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Abstract

The availability of intensive longitudinal data obtained by means of ambulatory assessment opens up new prospects for preven-
tion research in that it allows the derivation of subject-specific dynamic networks of interacting variables by means of vector
autoregressive (VAR) modeling. The dynamic networks thus obtained can be subjected to Granger causality testing in order to
identify causal relations among the observed time-dependent variables. VARs have two equivalent representations: standard and
structural. Results obtained with Granger causality testing depend upon which representation is chosen, yet no criteria exist on
which this important choice can be based. A new equivalent representation is introduced called hybrid VARs with which the best
representation can be chosen in a data-driven way. Partial directed coherence, a frequency-domain statistic for Granger causality
testing, is shown to perform optimally when based on hybrid VARs. An application to real data is provided.

Keywords Granger causality - Standard VAR - Structural VAR - Hybrid VAR - Partial directed coherence

The increased use of ambulatory assessment (Trull and Ebner-
Priemer 2013) gives rise to new possibilities to carry out pre-
vention research. Ambulatory assessment uses a wide range of
methods to study people in their natural environment, including
self-report, observational, and biological/physiological/behav-
ioral. It is (a) idiographic in focus and allows for the examina-
tion of multiple individual processes (e.g., emotional, behavior-
al, psychophysiological) and (b) characterized by the collection
of data in real-world environments, thus increasing the ecolog-
ical validity of findings. It has been used to prevent relapse of
major psychiatric diseases (Spaniel et al. 2008). Ambulatory
assessment gives rise to intensive longitudinal data sets, which
are the focus of this paper. Ecological momentary assessments
are a prime example of ambulatory assessment (Gibbons 2016).

The availability of intensive longitudinal data allows for
the application of time series analysis techniques with which
the structure of intra-individual variation (IAV) can be ana-
lyzed. It is known that, for the same set of variables, the struc-
ture of IAV will in general differ from the structure of inter-
individual variation (IEV). The latter applies at the level of
populations and the former at the level of individuals
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(Molenaar 2004). Only if a process obeys strict criteria does
there exist a relation between results obtained in analyses of
IEV and TIAV. Hence, if these strict criteria are violated, in order
to obtain results which apply at the level of individual subjects,
it is required to apply analysis of IAV (time series analysis of
intensive longitudinal data; cf. Molenaar and Campbell 2009).

In what follows, Granger causality testing (GCT) of time
series data will be discussed. It is based on the chapter by
Molenaar and Lo (2016). GCT is a popular approach to deter-
mine causal relations among dynamic processes, originating in
econometrics (Granger 1969), but now also having important
applications in biophysics and neuroimaging (e.g., Goebel et al.
2003). GCT can be initially specified in the following way.
Consider a bivariate process z(t) which is composed of univar-
iate components x(t) and y(t). A time series model (which will
be explained below) is fitted to the observations of z(t), includ-
ing so-called lagged cross-relations between x(t) and earlier
y(t —u), u>0, as well as lagged cross-relations between y(t)
and earlier x(t —u), u> 0. If the lagged cross-relations between
x(t) and earlier y(t —u) are substantial while the lagged cross-
relations between y(t) and earlier x(t —u) are not substantial,
then y(t) is identified as a Granger cause of x(t).

Ifx(t) is a Granger cause of y(t) and direct preventive action
on y(t) is difficult whereas such action on x(t) is directly ap-
plicable, then this preventive action can be focused on x(t)
instead. Given that x(t) is a Granger cause of y(t), it is expected
that changing x(t) will affect y(t) also.
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The simple operationalization of GCT described above will
be generalized in some important ways. In particular, we will
consider alternative ways to carry out GCT, using frequency
domain representations (based on Fourier analysis) of time se-
ries models of p-variate processes where p > 0. However, the
main focus will be on an important theoretical equivocality in
current GCT for which no solution has been proposed in the
literature yet. The details of this theoretical equivocality will be
discussed at some length, and a new data-driven solution to
resolve it will be introduced.

The approach to be presented yields unique candidate struc-
tural equation models for temporal data based on Granger cau-
sality testing of directed connections. It is distinct from the ap-
proach based on pattern recognition to identify undirected links
between pairs of variables which efficiently summarize the mul-
tivariate associations between nodes with respect to a small num-
ber of links. Within the field of prevention science, such models
have been explored by Borsboom (2017) and others as
parsimonious and more appropriate models applied to
multivariate characterization of symptoms of psychopathology.
It also is distinct from models, developed in large part from the
Bayesian belief network perspective initially proposed by Pearl
(2000) and others because this approach does not yield a unique
candidate structural equation model.

Preliminaries

The following notational conventions will be used. We denote
manifest variables by Roman letters and latent variables by
Greek letters. We denote matrices by boldface uppercase let-
ters and vectors by boldface lowercase letters. Vectors are
always column vectors; if y is a (column) vector, then y’,
where the apostrophe denotes transposition, is the correspond-
ing row vector.

Let y(t) = [y1(1), y2(1),..., yp(1)]' be a p-variate time series,
p>1. The mean of y(t) at each time point t is: E[y(t)] = u(t),
where E[.] denotes the expectation operator. Conceived of as
function of t, u(t) stands for the p-variate mean function
(trend) of y(t). If pu(t)=p (implying that the mean function
is constant) then y(t) is referred to as having a stationary mean
function. We define the sequential covariance of y(t) between
each distinct pair of time points t; and t, as 3 (t;, t;) = cov[y(-
t1), y(t2)'], where cov[.] denotes the covariance operator.
Considered as function of two-dimensional time X(t;, t,) re-
fers to the (p,p)-variate covariance function of y(t) at all times
t; and t,. If 3(t;, t,) only is a function of the relative time
difference, called the lag, t; —t, =u, that is, 3(t;, t;) = 3(t;
—t,) = 3(u), for all integer values of u, then y(t) is said to have
stationary covariance function. If both the mean and

"I thank an anonymous reviewer for pointing out the distinctions between
networks.

covariance functions of y(t) are stationary, then y(t) is referred
to as a weakly stationary time series. Consequently the statis-
tical specification of a weakly stationary p-variate series boils
down to the specification of its p-variate mean level p and the
sequence of (p,p)-dimensional covariance matrices 3(u) de-
scribing the sequential dependencies at all lags u.

Standardly GCT is based on the class of linear time series
models for weakly stationary dynamic processes called vector
autoregressive (VAR) models. The VAR(a) model for a p-
variate series y(t) is defined by the following:

y(t) = u+ @yy(t-1) + ... + uy(t—a) + (1) (1)

in which a is the non-negative integer indicating the order of the
VAR. In what follows, to ease the presentation, it is assumed
that the mean function equals zero: u =0. The zero-mean p-
variate £(t) process is white noise because it is lacking any
sequential dependencies. Hence the covariance function of
€(t) only is non-zero at lag u=0: cov[e(t), &(t)']=3X,. The
sequence of (p,p)-dimensional matrices Py, k=1,...,a, con-
tains along the diagonals the lagged autoregressive coefficients;
the off-diagonal elements are the cross-lagged regression coef-
ficients. Using the so-called decomposition theorem of Wold, it
can be shown that any weakly stationary process can be ap-
proximated to any degree by a VAR(a) if its order a is chosen to
be sufficiently large.

If the backshift operator B defined by By(t)=y(t—1) is
introduced, each VAR(a) can be represented as follows:

y(t) = ®1y(t-1) + ... + ®,y(t-a) + €(t)
= ®By(t) + ... + ®,B%(t) + €(t)

Specifying the matrix polynomial in B defined by ®(B,a) =
I-® B—...— ®,B", where I represents the (p,p)-dimension-
al identity matrix, the VAR(a) can now be written as follows:
P (B,a)y(t) = €(t).

To obtain the frequency domain equivalent (discrete
Fourier transform) of the VAR(a), which we will need later
on in GCT in the frequency domain, we substitute the com-
plex exponential for the backshift operator in the matrix poly-
nomial representation. Substituting B — exp[— 2miw,] =
cos[2mwy] — isin[27twy ], where i = \— 1 is the imaginary unit
and k=0, 1,..., the discrete Fourier transformed representa-
tion of a VAR(a) at each frequency w, becomes the following:

P(wi)y(wi) = e(wy) ()

where ®(exp[— 2miwy],a) is concisely written as ®(wy);
y(wy) and e(wy) are, respectively, the discrete Fourier trans-
forms of y(t) and &(t) (e.g., Brillinger 1975). For a finite
stretch of time series data y(t), £=0,1,...,T— 1, the frequency
wy in the discrete Fourier transform is defined as follows:
w,=k/T, k=0,1,...., T — 1. Then, the discrete Fourier trans-
form of y(t) is defined as y(wy) = T%Zy(t)exp[— 27titwy ],
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where the sum is over =0, 1,..., T—1 for each w.
Expression (2) constitutes the starting point for the deriva-
tion of the spectral density matrices associated with a VAR.
These are obtained by first taking the inverse of ®(wy):
I'(wy) =®(wy) . Then, the spectral density matrix
cov[y(wy), y(wy)*] = ¥(wy) is proportional to the following:

(W) =T (i) E I (i) * (3)

where * denotes the complex conjugated transpose. In Eq. (3),
3. is the full covariance matrix of the white process noise &(t).
For each frequency, wy # 0, %, it holds that the (p,p)-dimen-
sional complex-valued spectral density matrix W(wy) has real
values (the autospectra) along the diagonal and its off-diagonal
elements are complex valued.

GCT in the Time Domain

The focus will be on weakly stationary time series. Also, we
assume that a Granger cause precedes its effect by at least

yi(t) = 1)y (1) + d(1) )y (1) + ..
) = d(1)yy1 (1) + d(1)py, (1) + ...

+ d(a);,y;(t-a) + d(a) s (ta) + e (t
+ d(a)yy; (t-a) + d(a)y,y, (ta) + et

one time step. Therefore, contemporaneous Granger causal-
ity (Liitkepohl 2007, section 2.3.1) will not be considered.

In order to convey the main ideas, we consider the
special case in which the simple VAR(1) holds for a bi-
variate series: y(t)= ®;y(t— 1)+ &(t), where y(t) =[y;(t),
y2(t)]". This model can be written out as follows:

Vi() = & (1) y1(t=1) + &(1) ,y2(t=1) + &1 (1) 4)
Y2(t) = G(1)5;y1(t=1) + $(1)5,y2(t1) + ea(t)

in which ¢(1);, denotes the (I,m)-th element of ®;.
GCT in this simple model boils down to testing whether
®12(1) differs significantly from zero while ¢,;(1) does
not, which would imply that y,(t) is a Granger cause of
yi(t). Or, alternatively, testing whether ¢,(1) differs
significantly from zero while ¢;,(1) does not, which
would imply that y;(t) is a Granger cause of y,(t) (cf.
Liitkepohl 2007, section 2.3).

We can straightforwardly generalize from a VAR(1) to
a VAR(a) for bivariate series:

(5)

NN

where ¢(K)y,, denotes the (I,m)-th element of &, k=1, 2,...,
a. It now is more feasible not to test whether each of ¢ (k);, or
®k)1, k=1,...,a, differs significantly from zero but uses the
following approach. First, fit Eq. (5) to the bivariate series y(t).
Then, fit univariate AR(g) and AR(7) models to, respectively,
y1(t) and y,(t) in which the orders g and » may differ from the
order « in the bivariate model (5):

yi() = ¢y, (1) + ... + d(q)y; (t-q) + () (6)
Y2() = v(Dy2 (1) + .. +v(0)y, (1) + £(1)

Define 3, to be the (2,2)-dimensional covariance matrix of
the white process noise (t) in Eq. (5). Then, the total interde-
pendence Fy, y» between y;(t) and y(t) is determined as fol-
lows (cf. Wen et al. 2013):

Fy1y2 = In{var[C]var[E]/det[>]} (7)

where In{.} is the natural logarithm, det[.] is the determinant
and var[((t)], and var[&(t)] are, respectively, the variances of
the white process noise ((t) and &(t) in Eq. (6). Geweke (1982)
proves that Fy; y» allows for the following decomposition:

Fyiy2 = Fyiny + Fyoyi + Fyisp (8)
where Fy; _, yo = In{var[((t)]/var[e;(D]}, var[e; (D] is the (1,1)

element of 3;; Fy, _, o1 = In{var[E(D)]/var[ex(D)]}, var[e,(D)] is

@ Springer

the (2,2) element of X.; and Fy«y, = In{var[e(t)Jvar[e,(t)]/
det[X,]}. If Fy; _, y» is large positive and Fy, _, 1 small, then
yi(t) is a Granger cause of y,(1); alternatively, if Fy, _, ,; is
large positive and Fy; _, , is small, then y,(t) is a Granger
cause of y(t).

To generalize this presentation to p-variate time series,
where p> 2, is straightforward (see Wen et al. 2013 for
details). Select two non-overlapping subseries from the p-
variate time series y(t) = [y;(t),...,yp(t)]" in which the p;-vari-
ate series y;(t) consists of p; univariate component series of
y(t) and the p,-variate series y,(t) consists of p, different uni-
variate component series of y(t). For instance, forp="7,p; =2,
and py =3:y,(t) = [yi(), y3(] and ya(t) = [y2(0), ys5(0), y7(D)]".
Here, y;(t) and y,(t) are treated in the same way as the univar-
iate series yq(t) and y,(t), that is, we determine appropriate
multivariate generalizations of Egs. (5)—(8). For instance, for
the computation of Fy; _, > and Fy, _, ,; with multivariate
subsets, we replace variances by determinants of (py,p;)- and
(p2,p2)-dimensional covariance matrices of the white process
noise (see Barnett and Seth 2014).

The most important issue regarding GCT in the time do-
main based on comparison of Fy; _, y> and Fy, _, ;, where
y1(t) and y,(t) are, respectively, non-overlapping p;- and p,-
variate subseries of a given p-variate series y(t), has to do with
the consistency of results obtained in a sequence of such tests
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obtained with different sets of subseries. For p>2, several
distinct subsets of non-overlapping p;- and p,-variate subse-
ries y;(t) and y,(t) can be considered and due to sampling
variability, one cannot guarantee that the results thus obtained
converge to a consistent overall causal network. The frequen-
cy domain approach to GCT does not have that issue.

GCT in the Frequency Domain

A decomposition akin to Eq. (8) also can be derived in the
frequency domain (cf. Wen et al. 2013). In the frequency
domain, however, we instead focus on a set of measures de-
rived from the spectrum W(wy) given by Eq. (3). There are
several such measures; for an overview, see Schlogl and Supp
(2006). In what follows, the focus is on a single measure,
namely the partial directed coherence (PDC) which is defined
below. But first, an important theoretical equivocality has to
be addressed.

Two Equivalent Representations of a VAR(a) Until now, it was
taken for granted that a VAR(a) for a weakly stationary p-
variate series y(t) is given by the following:

y(t) = ®1y(t=1) + ... + Dy(t—a) + (t) 9)

in which the white process noise £(t) has full covariance ma-
trix 3. However, there exists an equivalent VAR(a) represen-
tation defined by the following:

y(t) = Zoy(t) + Z1y(t-1) + ... + Ey(t-a) + v(t) (10)

in which the white process noise v(t) has diagonal covari-
ance matrix 3,,. That is, the univariate component processes
vi(t), k=1,..., p, are mutually uncorrelated at each time t.
Notice that in Eq. (10), the contemporaneous relations
among the component series of y(t) are given by unidirec-
tional relations in E.

In agreement with the literature concerned, the model (9)
will be referred to as the standard VAR, while the model (10)
will be called a structural VAR. Each standard VAR (Eq. 9)
can be transformed into an equivalent structural VAR (Eq. 10)
by using the following decomposition of 3.:

S = (IF50) 'S, (1-50) " (11)

In which the superscript ~' denotes inversion followed
by transposition. We note that Eq. (11) constitutes a
Cholesky decomposition. It then can be shown that the co-
efficient matrices associated with the lagged regression ma-
trices in both equivalent models are given by the following
(cf. Gates et al. 2011):

Ex = (IF50) @, and &, = (1-50) 'S,k =1,...,a. (12)

It is clear from Eq. (12) that the choice of model (9) or
(10), while statistically equivalent, can yield entirely differ-
ent results in Granger causality testing if = is not equal to
the zero matrix. An example is given in Fig. 1, showing a
standard VAR and an equivalent structural VAR for the
same three-variate time series. The first component series
yi(t) is a Granger cause for y;(t) in the standard VAR, but
not so in the equivalent structural VAR.

The difference between the two equivalent models is
that in the structural VAR (Eq. 10) the contemporaneous
relations among the univariate component series yy(t), k=
1,..., p, are represented by explicit unidirectional regres-
sions with coefficients in =, whereas in the standard
VAR (Eq. 9), the contemporaneous relations are derived
from the contemporaneous associations among the univar-
iate component process noise series € (t) constituting oft-
diagonal elements in ¥, k=1,...,p. One way to interpret
this difference is as follows: in the structural VAR given
by Eq. (10), contemporaneous relations are generated
within the system composed of the y(t) process
(endogenous) while in the standard VAR given by Eq.
(9), contemporaneous relations are generated outside of
the system composed of the y(t) process (exogenous).

—
-—

Fig. 1 Equivalent standard VAR (a) and structural VAR (b) for a given
three-variate time series. The univariate component series are depicted by
nodes. Contemporaneous relations are depicted by continuous links,
lagged relations of order 1 by broken links. Weights of the links are not
shown. One-way arrows show directed links; two-way arrows show un-
directed links. In both the standard and structural VARs, node 1 is a
Granger cause of node 2. But only in the standard VAR that node 1 is a
Granger cause of node 3
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PDC as a Frequency Domain Index of Granger
Causality

First, the standard VAR(a) (Eq. 9) for a p-variate observed
time series y(t) is considered. Discrete Fourier transformation
of the associated polynomial in the backshift operator B,
P(B,a)=1-®,B—...— B yields at each frequency wy a
(p,p)-dimensional complex-valued matrix ®(w) specified by
Eq. (2). Let A, be the diagonal (p,p)-dimensional matrix with
the inverse diagonal elements of X, along the diagonal and
zero off-diagonal elements. The m-th diagonal element of A,
is I/var[e,(t)], m=1,...,p. Then, the generalized partial di-
rected coherence (gPDC) 7r;,(wy) between univariate compo-
nent series y;(t) and univariate component series y,(t) is de-
fined as follows (Faes and Nollo 2010):

(i) = { im0 var (0] }/sart[ (@01 *Acpm (i) (13)

where sqrt[.] is the square root, and ¢.,(wy) denotes the m-th
column of ®(wy). Because 7, (wy) is complex-valued, it is
customary to take the absolute value |7;,,,(wy)|, where because
of the normalization it always holds that 1 > |r;,,(wy)| > 0.

GCT based on the gPDC now is straightforward. If for uni-
variate component series y;(t) and y.,(t), it is found that
[Ttm(wy)]is large whereas if |7t,,,(wy)| is about zero, then y,(t)
is a Granger cause of y;(t) at frequency wy. For a p-variate
series, y(t) application of the gPDC-based GCT thus involves
p(p-1)/2 of such pairwise comparisons at each frequency.

Next, we consider the equivalent structural VAR(a)
given by Eq. (10). We define the polynomial in the
backshift operator B: ¥[B,a)=1-E,B—...— E,B".
Notice that & is replaced by the identity matrix I in this
definition. The discrete Fourier transform at each frequen-
cy wyg of W[B,a) is given by the (p,p)-dimensional
complex-valued matrix W(wy). We let A, be the inverse
of the diagonal covariance matrix 3,,. Then, the instanta-
neous partial directed coherence (iPDC) x;n(wy) between
univariate component series y;(t) and univariate compo-
nent series y,(t) at each frequency wy is given by Faes
and Nollo (2010):

Xim(@i) = { Wi var[vi(0)] /51t [ (0) * A0 ()| (14)

in which .,(wy) is the m-th column of ¥(wy). Because
Xim(wy) is complex-valued, the absolute value |Xim(wy)| is
taken, where because of the normalization it always holds
that 1 > [X;im(w)| = 0.

Note that Eq. (14) is based on the following polynomi-
al in the backshift operator B: ¥[B,a)=1-5,B—...
—E,B%. This polynomial leaves out of consideration &,
which contains the directed contemporaneous connec-
tions. Hence, the iPDC is an indicator of purely lagged
Granger causality.

@ Springer

A New Data-Driven Solution to Granger
Causality Testing

Faes and Nollo (2010) present results obtained with time se-
ries generated according to a structural VAR, showing that the
iPDC outperforms the gPDC. The iPDC is based on fitting the
structural VAR (Eq. 10) to the data, almost always by means
of a two-step procedure. In the first step, a standard VAR(a)
(Eq. 9) is fitted to the data. Then, the estimated full covariance
matrix of the white process noise in Eq. (9) is subjected to a
Cholesky decomposition given by Eq. (11), which yields the
coefficient matrix =, of the equivalent structural VAR togeth-
er with the diagonal covariance matrix X, of its white noise
process. The remaining coefficient matrices =, k=1,..., a, in
the equivalent structural VAR then are derived using Eq. (12).

There is, however, a major problem associated with this
two-step procedure, namely the results obtained in the
Cholesky decomposition (Eq. 11) depend on the ordering of
the p univariate component series y(t), k=1,..., p (cf.
Liitkepohl 2007, pp. 61-62). If this ordering is permuted,
the results obtained in the Cholesky decomposition of the
associated permuted covariance matrix of the white process
noise also change in that a different = is obtained. Because
the ordering of the univariate component series in a vector-
valued observed time series should be conceived of as being
arbitrary, this dependence of the coefficient matrices in the
structural VAR obtained by means the two-step procedure
on the particular ordering is problematic.

To avoid the two-step procedure with its attendant order-
ing problem, we developed an alternative approach to fit
structural VARs directly to the data. This direct approach,
described in Gates et al. (2011), consists of rewriting the
structural VAR as a structural equation model (SEM), called
the unified SEM (uSEM), and using standard SEM software
to fit the model to the data. The results of a large-scale
simulation study validating this alternative approach can
be found in Gates and Molenaar (2012). Henceforth, we will
refer to this alternative approach as fitting a uSEM. The
computer program implementing the fit of a uSEM can be
freely obtained at http://CRAN.R-project.org/package=
gimme (Lane et al. 2014)

The availability of an alternative approach that avoids the
problems with the usual two-step approach to fit structural
VAREs is also important because it opens up a possibility to
solve the problem of equivalent VAR representations in GCT.
This problem was described above as involving that the stan-
dard VAR given by Eq. (9) and the structural VAR given by
Eq. (10) are equivalent, but that the results of Granger causal-
ity testing based on either Eq. (9) or (10) can be different (see
Fig. 1 above). For empirical data, the true dynamic model
almost always is unknown. Our new approach to fit a uSEM
directly to the data can, however, be generalized to determine
in a data-driven way what the appropriate representation is.


http://cran.r-project.org/package=gimme
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The Fit of a uSEM To describe the main steps in fitting a
uSEM, the structural VAR(1) is taken as the most elementary
example (see Gates et al. 2011 for a complete description).
Equation (10) reduces for a VAR(1) to y(t) = Egy(t) + Z,y(t
—1) + v(t). To fit this model to the data, the model is expanded
and considered for two consecutive time points t and t+ 1 in
the following way:

y(H) =v'(1) (15)
y(t+ 1) =Zoy(t+ 1) + Zpy(t) + v(t+ 1)

The first equation in Eq. (15) acts as an initial condition,
where v°(t) denotes p-variate pseudo-noise equal to y(t).
The (2p,2p)-dimensional covariance matrix implied by Eq.
(15) is called a block-Toeplitz matrix (Molenaar 1985), the
estimate of which serves as input to the SEM software. To fit
a uSEM, the following steps are carried out:

a. Fit Eq. (15) to the block-Toeplitz input covariance
matrix while fixing all coefficients in E, and =, at
zero. Only the diagonal elements of the (p,p)-dimen-
sional subcovariance matrix of v(t+ 1) are freed up.
Also, free up all non-redundant elements of the (p,p)-
dimensional subcovariance matrix of v°(t). The
goodness-of-fit of this model will in general be bad.
If so, go to step b. If not, stop.

b. Determine the Lagrange multiplier tests of all fixed
parameters in Z, and Z;; each value of this test has
asymptotically a chi-square distributed with one de-
gree of freedom. Select the fixed parameter having
the largest value of the Lagrange multiplier test.

c. If this value is significant, free up this parameter. Refit
the model thus extended and go to b. If not, stop.

Extension of the Fit of a uSEM In the procedure described in
the previous section, the (p,p)-dimensional subcovariance
matrix of v(t+ 1) is not subject to change. It is a diagonal
covariance matrix during all steps of the procedure.
Consequently, the result of the above procedure will be
a uSEM.

However, step b in the above procedure can be extended
in such a way that the data decide whether a structural VAR,
a standard VAR, or a hybrid combination of structural and
standard VAR (hybrid VAR) is the appropriate representa-
tion. To accomplish this, step b is changed as follows:

b’. Perform the Lagrange multiplier tests of all fixed pa-
rameters in Z, =; and the (p,p)-dimensional
subcovariance matrix of v(t+ 1). Each such value has
asymptotically a chi-square distribution with one degree
of freedom. Select the fixed parameter having the largest
value of the Lagrange multiplier test.

It is claimed that with the stepwise procedures a, b’, and c,
the best-fitting representation is obtained, whether it is a stan-
dard VAR, a structural VAR, or a hybrid VAR. The new proce-
dure will be denoted as fitting a hybrid VAR and is depicted in
Fig. 2. If in this extended approach only parameters in =, and
=, happen to be freed up, the best-fitting representation is a
uSEM. If only parameters in Z; and the (p,p)-dimension
subcovariance matrix of v(t+ 1) happen to be freed up, the
best-fitting representation is a standard VAR. If parameters in
Eo, 21 and the (p,p)-dimensional subcovariance matrix of
v(t+ 1) happen to be freed up, the best-fitting representation
is a hybrid VAR.

Application of the Hybrid VAR Fit to Simulated Data We use
the following hybrid VAR(1) to simulate data:

yi(t) = 0.7y (t=1) + 1y (1)
Y2(t) = 0.7y, (1) + 0.7y, (t=1) + 1y (1) (16)
y3(t) = 0.7y;5(t=1) +m3(t)
Ya(t) = 0.7y, (t=1) +m4(1)

where var[n;(t)] = var[n,(t)] = var[n;(t)] = var[na (D] = 1.
Unit variances are used to simplify the application. All
Gaussian white process noise component series are uncor-
related, save for n3(t) and n4(t): cov[ns(t), n4(t)]=0.7.
Consequently, the simulation model is a hybrid VAR(1) in-
cluding a directed contemporaneous relation from y;(t) to
y»(t) as well as a non-zero off-diagonal element of the (4,4)-
dimensional covariance matrix of &(t) representing a con-
temporaneous association between 13(t) and n4(t). Notice
that there are no cross-lagged relations in Eq. (16); hence,
lagged Granger causality is absent.

Application of the hybrid VAR fit procedure to a time
series of length 7=900 simulated using this model yields
the true hybrid model structure, where all estimated pa-
rameters are within 95% confidence intervals about their
true values. For instance, the estimate of the directed con-
temporaneous relation from y(t) to y,(t) (true value 0.7)
is 0.7 with standard error s.e. =0.03. The estimate of the
covariance between 13(t) and 14(t) (true value 0.7) is 0.66
(s.e.=0.04). Figure 3 shows the recovered hybrid VAR
model and the iPDCs showing that the series lack lagged
Granger causality.

The fit of a standard VAR to the same data yields a
goodness-of-fit that is of the same quality as that of a
hybrid VAR, but the set of estimated parameters contains
two spurious elements. All autoregressive parameters are
correctly recovered with values within 95% of the confi-
dence intervals about their true values, but there now also
is a significant cross-lagged relationship according to
which y;(t— 1) influences y,(t) with estimated value 0.5
(s.e.=0.04). This significant cross-lagged relationship in-
correctly implies that y,(t) is a lagged Granger cause of
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series of which the univariate component series are depicted by nodes.
Links are depicted as in Fig. 1. The three models are not equivalent but
show their structural differences. The hybrid VAR can have all possible
configurations of exogenous and endogenous random environmental influ-
ences (process noise). The exogenously generated contemporaneous rela-
tions are manifested by the covariance matrix of the process noise having
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Fig. 3 Estimated hybrid VAR which corresponds to the true model with which the four-variate time series was generated. On the right-hand side are
shown the iPDCs, indicating that there is no lagged Granger causality among the four-component series
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Fig. 4 Standard VAR obtained with the same procedure as developed for fitting uSEMs described in the text. The standard VAR was fitted to the data
generated by a hybrid VAR without lagged Granger causality. The gPDCs on the right-hand side indicate that y,(t) is a lagged Granger cause of y(t)

ya(t). Also, the correct recovery of the covariance between
n3(t) and n4(t) with estimated value 0.66 (s.e.=0.04) is
accompanied by a significant covariance between 15(t)

and m;(t) with estimated value 0.7 (s.e.=0.05). Figure 4
shows the estimated standard VAR and the gPDCs show-
ing that y;(t) is a (spurious) Granger cause of y,(t).
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Fig.5 Structural VAR fitted to the data generated with a hybrid VAR without lagged Granger causality. The iPDCs on the right-hand side show that y,4(t)
is a lagged Granger cause of y;(t)
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Fig. 6 iPDC of the Graanger causal influence of child on therapist
(continuous line) and of therapist on child (broken line). Abcis is k
index in frequency wy in Eq. (14)

To close with, the fit of a structural VAR (uSEM) to the
same data again yields a goodness-of-fit that is of the same
quality as that of a hybrid VAR, yet the set of estimated pa-
rameters contains two spurious elements. All autoregressive
parameters as well as the directed contemporaneous relation
from y(t) to y,(t) are correctly retrieved with their estimated
values within 95% confidence interval about the true values.
In addition, a contemporaneous directed relation from y,(t) to
y5(t) with estimated value 0.69 (s.e. =0.02) is also estimated.
It is clear that this contemporaneous directed relation captures
the contemporaneous covariance between 15(t) and n4(t) in
the simulation model. However, a significant directed lagged
cross-relation from y4(t— 1) to ys(t) with estimated value —
0.48 (s.e. =0.03) also is freed up. The latter spurious directed
lagged relation implies that y,4(t) is a lagged Granger cause of
y3(t). The estimated structural VAR is shown in Fig. 5; the
iPDCs show that y,(t) is a (spurious) Granger cause of y;(t).

It is noted that the illustration is limited in important ways
(one replication, one simulation model, etc.). What is needed
is a large-scale simulation study in order to thoroughly inves-
tigate its statistical properties. This will be carried out in the
near future. The results of a successful validation of the fit of
uSEMs using the sequential procedure based on modification
indices with large-scale simulated data are reported in Gates
and Molenaar (2012).

Empirical Application In Liu and Molenaar (2016), an appli-
cation of Granger causality testing based on fitting standard
VARSs to a bivariate time series of electro-dermal activity
(EDA) is reported.” The two component series are EDA of a
child with sensory processing disorder and the EDA of his
therapist during interaction in occupational therapy. Figure 6
depicts the iPDCs thus obtained: it clearly shows the Granger
causal influence of the child’s EDA on the therapist EDA but
not vice versa. This result corroborates the result reported in
Liu and Molenaar (2016).

2 Thanks are due to Dr. Matthew Goodwin, Northeastern University, for
allowing to use this data.
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Conclusion

With the advent of ambulatory and ecological momentary
assessment methods, intensive longitudinal data become in-
creasingly available in prevention science. The multivariate
time series data thus obtained can be subjected to GCT in
order to determine important causal relations among the
univariate component series. These causal relations can be
exploited when considering interventions. It was explained
that the VAR models in which GCT is based come in at least
two equivalent variants which each can lead to different
conclusions about causal relations. A new data-driven ap-
proach based on a hybrid VAR was described with which it
can be determined which version should be selected to val-
idly base GCT on.

In closing, it is remarked that to conclude that Granger
causality is the case in the way as presented in this paper
requires that all potential causes are part of the data to which
the test is applied. This rules out consideration of subsets of
variables to carry out GCT. GCT is comparable in this re-
spect to functional approaches to causality testing like
Pearl’s (2000) approach (for an interesting comparison be-
tween GCT and Pearl’s approach, the reader is referred to
White et al. 2013).
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