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Abstract
In this paper, synthetic electrocardiogram signals (SECG) of eight cardiac arrhythmias (sinus bradycardia, junctional brady-
cardia, tachycardia, flutter, atrial extrasystole, ventricular extrasystole, left branch block and right branch block) are obtained 
numerically by solving the McSharry mathematical model (2003) based on three coupled ordinary differential equations with 
the fourth-order Runge–Kutta method. They are compared with normal electrocardiogram signal. Indeed, visual analysis of 
a section of electrocardiogram (ECG) signals of these arrhythmias was used to suggest suitable values for the parameters in 
the McSharry mathematical model. Results from numerical simulation showed a good agreement between the simulation 
results and the real cardiac arrhythmias ECG signals.
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Introduction

An ECG is a measure of how the electrical activity of the 
heart changes in the myocardium during each cardiac cycle. 
It is obtained by recording the potential difference between 
two electrodes placed on the surface of the skin (the negative 
electrode placed on the right wrist, and the positive elec-
trode placed on the left ankle for a typical lead II ECG). In 
response to action potentials moving along the chambers of 
the heart, the heart contracts during the cardiac cycle. At the 
same time, one part of the cardiac tissue is depolarized and 
another part is at rest or polarized. These successive depo-
larization/repolarization (atrial or ventricular) are generally 
associated with the peaks and troughs of the ECG waveform 
namely P, Q, R, S and T.

The main information that provides precisions about the 
quality of the cardiac signal is contained in the PQRST-com-
plex (Fig. 1). Therefore, several methods have been proposed 

in the literature to extract this clinical information. Among 
the most widely used are the Haar wavelets [1, 2], the Mexi-
can hat [3, 4], the Morlet wavelets [5, 6], the quadratic spline 
wavelets [7] or even their combination [8]. In addition, dif-
ferent algorithms have been developed for the detection of 
the QRS complex [9–16]. Numerous modeling techniques 
including different aspects of the heart rhythms by means 
of different types of mathematical models have also been 
proposed (Holden and Poole [17], Boyett et al. [18], Holden 
and Biktashev [19], Poole et al. [20], Gois and Savi [21], 
Tlili et al. [22], Wu et al. [23]). Recently, a novel method for 
the detection and classification of life-threatening ventricular 
arrhythmia episodes has been formulated [24]. Indeed, it 
decomposes the ECG signal into various oscillatory modes 
using digital Taylor–Fourier transform (DTFT). Another 
recent algorithm using the sparse representation technique 
has been developed. Here, an overcomplete gabor diction-
ary is used for the decomposition of the ECG signal into 
elementary waves [25]. In addition, the use of supervised 
machine learning for the detection in ECG patterns has been 
widely demonstrated [26, 27]. Moreover, a mathematical 
model for generating a SECG signal with realistic PQRST 
morphology and prescribed heart rate dynamics has been 
constructed [29]. It provides a standard realistic ECG signal 
with known characteristics, which can be generated with 
specific statistics such as the mean and standard deviation 
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of the heart rate and frequency-domain characteristics of 
the heart rate variability, for instance, low-frequency/high 
frequency ratio. This paper extends this mathematical model 
for the generation of SECG of eight cardiac arrhythmias 
(sinus bradycardia, junctional bradycardia, tachycardia, flut-
ter, atrial extrasystole, ventricular extrasystole, left branch 
block and right branch block) by finding specific parameter 
values of the model.

This paper is structured as follows. “Cardiac conduc-
tion system” section gives some fundamentals about the 
cardiac conduction system and some cardiac arrhythmias. 
“Mathematical modeling” section presents the mathematical 

background. In “Numerical results” section, the numerical 
results are shown and “Conclusion” section concludes and 
gives some perspectives.

Cardiac conduction system

Strands and clumps of specialized cardiac muscle contain 
only a few myofibrils and are located throughout the heart. 
They initiate and distribute impulses through the myocar-
dium, comprising the cardiac conduction system that coor-
dinates the cardiac cycle (Fig. 2). The sinoatrial node (SA 
node) is a small mass of specialized tissue just beneath the 
epicardium, in the right atrium. The SA node’s cells can 
reach threshold on their own, initiating impulses through 
the myocardium, stimulating contraction of cardiac muscle 
fibers. Since it generates the heart’s rhythmic contractions, 
it is often referred to as the pacemaker. The path of a car-
diac impulse travels from the SA node into the atrial syncy-
tium, and atria begin to contract almost simultaneously. The 
impulse passes along junctional fibers of the conduction sys-
tem to a mass of specialized tissue called the atrioventricular 
node (AV node), located in the inferior interatrial septum, 
beneath the endocardium. The AV node provides the only 
normal conduction pathway between the atrial and ventricu-
lar syncytia. When the cardiac impulse reaches the distal AV 
node, it passes into a large AV bundle, entering the upper 
part of the interventricular septum. Nearly halfway down 

Fig. 1   Normal ECG showing PQRST-complex

Fig. 2   The cardiac conduction 
system [28]
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the septum, these branches spread into enlarged Purkinje 
fibers (Fig. 2) [28].

The ECG signal is therefore generated and contains the 
following waves:

–	 P wave which represents the atrial depolarization. It gen-
erally lasts between 60 and 90 ms for normal adults and 
has a maximum amplitude between 0.25 and 0.30 mV.

–	 QRS-complex which corresponds to ventricular depolari-
zation. It lasts about 80 ms.

–	 T wave which represents the ventricular repolarization. 
It has an amplitude about 0.60 mV.

Cardiac arrhythmias

Sinus bradycardia

Bradycardia is a pathology caused by an abnormal heart 
frequency (less than 60 Bpm). It arises when the site of ini-
tiation of the electrical impulse at the origin of the beats is 
in the atria. Figure 3 shows a real sinus bradycardia ECG 
signal.

Junctional bradycardia

In case of sinus dysfunction with or without atrial depo-
larization, the AV node can act as a backup pacemaker at 
a frequency in the range of 30 to 60 Bpm. The electrical 
impulse then originates in the atrioventricular (AV) node 
and follows the usual conduction path. The morphology of 
QRS waves is different from that of normal beat, and, the P 
wave may be absent or, if present, it may be out of sync with 
ventricular systole. Figure 4 presents a junctional bradycar-
dia ECG signal.

Tachycardia

In contrast to bradycardia, tachycardia is characterized by 
a high heart frequency (greater than 100 Bpm). It can be of 
sinus, atrial or ventricular origin. However, any irregular-
ity here is not pathological because in situations of stress 
or physical effort, the autonomic nervous system exercis-
ing permanent control, can greatly accelerate the pace in 
response to a particular context. It is therefore important to 
consider the patient’s activity before making a diagnosis. 
Figure 5 presents a tachycardia ECG signal.

Flutter

Flutter is a pathology caused by the disorder of the heart 
rhythm. It can be of atrial (atrial flutter) or ventricular (ven-
tricular flutter) origin. It is due to the lack of synchronization 
between the SA node and the AV node and characterized by 
a very high frequency. The most frequently flutter encoun-
tered (90% of cases) is the atrial flutter. The frequency being 
so high (300 Bpm in the case of atrial flutter), the cardiac 
system is not in the possibility to drive all the electrical 
pulses generated. The flutter ECG signal is presented in 
Fig. 6.

Atrial extrasystole

Extrasystole or prematurity is a cardiac rhythm disor-
der corresponding to a premature contraction of one of 
the cavities of the heart. It occurs when the membrane 
depolarization comes from a place other than sinus node. 
Depending on the cardiac cavity where the premature con-
traction of the muscular fibers occurs, atrial extrasysto-
les (ESAs), ventricular extrasystoles (VES) or junctional 

Fig. 3   Sinus bradycardia ECG signal

Fig. 4   Junctional bradycardia ECG signal
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extrasystoles are referred to respectively. It is normal to 
have some extrasystoles a day. Their number increases 
with age, and it is usual to count, for example, nearly 1000 
atrial extrasystoles per 24 h in an octogenarian without 
this having any significance. They become worrying and 
can lead to fibrillation or tachycardia if they appear more 
than six times per minute (360 per hour) or incurred if 
there are more than 200 polymorphous extrasystoles per 
hour. Extrasystoles can be caused by stress, excitants, 
cardiopathy: myocardial ischemia, myocarditis, dilated 
or hypertrophic cardiomyopathy, hiatal hernia and sig-
nificant physical exertion. The ECG of the atrial extrasys-
tole is characterized by a premature P wave with variable 
morphology depending on the starting point in the atria. 
Depending on the time of prematurity, the impulse gen-
erated can be blocked either in the AV node or in one of 

the branches of the His bundle. Figure 7 shows the atrial 
extrasystole ECG signal.

Ventricular extrasystole

In this case, the electrical signal propagates out of the physi-
ologic conduction pathways through myocardial tissue. 
Generally, the P wave is absent and the morphology of the 
QRS complex depends on the location of the ectopic focus 
that can be anywhere in the ventricles. The QRS complex is 
deformed compared to the normal one (Fig. 8).

Left branch block

The electrical signal leaving the AV node propagates simul-
taneously in the two branches of the His bundle (left branch 

Fig. 5   Tachycardia ECG signal

Fig. 6   Flutter ECG signal

Fig. 7   Atrial extrasystole ECG signal
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and right branch) and then in the branches of the Purkinje 
networks. Depending on the side of the branch where the 
interruption of signal conduction occurs, the left branch 
block (BBD) and the right branch block (BBG) will be dis-
tinguished. The left branch block occurs when there is con-
duction defect on the left branch of the His bundle (Fig. 9).

Right branch block

In contrast to the left branch block, the right branch block 
occurs when the conduction on the right branch of the His 
bundle is interrupted. The influx passes through the left 
branch, and then the transmission continues through the 
Purkinje fibers to the right ventricle (Fig. 10).

Mathematical modeling

The dynamical model used in this work is the one proposed 
by McSharry [29]. It generates a trajectory in a three-dimen-
sional state-space with coordinates (x, y, z) (Fig. 11). The 
different points on the ECG signal (P, Q, R, S and T) are 
described by events which are placed at fixed angles along 
the unit circle given by �P, �Q, �R, �S and �T .

Its mathematical formulation reads

with � = 1 −
√

x2 + y2,Δ�i =
�

� − �i

�

mod 2π, � = atan2(y, x).
ω is the angular velocity of the trajectory as it moves around 

the cycle limit. The baseline value z0(t) is defined by

where f0 is the respiratory frequency and Zm = 0.15mV.
The parameters used in [29] for normal ECG signal are 

given in Table 1.
The Runge–Kutta numerical method was used to solve 

Eq. (1). Indeed, system (1) can be rewritten as:
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Then, the Runge–Kutta method for this system is given 
by the following equations:

(1)

⎧
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⎨
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⎩

ẋ = 𝛼x − 𝜔y

ẏ = 𝛼y + 𝜔x
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(2)z0(t) = Zm sin
(

2πf0t
)

(3)dU⃗

dt
= f⃗ (t, x, y)

Fig. 8   Ventricular extrasystole ECG signal

Fig. 9   Left branch block ECG signal
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with h the time step. Concerning the quantities 
k⃗1, k⃗2, k⃗3, and k⃗4 , they read:

(4)U⃗n+1 = U⃗n +
h

6

(

k⃗1 + 2k⃗2 + 2k⃗3 + k⃗4

)

(5)tn+1 = tn + h

Therefore, parameters values are now deduced consider-
ing the physical meaning of each signal. Indeed, they are 
found by varying key parameters in the interval character-
izing each pathology. The flowchart of the Runge–Kutta 
method of order 4 is as follows (Fig. 12).

Numerical results

Visual analysis of a section of electrocardiogram (ECG) sig-
nals of the presented arrhythmias was used to suggest suit-
able values for the parameters in the McSharry mathematical 
model. Figure 13a shows the normal ECG signal generated 
with the values of Table 1. Figure 13b shows the normal 
ECG signal of the MIT database [30].

Tables 2, 3, 4, 5, 6, 7, 8 and 9 summarize the parameters 
values used to generate the ECG for cardiac arrhythmias. 
The modified values are in bold.

(6)k⃗1 = f⃗

(

tn, U⃗n

)

(7)k⃗2 = f⃗

(

tn +
h

2
, U⃗n +

hk⃗1

2

)

(8)k⃗3 = f⃗

(

tn +
h

2
, U⃗n +

hk⃗2

2

)

(9)k⃗4 = f⃗

(

tn + h, U⃗n + hk⃗3

)

Fig. 10   Right branch block ECG signal

Fig. 11   The trajectory in a 3D state-space

Table 1   Parameter values of the normal ECG signal used in [29]

Index (i) P Q R S T

Time (s) − 0.2 − 0.05 0 0.05 0.3
θi (radians) −

�

3
−

�

12
0 �

12

�

2

ai 1.2 − 5.0 30.0 − 7.5 0.75
bi 0.25 0.1 0.1 0.1 0.4
ω 2π
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Discussion

Figure 14a, b present the generated ECG signal for sinus 
bradycardia and from MIT database respectively. It can 
be noticed the presence of waves P, Q, R, S and T. These 
waves have the same morphology as those of the normal 
ECG which is justified by the fact that for this pathology, 
the electrical signal follows the same path during a normal 
beat. It is noted that the period of the pathological signal is 
lower than that of the normal signal. In our case, the heart 
frequency is 40 Bpm. The two signals presented in Fig. 14 
are in good agreement.

In Fig. 15a, b, we observe on the pathological ECG, the 
presence of the P wave which is desynchronized because 
it is the AV node that provides the pacemaker function. 
Therefore, the electrical activity of the atria and those of the 
ventricles are not synchronized. The frequency of the patho-
logical signal is lower than the normal frequency because 

the new pacemaker (the AV node) can only generate a heart 
frequency in the range of 30 to 60 Bpm. In this case, the 
frequency is 30 Bpm.

Figure 16a, b show the ECG signal for tachycardia where 
it can be observed a higher frequency compared to that of 
the normal signal. In this case, the frequency is 150 Bpm 
(

10�

3
≤ � < 10�

)

 . It can be also concluded that the waves 
have the same morphology as those of the normal ECG 
signal.

At a frequency greater than or equal to 300 Bpm, the 
AV node cannot transmit all the signals received. Therefore, 
it is a lack of synchronization between atria and ventricles 
because in most cases, less than a third of the signals gener-
ated passes through the AV node. Figure 17a, b illustrate a 
flutter with a frequency of 300 Bpm.

In Fig. 18a, b, the electrical signal has been generated 
near the AV node causing depolarization of the atria in the 
reverse direction, generating a negative P-wave. There is also 
a decrease in heart frequency because the time taken by the 
signal to reach the AV node is reduced. The shape of the 
QRS and T waves is unchanged because, having arrived at 
the AV node, the signal follows its normal path.

In Fig. 19a, b, the created electrical impulse does not 
follow the normal conduction path (His bundle), and there-
fore spreads more slowly in the ventricles. The ventricular 
contraction thus spreads over time loses its effectiveness, 
hence the presence of a large QRS complex. The absence of 
the propagation of the electrical signal in the atria is noted 
because the signal is generated in one of the halves of the 
ventricle, hence the absence of the P wave on the pathologi-
cal synthetic signal. In addition, the ectopic focus is in the 
right ventricle. The electrical signal then propagates from 
the right atrium to the left atrium in the opposite direction.

In Fig. 20a, b, the presence of a negative QRS complex is 
justified by the fact that the signal must leave from the right 
ventricle to the left ventricle in a reverse direction of normal 
propagation. Propagation of the electrical signal from the 
right ventricle to the left ventricle results in a large QRS 
complex.

In Fig. 21a, b, the repolarization of the ventricle is in the 
opposite direction. This is observed on the ECG signal by 
a negative T wave. Moreover, the wave S is not observable 
on the graph. The initial part of the ECG, namely the P, Q, 
R and S waves, is not modified.

Conclusion

Synthetic electrocardiogram signals (SECG) of eight car-
diac arrhythmias (sinus bradycardia, junctional bradycardia, 
tachycardia, flutter, atrial extrasystole, ventricular extrasys-
tole, left branch block and right branch block) have been 

Fig. 12   Flowchart of the Runge–Kutta method of order 4
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generated by suggesting suitable values for the parameters 
in the McSharry mathematical model. They have been com-
pared with those obtained from MIT database. The results 
show a good agreement. They can be used as a synthetic 
signals database for educational purposes.

It would be interesting to generate the synthetic ECG 
signals of more cardiac pathologies to enrich the database. 
It would be also useful to enrich the work with the quan-
titative analysis in the future investigation.

Fig. 13   Normal ECG signal generated from McSharry model (a) and from MIT database (b)
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Table 2   Parameter values of the sinus bradycardia ECG signal

Index (i) P Q R S T

Time (s) − 0.2 − 0.05 0 0.05 0.3
θi (radians) −

�

3
−

�

12
0 �

12

�

2

ai 1.2 − 5.0 30.0 − 7.5 0.75
bi 0.25 0.1 0.1 0.1 0.4
ω ���

��

Table 3   Parameter values of the junctional bradycardia ECG signal

Index (i) P Q R S T

Time (s) − 0.2 − 0.05 0 0.05 0.3
θi (radians) −

��

�

−
�

12
0 �

12
−

��

��

ai 1.0 3.0 30.0 − 7.5 1.0
bi 0.25 0.1 0.1 0.1 0.4
ω ��

�

Table 4   Parameter values of the tachycardia ECG signal

Index (i) P Q R S T

Time (s) − 0.2 − 0.05 0 0.05 0.3
θi (radians) −

�

3
−

�

12
0 �

12

�

2

ai 1.2 − 5.0 30.0 − 7.5 0.75
bi 0.25 0.1 0.1 0.1 0.4
ω 5π

Table 5   Parameter values of the flutter ECG signal

Index (i) P Q R S T

Time (s) − 0.2 − 0.05 0 0.05 0.3
θi (radians) −

�

3
−

�

12
0 �

12
0.8

ai 10.0 20.0 25.0 19.5 10.0
bi 0.25 0.1 0.1 0.17 0.25
ω 10π

Table 6   Parameter values of the atrial extrasystole ECG signal

Index (i) P Q R S T

Time (s) − 0.2 − 0.05 0 0.05 0.3
θi (radians) −

��

�

−
�

12
0 �

12

�

2

ai − 1.2 − 5.0 30.0 − 7.5 0.75
bi 0.25 0.1 0.1 0.1 0.4
ω 3π

Table 7   Parameter values of the ventricular extrasystole ECG signal

Index (i) P Q R S T

Time (s) − 0.2 − 0.05 0 0.05 0.3
θi (radians) − 0.5π −

�

12
0 �

12
0.2π

ai 0.2 − 5.0 − 20.0 0.2 0.31π
bi 0.25 0.1 0.1 0.1 0.4
ω ��

�

Table 8   Parameter values of the left branch block ECG signal

Index (i) P Q R S T

Time (s) − 0.2 − 0.05 0 0.05 0.3
θi (radians) −

�

3
−

�

12
0 −��

��

�

2

ai − 0.82 − 5.0 − 30.0 − 7.5 0.75
bi 0.25 0.1 0.1 0.1 0.4
ω 2π

Table 9   Parameter values of the right branch block ECG signal

Index (i) P Q R S T

Time (s) − 0.2 − 0.05 0 0.05 0.3
θi (radians) −

�

3
−

�

12
0 − 0.4π − 0.6π

ai 1.2 − 5.0 30.0 − 0.6 − 0.3
bi 0.25 0.1 0.1 0.1 0.4
ω 2π
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Fig. 14   Simulated sinus brady-
cardia ECG signal (a) and from 
MIT database (b)
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Fig. 15   Simulated junctional bradycardia ECG signal (a) and from MIT database (b)
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Fig. 16   Simulated tachycardia ECG signal (a) and from MIT database (b)
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Fig. 17   Simulated flutter ECG 
signal (a) and MIT database 
signal (b)
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Fig. 18   Simulated atrial extrasystole ECG signal (a) and MIT database signal (b)
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Fig. 19   Simulated ventricular extrasystole ECG signal (a) and MIT database signal (b)
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Fig. 20   Simulated left branch block ECG signal (a) and MIT database signal (b)
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