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ARTICLE INFO ABSTRACT

Diffusion-weighted MRI (dMRI) is a key component of clinical radiology. When analyzing diffusion-weighted
images, radiologists often seek to infer microscopic tissue structure through measurements of the diffusion
coefficient, D, (mm?/s). This multi-scale problem is framed by the creation of diffusion models of signal decay
based on physical laws, histological structure, and biophysical constraints. The purpose of this paper is to
simplify the model building process by focusing on the observed decay in the effective diffusion coefficient as a
function of diffusion weighting (b-value), D(b), that is often observed in complex biological tissues. We call this
approach the varying diffusion curvature (VDC) model. Since this is a heuristic model, the exact functional form
of this decay is not important, so here we examine a simple exponential function, D(b) = Doexp(—bD;), where Dy
and D, capture aspects of hindered and restricted diffusion, respectively. As an example of the potential of the
VDC model, we applied it to dMRI data collected from normal and diseased human brain tissue using Stejskal-
Tanner diffusion gradient pulses. In order to illustrate the connection between Dy and D, and the sub-voxel
structure we also analyzed dMRI data from families of Sephadex beads selected with increasing tortuosity.
Finally, we applied the VDC model to dMRI simulations of nested muscle fiber phantoms whose permeability,
atrophy, and fiber size distribution could be changed. These results demonstrate that the VDC model is sensitive
to sub-voxel tissue structure and composition (porosity, tortuosity, and permeability), hence can capture tissue
complexity in a manner that could be easily applied in clinical dMRI.

Keywords:

Magnetic resonance imaging
Apparent diffusion coefficient
Anomalous diffusion

Brain cancer

High b-value

1. Introduction as it is applied in most clinics today, can quickly identify defects or

damage to soft tissue with high resolution and contrast. dMRI is com-

Diffusion-weighted magnetic resonance imaging (dMRI) uses mo-
tion sensitizing gradients to describe the movement of water molecules
in, around, and through cells. For the radiologist, dMRI provides tissue
contrast for identifying stroke [1], delineating cancer [2-4] and char-
acterizing a host of other diseases [1]. For the patient, dMRI furnishes
visual reassurance that their condition has been identified and quanti-
fied. For the researcher, dMRI offers an expanding toolbox for tissue
assessment benefiting from steady advances in hardware (RF, gradient
coils, high By magnets) and sub-voxel tissue models (e.g., diffusion
kurtosis [5], random walks with barriers [6], neurite orientation dis-
persion and density imaging [7], and composite hindered and restricted
model of diffusion [8]). Using fast and efficient pulse sequences, dMRI,

plementary to T; and T, relaxation contrast (which relies on molecular
dynamics and dipole interactions) due to its sensitivity to the transla-
tional diffusion of water at the micron length scale of cells. Hence,
dMRI, can identify tissue changes in intracellular, extracellular, and
vascular compartments via the selective reduction in signal intensity at
high, intermediate, and low b-values (i.e., diffusion weighting).

The mobility of water in biological tissues is not completely random;
but is hindered and restricted by cellular and sub-cellular tissue struc-
ture, as well as by the extracellular matrix of proteoglycans and fibrous
proteins. In dMRI, the response of water molecules to diffusion encodes
(through phase incoherence) information about the local arrangement,
composition, and membrane permeability of different tissue structures.

Abbreviations: dMRI, diffusion-weighted magnetic resonance imaging; VDC, varying diffusion curvature; RF, radiofrequency; TR, repetition time; TE, echo time;
PGSE, pulse gradient spin-echo; OCSE, oscillating gradient spin-echo; ADC, apparent diffusion coefficient; K, excess kurtosis; FOV, field of view; CSF, cerebral spinal
fluid; WM, white matter; GM, gray matter; DMD, Duchenne muscular dystrophy; Mdx, mouse model of Duchenne muscular dystrophy; SNR, signal-to-noise ratio
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As such, the overall goal of diffusion imaging is to establish how the
microstructural and physiological parameters relate to the diffusion-
weighted MR signal. This requires mathematical models whose para-
meters reflect features (e.g., porosity, tortuosity, heterogeneity, surface
to volume ratio, permeability) of the cellular organization of tissue and
its composition. The tissue characterizing parameters extracted from
the diffusion-weighted MR signal also depend on the formulation of the
mathematical models (linear, non-linear, integer, or fractional order)
used to describe the signal. Current practice assumes Gaussian diffusion
conditions that predict an exponential function model of the signal
decay expressed in terms of the apparent diffusion coefficient (ADC,
mm?2/s).

Given the heterogeneous nature of biological tissues — in health and
disease — with their varying structural heterogeneity and complexity, it
is not surprising that diffusion is not always Gaussian, hence, many
diffusion models have been suggested by the porous media, imaging
and biophysics communities, to model diffusion phenomenon in cells,
in tissues, and in organs (e.g., hindered, restricted, isotropic, aniso-
tropic, and normal or anomalous). Such models can be derived from
first principles (Fick's laws, Bloch-Torrey equation), heuristic, or based
on histological structures by including biophysical and geometric con-
straints. Finally, they can be tested using simulations, phantoms, and
normal/abnormal tissues to evaluate their sensitivity and specificity.

In this study, we examine facets of this problem from the perspec-
tive of a linear, first-order diffusion process under the assumption that
the diffusion coefficient will vary as the water explores tissue com-
plexity at the subcellular, cellular and extracellular scales (< 1 pm,
1-5um, > 5um, respectively). We first examine the utility of what we
call the varying diffusion curvature (VDC) model to describe normal
and diseased human brain tissue, then consider how the contrast ob-
served in white and gray matter reflects the porosity and tortuosity of
packed beds of Sephadex beads, and also analyze simulations of muscle
fiber bundles that are changed by removing fibers and by including
increasing fiber wall permeability. This analysis illustrates the key
characteristics of the VDC model that can be associated with water
diffusion in heterogeneous materials.

2. Materials and methods
2.1. dMRI data collected from humans

Diffusion-weighted brain imaging was carried out on a healthy
human volunteer (31-year-old female) and a glioma patient (41-year-
old male with grade II glioma) under the approval by the institutional
review board of the performing hospital. Axial images were acquired
with a 3 Tesla General Electric MR750 scanner (General Electric
Healthcare, Waukesha, Wisconsin) using a commercial 32-channel RF
head coil. Multiple b-values using a single-shot echo planar imaging
pulse sequence and Stejskal-Tanner diffusion gradients. The key data
acquisition parameters for the healthy subject were: TR/TE = 4200/
106 ms, slice thickness = 3mm, inter-slice gap = 1 mm, A = 47 ms,
and 8§ = 32 ms. Fourteen diffusion-weighted images (0,, 20;, 507, 100,
200;, 4004, 7005, 10005, 15004, 20004, 25004, 3000g, 3500g, and
40005 s/mm?, with the subscripts denoting the number of averages for
the corresponding b-value) were acquired. The acquisition parameters
for the glioma subject were: TR/TE = 4700/100ms, slice thick-
ness = 5mm, slice spacing =1.5mm, A=39ms, and 8 = 32ms.
Seventeen diffusion-weighted images (0,, 20, 507, 100;, 2004, 400;,
6004, 8004, 10004, 12004, 1600,, 20005, 24005, 28005, 32004, 36004,
and 4000, s/mm?) were acquired. A field-of-view of 22 cm x 22 cm and
matrix size of 256 X 256 were used for both acquisitions. At each b-
value, the diffusion-weighting gradient was applied along the x, y, and
z- axis, respectively, to obtain a trace-weighted image to minimize the
effect of diffusion anisotropy.
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2.2. dMRI data collected from gel bead phantoms

Sephadex™ is a commercial product (Sigma, St. Louis, MO) con-
sisting of spherical beads fabricated as a network of chemically cross-
linked dextrans. When fully hydrated it forms gels consisting of struc-
turally heterogeneous polymer beads of uniform size that are commonly
used for protein separation based on molecular size. Water moves easily
into and out of the many small pores and channels of the gel while the
much larger proteins are trapped and retained. In the absence of a bulk
hydrostatic pressure, there is no net flow in the gel-water system, other
than the translational displacement of water due to diffusion.

Seven different Sephadex™ gels were studied. Each gel is described
by two numbers (e.g., G25-50); the first indicating the macromolecular
exclusion limit associated with the pore network (in kDaltons), and the
second specifying the maximum dry bead diameter (in microns). The
first series of gels studied (G25-50, G25-80, G25-150, and G25-300)
had the same internal structure (pores designed to retain relatively
small proteins (< 25 kDaltons); but increasing bead diameters (from 50
to 300 um). The second series of gels studied (G25-50, G50-50, G75-50
and G100-50) all had the same bead diameter, but with increasing
internal pore sizes (designed to progressively retain proteins from 25 up
to 100 kDaltons).

The gels were prepared by gently mixing the dry powder gels in
excess distilled water at room temperature and allowed to swell and
settle under the influence of gravity overnight. The next day the slurry
was carefully poured into 5 mm diameter NMR tubes and sealed until
used for the experiment (within 24 h). In each experiment, a complete
series of hydrated gels were loaded into the NMR spectrometer.

The dMRI experiments were performed in the High Field MRI
Facility at Pennsylvania State University. The gels were scanned using a
Varian 14.1 Tesla (600 MHz) vertical bore micro-imaging spectrometer.
The diffusion-weighted MRI data were acquired using a stimulated echo
pulse sequence with Stejskal-Tanner diffusion gradients. The diffusion
time A was varied from 27 to 200 ms and the pulse duration was fixed at
8 = 5ms. The corresponding b-values for the experiments ranged from
100 up to 4000 s/mm? The amplitude of the diffusion encoding gra-
dient, G, was varied from 0.01 to 0.4 T/m. Additional details are given
in earlier work [9,10].

2.3. dMRI data synthetized using muscle fiber Monte-Carlo simulations

Many tissues (e.g., heart, brain white matter, muscle, cartilage,
tendons, and ligaments) consist of nested fiber bundles, a feature
exploited by dMRL. In this study we are not focused on the anisotropic
structure of the biological material, but on aspects of sub-voxel struc-
ture that modulate diffusion. Monte-Carlo simulations are an estab-
lished way to predict the effects on dMRI of changes in tissue compo-
sition and organization [11]. Here, we employ simulations developed
for modeling muscle tissue fiber bundles to investigate the sensitivity of
the VDC model to changes in fiber bundle size, number, and perme-
ability.

White-matter fibers in the brain have radii on the order of 1-5um
[12], which is compatible with diffusion times accessible in pulse gra-
dient spin-echo (PGSE) or oscillating gradient spin-echo (OGSE) se-
quences. Muscle fibers are considerably larger: typically, 20-90 um
[13], requiring longer diffusion times for dMRI to probe. In addition,
muscle tissue is hierarchical; consisting of bundle fibers that are in turn
nested bundles of smaller fibers [14]. This structure restricts diffusion
across a wide range of length scales from the macroscopic down to the
nanoscale.

We used the Monte-Carlo simulation of diffusion in muscle tissue
recently developed by Hall and Clark [15] to examine the VDC model
for dMRI data synthesized across a wide range of gradient strengths and
diffusion times. The simulations were performed by using CAMINO
diffusion MRI toolkit [16]. The simulation parameters and the range of
scan parameters used were the same as those described by Hall and
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Clark [15]. A baseline tissue model derived from the histology of
healthy tissue was compared with simulations developed for several
scenarios that capture micro-structural changes that result from Duch-
enne muscular dystrophy (DMD) pathology, including: fiber atrophy,
fiber removal, differences in fiber radius distribution, and changes in
membrane permeability.

2.4. Varying diffusion curvature (VDC) model

The VDC model examined in the study is one of several presented in
a recent paper [17] as a way to capture the change in ADC often ob-
served in the dMRI signal decay. The VDC model is a simple general-
ization of the solution to Bloch-Torrey equation [18]. In the case of
normal diffusion, the diffusion coefficient is a constant, and the ac-
quired diffusion-weighted signal decays as S(b) = Sp exp (—bD), where
the effects of relaxation are collected in Sy and D. Here, S(b) depends on
the local diffusion constant (D) and the shape and duration of the dif-
fusion gradient waveforms, which are described by the following
equation, for a general G(t) gradient (Gauss/cm) applied in a single
direction with total duration, T:

b=y -/;T (‘/O’l G(t’)dt’)zdt. o

For the Stejskal-Tanner pair of rectangular gradient pulses of am-
plitude (G), duration () and separation (A) [19], Eq. (1) gives b = (y
G8&)2(A - 8/3), where vy is the gyromagnetic ratio (42.57 MHz/Tesla for
water protons) [20].

In the VDC model, we account for the change in slope of In[S(b)]
often observed at high b-values by allowing D to be function of b, D(b),
so that the dMRI signal can be expressed as:

b
S(b) = 5 exp(— A D(u)du), o
where D(b) is typically a monotonic decreasing function. Here we use D
(b) = Doexp(—bD;), where Dy in the VDC model is essentially the ap-
parent diffusion coefficient (not the pure water diffusion constant), and
D, is a measure of the tissue complexity. These parameters are obtained
by fitting the dMRI data to the S(b), which for this case is:

S(b) = soaxp[—(ﬂ)(l - exp(—bDl))].
D, 3

This expression for S(b) corresponds to the Gaussian case for
D; < < Dy, and the kurtosis model of diffusion signal decay for in-
termediate b-values (see Supplementary Material, and reference [17]
for details).

Since the change in curvature of the In[S(b)] decay curve corre-
sponds to the onset of anomalous diffusion, we have used Eq. (3) and
C(b) = |S”(b) |/[1 + (S’(b))?*1*?, where the primes indicate differ-
entiation with respect to b, to obtain [21]:

—bD1) — 1)
1

Dy Sy exp(—2bDy) exp(DO(exp(D )(Do + Dy exp(bDy))

c@b) =

3
(DOZSOZexp(—ZbDl) exp(%jﬂm_l)) + 1)2

4

As an example of the expected signal decay, S(b), for the D
(b) = Dyexp(—bD;) decay example, we have plotted in Fig. 1a decay
curves using Eq. (3) for four different values of Dyp/D; with Sp = 1 and
Do = 0.002 = 1/500 mm?/s. The red curve is close to the standard
single exponential decay, S(b) = Spexp(—bD,), which one gets in the
limit D; < < Dg [17]. For hindered diffusion D is reduced in value,
just as occurs with the apparent diffusion coefficient, ADC = Dy/tor-
tuosity, but the single exponential decay process is unchanged. The
VDC model, however, also exhibits restricted diffusion (i.e., D; = Do/
restrictions) giving a final plateau corresponding to D(b) ~ 0 (narrow
restrictions) and the constant value for S(b) ~ Spexp(—Do/D1) = Soexp
(—=1) = 0.37Sy shown in the blue curve in Fig. la. For progressively
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larger D; values (blue, black, green curves, respectively), S(b) decays
faster at low b-values and the final plateaus are higher; a behavior that
mimics the trapped environment of restricted diffusion [22].

Intermediate values of b capture a decreasing slope of the diffusion-
weighted signal decay In[S(b)] in the same manner, and functional
form, as expressed in the kurtosis model [5]. Here, a Taylor series ex-
pansion of Eq. (1) about b = 0 yields:S(b) = exp (—bDy) exp (D1Do/2)
b?) [17,23]. In the intermediate range of b-values (500 to 1000 s/mm?)
the rate of change of the signal decay is greatest, and this feature is
captured by Eq. (4). Fig. 1b shows plots of the curvatures for each S(b)
case plotted in Fig. 1a. For b-values > 200 s/mm?, the larger the re-
lative D, values, the smaller the curvature, which is evident in Fig.1a.
Above b = 2000 s/mm?, the S(b) curve reaches a plateau and C(b) ap-
proaches zero.

2.5. Data analysis and model fitting

The diffusion-weighted data was analyzed using Eq. (3) for all ex-
periments. An iterative Levenberg-Marquardt method in Matlab
(MathWorks, Inc., Natick, MA) was used to generate VDC model
parameter maps, So, Dy, and D;. For comparison, the conventional,
constant apparent diffusion coefficient (ADC) values were also com-
puted from a mono-exponential model given by S = Spexp (—b ADQ),
using b-values of 0 and 1000 s/mm?, in a manner similar to that em-
ployed clinically. For images from the human subjects, the pixels with
low signal-to-noise ratio (SNR) were filtered out by using a noise
threshold that was set at n + 20, where n and ¢ are the mean and
standard deviation of the noise in the background, respectively, as
described in reference [24]. Pixels with intensity below the threshold
were not included in the calculation. The diffusion images, S, were
also corrected for Rician noise using S,. = /S2,, — 207, where S,. is the
Rician noise corrected signal and o, is standard deviation of the real or
imaginary components of the noise. The noise bias, 20,,%, was calculated
as the average value of the magnitude squared signal of the background
[25].

3. Results
3.1. Human subject experiments

Fig. 2 displays the diffusion-weighted signal intensity and the fitted
curves obtained from the healthy human subject for three voxels se-
lected from the region-of-interests (ROIs) of white matter (WM) from
the corona radiata, gray matter (GM) from the caudate nucleus, and
cerebral spinal fluid (CSF). We only showed one example, to identify
the utility of the model. Our purpose here was not to examine brain
tumor tissue, which includes edema, glial cells, necrosis, and hemor-
rhage, but to describe aspects of this model that can capture such
complexity of both isotropic and anisotropic material. The good fitting
quality of the VDC model for all ROIs can be clearly observed in Fig. 2a.
Also shown in Fig. 2b is a fit of the same data to the mono-exponential
model using the two b-values (0, 1000 mm?/s) our clinical system
employs for determining ADC. The mean and standard deviations for
the estimated VDC model parameters, Sy, Do, and D;, computed over
the corresponding ROIs selected from homogeneous structures are also
given in Table 1. As expected, the normalized baseline parameter, Sy,
was found to be close to one with a small standard deviation for all
ROIs. The parameter, Dy, was found to be smaller in WM than GM re-
flecting the increased tissue heterogeneity and complexity arising due
to the tightly packed axonal structures. On the other hand, the D; va-
lues in WM were higher than those in GM (Table 1). The largest Dy and
smallest D; were observed in CSF where the diffusion process is least
hindered and restricted. This image contrast was preserved in the
spatially resolved maps of Dy and D; estimated from the healthy human
subject data. The maps of Dy and D, (as well as ADC and excess kurtosis
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b) Curvature
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4000

Fig. 1. Semi-logarithmic plot of signal decay (S/Sy in a) versus b-value and the plot of the corresponding curvature (C in b) versus b-value computed using Egs. (1)
and (3), respectively for Sy = 1 and Dy = 0.002 mm?/s with individual cases of the ratio D;/Dy set to 1/3, 1, 2 and 5.

(K), for comparison) are given in Fig. 3a—d, respectively. While D, and
ADC (Fig. 3a and c) provided similar contrast information, elevated
values in some brain regions, such as the corona radiata can be clearly
observed in D; (Fig. 3b) and K (Fig. 3d). D;, ADC, and K gave different
voxel values (higher in D; and K and lower in ADC) in the areas close to
the edges of the ventricle than in the areas in the mid-CSF, possible due
to partial volume averaging.

Fig. 4a—d show the spatially resolved maps of the VDC model
parameters, Dy and D, as well as ADC and K from a glioma patient. The
tumor region was enhanced in the maps of Dy, ADC, and K with a si-
milar image contrast as seen in Fig. 4a, ¢, and d. The parameter, D;, on
the other hand, produced lower values only in the solid tumor area
within the tumor region. (black arrow in Fig. 4b). The higher values in
the corona radiata can also be observed in D; and K maps.

3.2. Sephadex™ gel phantom experiments

Sephadex™ is a water permeable carbohydrate-based, size-exclusion
gel filtration material formulated into spherical beads of different dia-
meters (50, 80, 150 and 300 um) with internal spaces that form a mesh
designed to trap and release macromolecules below a fixed cutoff (25,
50, 75, and 100 kDaltons, in this study). Hence, for a set of 50-um
diameter beads, one expects the G100 beads to contain larger internal
spaces (higher porosity) than the G 25 beads. Thus, the VDC model

a) VDC Model

S/S,
10°} x experimental data
= theoretical curve
10'4 _ WM
=-:GM
10_5 H— C5F
0 1000 2000 3000 4000

b-value (s/mm?)

should exhibit a larger Dy/D; ratio for G100 than for G25. This behavior
is evident in Fig. 5a for the G-sequence (100, 75, 50, 25: green, yellow,
aqua and fuchsia). Clearly, the more complex, heterogeneous G25 Se-
phadex™ diffusion decay is fit by larger relative D; values, and a higher
final plateau (consistent with more pronounced restricted diffusion in
the relatively smaller internal spaces). The curvature plots (Fig. 5b) also
capture this behavior with the faster decaying signals showing higher
curvature values for the higher molecular weight cutoff G75 and G100
gel beads. For fixed 8§ and A, we expect greater restricted diffusion
(lower D; values) for the smaller radius values (inverse relationship),
where water cannot travel as far as that allowed by unrestricted
Brownian motion. So, for beads with the same internal structure and of
increasing diameters, the G25-50 beads should have the most restricted
diffusion (higher plateau, lowest Do/D; value), and G25-300 beads to
have least restricted diffusion (lower plateau, higher Do/D; value).
Then, for beads of the same diameter (50 pm) and increasing molecular
weight cutoff, the G25-50 beads would again have the most restricted
diffusion, while the G100-50 beads would have the least restricted
diffusion.

A similar pattern is exhibited in fits to the dMRI signal decay for the
G 25 bead diameter sequence (50, 80, 150 and 300 um: fuchsia, black,
blue, red) in Fig. 5a. For this series of beads, the gels all have the same
internal structure (G 25), but their diameters progressively increase.
Assuming the same random packing density (and porosity), the 300-um

b) Mono-exponential Model

0
10
x
x
-2)
10 *
s/S,
experimental data
-4| | mmm theoretical curve
10
WM
_:GM
m— - 'CSF
-6
10
0 1000 2000 3000 4000

b-value (s/mm?)

Fig. 2. Semi-logarithmic plot of signal decay (S/So) for the diffusion signal intensity for the data (cross marks) and fitted values (straight line) as a function of b-value
from three representative ROIs selected from a healthy human subject. WM: white matter selected from corona radiata; GM: gray matter selected from caudate
nucleus, CSF: cerebral spinal fluid. The VDC model was used on the left (a) and the mono-exponential model on the right (b).
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Table 1
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The descriptive statistics, sample mean and standard deviation, (X + o) of the VDC model parameters obtained from three representative ROIs in WM, GM,

and CSF from a healthy human subject.

So Dy (in mm?/s) D, (in mm?/s)
WM 0.98 + 0.5 x 1073 0.81 x 107% + 0.32 x 107 0.61 x 1072 + 0.69 x 1078
GM 0.97 = 1.0 x 1073 1.60 x 107% + 0.10 x 107° 0.48 x 1072 + 0.22 x 1077
CSF 0.97 + 0.5x 1073 3.30x107% + 0.20 x 1077 0.15x 107% + 0.50 x 108
x10-3 x103 Fig. 3. Spatially resolved maps of D, in
3.0 mm?/s (in a), D; in mm?/s (in b), ADC in
mm?/s (in ¢), and K (unitless, in d) obtained
from a healthy human subject. These axial
25 images were acquired at 3 Tesla with mul-
tiple b-values using a single-shot echo
2.0 planar imaging pulse sequence and Stejskal-
Tanner diffusion gradients. The specific
imaging parameters (TR, TE, A, § and b-
1.5 values) are listed in the Materials and
methods section.
1.0
0.5
0
x103

beads would exhibit larger external spaces than the 50-um beads. This
can be expected to enhance diffusion and increase the Dy/D; ratio,
corresponding to a more pronounced diffusion weighted signal decay
with increasing bead diameter. This behavior evident in the fuchsia,
black, blue, and red S(b)/Sy curves in Fig. 5a and is displayed in the
curvature plots (Fig. 5b).

The VDC model was also fit to dMRI decay curves acquired using the
Stejskal-Tanner diffusion pulse sequence for three values of small delta
(8 = 3, 5 and 7 ms) and six values of large delta (A = 25, 50, 75, 100,
150 and 200 ms). Fig. 6a and b show how the Dy and D; values change
with A for the case of 8 = 3 ms. In the Dy data (Fig. 6a) two trends are
evident. First, the D, values are constant for the fixed diameter se-
quence of G values; but decrease for the changing diameter sequence of
G 25 beads. This reflects the sensitivity of the bulk diffusion Dy to the
changing volume outside of the bead, not to changes in the internal
bead structure. For the D, data (Fig. 6b) an opposite trend is observed;
the D; values increase with A for the fixed diameter sequence of G
values, while it is relatively constant for the changing diameter se-
quence of G 25 beads. Thus, here D; is more sensitive to the internal
structure of the beads. The same general behavior was observed for the
range of § values studied. Thus, in applying the VDC model to this

114

family of Sephadex™ beads, we see that distinct features of the gel
structure (bead diameters) and composition (bead crosslinks) are cap-
tured in the Dy and D; values, respectively. In addition, fine tuning of
this sensitivity can be modulated by varying 8, A, and b-value, while
using the curvature plots to isolate the most sensitive regions for data
collection.

3.3. Muscle fiber simulation comparisons

In this section we apply the VDC model to diffusion Monte-Carlo
simulation results for muscle tissue published by Hall and Clark [15].
Fitting simulation data is an intermediate step between the analysis of
gel phantoms of packed Sephadex™ beads and the dMRI study of human
brain tissue. The gels are heterogeneous and isotropic, while the muscle
simulations are heterogeneous and anisotropic on multiple length
scales, so the former is similar to gray matter, while the latter corre-
sponds in some features to white matter. The nested cylindrical fiber
model of muscle used by Hall and Clark consists of hierarchical as-
semblies of smaller fibers (Fig. 2 in Hall and Clark [15]), which pro-
vides a natural way to modify the relative amount of hindered and
restricted diffusion. The focus of the Hall and Clark study was on
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Fig. 4. Spatially resolved maps of D, in
mm?/s (in a), D; in mm?/s (in b), ADC in
mm?/s (in ¢), and K (unitless, in d) obtained
from a glioma patient. These axial images
were acquired at 3 Tesla with multiple b-
values using a single-shot echo planar ima-
ging pulse sequence and Stejskal-Tanner
diffusion gradients. The black arrows (in b)
point to the solid tumor area within the
tumor region. The specific imaging para-
meters (TR, TE, A, § and b-values) are listed
in the Materials and methods section.

b) Curvature
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Fig. 5. Semi-logarithmic plot of the decay in the diffusion signal intensity (S/S, in a) and the plots of curvature (C in b) as a function of b-value for gels G25-300,
G25-150, G25-80, G25-50 with the same internal structure, but with decreasing bead diameter from 300 to 50 um; and for G100-50, G70-50, and G50-50, with the
same bead diameter, but with increasing internal pore sizes. The diffusion time parameters were set to § = 5ms and A = 75 ms for this experiment.

determining the sensitivity of dMRI to changes in the structure (muscle
fiber loss, muscle fiber atrophy) and composition (cell wall perme-
ability, fiber diameter distribution) of muscle fibers; changes of the type
that are known to occur in DMD. Here, we fit only a subset of the Hall
and Clark data - as a function of b-value - to investigate the sensitivity
of the VDC model parameters (So, Do, and D;) to atrophy due to
shrinkage of internal muscle fiber diameters, increasing membrane
permeability, and changes in the fiber diameter distribution (normal
muscle versus DMD).

Changes in fiber permeability were simulated by allowing a small

fraction of the water undergoing Brownian motion within each fiber to
transition across fiber membranes rather than be scattered by them.
Given sufficient diffusion time, the water will encounter and be re-
flected by the surrounding fiber wall (in the absence of permeability)
leading to a reduction the apparent diffusion coefficient (restricted
diffusion) and a plateau in the signal decay curve, S(b) at high b-values.
Increasing membrane permeability (reduces restricted diffusion) per-
mitting some spins to transition, which removes the hard minimum on
the plateau and as such has a large effect on the signal at high b-value.
This effect is illustrated by the data plotted in Fig. 7 for a dMRI
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Fig. 6. Estimated values of the varying diffusion curvature (VDC) model parameters, Dy in mm?/s (in a) and D; in mm?/s (in b), as a function of pulse separation, A,
for gels G25-300, G25-150, G25-80, G25-50 with the same internal structure, but with decreasing bead diameter from 300 to 50 pm, and for G100-50, G70-50, and
G50-50, with the same bead diameter, but with increasing internal pore sizes. The pulse width, §, was set to 3 ms for this experiment.
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Fig. 7. Semi-logarithmic plots of the simulated (cross mark) and fitted (straight
line) diffusion signal intensity (S/So) as a function of b-value for baseline, and
for fiber bundle substrates with 0.05%, 0.1%, and 0.2% permeability.

Table 2

The VDC model parameter values and asymptote obtained from different si-
mulation scenarios: baseline; 0.05%, 0.1%, and 0.2% permeability change; 5%,
10%, and 20% atrophy change; and fiber radius distribution change based on
Mdx mouse model.

So Dy (in mm?/s) D; (in mm?/s) Asymptote
Baseline 0.97 5.2 6.0 0.41
Perm (0.05%) 0.99 5.9 5.2 0.32
Perm (0.1%) 0.98 5.9 4.2 0.24
Perm (0.2%) 0.98 5.9 3.1 0.14
Atrophy (5%) 0.96 5.8 6.0 0.36
Atrophy (10%) 0.95 6.0 5.7 0.33
Atrophy (20%) 0.92 6.0 4.7 0.26
Mdx 0.97 4.9 6.0 0.43

simulation with (0, 0.05, 0.1 and 0.2%) permeability. In these plots the
solid curves are the fits to S(b)/Sy using Eq. (3), and the crosses are the
Monte-Carlo simulation results. The calculated VDC model parameters
are listed in Table 2 for convenience. The principal effect of increasing
fiber wall permeability is on D;, not Dy, which is consistent with their
respective roles in describing restricted and hindered diffusion, and the
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final asymptote is a plateau that is given by Spexp(—Dy/D1).

Atrophy due to fiber shrinkage was simulated by a 5, 10, and 20%
reduction in the internal muscle fiber diameters. The smaller fiber cross
sections are therefore more quickly explored — greater restricted dif-
fusion - yielding lower plateaus. This effect is illustrated by the data
plotted in Fig. 8 for a dMRI simulation with (5, 10 and 20% reduction of
internal fiber diameters) giving corresponding reductions of the pla-
teaus of 9.4, 18.6 and 34.7% from the control. Again, the primary VDC
model parameter affected was D;. These data are also listed in Table 2.

Changes in the fiber radius distribution are known to occur in DMD
[15]. However, altering the distribution (control Gamma and Mdx
mouse model of DMD) does not have as large an effect on the S(b) decay
curve or the VDC model of the simulation data. The results for the
Gamma distribution baseline and the Mdx cases show that Dy was more
sensitive than D; (hindered diffusion > restricted diffusion). These
preliminary results are also listed in Table 2.

0
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Fig. 8. Semi-logarithmic plots of the simulated (cross mark) and fitted (straight
line) diffusion signal intensity (S/So) as a function of b-value for baseline, and
for fiber bundle substrates with 5, 10, and 20% atrophy in the internal cylinder
radius.
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4. Discussion’

The impetus to glean diagnostic information from dMRI data re-
flects the tension between advancing technology and the goals of per-
sonalized medicine. Fast, whole-body, and high-resolution imaging
empowers the search for biomarkers to identify, stage, and classify
tumors (e.g., breast, prostate), and neurodegenerative disease
(Alzheimer's, Huntington's, etc.). Patients want earlier warnings and
physicians want complete tissue characterization; aspirations that place
the radiologist and MR researcher on a quest to correlate image ‘fea-
tures' with changes in tissues arising due to developing pathology.

Unlike X-rays or ultrasound where tissue structure and composition
directly affect the absorption, scattering and reflection of energy, MRI
has two indirect, or hidden, layers of interaction (induced spin polar-
ization, deduced magnetization dynamics) that modulate the detected
signal intensity (amplitude and phase) and the derived image para-
meters (e.g., relaxation time, diffusion coefficient, conductivity, stiff-
ness). Both intervening processes involve models of how magnetic and
radiofrequency fields affect and are affected by the time and space
evolution of magnetic resonance phenomena in tissues (Bloch and
Bloch-Torrey equations) [18,20,22]. Interrogation of a particular tissue
feature using relaxation or diffusion requires specific pulse sequences
(e.g., Hahn spin echo for T», or Stejskal-Tanner diffusion encoding), but
interpretation of the collected data involves assumptions (compart-
mentalization, course graining or mean field theory) of sub-voxel tissue
complexity that affect the extraction of a meaningful biomarker for
tissue structure or composition [27,28].

Advances in dMRI proceed as a two-step process with improved
diffusion-weighted imaging sequences employing improved RF and
gradient hardware to collect the arrays of data needed to analyze the
multi-compartment models [7,8] (e.g., neurite orientation dispersion
and density imaging, and composite hindered and restricted diffusion)
of sub-voxel tissue structure. This imaging ‘arms race’ has recently been
called into question [27] with respect to its added value in answering
the questions raised by physicians and patients. The goal of this paper
was not to delve deeper into the tissue or the techniques, but to con-
sider the dilemma from the opposite perspective; to select one robust
signal characteristic and to project it back to a simple heuristic model.
Hence, we have focused on the decrease in the ADC with time (or b-
value) and fit dMRI data using the VDC model using the simple ex-
ponential decay [15], D(b) = Dyexp(—bD;).

In general, this model captures aspects of hindered and restricted
diffusion in Dy and D, respectively, where the D, for homogeneous
materials is equivalent to the ADC or the intrinsic free diffusion con-
stant divided by the tortuosity (hindered diffusion), and D; captures the
effects of reflections at cell or membrane boundaries (restricted diffu-
sion). As shown in a previous publication [17], this exponential decay
model is only one option, but it does encode the commonly observed
flattening out of the In[S(b)] signal decay as a function of b-value in
white matter and in muscle tissue (Fig. 3). Operationally, at inter-
mediate b-values, the exponential model is equivalent to the kurtosis
model [5]; and expresses a multi-compartment sum of regular ex-
ponential behavior in S(b) over the entire range of b-values [17]. In
summary, Dy is similar to ADC, as expected, having lower values in
more complex tissue structures (lowest in WM, intermediate value in
GM, and highest in CSF). D, is different from D, (hence may be inter-
esting as a biomarker) in that a reverse pattern is observed. Although
we do not know exactly what D; reflects, this outcome is consistent
with Sephadex results in Fig. 6b. where the more complex, hetero-
geneous G25 Sephadex™ diffusion decay is fit by larger relative D,
values, while here, we have higher D; values that are correlated with
more restricted structures such as those in WM.

1 Modeling is the direct object of the measurement here.
(with acknowledgment to Mr. Charles Lamb, page 245 of [26])
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In this paper, we applied the VDC model to dMRI data from three
heterogeneous materials (Sephadex™ gel phantoms, muscle fiber si-
mulations, and human brain tissue). Sephadex™ gel phantoms have
been well studied using dMRI [9,10] because their diameter, porosity,
and tortuosity can be adjusted allowing the researcher to investigate
changes in S(b) with bead diameter and the size of the internal bead
spaces. Fits of S(b) data to families of Sephadex™ gel beads using the
VDC model (So, Dy, D;) captures the plateau seen at high b-values,
demonstrates a good correlation between bead heterogeneity and D,
and illustrates the effect of bead packing on D,. Monte-Carlo, muscle
fiber simulations also are a useful tool for correlating changes in fiber
diameter, packing and permeability with dMRI signals. Ideally, one can
use simulations to optimize the diffusion pulse sequence parameters to
highlight changes in the model parameters that correspond to disease
progression (muscle atrophy due to fiber loss or changes in the fiber
diameter distribution). We fit the VDC model to simulated S(b) data and
found that the D, parameter (but not Dy) was most sensitive to changes
in fiber permeability and to a reduction in fiber diameter. Conversely,
D, was more sensitive than D, to changes in fiber diameter distribution.
dMRI is often used to stage and monitor brain diseases, so we also used
the VDC model to fit S(b) data from a normal volunteer and from a
glioma patient. The Dy, maps for white and gray matter in the brain of
the volunteer displayed similar contrast to the ADC fits, while the D,
maps for white matter trace images showed contrast that appears to
display some of the features identified by kurtosis imaging [1]. In our
model the D,, like excess kurtosis, K, is a way to capture additional
information from tissue regions that exhibit restricted diffusion.
Nevertheless, from this single clinical case, we cannot elaborate on how
D; might be helpful in tumor staging, but we are pursuing this question
with our clinical colleagues. For the glioma patient, again we found
good correspondence between the Dy maps and ADC in the brain par-
enchyma and in the tumor. The D; map for the tumor showed less
contrast; but displayed several white matter regions with good to ex-
cellent contrast. These results are illustrative only; and will be pursued
in future studies with groups of patients to substantiate the observations
in this study. Taken together, the gel phantom, muscle simulations, and
clinical MRI results display the capabilities of the VDC model to identify
specific features of heterogeneous materials, features that reflect sub-
voxel structure and composition.

Beyond their utility, another reason to pursue simple models for
diffusion in heterogeneous materials is that even for the simplest dif-
fusion gradient pulse sequences and signal attenuation models — the
short pulse approximation (SPA) and the Gaussian phase approximation
(GPA) - the resulting signal attenuation conflates b-value and diffusion
coefficient, D, as S/Sy = exp[ —bD], where b is a function of the diffu-
sion pulse sequence and D is a voxel average. Unravelling the con-
tributions of sub-voxel contributions to D from the corresponding
changes in b(G, 4, §) is at best difficult and at worse, impossible because
there are usually more than one configuration of intra- and extra-cel-
lular sub-voxel compartments that will give the same bD product, that
is, the solution is not uniquely described by a single sub-voxel structure.
This structural degeneracy is a shortcoming in all compartmental
models; and is often compounded by the assumption that the water
does not exchange between compartments. Such reservations should
give pause to modeling recipes that try to associate tissue histology with
dMRI and harken back to Kac's classic paper, ‘Can One Hear the Shape
of a Drum?’ [29].

In addition, the D(b) model of anomalous diffusion [17] involves
two distinct aspects of the normal (Gaussian) model of diffusion: one in
time and one in space. The Gaussian model of dMRI uses the b-value as
the independent variable, but this term is the scaled product of g% and t,
where ¢ is the Fourier transform of the underlying diffusion process
[22] (g = (1/2m) (yG8)?), and t is the diffusion time (t = (4 — 6/3)).
Ideally, one should probe S(b) at many points in (g, t) space using ex-
periments [30,31] or simulations [15]. Alternatively, we could extend
D to be function of space, D(x), or time, D(t), or both time and space, D
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(x,t). As is the case when using fractional order space and time deri-
vatives to capture nonlocality and memory [32], using D(x,t) is an a
priori choice that modellers must make to describe measurements on
complex materials.

Time and distance are interconnected for both normal and anom-
alous diffusion, so the different terms in the diffusion models, can re-
present  subcellular, cellular and  extracellular (< 1pum,
1-10 ym, > 10 pm) compartments [33,34]. Ideally, each term should
be associated with a different set of compartments and boundary con-
ditions. If we knew the physical mechanism governing the apparent
reduction in D(b) that occurs in tissue, then we could compute a for-
ward model, but this sub-voxel information is not observable in normal
tissues using dMRI; and is not known for diseased brain tissue. Based on
our previous work [35,36], and the work of others [37], fractional
calculus models also have the potential to distinguish the substructure
in complex materials (e.g., in viscoelasticity, dielectrics, and electro-
chemistry). Specifically, the recent book by Evangelista and Lenzi [38]
describes how power-law models and fractional calculus can provide
links between material structure and anomalous diffusion. The focus
here, however, is on a D(b) model of anomalous diffusion, which does
not use fractional calculus.

5. Conclusions

The VDC model can capture features of tissue complexity (porosity,
tortuosity, atrophy, permeability) in the diffusion-weighted MR signal
decay that reflect changes in D(b) due to sub-voxel tissue structure and
composition. The VDC model parameter D, corresponds to hindered
diffusion (changes in porosity and tortuosity, in a manner similar to the
tissue ADC), while the D; parameter is more sensitive to restricted
diffusion and permeability. The simplicity of this model and the ex-
panding capabilities of diffusion gradients (higher b-values) on clinical
imaging systems offer the promise of its easy implementation and fu-
ture use in the detection, monitoring and management of disease.
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