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A B S T R A C T

In this work the frequency distribution around a vessel inside a cubic voxel is investigated. Therefore, the
frequency distribution is calculated in dependence on the orientation of the voxel according to the external
magnetic field. The frequency distribution exhibits an interesting peak structure that cannot be explained by the
established Krogh's vessel model. The results were validated with phantom measurements and in vivo mea-
surements that agree very well with the developed theory.

1. Introduction

In MRI, biological tissue is usually characterized by relaxation
times. Especially the gradient echo relaxation time T*2 is closely con-
nected with the offresonance frequency distribution of a magnetic in-
homogeneity inside a voxel and, thus, contains information of the tissue
structure [1]. The gradient echo relaxation time T*2 consists of two
components: an irreversible spin-spin interaction and a part associated
with the static field inhomogeneities. The latter part is the subject of
this work. To understand its contribution, one should recall the Larmor
relation ω(r)= γB(r), where B(r) is the local magnetic field, γ is the
gyromagnetic ratio and ω(r) is the local resonance frequency of the
nuclear spins. If the magnetic field is spatial dependent, the local
Larmor frequency is as well. Such position dependent fields are called
field inhomogeneities and can be caused by boundaries between tissues
of different susceptibility. Often the structures which cause these field
inhomogeneities are below the resolution of modern MR scanners and,
thus, direct observation of the structure itself is not possible. Only the
signal averaged over the voxel can be measured in a MR experiment.
For this reason, a detailed understanding of the signal formation inside
a voxel is imperative to obtain information about the structure of the
tissue. A prominent example for such a case is the BOLD effect where
the susceptibility difference between deoxygenated blood and sur-
rounding tissue generates a local magnetic field B(r) [2-4] which leads

to enhanced dephasing around the vessel. This enhanced dephasing
results in a shorter T2 relaxation time which therefore contains in-
formation about the blood oxygenation [5]. However, the character-
ization of the signal time evolution by simple exponentials using re-
laxation times is sometimes only a crude approximation of the
experimentally measured signal behaviour. Especially for short echo
times this exponential approximation does not describe the signal be-
haviour sufficiently since a Gaussian signal decay S(t)/S(0) ≈
1− γ2⟨B2(r)⟩t2/2 holds in this case [6,7]. A better description of the
real signal time behaviour can be given in the terms of the offresonance
frequency distribution. If diffusion around the field inhomogeneity as
well as intrinsic T2-relaxation can be neglected, this offresonance fre-
quency distribution corresponds to the Fourier transformation of the
time evolution of the magnetization. For more sophisticated sequences
as for example SSFP or TrueFISP the signal depends on the distribution
of the offresonant spins in a complex manner [8-11]. It was shown that
the offresonance frequency distribution around field inhomogeneities
can take complicated forms deviating significantly from a Lorentzian or
Gaussian shape [12-14]. Thus, the time evolution of the magnetization
also deviated significantly from a single exponential decay. For this
reason it is necessary to describe the offresonance distribution and
therefore the signal evolution properly to obtain correct information
about tissue properties from the data measured in an experiment. While
the dependence of the frequency distribution on the shape of the
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magnetic inhomogeneity and shape of the voxel [2,3,15] as well as the
influence of diffusion [16-18] has been studied extensively, the voxel
orientation in reference to the external magnetic field has not been
studied yet.

In this work, the dependence of the frequency distribution on the
voxel orientation in the case of cubic voxels is investigated and the
influence on theT2 relaxation time is demonstrated. For this purpose, an
analytic expression of the frequency distribution of a straight vessel in a
cubic voxel is derived and compared with numerical simulations and
analytical results in the case of a coaxial cylindrical voxel. The obtained
frequency distributions p(ω) are compared with phantom measure-
ments for different voxel orientations. The results can be used to de-
termine blood oxygenation levels from in vivo measurements of large
veins as experimentally shown in [3] and [19].

2. Methods

In this section, we outline the calculation of the frequency dis-
tribution as well as the calculation of the magnetization. The magnetic
field around a vessel is given by

=B B R
r

r( )
2

sin ( ) cos(2 ) ,0
2 2

2 (1)

where Δχ is the susceptibility difference between the vessel and the
surrounding tissue, B0 is the external magnetic field, R is the radius of
the vessel, θ is the angle between the vessel axis and the external
magnetic field, ϕ is the angle in polar coordinates in a cross section
perpendicular to the cylinder axis and r is the distance from the center
of the vessel in the same cross section (cf. Fig. 1). Using the Larmor
relation it is possible to write Eq. (1) in the form
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r
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The position vector in the dephasing volume is given in polar co-
ordinates: r=(r,ϕ). Assuming a homogeneously magnetized vessel, the

strength δω of the dipole field can be obtained as
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2

sin ( ) .0
2

(3)

The dipole field strength δω is the characteristic equatorial frequency
shift δω=ω(r= R,ϕ=0). The signal evolution S(t) for negligible dif-
fusion and constant spin density is given as
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The magnetization M(t) excludes the intrinsic T2-relaxation mechanism
and is normalized to M(0)= 1. The frequency distribution p(ω) is de-
fined as Fourier transform of the magnetization M(t):

=p tM t( ) 1
2

d ( )e .ti

(5)

Thus, the frequency distribution p(ω) is given as

=p
V
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V

2

(6)

where V is the volume containing all spins contributing to the signal
and δ is the Dirac generalized function. The volume V is determined by
the space between the vessel and the voxel boundary and will be re-
ferred as dephasing volume, see Fig. 1. Thus, the frequency distribution
can be found as histogram over the local Larmor frequency in the
measured volume. Under the assumption of a monoexponential decay
of the transverse magnetization M(t), the transverse relaxation time T2
can be calculated with a mean relaxation time approach [20]:

=T tM td ( ) .2
0 (7)

For symmetric frequency distributions p(−ω)= p(+ω) that, indeed, is
fulfilled for centered vessels as shown later, the transverse relaxation
time can be expressed in terms of the frequency distribution (see Eq.
(19) in [21]):

= =T p ( 0) .2 (8)

2.1. Cylindrical voxel boundaries

In 1919, Krogh developed a model, where a cylindrical vessel with
radius R is surrounded by a concentric cylindrical voxel with radius RD,
to describe oxygen supply of the tissue [22]. This model has been
adapted to the analysis of dephasing in MRI and is in detail studied in
the literature [1,23-25]. The volume, where dephasing of spins takes
place, is gives as =V R R[ ]D

2 2 , see Fig. 1. The outer radius RD is
chosen in a way, that the regional blood volume (RBV= η) remains
constant:

= R
R
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2
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The frequency distribution in Krogh's vessel model can be found as [26]
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The frequency distribution exhibits two prominent peaks at ω=−ηδω
and ω=+ηδω. Furthermore, it is symmetric pcyl(+ω)= pcyl(−ω).
Applying Eq. (8), the relaxation time T2 can be obtained as

Fig. 1. Cylindrical voxel model vs. cubic voxel model. In the cylindrical voxel
model, the vessel with radius R shown in red is surrounded by a concentric
cylinder shown in blue. In the cubic voxel model, a quadratic voxel with side
length a surrounds the vessel. The results in this model depend on the angle α
between magnetic field and voxel orientation. (For interpretation of the refer-
ences to color in this figure legend, the reader is referred to the web version of
this article.)
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2.2. Phantom experiments

A phantom experiment was performed to validate the theoretical
results. The phantom was CAD designed (Inventor, Autodesk, USA) and
manufactured using FDM (fused deposition modeling) 3D printing
method (Raise N2, USA). The phantom consists of a cylinder with an
inner cuboid cavity with an axial length of 140mm and an in plane side
length of 19.4mm. Two holes where placed 40mm above the bottom of
the cylinder perpendicular to two opposite sides of the cavity and
perpendicular to the axis of the outer cylinder. Through these holes an
air filled hollow glass capillary (305-PS-7, Wilmad-LabGlass, Vineland,
NJ, USA) with an outer diameter of 2Ro=3mm and an inner diameter
of 2Ri=2.4mm was guided and the bore sealed waterproof. An image
of the phantom is shown in Fig. 2 (a). The printing parameter (slice
thickness: 100 μm, fill factor: 100%, printing speed: 3600mm/min,
temperature: 225 °C, bed temperature: 40 °C) were optimized to gen-
erate a waterproof phantom using PLA material (polylactic acid, Poly-
maker Polymax PLA [gray], USA). Experiments were conducted on a
7 T horizontal bore small animal scanner (Bruker Biospin, Ettlingen,
Germany). The printed phantom was filled with tap water, sealed and
carefully placed in the center of the scanner. The cylinder axis was
aligned with the external magnetic field and the magnetic field was
carefully shimmed to minimize inhomogeneities not associated with the
capillary. To calculate field maps 2D FLASH images were acquired in a
plane perpendicular to the capillary (TE=5.8/6.8ms, TR=100ms,
FA=30°, MTX=1024×512, in plane resolution: 50 μm×50 μm,
bandwidth 150 Hz per pixel, slice thickness 3mm, NA=64). The phase
of the images at the two echo times was subtracted pixelwise and di-
vided by the echo time difference to create a Larmor frequency map.
Phase unwrapping was performed based on an algorithm presented in

[27]. The phase map is shown in Fig. 2 (b).
Virtual voxels were carefully placed around the center of the vessel

with an angle α towards the direction of the main magnetic field as
schematically visualized in Fig. 1 and shown in Fig. 2 for the phantom
measurements. The Larmor frequency map was used to calculate the
frequency distributions as histogram over the virtual voxels for dif-
ferent angles α.

To investigate the influence of the voxel orientation, a single voxel
spectroscopy was performed. In this work a semiLASER sequence was
used [28]. This sequence is similar to the PRESS sequence [29], but uses
pairs of adiabatic refocussing pulses to achieve superior spatial locali-
zation. Sequence parameters were TR=2500ms, TE= 30ms, band-
width ≈4 kHz, spectral resolution ≈2Hz. The voxel side length in
plane was a=6.8mm and slice thickness was 3mm. The voxel was
centered around the capillary and orientation angle α was varied be-
tween 0° and 45° in steps of 5°. The free induction decay was acquired
for 512ms and Fourier transformed to yield the frequency distribution.

3. Results

In this section, the frequency distribution for a cubic voxel is ana-
lytically analyzed for arbitrary voxel orientation α and compared with
phantom measurements as well as in vivo measurements. Due to the
symmetry of the cubic voxel, the voxel orientation is restricted to the
regime 0°≤ α ≤ 45° throughout this work.

3.1. Cubic voxel boundaries

Usually in MR experiments the free induction decay is analyzed in a
cubic voxel with side length a. Thus, the according line shape of the
frequency distribution pcub(α,ω) changes significantly compared to
Krogh's model [30]. In this model the regional blood volume RBV= η is
given as

= R
a

.
2

2 (12)

In the following it will be assumed that the volume fraction fulfils the
relation η< π/4 ≈ 0.785. This guarantees that the vessel always fits
inside the quadratic voxel. For volume fractions above this critical
value it is not possible that the vessel lies entirely within the cubic
voxel. As detailed in Appendix A, we provide the first analytic expres-
sion for the frequency distribution pcub(α,ω) in a voxel:
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The angles ϕk (k=0,1,2,3) depend on the voxel orientation α and the
parameter |ω|/[ηδω]. They are ordered ϕ0< ϕ1< ϕ2< ϕ3 and ob-
tained as zeros of the function g(ϕk)= 0:

= ×
< <

< +
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The function g exhibits 0, 2 or 4 zeros in dependence on the parameters

Fig. 2. (a) Phantom and (b) corresponding Larmor frequency map. The outer
cylinder has a diameter of 34mm with a quadratic cavity with edge length of
20mm. The vessel has an outer diameter of 3mm and an inner cavity of
2.4mm. The black square in (b) shows a virtual voxel with side length
a=6.8mm for an arbitrary angle α between voxel orientation and main
magnetic field. The volume fraction was chosen as η=0.15.
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| |/[ ] and α. Details of the derivation of the frequency distribution
are provided in Appendix A.

The frequency distribution is shown in Fig. 3 in the dependence on
the angle α that ranges from 0 ≤ α< π/4 due to the symmetry of the
cubic voxel. The relaxation rate T2 as defined in Eq. (8) can be obtained
as

=
+

T
1

1
2 2 [1 sin(2 )]

1 .2cub

2

(15)

The dependence ofT2 on the volume fraction η and the angle α is shown
in Fig. 4. The strong dependence of T2 on the orientation of the voxel is
obvious. Ignoring this fact leads to a strong bias in the quantification of
the dipole field strength for measured T2-values.

With the help of this result it is possible to find the angle α for which
theT2 relaxation time in the case of a cubic voxel given in Eq. (15) is the
same as in the case of a cylindrical voxel given in Eq. (11). After some
algebra it is easy to see that this angle is independent of the volume
fraction η and given by

4
arccos

2
17. 4 .

(16)

For this angle, the frequency distributions are compared in Fig. 5 (b).
One clearly sees that at ω=0 both frequency distributions exhibits the
same value.

For = 3arccos( /4 )/2 34. 03 , the outer peaks of the frequency
distribution for a cubic voxel coincide with the peaks of the frequency

distribution in Krogh's vessel model, see Fig. 5c. Thus, the frequency
distribution for the cubic voxel coincides with the frequency distribu-
tion of the cylindrical voxel for |ω|> 4ηδωcos3(2α/3)/π for

< 3arccos( /4 )/23 . For 3arccos( /4 )/23 , both frequency dis-
tributions coincide for |ω|> ηδω. The frequency distribution and the
corresponding voxel geometry are compared in Fig. 5 with the cylind-
rical voxel model for α=0°, α=17.4°, α=34.0° and α=45°. Since
the volume fraction η is usually very low, it is convenient to analyze the
limit η → 0. Thus, the relaxation time T2 can be found as

+
+

T 1
8

1
[1 sin(2 )]

.2cub
2

2 (17)

Comparing Eq. (17) with Eq. (11) in the limit of small volume fractions
η one can see that the ratio of the relaxation times of the cylindrical and
cubic voxel T T/2,cyl 2,cub is only determined by the angle α:

= +
T
T

4 [1 sin(2 )] .2,cyl

2,cub
2

2

(18)

For the two limiting cases of α=0 and α= π/4 this ratio is 4/
π2= 0.405285 and 16/π2= 1.62114, respectively.

As shown in Fig. 3, the frequency distribution pcub(α,ω) exhibits
three peaks for α=0, two peaks for α= π/4 and four peaks elsewhere.
A detailed analysis of Eq. (13) allows finding the peak positions ωp:

= ± 4 cos 2
3p

1,2 3
(19)

Fig. 3. Frequency distribution pcub(α,ω) in dependence on the angle α obtained
from Eq. (13) for η=0.2. For an alignment of magnetic field B0 and voxel
orientation, α=0°, three peaks occur in the frequency distribution. With in-
creasing angle α, four peaks exist, while in the limiting regime α=45°, only
two peaks occur. The peak positions are analyzed in Eq. (19) for the symmetric
outer peaks and in Eq. (20) for the symmetric inner peaks. The peak height of
the outer peaks given in Eq. (21) increases with increasing angles α, whereas
the peak height of the inner peaks decreases.

(a)

(b)

Fig. 4. (a) T1/ 2cub and (b) T1/ 2cyl in dependence on the volume fraction η and the
angle α. For small volume fractions η ≪ 1, the ratio between both relaxation
times only depends on the angle α, see Eq. (18).
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Fig. 5. Comparison of voxel geometry and frequency distribution between cylindrical voxel model (blue lines obtained from Eq. (10)) and cubic voxel model (red
lines obtained from Eq. (13)) for (a) α=0°, (b) α=17.4°, (c) α=34.0° and (d) α=45°. Areas in light blue mark positions that only contribute in the cylindrical
model, while areas in light red mark positions that only contribute in the cubic voxel model. The dotted lines in the left half of the figure indicates the positions where
the local Larmor frequency is ω=0. The length of these lines inside the voxels is relevant for calculation of the T2 relaxation time in the mean relaxation time
approach, see Eq. (7). Thus, T2 is increased in the cubic model for α=0°, equal for α=17.4° and smaller for α=34.0° and α=45° compared to the cylindrical
model. The peak position is shown in Fig. 6. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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The peak positions in dependence on the angle α are shown in Fig. 6.
The frequency distribution at the outer peaks takes the value

=
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Obviously, the outer peaks increase with increasing angle α as shown in
Fig. 3. The width ⟨ω2⟩ of the frequency distribution as defined in Eq.
(44) in Appendix A can be obtained as

= +
1

1
2

2 1 2 1
3

cos(4 ) .2 2
(22)

3.2. Phantom experiments

For a validation of the theoretical findings, phantom measurements
were performed as described above. The dipole field strength δω was
obtained from the phase shift at the boundary of the vessel between the
two echo times resulting in a dipole field strength of δω ≈ 5500 s−1.
This value is close to the expected value assuming a susceptibility dif-
ference between air and water of 8–9 ppm [6,31] and the gyromagnetic
ratio γ=2π×42.6 MHz T−1 [32]. The dipole field strength decreases
with the inverse quadratic distance and, thus, the ratio between inner
(Ri=1.2mm) and outer radius (Ro=1.5mm) of the vessel needs to be
accounted. Finally, one obtains the expected dipole field strength as

= B R
R2

5300 s .i

o
0

2

2
1

(23)

The frequency distribution pcub(α,ω) was obtained from virtual
voxels that were selected from the field map. Moreover, a semiLASER
sequence was used to obtain spectroscopic measurements. A compar-
ison between measured and theoretical frequency distributions is
shown in Fig. 7 for different angles α and a blood volume fraction of
η=0.15. The theoretical frequency distribution was calculated as-
suming δω=5500 s−1. Theoretical and experimental frequency dis-
tributions agree very well. The peak structure of the frequency dis-
tribution based on virtual voxels is close to the expected peak structure
with three peaks for α=0°, two peaks for α=45° and four peaks

elsewhere. The relaxation time T2 is obtained from the semiLASER
measurement in dependence on the angle α according to Eq. (7). The
results are shown in Fig. 8 and show very well the functional depen-
dence that is theoretical predicted by Eq. (15). However, since the
measured frequency distribution is smeared out compared to the the-
oretical frequency distribution, a shorterT2-relaxation time is measured
than expected and, thus, the obtained dipole field strength δω ≈ 6800
s−1 is slightly overestimated as shown in Fig. 8. This may be avoided by
using the peak distance for α=45° that is given by Eq. (19):

=
3 3

6000 s ,p p
2 1

1
(24)

where the measured peak distance from Fig. 7 (d) was used.

3.3. In vivo application

The developed theory can be applied to analyze the blood oxyge-
nation of single vessels, e.g. veins in the brain as demonstrated by
Sedlacik et al. [3,19]. There, the V. centralis, which is parallel to the
magnetic field (θ=0°), and the V. thalamostriata, which is perpendi-
cular to the main magnetic field (θ=90°) were analyzed and mea-
surements were compared with numerical simulations of the frequency
distribution and corresponding free induction decay. However, those
works were restricted to the case of α=0°. To compare the theoretical
free induction decay with measurements, one needs to account for the
MR signal contribution of the blood-filled vessel as well as the intrinsic
T2-effects. The contribution of the blood-filled vessels oscillates with
the frequency − δω[cos2(θ)− 1/3] as discussed e.g. in [19] and [33].
Finally, the signal reads

= +S t
S

M t( ) [1 ] (0, )e e e ,
t

T
t

T t

0

i cos ( ) 1
32,tis 2,blo

2

(25)

where the magnetization M(0,t) with α=0° is given in Eq. (48) in
Appendix A and T2,tis and T2,blo are the intrinsic relaxation times for
tissue and blood, respectively. The size of the measured veins was ap-
proximatively R ≈ 0.6–1.4mm and the voxel size was a=3mm, re-
sulting in a blood volume fraction in the range of η=0.1–0.7, see
Table 1 in [19]. The dipole field strength δω as defined in Eq. (3) de-
pends on the susceptibility difference Δχ between blood and tissue:

= YHct[1 ] ,do (26)

where χdo=3.39 ppm is the susceptibility difference between oxyge-
nated and deoxygenated blood that agrees with the susceptibility dif-
ference between deoxygenated blood and surrounding tissue [34], Hct
is blood's hematocrit and the blood oxygenation level is denoted as Y.

We compare the theoretical signal with experimental results from
the thalamostriate vein obtained by Sedlacik et al. [3]. Therefore, we
used the relaxation times T2,tis = 86ms and T2,blo= 61ms, a volume
fraction of η=0.25 and a dipole field strength of δω=88.1 s−1 as
suggested in [3]. The comparison is shown in Fig. 9. The results agree
very well, thus, indicating that the developed theory is applicable for
measuring oxygenation levels in large veins.

4. Discussion and Conclusion

In this work the strong dependence of the offresonance frequency
distribution pcub(α,ω) on the voxel orientation α in an external magnetic
field is demonstrated. This leads to a strong variation of the T2,cub re-
laxation time and has to be considered if T2 is used for quantification.
Exploiting the symmetry of the frequency distribution the T2 relaxation
time in the case of a cubic voxel is determined in the sense of a mean
relaxation time approximation (see Eq. (7)). This provides the possi-
bility to quantify the influence of orientation and compare it with the
other parameters. A simple expression for the T2 relaxation time is
obtained which shows how to scale the parameters without changing

Fig. 6. Position ωp of the peaks in the frequency distribution in dependence on
the angle α. The peak positions are given in Eqs. (19) and (20). In the limits
α=0, three peaks occur at positions = ± 4 /p

1,2 and = 0p
3 , while two

peaks occur in opposite limit α= π/4 at positions = ± 3 3 /[2 ]p
1,2 . For

different angles α, the frequency distribution exhibits four peaks.
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the T2. Furthermore, it has been demonstrated that T2 depends on the
angle and differs from the case of a cylindrical voxel with the same
volume fraction η even in the case of low regional blood volume frac-
tion η ≪ 1. An interesting fact is that the T2 relaxation times for a cubic
and a cylindrical voxel with the same volume fraction coincide for the
angle α=17.4092° independently from the value of the volume frac-
tion η and the characteristic equatorial frequency shift δω. This de-
monstrates that this relation is completely determined by the shape of
the voxels and not by their size or the strength of the magnetic in-
homogeneity.

It is important to note that there is a close connection between theT2
relaxation time and the frequency distribution. It is clear that the
complete frequency distribution contains more detailed information on

the geometry than its value for ω=0. This is comparable to the fact
that the complete time evolution of the magnetization provides more
information than the simple T2 relaxation time constant. Thus, it is
advantageous to have the full frequency distribution at hand. We first
provided an analytic expression for the frequency distribution pcub(α,ω)
in dependence on the angle α and the blood volume fraction η. The
analytical expression of the frequency distribution shows a near-perfect
agreement with numerical simulations of the same geometrical model
for the whole range of the parameters η, α and δω (not shown in the
manuscript). For instance, Fig. 2(b) in [3] agrees with the red line in
Fig. 5 (a).

Another reason why the frequency distribution is more useful than
the T2 relaxation time constant is due to the fact that the offresonance
frequency distribution around a vessel exhibits either two, three or four
peaks (see Figs. 3 and 6) and, thus, a strong non-Lorentzian behaviour.
However, a Lorentzian-like shape is necessary to characterize the signal

a) b)

c) d)

Fig. 7. Comparison of measured and theoretical
frequency distributions pcub(α,ω) in dependence
on the angle α. The black lines show theoretical
expectations given in Eq. (13) for δω=5500
s−1. The blue line was obtained from virtual
voxels selected in the field map of the phantom.
The red line shows measurements with a semi-
LASER sequence. The regional blood volume
fraction was η=0.15. Experimental and theo-
retical line shapes according to Eq. (13) agree
very well to each other and the expected peak
structure described by Eqs. (19) and (20) is ob-
served in the experiment. (For interpretation of
the references to color in this figure legend, the
reader is referred to the web version of this ar-
ticle.)

Fig. 8. Angular dependence of the relaxation time T2 for theoretical and mea-
sured free induction decay obtained from a semiLASER sequence. The mea-
surements validate very well the functional dependence of the relaxation time
T2. Since the measured frequency distribution in Fig. 7 is typically smaller for
ω=0 than the theoretical value, the relaxation times are underestimated in the
experiments, see Eq. (8). According to Eq. (15), the fitted dipole field strength
δω=6800 s−1 is therefore larger as expected.

Fig. 9. Comparison between theoretical free induction decay obtained from Eq.
(25) and measurements obtained from Sedlacik et al. [3] for V. thalamostriata
with θ=90° and α=0°.
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evolution sufficiently with the help of a single relaxation time. In this
situation, the frequency distribution provides a way to obtain more
meaningful results from the measurements.

Compared to the previous literature, this work provides the first
analytical expressions for the frequency distribution and the free in-
duction decay for this geometry, whereas previous publications are
based on numerical simulations or circular geometries [3,19]. Numer-
ical simulations of the free induction decay around a single vein are
described in detail in [30]. Moreover, all previous publications ne-
glected the angle α between magnetic field and voxel orientation and
focussed on the angle θ between magnetic field and direction of the
vessel. However, as shown in this work, the frequency distribution
highly depends on this angle α.

The frequency distribution was obtained under the assumption of
negligible intrinsic T2 decay and negligible diffusion. For realistic
measurements, however, the intrinsic relaxation may not be negligible
and, thus, the frequency distribution will be convolved with a
Lorentzian line shape of width T2. Diffusion effects can be accounted by
the strong collision approximation that connects the frequency dis-
tribution for arbitrary diffusion effects with the frequency distribution
in the static dephasing regime, where diffusion effects are neglected
[14,35].

The frequency distribution depends on the position of the voxel, e.g.
non-centered vessels would lead to changes in the frequency distribu-
tion. In general, the frequency distribution becomes asymmetric and,
thus, the free induction decay does not necessarily remain real. Since
the Larmor frequency is proportional to the inverse quadratic distance
ω(r,ϕ) ∝ r−2, non-centered vessels change only the center of the fre-
quency distribution, where small frequencies are located. While in
principle the mathematical analysis presented in this work can also be
performed with arbitrary shifted voxels, the obtained mathematical
expression of the frequency distribution is equally complicated as its
numerical implementation. Thus, we analyzed the frequency distribu-
tion for α=0° for position shifts of the vessels in the y-direction, see
Appendix B. As shown in Fig. 11, the frequency distribution is only
slightly changed, if the displacement ϵ is small compared to the radius
of the vessel (ϵ< R/2) and the peak structure mainly remains un-
affected. For larger displacements, however, strong differences in the
frequency distribution occur.

Seppenwoolde et al. analyzed the frequency distribution around a
sphere in a cubic voxel based on numerical histogram techniques [36].
The three-dimensional dipole field around a sphere has different
mathematical properties than the two-dimensional field around a
vessel. However, a similar calculation as presented in this work might
lead to an analytic expression for the frequency distribution around a
sphere as well.

The determined frequency distributions from phantom measure-
ments agree very well with theoretical results. Sources of possible un-
certainties arises from non-perfect shimming of the field of view, since
long-range magnetic field inhomogeneities should be correctly
shimmed but the small-range magnetic field inhomogeneity from the
vessel should not be disturbed. As the field map given in Fig. 2 (b)
show, however, the frequency distribution is not significantly affected
by these deviations.

The obtained frequency distributions and corresponding free in-
duction decays can be used to quantify blood oxygenation levels by
measuring the signal evolution around large veins as e.g. performed in
[3] and [19]. A comparison between measured free induction decay
and expected theoretical results shows good agreements (see Fig. 9).
For experimental measurements, the intrinsic T2-relaxation time as well

as the signal contribution of blood-filled vessels cannot be neglected
and the signal is given by Eq. (25). The intrinsic T2-effects lead to a
convolution of the derived frequency distribution with a Lorentzian line
shape, whose width is determined by the T2-relaxation time. The re-
laxation timeT2 agrees very well with theoretical expectation, however,
the obtained dipole field strength δω is slightly overestimated since the
measured frequency distribution is smeared out compared to the the-
oretical frequency distribution. Thus, in future works, it may be helpful
to perform measurements with angle α=45° and calculate the dipole
field strength by measuring the peak distance as given in Eq. (24), since
the distance between the peaks is maximized at this value (see Eq. (19)
and Fig. 6) and the peaks are clearly separated (see Eq. (21) and Fig. 5).
The contribution of the blood-filled vessels leads to an additional Lor-
entzian peak in the frequency distribution, whose width is determined
by the T2-relaxation time of the blood. The peak is located around
ω=−[cos2(θ)− 1/3]δω.

The quality of the obtained frequency distributions depends on the
spatial localization of the measured voxel and, thus, it is advantageous
to use a semiLASER sequence. For other MR imaging sequences, like
multi-echo gradient echo sequences, k-space data usually are acquired
and a discrete Fourier transform leads to the MR image. Thus, the
magnetization Mi(t) in voxel with index i is in general not a super-
position over the local magnetization inside the voxel i as given in Eq.
(4), but given as convolution between local magnetization m(r,t) and
point spread function PSF(r):

=M t m tr r r r( ) d ( , )PSF( ) ,i i
2

2 (27)

where ri is the position vector to the center of the voxel with index i. For
classical Cartesian sampling of the k-space, the point spread function is
given as = ( ) ( ) ( )rPSF( ) sin c sin c sin cx

a
y
a

z
a . This problem can be met

e.g. by using a Hanning filter [32]. For a robust application of the de-
veloped method, it is useful to connect this magnitude-based approach
with phase-based approaches [37]. Hereby, the theoretical results for
the magnitude might be used as regularization constraint for quanti-
tative susceptibility maps [38].

In this work, only a single macroscopic vessel has been analyzed.
The analysis of a large number of microscopic capillaries is more
cumbersome [1,39]. A voxel with several vessels for different ar-
rangements has numerically been examined in [18].

Finally, we analyzed the frequency distribution around a single
vessel in a cubic voxel for arbitrary angles α between voxel orientation
and magnetic field. The peak structure of the frequency distribution
characteristically depends on the angle α: for α=0°, three peaks exist,
for α=45° two peaks occur, for other angles α four peaks exist. These
results were validated with phantom measurements. The implementa-
tion of the analytic solution is much faster and more precise than nu-
merical simulations and, thus, the results are relevant for the quanti-
tative analysis of macroscopic vessels.
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Appendix A. Derivation of the frequency distribution pcub(α,ω)

As shown in Eq. (4) the free induction decay is a superposition of the local magnetization m(r,t) over the dephasing volume V. Thus, the frequency
distribution can be separated in two parts:
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=p p p( , ) ( , ) ( )V Vcub ~
0 (28)

=
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V V0

i
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2 2

0 (29)

where =V a~ 2 is the total voxel inclusive the volume of the cylinder and V 0= πR2 is the volume of the cylinder, i.e. = =V V V a R~
0

2 2 (red
circle in Fig. 1). The contribution p ( )V0 of the cylinder can easily be evaluated in polar coordinates using Eq. (4) and the Fourier transform defined
in Eq. (5):
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The contribution from the volume V~ is calculated with Eq. (6). We consider ω>0. The frequency distribution can then be obtained from the
symmetry relation pcub(α,+ω)= pcub(α,−ω). In general, the outer contribution to the frequency distribution reads

= +
+

=

p
V

rr rr R
r

( , ) 4 d d d d cos(2 ) .V

a a

q r

~

4

4

0

2 sin( )

4

4

0

2 cos( )
2

2

( ) (34)

To evaluate the Dirac distribution, it is advantageous to define the argument of the Dirac distribution as the function q(r)=ω− δωR2 cos2(ϕ)/r2.
This function exhibits only one single zero

=r R cos(2 ) ,0 (35)

and, therefore, the Dirac distribution can be written as

=q r r r
q r

( ( )) ( )
| ( )|

,0

0 (36)

where q(r0)= 0. We use Eq. (36) to evaluate the radial integral in Eq. (34). Since the radius r is a real quantity, we can focus on − π/4 ≤ ϕ ≤+π/4:

= +
+

p
V

r r r R r
R

( , ) 4 d d d d cos(2 )
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.V
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4

4
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The delta distribution does only contribute, if its argument is inside the integral boundaries. Thus, we get the conditions

< a
R

sin ( )cos(2 )
4

2
2

2 (38)

< a
R

cos ( )cos(2 )
4

,2
2

2 (39)

for the first and second integral, respectively. Finally, one can rewrite the outer frequency distribution:

=p f( , ) 1
1

( , ) ,V~ 2 (40)

with

= +
+

f ( , ) d cos(2 )
4

| | sin ( )cos(2 ) d cos(2 )
4

| | cos ( )cos(2 ) .
4

4
2

4

4
2

(41)

The Heaviside-function is denoted as Θ. For < <( )cos | |4 3 2
3

4 one finds that f(α,ω)= 1. Finally, we arrive at

L.R. Buschle et al. Magnetic Resonance Imaging 57 (2019) 259–270

267



= ×
<

+ <

p

f

( , )
1

0 for | |

1 for 4 cos 2
3

| |

1 ( , ) 1 for | | 4 cos 2
3

.

cub 2

2

2
3

2

2
3

(42)

In general, the integral in the f(α,ω)-function can be evaluated by finding the zeros of the argument of the Heaviside-function. Thus, the argument of
the Heaviside-function is defined as g(ϕ) and Eq. (14). Finally, one obtains the frequency distribution as given Eq. (13) that depend on the zeros ϕk.
The zeros ϕk can e.g. be obtained in MATHEMATICA® (WolframResearch, Inc., Champaign, IL, USA) as

In the case of α=0, the frequency distribution pcub(0,ω) can be obtained as

=

<

< <
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1
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1 1
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(43)

where we used the relation =x x xsin(2arccos( )) 2 1 2 . The width ⟨ω2⟩ of the frequency distribution is defined as

= pd ( ) .2 2

(44)

Inserting Eq. (13) into Eq. (44), one might arrive at
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The last integral can be found as
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Finally, one finds Eq. (22). The magnetization M(α,t) can be found by a Fourier transform of the frequency distribution. One eventually arrives at
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where we used the identity of the incomplete Gamma function for purely imaginary arguments = +x x xIm( (0, i )) Si( ) sign( ) 2 given in [40] with
the sine integral Si. In the case of α=0, the magnetization can be rewritten as

= +
+

+
+ +
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Appendix B. Non-centered vessels

So far, vessels are placed in the center of the voxel. However, the frequency distribution changes for non-centered vessels. In principle, the
methods presented in Appendix A allow calculating the frequency distribution for arbitrary vessel position and arbitrary angle α. However, the
expressions and their numerical implementation become complicated and, thus, we fix the angle α=0° and focus on vessel displacements ϵ in y-
direction, see Fig. 10.

Fig. 10. Schematic illustration of a non-centered vessel. The case of α=0° and displacement ϵ along the y-direction is considered. Therefore, the contribution to the
frequency distribution is divided into three different parts p1, p2 and p3.

In close analogy to Appendix A, the frequency distribution is a sum over distinct contributions as shown in Fig. 10. The contribution of the inner
cylinder pV0 is given in Eq. (33). The frequency distribution is finally obtained as

= + +p p p p p( ) ( ) ( ) ( ) ( ) .V1 2 3 0 (49)

Each contribution can be calculated in analogy to Appendix A. Thus, finally the frequency distribution can be obtained as

= +p f( )
1

1 1 ( ) ,2

2

2 (50)

where fϵ(ω) is given as
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The first three integrals describe the function for positive frequencies ω, the last two integrals for negative frequencies. The angles ϕ1 and ϕ2 are
measured between y-axis and diagonals of the cubic voxel as shown in Fig. 10:

=
+

arctan 1
1 a

1 2
(52)

= arctan 1
1

.
a

2 2
(53)

The frequency distribution pϵ(ω) is visualized in Fig. 11 for different displacements ϵ.
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Fig. 11. Frequency distribution pϵ(ω) for different displacements ϵ. For small displacements compared to the vessel radius, the frequency distribution shows only
little changes, for large displacements, however, the peak structure of the frequency distribution is significantly disturbed.
For small displacements ϵ compared to the vessel radius R, the frequency distribution is only slightly changed, for large displacements, a prominent
asymmetry of the frequency distribution is observed and the peak structure of the frequency distribution changes significantly. This goes along with a
change of the relaxation time T2.
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