculated all of
the Sk(κ)(xk) quantities in Eq. (5) for each failure number k=1, …, κ for
each sample size κ up to some value which, to simplify the notation and
without loss of generality, we can assume is K–1. Assume further that

we have calculated the first k values for sample size K, namely,
S1(x1)= S1(K)(x1) through Sk(xk)= Sk(K)(xk). To complete the inductive
step, we need to calculate Sk+1(xk+1)= Sk+1(K)(xk+1) for
xk+1= bk+1, …, M. To do this, we need the following proposition.

8.3. Proposition

For each k=1, …, K–1 and any xk= bk+1, …, M,

> = > … >

=

= <

+ +

+

+

+

( )
P X x X x X b X b

K
k T x T x S b S b

T x T x S b S b
x x

x x

[ | , , , ]

(1 ) { ( 1) ( )} ( ) ( )

{ ( 1) ( )} ( ) ( )
if ,

and
1 if .

k k k k k k

K k xk k
k

k k
k

k k
k

k
k

k
K

k k
K

k k
K

k
K k k

k k

( 1) 1 ( ) ( ) (1) 1

( ) 1 ( ) ( ) ( )
1
( )

1

( ) ( ) ( )
1
( )

1
1

1 (13)

8.4. Proof

The term X(k) > bk is of course redundant with X(k) = xk, but we
retain it to remind us there was no stopping after the kth failure. If
xk+1 < xk the event [X(k+1) > xk+1] is conditionally certain because
X(k+1)≥ X(k) = xk > xk+1. So assume xk+1≥ xk. The numerator of the
conditional probability on the left-hand side of Eq. (13) is the prob-
ability of the event [X(k+1) > xk+1, ⋯X(k) = xk, X(k) > bk,
…,X(1) > b1], which event implies that K–k out of K subjects fail
strictly after time xk+1 and that the failure times for the k other subjects
occur no later than xk≤ xk+1 whilst staying above the boundary values

b1, …, bk. For any of the
K
k partitions of subjects into two such subsets

of subjects, say, {i1, …, ik} and {j1,…, jK−k}= {1,…,K}\{i1,…, ik}, the
first subset can have events such as

… = > … >X X X x X b X b( , , ) [ , , , ]i i k k k k( ) ( ) (1) 1k1

which, jointly with the independent event [Xj1 > xk+1 ,
…, XjK−k

> xk+1] for the complementary subset, has the same prob-
ability as

= > … > +P X x X b X b[ , , , ](1 ) ,k
k

k k
k

k
k K k x

( )
( )

( )
( )

(1)
( )

1
( ) k 1

where in the first factor we consider the sequential procedure with only
subjects {Xi1,…,Xik} participating and with the boundary restricted to
(b1, …, bk). That first factor, however, is

= > … > > … >

=

P X x X b X b P X b X b

T x T x S b S b
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Similarly, the denominator of the conditional probability in Eq. (13) is

= > … > > … >

=

P X x X b X b P X b X b
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This proves the proposition.
To complete the inductive step, then, suppose 1≤ k≤ K–1. For

xk+1= bk+1, …, M,

= > > … >

= > = > … > = > … >

= + > = > … >

= +

= +

= +

= +

+ + + +

= +
+ +

+
= +

+
+ +

+
= +

+ +

+ +
= +

+

+ + +

+ + +

( )

( )
( )

( )

S x P X x X b X b

P X x X x X b X b P X x X b X b

T x P X x X x X b X b T x T x

T x

K
k T x T x S b S b

T x T x S b S b
T x T x

T x K
k

S b S b
S b S b

T x T x

T x K
k

S b S b
S b S b

T b T x

T x K
k

S b S b
S b S b

T x

( ) [ | , , ]

[ | , , , ] [ | , , ]

( ) [ | , , , ]{ ( 1) ( )}

( )
(1 ) { ( 1) ( )} ( ) ( )

{ ( 1) ( )} ( ) ( )
{ ( 1) ( )}

( ) (1 )
( ) ( )
( ) ( )

{ ( 1) ( )}

( ) (1 )
( ) ( )
( ) ( )

{ ( ) ( )}

( ) (1 )
( ) ( )
( ) ( )

{1 ( )}

k k k k k k

xk bk
k k k k k k k k k k

k k
xk bk

xk
k k k k k k k k k k

k k
xk bk

xk K k xk k
k

k k
k

k k
k

k
k

k k k k k k
k k k k

k k K k xk k
k

k
k

k k xk bk

xk
k

k
k k

k
k

k k K k xk k
k

k
k

k k k
k

k k
k

k

k k K k xk k
k

k
k

k k k
k

k

1 1 ( 1) 1 ( ) (1) 1

1
( 1) 1 ( ) ( ) (1) 1 ( ) ( ) (1) 1

1
1

1
( 1) 1 ( ) ( ) (1) 1

1
1

1 ( ) 1 ( ) ( ) ( )
1
( )

1

1 1

1 ( ) 1
( )

1
( )

1

1 1 1

1
( ) ( )

1 ( ) 1
( )

1
( )

1

1 1
( ) ( )

1

1 ( ) 1
( )

1
( )

1

1 1
( )

1 (14)

B. Levin, et al. Contemporary Clinical Trials 85 (2019) 105818

6



since Tk(k)(bk) =1 by definition. Because each of the terms in Eq. (14)
have already been computed, the inductive step is complete.
The above algorithm was used to calculate the following exact

continuation and exit probabilities by stopping index in the previous
illustration with simultaneous entry.
Exact exit and continuation probabilities by stopping index for

boundary (0, 0, 0, 1, 2, 4, 7, 11, 12, 12) under the null and design
alternative hypotheses

Values of Sk(m)= P[X(k) > m | no exit prior to kth failure] for
Pa=0.50

Values of Sk(m)= P[X(k) > m | no exit prior to kth failure] for
Pa=0.90

9. Dual monitoring of event counts

Formula (14) provides the wherewithal to calculate the conditional
tail probabilities Sk(m) but roundoff error due to floating-point ar-
ithmetic in the computation tends to accumulate, so that even with
double-precision floating-point arithmetic and care in organizing op-
erations to minimize roundoff error, numerical inaccuracies become
noticeable for large values of K (in excess of 30, say). Happily, there is

Stopping
index k

Under H0: Pa=0.50 Under H1: Pa=0.90

Exit probabilities given
no previous stopping

Continuation probabilities
given no previous stopping

Point exit
prob.'s

Cum. exit
prob.'s

Exit probabilities given
no previous stopping

Continuation probabilities
given no previous stopping

Point exit
prob.'s

Cum.
exit
prob.'s

1 0 1 0 0 0 1 0 0
2 0 1 0 0 0 1 0 0
3 0 1 0 0 0 1 0 0
4 0.0016 0.9984 0.0016 0.0016 0.0805 0.9195 0.0805 0.0805
5 0.0019 0.9981 0.0019 0.0035 0.1340 0.8660 0.1232 0.2037
6 0.0062 0.9938 0.0061 0.0096 0.3633 0.6367 0.2893 0.4930
7 0.0150 0.9850 0.0148 0.0244 0.5661 0.4339 0.2870 0.7800
8 0.0251 0.9749 0.0245 0.0489 0.6489 0.3511 0.1428 0.9228
9 0.0009 0.9991 0.0009 0.0498 0.0614 0.9386 0.0047 0.9275

Stopping index k
m 1 2 3 4 5 6 7 8 9 10
12 0.0010 0.0107 0.0547 0.1719 0.3775 0.6249 0.8342 0.9581 0.9991 1.0000
11 0.0017 0.0172 0.0789 0.2250 0.4526 0.6957 0.8786 0.9749 1.0000
10 0.0031 0.0273 0.1126 0.2904 0.5344 0.7639 0.9164 0.9869
9 0.0055 0.0432 0.1587 0.3688 0.6204 0.8268 0.9467 0.9947
8 0.0098 0.0677 0.2205 0.4599 0.7070 0.8817 0.9695 0.9988
7 0.0175 0.1049 0.3009 0.5613 0.7895 0.9263 0.9850 1.0000
6 0.0313 0.1607 0.4020 0.6685 0.8628 0.9596 0.9944
5 0.0557 0.2421 0.5231 0.7739 0.9220 0.9816 0.9988
4 0.0992 0.3571 0.6587 0.8678 0.9639 0.9938 1.0000
3 0.1768 0.5113 0.7960 0.9397 0.9881 0.9989
2 0.3150 0.7007 0.9133 0.9827 0.9981 1.0000
1 0.5612 0.8950 0.9843 0.9984 1.0000
0 1.0000 1.0000 1.0000 1.0000

Notes: Cells at boundary values are italicized and correspond to continuation probabilities in the table above. Values of Sk(m) for m < bk are used for P-values upon
rejection of H0 (see below).

Stopping index k
m 1 2 3 4 5 6 7 8 9 10
12 0.0000 0.0000 0.0000 0.0000 0.0002 0.0020 0.0238 0.2302 0.9386 1.0000
11 0.0000 0.0000 0.0000 0.0000 0.0005 0.0048 0.0456 0.3511 1.0000
10 0.0000 0.0000 0.0000 0.0001 0.0013 0.0112 0.0853 0.5136
9 0.0000 0.0000 0.0000 0.0004 0.0037 0.0251 0.1541 0.7098
8 0.0000 0.0000 0.0001 0.0014 0.0101 0.0546 0.2662 0.9024
7 0.0000 0.0000 0.0006 0.0046 0.0264 0.1130 0.4339 1.0000
6 0.0000 0.0002 0.0023 0.0145 0.0654 0.2202 0.6540
5 0.0001 0.0012 0.0091 0.0432 0.1509 0.3954 0.8821
4 0.0005 0.0058 0.0337 0.1194 0.3160 0.6367 1.0000
3 0.0032 0.0278 0.1140 0.2929 0.5768 0.8834
2 0.0215 0.1223 0.3345 0.5992 0.8660 1.0000
1 0.1468 0.4573 0.7528 0.9195 1.0000
0 1.0000 1.0000 1.0000 1.0000

Notes: Cells at boundary values are italicized and correspond to continuation probabilities in the table above. Values of Sk(m) for m < bk are used for P-values upon
rejection of H0 (see below).
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another way to calculate Sk(m) that we shall call dual monitoring which
has negligible roundoff error. Dual monitoring essentially transposes
the chart that could be used for monitoring the failure times (on the
vertical axis) for failure index k=1, …, K (on the horizontal axis) into a
chart that monitors the cumulative number of failures, say Y(m), (on the
vertical axis) for each month m=1, …,M (on the horizontal axis). Thus
a point (k, m) in the original monitoring scheme becomes a point (m, k)
in the dual monitoring scheme and instead of monitoring whether the
kth observed failure down-crosses boundary value bk (i.e., occurs at or
earlier than month bk), we monitor whether the cumulative number of
failures Y(m) observed at a given month m up-crosses a suitably defined
dual boundary value bm′ (i.e., whether Y(m) ≥ bm′). We next present
some isomorphisms between these two monitoring schemes.
Given any original boundary b=(b1, …, bK), the dual boundary b'=

(b1′,…,bM′) is defined as follows. For each month m=1, …, M that
appears among the elements of b as m= bk, say, set bm′ = k. If month
m= bk appears for several consecutive values of k, use the smallest such
k for bm′. For any value of m that does not appear in b, “back-fill” the
corresponding values of bm′ using “last value carried backward”, i.e., if
bk−1=m1 < m2 < ⋯ < mj−1 < mj= bk, for some j≥3 say, set the
dual values bm2′, …, bmj

′ all equal to k+1. See Fig. 1 for the chart that
can be used to monitor with original boundary b=(0, 0, 0, 1, 2, 4, 7,
11, 12, 12) and the dual chart that can be used to monitor with dual
boundary b'=(4, 5, 6, 6, 7, 7, 7, 8, 8, 8, 8, 9). The boundary values are
plotted with circles; the dotted circles in the dual chart represent back-
filled boundary values. Arbitrarily we have omitted the circles corre-
sponding to b1= b2= b3= 0 in the original boundary that could have
been plotted at coordinates (0,1), (0,2), and (0,3) in the dual boundary
while we have included both circles at coordinates (12,9) and (12,10)
corresponding to the repeated boundary values b9= b10= 12.
It is evident from the definitions that a down-crossing of the

boundary in the left-hand chart corresponds to an up-crossing of the
dual boundary in the right-hand chart. It is also evident that a sample
path which first touches an original boundary value at coordinates (k,
bk) will also first touch the dual boundary at month m at coordinates
(m,bm′) where m= bk and bm′ = k.
Let Y1, …, YM denote the frequency count of observed failures in

month m=1, …, M, and as above, let Y(m) = Y1+⋯+ Ym denote the
cumulative number of failures observed at or before month m. Given
the constant hazard assumption, the conditional distribution of Y(m+1) –
Y(m) given Y(m) is binomial with index K–Y(m) and parameter θ, because
each of the K–Y(m) subjects still in follow-up has probability θ of failing
the next month, independently of the others. Therefore, given a sample
path which visits (m–1, Y(m–1)) in the dual chart with no current or

previous boundary crossing (dual or original), the conditional prob-
ability that it will visit (m, Y(m)) the following month is the binomial

probability
K Y

Y Y (1 )m

m m
Y Y K Y( 1)

( ) ( 1)
m m m( ) ( 1) ( ) . Furthermore, to

each lattice point (m, k) in the dual monitoring chart (marked by small
squares in the diagram) we can assign the value of the conditional lower
tail probability given no previous boundary crossing, Sm′(k)= P
[Y(m) < k|Y(m−1) < bm−1′,…,Y(1) < b1′]. For m=1, this is simply
the lower binomial tail probability

=
=

( )S k K
i( ) (1 )

i

k
i K i

1
0

1

and for m > 1 we use

= = < … <
= =

S k P Y j Y b Y b
K j
i j( ) [ | , , ] (1 ) .m

i

k

j

i bm
m m m i j K i

0

1

0

min( , 1 1)
( 1) ( 1) 1 (1) 1

(15)

Note that Eq. (15) does not require recursive evaluation of Sm′(k) for
sample sizes k < K as Eq. (14) requires for Sk(m). The conditional
lower tail probability given no previous or current boundary crossing is
given by Tm′(k)= Sm′(k)/Sm′(bm′), so that we can also express Eq. (15)
as

= +
= =

S k T j T j
K j
i j( ) { ( 1) ( )} (1 ) .m

i

k

j

i b

m m
i j K i

0

1

0

min( , 1)

1 1

m 1

(16)

Next, we obtain values of Sk(m) from those of Sm′(k) as follows for
given 1≤ k≤K and any m satisfying q= bk–1+ 1≤m≤M. (Of
course Sk(m)= 1 for values of m≤ bk–1.) If m= q, then set
Sk(m)= Sm′(k). If m > q, then multiply Sm′(k) by the dual conditional
continuation probabilities from month q through month m–1:

=S m S k S b S b( ) ( ) ( ) ( ).k m m m q q1 1 (17)

The logic of Eq. (17) is that for the kth failure to occur strictly after
month m (given no previous boundary crossing), there must be no more
than k–1 failures at or before month m, the conditional probability of
which is Sm′(k), assuming the previous boundary value bk–1 was month
m–1. If “no previous boundary crossing” only implies X(k–1) > bk–1 with
bk–1 < m–1, however, we need to insure that there are no intermediate
dual boundary crossings between month bk–1+ 1= q and month m–1
in order to satisfy the condition that Y(m–1)< bm−1′ which is implicit in
the definition of Sm′(k).

Fig. 1. Original and dual monitoring boundaries.
Left-hand chart is for monitoring failure times by failure index.
Right-hand chart is for monitoring cumulative failure frequencies by month.
Dotted circles in dual boundary are back-filled values where original boundary skips months.
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Because all of the quantities in Eq. (5) through Eq. (12) depend only
on Sk(m), they can all be calculated from the dual tail probabilities
Sm′(k) with high accuracy.

10. P-values upon rejection or non-rejection of H0

Sequential P-values for a completed experiment are based on es-
tablishing an ordering of outcomes along the stopping boundary. We
define two P-value functions, one for cases in which the boundary is
crossed and H0 is rejected, the other for cases in which there is no
boundary crossing and H0 is not rejected. The first is based upon the
number of failures observed and the month in which the dual boundary
is crossed. The second is based upon the number of failures observed
and the longest time-to-failure among them (with all longer failure
times censored).

10.1. Definition of rejection P-value

Suppose a boundary crossing occurs for the first time at month m
with a total of km≥ bm′ failures observed when monitoring using the
dual boundary. We define the rejection P-value as the prospective
probability that an exit would occur for the first time either strictly
before month m or at month m with at least km failures. Letting m*
denote the random stopping index, the rejection P-value, which will be
denoted by Pval1(km, m|Pa), is

= < + =Pval k m P P m m P m m Y k( , | ) [ ] [ and ].m a k m1 ( )

Some equivalent expressions are as follows.

= < +
=

= <
=

Pval k m P P m m P m m P Y k m m
P m k P Y k m m

P m k P Y k m m
S b S b S k

( , | ) [ ] [ ] [ | ]
1– [ ]{1– [ | ]}

1– [ ] [ | ]
1 ( ) ( ) ( )

m a k m

k m

k m

m m m m

1 ( )

( )

( )

1 1 1 1

(18)

We note that while it would be possible to define the rejection P-
value differently, as follows, using the original monitoring of ordered
failure times, it is not advisable to do so. Suppose a boundary crossing
occurs for the first time at stopping index kwith time-to-failure mk≤ bk.
Then the rejection P-value could be defined as the prospective prob-
ability that an exit would occur for the first time either strictly before
index k or at index k with a time-to-failure no later than mk. Letting k*
denote the random stopping index, the rejection P-value would be

< + =

= < +
= < +
=

P k k P k k X m

P k k P k k P X m k k
P k k P k k S m

S m S b S b

[ ] [ and ]

[ ] [ ] [ | ]
[ ] [ ]{1– ( )}

1 ( ) ( ) ( ).

k k

k k

k k

k k k k

( )

( )

1 1 1 1

This definition agrees with Pval1(k, mk|Pa) in cases where only one
failure occurs at month mk, but it doesn't account for any additional
events that might occur as boundary bk is crossed at month mk, i.e., it
doesn't account for “horizontal overshoot”. For this reason we prefer to
define Pval1(k, mk|Pa) based on the dual boundary.

10.2. Definition of continuation P-value

Here we use monitoring by ordered failure times. Suppose the study
ends with no boundary crossing after k≥0 failures have been observed

(the remaining K–k failure times having been censored), with the
longest time-to-failure among the uncensored observations equal to
mk > bk. Then the continuation P-value is defined to be one minus the
prospective probability that either strictly fewer than k failures would
occur or that exactly k failures would occur with a longest time to
failure not less than mk, in either case with no boundary crossing. To
calculate the continuation P-value, denoted by Pval0(k, mk|Pa), we ex-
press the complement of the event of interest as a disjoint union of
events, namely,

>
> >

k
k k k k k k m X M

[no events observed] [one event observed and 1]
[ –1 events observed and –1] [ events observed, , and ].k k( )
If no events are observed (k=0), only the first event is included, in

which case the continuation P-value is simply 1 – P[X(1) > M]= 1 –
(1–θ)MK=1 – (1–Pa)K. Otherwise the continuation P-value is

= > < > … >

> < > … >
=

+

+

Pval k m P P X M b X M X b X b
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By the same derivation leading up to Eq. (14), only here with k= j,
xk+1=M, and bj < X(j) ≤M instead of bj < X(j), each term in the sum
can be written as

> < > … >
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where the last inequality follows from Eq. (14) itself. For the final term
in the continuation P-value, the derivation leading up to Eq. (14) also
yields

K
k S b S b T m T M(1 ) ( ) ( ){ ( 1) ( )}.M K k

k
k

k
k

k
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k k
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1
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Therefore we have
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(20)

We can further express Eq. (20) solely in terms of tail probabilities
and without use of the intermediate values of Sk(k) and Tk(k) by writing
{Tk(k)(mk−1)− Tk(k)(M)} as {1− Tk(k)(M)}− {1− Tk(k)(mk−1)}, so
that upon another application of Eq. (14), the final term of Eq. (20)
becomes

+
+

+

S b S b S M T M
S m T m
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Thus, if k < K we have
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+
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(21)

Note that if mk= bk+1, the final term in Eq. (21) is 0 since
Sk+1(bk)= Tk(bk)= 1. If k= K, we have directly from Eq. (20),
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The continuation P-value monotonically decreases from its largest
value 1 – (1–Pa)K as the number of observed failures increases from zero
and as the last observed time-to-failure decreases fromM to bk+1. The
smallest continuation P-value occurs with the largest number of ob-
served failures k such that bk < M and with the last time-to-failure
equal to bk+1. Similarly, the rejection P-value monotonically increases
as the stopping index k* increases from the smallest possible stopping
index (namely, the smallest k with bk > 0) and as the time-to-failure
increases from bk⁎–1+ 1 to bk⁎. The largest rejection P-value occurs with
the largest k such that bk < M and with the last time to failure equal to
bk. Because this P-value is simply the total probability of all possible
paths leading to a boundary crossing, the largest rejection P-value
equals α. Furthermore, because the smallest continuation P-value
equals one minus the probability of all possible sample paths which do
not cross the boundary, which itself is the complement of the prob-
ability of all paths that do cross the boundary, the smallest continuation
P-value also equals α. To avoid any ambiguity, then, we shall say that
failure to reject the null hypothesis of promise occurs if and only if the
continuation P-value is strictly greater than α, whereas rejection of the
null hypothesis of promise occurs if and only if the rejection P-value is
less than or equal to α.
Analogous to the case of the rejection P-value, it would be possible

to define the continuation P-value in terms of the dual binomial mon-
itoring scheme, but it is more direct to determine the conditional
probabilities for the month of the last observed failure together with
possibly later occurrences of that failure in the vertical direction of the
geometric monitoring scheme than to do so in the horizontal direction
of the binomial scheme.

11. Median-unbiased estimates of Pa and confidence intervals

The above definitions of P-value allow point and interval estimation
for Pa. For example, upon a promising result with k failures and max-
imum time to failure mk, one may solve the equation Pval0(k,
mk|Pa)= 0.50 for Pa to obtain a median-unbiased estimate of Pa.
Solving the equation Pval0(k, mk|Pa)= 0.05 provides a lower one-sided
95% confidence limit for Pa; solving the equation Pval0(k,
mk|Pa)= 0.95 provides an upper one-sided 95% confidence limit for Pa;
and both of those limits provide a two-sided 90% confidence interval.
For example, with the boundary (0,0,0,1,2,4,7,11,12,12) illustrated
above, suppose one observed 7 failures and 3 censored failure times
without a boundary crossing, with the seventh failure occurring at
month 10. The P-value for this event is Pval0(7,10|0.50)= 0.0848. The
median unbiased point estimate of Pa is 0.7083. A two-sided 90%
confidence interval for Pa is (0.4572, 0.8892), with lower one-sided
95% confidence limit 0.4572 and upper one-sided 95% confidence limit
0.8892. Suppose on the other hand that the first 7 failures occur at
month 1, 2, 3, 3, 3, 5, and 5, such that the boundary is crossed for the
first time at stopping index k*=7. The P-value for this event is now
Pval1(7,5|0.50)= 0.0108. The median unbiased point estimate of Pa is
0.8870, which solves the equation Pval1(7,5|Pa)= 0.50. A two-sided
90% confidence interval for Pa is (0.6339, 0.9823), with lower one-
sided 95% confidence limit 0.6339 and upper one-sided 95% con-
fidence limit 0.9823. These confidence intervals are considerably nar-
rower than simple binomial confidence intervals. For 7 observed

failures out of 10 subjects, a two-sided 90% confidence interval by the
point-probability method (see [1], section 2.7) is (0.3979, 0.8842),
which is not only wider than the above intervals but also loses the
nuance of the sequential testing outcomes.

12. Distribution of the stopping index, number of observed
events, and month of stopping

The calculations of P-value given above also provide the distribution
of the stopping index k* when there is lack of promise or the number of
observed failures D and censored outcomes K–D when there is no
boundary crossing. The probability of the first event is given by

= =P k k S b S b S b[cross boundary at ] ( ) ( ){1 ( )}k k k k1 1 1 1

while the probability of the second is given by
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With simultaneous entry, we can state the stopping time distribution
for the month of first exit m* using the dual boundary. (The stopping
time is obviously M when there is no stopping.) We have

= =P m m S b S b S b[stop at month ] ( ) ( ){1 ( )}m m m m1 1 1 1

13. Comparison with Simon's two-stage design

The two-stage design of Simon [12] is a classic single-arm futility
design or as we prefer to call it, a test of promise. It mightn't appear so
because Simon originally formulated his one-sided null hypothesis in
the unpromising region of the parameter space, as in a conventional
superiority formulation (or even as in a non-inferiority design). How-
ever, his intention was clear ([12], p.2, with our paraphrasing in
brackets):

If the null hypothesis is true, then we require that the probability
should be [small] of concluding that the drug is sufficiently pro-
mising that it should be accepted for further study in other clinical
trials. We also require that if a specified alternative hypothesis [of
promising performance] is true, then the probability of rejecting the
drug for further study should be [small].

In other words, in Simon's formulation, if the alternative hypothesis
(of promising performance) is true, rather than wanting to reject the null
hypothesis (of unpromising performance) and declaring statistical sig-
nificance, Simon does not want to “reject” the drug for further study.
Indeed, in his discussion, Simon appropriately expresses reluctance to
declare significant efficacy as potentially misleading in the context of a
single-arm study with small sample size. Similarly, if the null hypoth-
esis (of unpromising performance) is true, rather than expressing a type
I error as rejecting the null hypothesis, Simon chooses to phrase this
error as “concluding that the drug is sufficiently promising that it
should be accepted for further study in other clinical trials.” With these
considerations, reformulating the design as a test of the null hypothesis
of promising performance versus the alternative hypothesis of lack of pro-
mise, i.e., a futility design, truly helps to clarify the actual goals moti-
vating the study. All that is needed to translate Simon's error rates into
those of the futility design is to interchange α with β.
Simon's two-stage design uses binary endpoints, in which case it

does not matter if the outcome is a positive one, such as response to
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chemotherapy as in Simon's original presentation, or a negative one,
such as disease progression or death, or failure to respond within a
given period. For consistency with the present discussion, we prefer to
keep our focus on failure-type endpoints. We will return to this dis-
tinction in the Discussion. Simon's design is also a simple sequential
procedure with two stages (for counts of binary outcomes), but we note
that it is not a special case of ours which uses time-to-failure data. Even
though it is possible to represent either stage of the two-stage design
with binary outcomes individually as a corresponding sequential test
with time-to-failure data—using a boundary of the form b=(0, …, 0,
M, …, M) with (r1–1) zeros and (K–r1+ 1) M's, for example, where r1 is
Simon's criterion number of observed failures to stop after the first
stage, because in that case early stopping occurs if and only if at least r1
failures are observed—the two different decision criteria in the two-
stage design would require two different sequential stopping bound-
aries with time-to-failure data. While one could contemplate im-
plementing two distinct stages of sequential futility testing, there seems
little point to doing so as compared to a single sequential plan. We shall
therefore discuss only the latter.
Given that time-to-failure data contain more information per subject

than do binary failure data, it is reasonable to ask to what extent uti-
lization of time-to-failure in a fully sequential design such as we have
been considering can improve over Simon's design. A partial answer is
given by considering the Fisher information per observation with a
binary endpoint and comparing it with the Fisher information per ob-
servation with a geometric endpoint with censoring after M months. To
make the two functions comparable, we calculate each using the dis-
crete-hazard constant θ=1 – (1–Pa)1/M. A straightforward calculation
shows that the Fisher information per binary observation is given by

= = =I I P dP
d
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P P

M P
P
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and the Fisher information per geometric time-to-failure observation
with censoring after M months is

=I P( )
(1 )
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2

The relative efficiency IB(θ)/IG(θ)= {M2θ 2(1–θ)M–1}/{1 – (1–θ)M}2

equals 1 for M=1 and can easily be shown to be strictly< 1 for all
M > 1, and noticeably so for Pa > 0.75. Therefore we may expect
some efficiency gain by utilizing the time-to-failure data as well as by
allowing early stopping with the sequential test procedure.
A simple numerical illustration should suffice. The first row of table

1 of Simon [12], re-expressed here in equivalent terms of cumulative
annual failure probabilities, tests H0: Pa≤ P0= 0.75 versus H1:
Pa > P0 with design alternative Pa= P1= 0.95 with type I and type II
error rates each equal to 0.10. The right-hand panel gives the minimax
design, which minimizes the maximum sample size (20 in this case)
among all two-stage designs satisfying the error rate constraints. The
procedure rejects H0 if there are 13 failures among the first 13 patients
tested; if fewer than 13 failures occur testing continues with an addi-
tional 7 patients, and H0 is rejected if there are 18 or more failures in
total among the 20 patients (including those from the first stage). Under
the design alternative, the probability of stopping at stage 1 is
0.9513= 0.51 (this is Simon's PET or probability of early termination)
and his table shows the expected number of subjects is
16.4= (13× 0.51)+ (20×0.49). Of course, the actual sample size in
any instantiation is either 13 or 20 barring any second-stage curtail-
ment. With a failure probability of 0.95, the expected number of fail-
ures is 0.95× 16.4= 15.6 by Wald's lemma.

A sequential geometric time-to-failure test of promise can be im-
plemented with a maximum of only 15 patients on treatment, which is
even less than the two-stage design's expected number of subjects under
the design alternative, only 2 more than the minimum in Simon's
minimax two-stage design, but 5 fewer than the maximum sample size
of 20. The boundary (0, 0, 0, 0, 0, 1, 1, 1, 3, 4, 5, 6, 9, 11, 12) yields
type I error rate (for the test of promise) of α= 0.0993 and power over
90% (β= 0.0965). The expected number of failures under the design
alternative is 10.4, about a one-third reduction in expected failures
compared to the two-stage design. The probability that the sequential
test will stop sometime at or before 13 failures is 0.8654, substantially
greater than the PET of 0.51 in the two-stage design. In fact, the cu-
mulative probability of stopping is about 40% by the 9th failure, 55%
by the 10th failure, 65% by the 11th failure, and 71% by the 12th
failure.
The above illustration may somewhat overstate the advantages of

the sequential time-to-failure test because we assumed simultaneous
entry by design. As explained above in Section 7, staggered entry would
increase the expected number of observed failures and lengthen the
duration of the trial. On the other hand, with staggered entry, the
possibility exists of enrolling fewer than 15 patients if rejection of
promise occurs before all patients have been enrolled. Staggered entry
may also be desirable if the treatment has its own serious adverse risks.
This is a benefit of the two-stage design, which naturally staggers entry
into two groups. Depending on circumstances, reducing the expected
number of failures may outweigh the risk of starting all patients on
treatment as soon as they become available. When this is not the case,
staggered entry may be used to progress more cautiously.

14. Optimal and near-optimal boundaries

The boundaries discussed in Sections 6 and 13 are optimal bound-
aries in the sense that they maximize the power of the test of promise at
the design alternative among all sequential tests defined in terms of
boundary values (b1, …, bK) or (b1′,…,bM′) applied to ordered time-to-
failure data and which limit the type I error probability to no more than
α at the superiority margin. For small K and smallM (e.g., K= 10 or 15
and M=12), it is feasible to identify such optimal boundaries by a
systematic search algorithm; we present such an algorithm in Appendix
1. For large K or M, however, exhaustive searches become infeasible.
Moreover, the problem is somewhat ill-posed because of discreteness in
the data, which makes the actual type I error probability somewhat
smaller than α by a variable amount. In particular, two different
boundaries can have very close power values, where one boundary has
a slightly greater power than the other but also comes closer to the type
I error bound α; but the reverse also occurs. For example, the optimal
boundary b=(0, 0, 0, 1, 2, 4, 7, 11, 12, 12) has type I error probability
0.0498 at the margin of superiority Pa=0.75 and power 0.9275 at the
design alternative Pa=0.90. By way of comparison, the boundary
b=(0, 0, 0, 0, 1, 5, 5, 11, 12, 12) has, respectively, type I error
probability 0.0497 and power 0.9252 (with slightly smaller power and
smaller type I error rate than the optimal boundary), whereas the
boundary b=(0, 0, 0, 0, 3, 4, 6, 11, 12, 12) has, respectively, type I
error probability 0.04998 and power 0.9253 (also with slightly smaller
power than the optimal boundary but slightly larger type I error rate).
Because of this feature, we shall be content merely to identify near-

optimal boundaries, whose resulting power values are only negligibly
below optimal for practical purposes. We describe three such methods
here plus another in Appendix 2. One method we have found practic-
able in larger samples is to begin with boundaries in the form of step
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functions with constant boundary values over subintervals of {1, …, K}
of length r, say, with K= rK' for some integer divisor r of K. The al-
gorithm for searching for the optimal boundary assuming sample size K′
can be applied with such “cloned” boundary values to rapidly produce a
feasible starting boundary, followed by manual adjustment of the jump
discontinuities to “smooth” out the boundary, each time increasing the
power of the test. We omit further details. Note, though, that any near-
optimal boundary can be characterized by its alpha-spending function
(the cumulative probability of rejection as a function of the stopping
index). Therefore, another strategy to design a boundary for large K is
as follows. For given α, β, M, K, θ0, and θ1, find a near-optimal
boundary for smaller K′ and larger θ1′, such that the square root of K′
times the log odds ratio of θ1′ versus θ0 equals the square root of K
times the log odds ratio of θ1 versus θ0, on the heuristic grounds that the
power of the test for larger K and smaller θ1 ought to be approximately
equal to that of the smaller K′ and larger θ1′. Calculate the alpha-
spending function for the near-optimal dual boundary for the smaller K′
and then locate the boundary values for the larger K for m=1, …, M
which approximate to the interpolated spending function. Minor ad-
justments may be necessary to constrain the type I error probability less
than or equal to α. The RUNUP algorithm in Appendix 1 can be used for
this purpose.
A third method to produce near-optimal boundaries, perhaps the

easiest to implement and therefore our preferred method, is motivated
by a repeated likelihood ratio test or RLRT. The likelihood ratio test for
testing a simple null hypothesis H0: θ= θ0 versus a simple alternative
hypothesis H1: θ= θ1, where θ1 > θ0, based on either geometric time-
to-event data in direct monitoring or cumulative monthly failure counts
in dual monitoring, rejects H0 when the log likelihood ratio exceeds a
pre-specified constant chosen to control the type I error probability.
Suppose at any point during the trial with either immediate or stag-
gered entry, the largest current observed follow-up time is m months
(m=1, …, M) with cumulative monthly failure counts Y(1), …, Y(m) as
defined in Section 9. The log-likelihood ratio LLRm, is given by
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where β1= log (θ1/θ0) > 0 and β0= log {(1− θ1)/(1− θ0)} < 0.
Note that β1− β0 is the log odds ratio comparing the two monthly
failure probabilities. Then the RLRT stops and rejects H0 at the first
follow-up month m where an event occurs such that LLRm≥ Cα, where
Cα is chosen to limit the overall type I error probability at level α.
Equivalently, RLRT stops at the first m=1, …, M such that
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Note that the stopping criteria in Eq. (22) depend on the random
past trajectory values of the cumulative monthly failure counts and so
the RLRT is not expressible in terms of a fixed dual monitoring
boundary b'. However, if we replace the random sums in Eq. (22) with
their largest possible values, conditional on no prior stopping, we can
recursively define the following useful fixed dual monitoring boundary.
First, set =b C K

1
0

1 0
, where 〈⋅〉 denotes rounding to the nearest

integer. Then, recursively for m=1, …, M, define

= =b
C Km b( 1)

.m
i

m

i0
1

1

1 0

(23)

The constant Cα may be found by trial and error or an iterative
procedure to limit the type I error to a value close to α. We have found
that an application of the RUNUP algorithm described in Appendix 1
can be used to reduce the exact type I error probability to a value below
α if it is not already so, and tends to produce near optimal boundaries.
As an illustration, we calculated boundary Eq. (23) for the case

K=20, M=12, Pa=0.75 under H0 and Pa=0.95 under H1 with
α=0.10 and requiring power at least 95%. Using Cα=3.0 in Eq. (23)
produced the dual boundary b'=(7, 9, 11, 13, 14, 15, 16, 17, 17, 18,
18, 19) whose type I error probability is 0.09768 and whose power at
Pa=0.95 is 0.9576. This is a near-optimal boundary; the optimal
boundary is b'=(8, 10, 12, 13, 14, 15, 16, 16, 17, 18, 18, 19) with type
I error probability 0.09959 and power at Pa=0.95 is 0.9589.
Note that whereas the Neyman-Pearson lemma shows that the

likelihood ratio test maximizes power for testing simple versus simple
hypotheses, there is no claim that a repeated likelihood ratio test such as
Eq. (22) with fixed Cα maximizes power. In fact, simulations show that
Eq. (22) tends to have lower power than the optimal or even near-op-
timal fixed boundary tests such as Eq. (23). Presumably a similar as-
sertion holds for a repeated score test procedure which, like the RLRT,
is not expressible as a sequential test with fixed boundaries. This will be
discussed elsewhere.
Appendix 2 contains another method for calculating near-optimal

boundaries for large K based on asymptotic theory.

15. Discussion

The foregoing development focused exclusively on time-to-failure
data. Here we point out that for certain different hypothesis test for-
mulations, the above sequential tests may be applied directly to time-to-
success data with no other changes. Suppose we redesignate θ as the
discrete “hazard” constant for a positive outcome, such as a timely re-
sponse to immunotherapy (“hazard” meaning “chance” here rather than
“danger”). Let us revisit Simon's [12] original hypothesis test for-
mulation, only now we monitor time-to-success data rather than only
binary responses, in which case for a pre-specified value of θ= θ0 the
null hypothesis is H0: θ≤ θ0 which is to be tested against the alter-
native H1: θ > θ0. Note that this interchanges the hypotheses of the
test of promise as discussed earlier for failure-type outcomes. Here θ0
could specify a complete lack of clinical activity, or that of a placebo
effect, or even that of a standard active treatment, in which case this
formulation is a conventional one-sided “superiority” design. In be-
tween these two cases, θ0 could also represent a positive clinical effect,
but the largest such effect which is either not meaningful or not
worthwhile pursuing or both, and typically less efficacious than a
standard active treatment. The alternative H1: θ > θ0 then specifies an
effect that is both meaningful and worthwhile pursuing, even if it may
be less effective than a standard active treatment. In this case the for-
mulation would be called a single-sample non-inferiority design. To
avoid confusion we will not distinguish between these various inter-
pretations terminologically but will just refer to this hypothesis test
formulation as a one-sided “conventional” design, wherein we test the
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null hypothesis of a “null” effect (meaning no clinical effect, inferiority,
or no excess effect, as the case may be) against the alternative of
“benefit” (a clinical effect, non-inferiority, or superiority, respectively,
as the case may be). In this sense, then, Simon's original two-stage
design with positive outcomes can be viewed as a conventional design,
although as pointed out in Section 13, his primary goal was not to
declare significant benefit but rather to discard the treatment if the null
hypothesis cannot be ruled out. Indeed, because one does not reject the
null hypothesis when the two-stage procedure stops after the first stage,
this is a type of “futility” stopping rule akin to those sometimes used in
phase III trials.
Unlike Simon's design, however, we may want to stop early with a

signficant rejection of the null hypothesis if there are sufficiently many
rapid successes in order to proceed to further confirmatory testing, or,
lacking such a signal, we may wish to let the trial continue to its
planned maximum sample size, giving the treatment its full due. These
are precisely the conditions under which sequential boundaries are
appealing to use with time-to-success data. Though we switch from
time-to-failure to time-to-success, exactly the same boundaries and
monitoring schemes presented in Sections 5 through 7 can be used with
no changes needed and all of the operating characteristics previously
discussed carry over directly to this context.
In addition to the test formulations presented thus far, there are two

others we have not yet discussed, namely, a futility design (test of
promise) with time-to-success outcomes (testing H0: θ≥ θ0 versus H1:
θ < θ0) and a conventional design (test of null effect) with time-to-
failure outcomes (testing H0: θ≤ θ0 versus H1: θ > θ0). Here the se-
quential tests work as expected with simultaneous entry, but they have
less appeal with staggered entry. This is because a boundary crossing
may occur based on observations from those currently enrolled, but
early events from future subjects could overturn the rejection after re-
ordering of the event times. For example, in the test of promise with
time-to-success outcomes, given a boundary b=(b1, …, bK), we would
look to reject H0 upon boundary upcrossings (rather than down-
crossings for failure-time monitoring) due to long waiting times to
success or too few successes due to censored waiting times. With
staggered entry, we might cross a boundary with k≤K subjects under
follow-up, but once enrolled, future subjects could have short waiting
times to success which would overturn the futility declaration because
there would be no boundary upcrossing. With staggered entry, then, a
decision to reject H0 at a given boundary crossing must be deferred
until one observes all current and not-yet enrolled subjects exceed the
waiting time corresponding to that boundary crossing before a rejection
can be made. This detracts from the appeal of the sequential test pro-
cedure. These issues do not arise in the case of a test of promise with
time-to-failure data or the conventional design with time-to-success
data because, as explained in Sections 5 and 7, rejection of H0 occurs
with staggered entry if and only if it occurs with simultaneous entry.
This is a consequence of rejection arising from downcrossings of a non-
decreasing boundary.

The schematic diagram below summarizes the various comparisons
discussed above.
Finally, we note that tests of promise have application beyond the

specific example provided within the broader field of pediatric HIV.
While the results of LEOPARD suggest that early treatment on its own is
insufficient to lead to a sizable number of children achieving remission
[3], early treatment has been clearly demonstrated to reduce the size of
the viral reservoir [13]. There remains optimism in the field that a
smaller viral reservoir combined with the plasticity of the young im-
mune system makes this group of children uniquely amenable to novel,
immune-based interventions designed to attain HIV cure [2]. In de-
signing these trials, many of the design features discussed here are of
relevance. Since treatment interruption is necessary to directly test for
evidence of remission, the sequential aspects of the design are parti-
cularly pertinent [5]. The number of children likely to be eligible for
these trials is also not large, raising the importance of designs that
maximize what can be learned from small numbers of subjects.

Outcome
type

Test of promise (futility design) Test of no promise (conventional
design)

Failure H0: P≤ P0 vs. H1: P > P0 (promise
vs. lack of promise)

H0: P≥ P0 vs. H1: P < P0 (lack of
promise vs. promise)

Simon two-stage design: Simon two-stage design:
Stop and do NOT reject H0 if X1≤ r1
or X1 > r1 and X1+ X2≤ r, else
reject H0 and declare lack of pro-
mise.

Stop and do NOT reject H0 if
X1≥ r1 or X1 < r1 and
X1+ X2≥ r, else reject H0 and
declare promise.

Sequential test with time-to-event data: Sequential test with time-to-event
data:

Stop and REJECT H0 if sample path
DOWNcrosses boundary with suffi-
ciently many early failures and de-
clare lack of promise.

Stop and REJECT H0 if sample
path UPcrosses boundary with
sufficiently few late failures and
declare promise.

Success H0: P≥ P0 vs. H1: P < P0 (promise
vs. lack of promise)

H0: P≤ P0 vs. H1: P > P0 (lack of
promise vs. promise)

Simon two-stage design: Simon two-stage design:
Stop and do NOT reject H0 if X1≥ r1
or X1 < r1 and X1+ X2≥ r, else
reject H0 and declare lack of pro-
mise.

Stop and do NOT reject H0 if
X1≤ r1 or X1 > r1 and
X1+ X2≤ r, else reject H0 and
declare promise.

Sequential test with time-to-event data: Sequential test with time-to-event
data:

Stop and REJECT H0 if sample path
UPcrosses boundary with suffi-
ciently few late successes and de-
clare lack of promise.

Stop and REJECT H0 if sample
path DOWNcrosses boundary
with sufficiently many early suc-
cesses and declare promise.
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Appendix 1. Computing algorithms

We assume the availability of a computer program to calculate, for any given boundary b=(b1, …, bK), the type I error at the superiority/non-
superiority margin and the power of the test of promise at the design alternative, using the methods given in Sections 8 and 9. Here we consider a
subset of boundaries of a pre-specified form, as follows. Let ζ be a given integer with 0 < ζ < K which specifies the number of leading boundary
values which shall be fixed equal to 0. There will typically be at least one leading zero required to limit the type I error probability to no more than α
(and in any case we might not wish to stop the trial after only a single failure). Boundary values to the right of ζ are permitted to equal 0 so long as
the boundary is non-decreasing. Also let κ be a given integer with ζ < κ≤K such that the final K–κ+1 boundary values must equal M. We impose
this constraint as an external design feature, to require a rejection of H0 if κ or more failures are observed. Below we state an algorithm to search for
the most powerful boundary subject to the design features specified by ζ and κ and the type I error constraint.
We first present an intermediate algorithm named RUNUP which, given an input boundary, returns a new, more powerful boundary. It is
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obtained by “running up” the given boundary values, i.e., incrementing them within the subset of boundaries under consideration as far as possible
while maintaining the type I error constraint. The result is not necessarily an optimal boundary, but RUNUP will be used in the search to improve
power at various stages of the main algorithm.

RUNUP
Input: Any given boundary of the form b=(0,…,0,bς+1,…,bκ−1,M,…,M) with type I error probability≤α; and a pointer index, π, with

ζ≤π≤ κ–1.
Output: A new boundary b' with bj′ = bj for 1≤ j≤π and κ≤ j≤ K, and bj′ ≥ bj for π+ 1≤ j≤ κ–1, with type I error≤α and power no less

than that of b.
Start: Evaluate the type I error probability of the current boundary b; call that error probability e.
If e≤α, check if bπ+1=M. If so, go to Exit, returning current b as output b'. If not, then identify the positions j=π+1, …, κ–1 for which

bj < bπ+1+1 and for such j, set bj← bπ+1+1. Go to Start.
If e > α, reduce the boundary value to the right of the pointer in position π+ 1 by 1 and increment the pointer by 1. That is, set bπ+1← bπ+1– 1

and π←π+1. Go to Start.
EXIT: END RUNUP
The main algorithm OPTIMIZE recursively examines given boundaries, decreasing certain component boundary values in hopes of being able to

increase subsequent boundary values using RUNUP to increase power while still satisfying the constraint on the type I error probability. We shall use
certain lists and arrays of varying length, as follows. Operating characteristics will be recorded in a two-column array OC; boundaries will be
recorded in a K-column array named BDRYS; and certain lists will be collected in a (K–ζ) column array named DCRS (short for decrements). A (K–ζ)-
vector variable LIST will be used to denote given rows of DCRS.
The interpretation of a LIST vector is that for a given row of BDRYS (call it BDRY), LIST encodes a new boundary to consider wherein after the

first ζ zeros, each element of BDRY is reduced by the corresponding component of LIST. It will be convenient to speak of the truncated version of LIST,
which drops all trailing zeros from the right of LIST (so that the truncated version will have varying lengths depending on the number of trailing
zeros in LIST); and the expanded version of LIST, which appends ζ zeros on the left (so that the expanded version has length K). Thus given a
boundary BDRY of length K and a (K–ζ)-vector LIST, the new boundary to consider is given by BDRY–expanded LIST.
For example, suppose K=10, M=12, ζ=3, and κ=10, and furthermore, suppose the first row of DCRS is (0, 0, 0, 0, 0, 0, 0) and the first row

of BDRYS is BDRY=(0, 0, 0, 2, 4, 5, 5, 6, 6, 12). Now suppose LIST is the 7-vector (0, 1, 0, 0, 0, 0, 0) or (0, 1) after truncation. The next boundary
considered will be (0, 0, 0, 2, 4, 5, 5, 6, 6, 12)–(0, 0, 0, LIST)= (0, 0, 0, 2, 3, 5, 5, 6, 6, 12).
For any given LIST vector, we define the parent list as follows: drop the last component of the truncated list and then pad the result with trailing

zeros to restore length K–ζ. The parent list will correspond to a unique boundary in BDRYS, which we call the parent boundary, in the same row
position as occupied by the parent list appearing in DCRS. In the above example, the truncated LIST (0, 1) has truncated parent (0) which appears in
the first row of DCRS, and correspondingly the parent of boundary (0, 0, 0, 2, 3, 5, 5, 6, 6, 12) is (0, 0, 0, 2, 4, 5, 5, 6, 6, 12) in the first row of BDRYS.
Initialization step for OPTIMIZE: Initialize OC as a 1× 2 array, BDRYS as a 1×K array, and DCRS as a 1× (K–ζ) array. Set b=(0, …, 0, M, …,

M) with K–κ+1M's. Execute RUNUP with boundary b and pointer index π= ζ as input. Record the boundary output from RUNUP in the first row of
BDRYS and its type I error and power in the first row of OC. Assign the zero vector to the first row of DCRS. Then set the (K–ζ)-vector LIST to (0,1,
0…, 0), so that truncated LIST=(0,1).

OPTIMIZE (a recursive algorithm)
Input: A truncated LIST vector. Parameters K, M, P0, P1, α, ζ, and κ are global fixed parameters.
Output: Arrays BDRYS, DCRS, and OC. When the recursive algorithm terminates, BDRYS contains an optimal boundary b=(b1, …, bK), i.e., one

having greatest power among all boundaries with type I error probability≤α among the subset of boundaries with b1=⋯= bζ=0 and
bκ=⋯= bK=M.

Step 1: Let β equal the component in position ζ+1 of the boundary in the first row of BDRYS. If LIST equals (β+1,0, …,0), then exit out of all
recursive levels. OPTIMIZE terminates.
If not, then find the parent boundary for the current value of LIST. Call it PARENT. Set the pointer π to ζ plus the length of the truncated LIST. Go

to Step 4 if PARENT in the pointer position π is either equal to M or strictly less than the last element of truncated LIST plus PARENT in position π–1.
In symbols, let λ denote the last element of the truncated LIST. Then go to Step 4 if either PARENT[π]=M or PARENT[π] < PARENT[π–1]+λ.
If neither condition holds, check whether LIST is already in DCRS. If it is, Exit the current recursive level of OPTIMIZE. Otherwise create a new

variable BDRY, set it equal to PARENT, and then reduce the component in position π by λ: BDRY ← PARENT, BDRY[π]← PARENT[π]–λ. Apply
RUNUP to BDRY with pointer π. Store the output boundary in BDRY and append it after the bottom row of BDRYS; append LIST after the bottom row
of DCRS; and append the type I error probability and power after the bottom row OC.

Step 2 (going to a deeper LIST level): If BDRY[π+ 1]=M, go to Step 3. Otherwise, invoke a recursive call to OPTIMIZE with truncated input list
given by ((truncated LIST),1). After the recursive call returns to this point, Exit the current recursive level of OPTIMIZE.

Step 3 (going to a deeper decrement): If PARENT[π+ 1]=M, then go to Step 4. Otherwise, increment the last component of the truncated LIST by
1: LIST[λ]← LIST[λ]+1 where λ is the right-most element of truncated LIST. If PARENT[π] < PARENT[π–1]+λ then go to Step 4. Otherwise,
invoke a recursive call to OPTIMIZE with the current value of truncated LIST as input. After the recursive call returns to this point, go back to the
beginning of this step (Step 3).

Step 4 (going to a shallower LIST level): Drop the right-most component of truncated LIST. If this would result in an empty LIST, then Exit the
current recursive level of OPTIMIZE. Otherwise, increment the last element of truncated LIST by 1. In symbols, if LIST=(x1, …, xλ, xλ+1, 0, …,0) at
the start of this step, such that truncated LIST=(x1, …, xλ, xλ+1), then assign (x1, …, xλ+1) as the new truncated LIST so that LIST ←(x1, …,
xλ+1, 0, …,0) with an additional 0 component on the right. Then go to Step 1.
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EXIT: END OPTIMIZE
The table below provides the arrays DCRS, BDRYS, and OC for the example discussed in Section 6 with K=10, M=12, P0= 0.50, P1= 0.90,

α= 0.05, ζ=3, and κ=10. The optimal boundary is highlighted in yellow.
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Appendix 2. Asymptotic considerations

When K is large, boundaries can also be set by using the asymptotic theory of empirical survival functions. Consider dual monitoring of the

cumulative number of failures Y(m) with dual boundary b'. Write = =
=

Y I X m K S m[ ] {1 ( )}m
i

K
i K

e
( )

1
, where SKe(m) is the empirical survival

function = >
=

S m K I X m( ) [ ]K
e

i

K
i

1

1
for K independent and identically distributed event times with common survival function S(m)= P[Xi > m |

θ]= (1–θ)m. Then the event of a boundary crossing at some time m=1, …, M can be written.
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where in the second line we have used the transformation.
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An application of the delta method shows that as K→∞, the random vector ZK(1), …, ZK(M) converges in distribution to a multivariate normal

random vector Z(1), …, Z(M) with mean (0, …, 0) and covariance matrix = ( )Cov Z m Z m{ ( ), ( )} S m S m
S m S m

( ){1 ( )}
( ){1 ( )}

1/2
for 1≤m≤m'≤M. It follows that

the rejection probability can be approximated as

= …
{ }
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This is generally tedious to calculate, but one simple class of boundaries can be obtained by setting the expression on the right-hand side of the
inequality to a constant, chosen such that the approximate rejection probability is α, say P[Z(m)≥ Cα for some m=1,…,M]= P[max{Z(1),…,Z
(M)}≥ Cα]. We can then solve for the dual boundary. In practice, we have found that rounding the solutions up to the next largest integer and even
adding 1 unit comes closest to achieving the desired control of type I error probability. Thus we have found a useful dual boundary in the large
sample case to be

= +

= + = …

b K S m K C S m
S m

K K C m M

1 1 ( ) exp 1 ( )
( )

1 1 (1 ) exp 1 (1 )
(1 )

for 1, , .

m

m
m

m

1/2
1/2

1/2
1/2

(A2.1)

Given the computing algorithms described in Section 8, we don't actually need to evaluate the constant Cα from the normal distribution which in
any case only provides approximate control of the type I error rate. Instead, we can try several different values of the constant Cα in Eq. (A2.1) and
then evaluate the exact rejection probability for any given θ, such that with a bit of trial and error we can quickly find Cα and the corresponding dual
boundary such that the exact type I error rate is limited to α.
We make no claim that the boundary Eq. (A2.1) is an optimal boundary or even a near optimal boundary as discussed in Section 14. However, we

have found as a practical matter that using Eq. (A2.1) with a constant Cα providing type I error greater than α by a few percentage points, followed by
two applications of the RUNUP algorithm described in Appendix 1 tends to produce near optimal boundaries. The first application of RUNUP
produces a working boundary that reduces the type I error rate below α and then applying RUNUP to the working boundary improves the power. As
an illustration, we calculated boundary Eq. (A2.1) for the case K=20, M=12, Pa=0.75 under H0 and Pa=0.95 under H1 with α=0.10 and
power at least 95% discussed in the previous section. We used Cα= 1.7 (whereas Cα= 2.04 is the normal value) to find the dual boundary (6, 8, 10,
12, 13, 15, 16, 17, 17, 18, 18, 19) corresponding to geometric boundary (0, 0, 0, 0, 0, 1, 1, 2, 2, 3, 3, 4, 5, 5, 6, 7, 9, 11, 12, 12). This boundary has
type I error probability 0.1427, but an application of RUNUP produced the boundary (0, 0, 0, 0, 0, 0, 0, 1, 1, 2, 2, 3, 4, 5, 6, 8, 9, 11, 12, 12) with type
I error probability 0.0996 and power under Pa=0.95 of 0.9589. This happens to be the optimal boundary in this case. The dual boundary is (8, 10,
12, 13, 14, 15, 16, 16, 17, 18, 18, 19).
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