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A B S T R A C T   

Purpose: Positron emission tomography (PET) image reconstruction is usually performed using maximum like
lihood (ML) iterative reconstruction methods, under the assumption of Poisson distributed data. Pre-correcting 
raw measured counts, this assumption is no longer realistic. The goal of this work is to develop a reconstruction 
algorithm based on the Negative Binomial (NB) distribution, which can generalize over the Poisson distribution 
in case of over-dispersion of raw data, that may occur if sinogram pre-correction is used. 
Methods: The mathematical derivation of a Negative Binomial Maximum Likelihood Expectation-Maximization 
(NB-MLEM) algorithm is presented. A simulation study to compare the performance of the proposed NB- 
MLEM algorithm with respect to a Poisson-based MLEM (P-MLEM) method was performed, in reconstructing 
PET data. The proposed NB-MLEM reconstruction was tested on a real phantom and human brain data. 
Results: For the property of NB distribution, it is a generalization of the conventional P-MLEM: for not over 
dispersed data, the proposed NB-MLEM algorithm behaves like the conventional P-MLEM; for over-dispersed PET 
data, the additional evaluation of the dispersion parameter after each reconstruction iteration leads to a more 
accurate final image with respect to P-MLEM. 
Conclusions: A novel approach for PET image reconstruction from pre-corrected data has been developed, which 
exhibits a statistical behavior that deviates from the Poisson distribution. Simulation study and preliminary tests 
on real data showed how the NB-MLEM algorithm, being able to explain the over-dispersion of pre-corrected 
data, can outperform other algorithms that assume no over-dispersion of pre-corrected data, while still not ac
counting for the presence of negative data, such as P-MLEM.   

1. Introduction 

In positron emission tomography (PET), image reconstruction is 
usually performed using iterative reconstruction methods, which use a 
forward model to account for the Poisson statistics of the measured data 
and are based on maximum likelihood (ML) optimization. The most 
popular algorithms are ML Expectation Maximization (MLEM) [1,2] and 
its accelerated version called Ordered Subsets Expectation Maximization 
(OSEM) [3]. 

However, the assumption that the data are Poisson distributed is not 
always verified, and deviations may occur as a consequence of many 
causes, mainly the correction of some unwanted physical and acquisi
tion artefacts, such as: scattered or accidental counts, positron range, 

dead-time, photon non-co-linearity, variation in detector-pair sensi
tivity, and others [4–10]. 

Accidental (random) coincidences add wrong additional counts to 
LORs in the sinogram, which cause a reduced contrast and an over
estimation of the tracer activity [11]. Random events cause a reduction 
of image contrast and a bias in the measured activity due to an increased 
level of background activity [12]. Usually, PET scanners detect co
incidences both during ‘prompt’ and ‘delayed’ time windows. Prompt 
coincidences represent true coincidences, corrupted by random and 
scatter events, while delayed coincidences represent only random 
events. 

Modern PET scanners use EM-based reconstruction algorithms that 
preserve the Poisson nature of the data, including into the 
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reconstruction process all the factors that may alter the statistical dis
tribution of the data [13,14]: the scatter and random estimates, finite 
resolution model, irregularities in the geometry, etc. This has the 
advantage of maintaining the Poisson statistic of the data. 

An alternative method is that of pre-correcting data before recon
struction. In this case, a common strategy to correct for accidental co
incidences is to subtract the delayed (noisy) coincidences from the total 
events [15], leading to an overdispersion of data; such overdispersion is 
stronger when the noisy estimate of the accidentals is uncorrelated with 
the measurement noise. Scatter correction is usually performed after 
random correction. Different methods for correcting scattering effects 
exist [7]: the simplest one is based on the assumption that we can 
approximate the distribution of scattered coincidences by fitting a 
Gaussian function to each projection profile in the sinogram; more ac
curate methods, such as the single-scatter simulation [16] (SSS), consist 
of an estimate of scattered events distribution using information from 
the total sinogram and from computer modelling of the photon inter
action physics. By correcting raw measured counts for these effects, the 
assumption of Poisson-distributed data is no longer realistic [13]. 
Depending on how much the newly corrected sinogram deviates from a 
Poisson statistic, this may compromise the estimation of the emission 
density. 

A viable approach to noise and bias reduction may be to identify an 
optimal way to model the deviation from the Poisson statistic in pre- 
corrected count data and to exploit this information in PET image 
reconstruction. A reasonable way may be provided by the Negative 
Binomial (NB) distribution, which is able to model count data with 
different degrees of dispersion, in particular when the variance exceeds 
the mean value (i.e. over-dispersion) [9,17–20]. The authors of this 
work previously demonstrated [9] that PET data after random and 
accidental scattering correction are no longer Poisson distributed but 
they present an over-dispersion of data, and therefore they can be better 
modeled using an NB distribution. This was demonstrated also for a real 
phantom data. Furthermore, this over-dispersion is still present after 
applying all corrections [10] (i.e. random scattering, dead time, 
normalization, geometric, accidental scattering, and attenuation), and 
therefore, an NB distribution is well suited to characterize these 
pre-corrected PET data. 

It is known that an ML estimator based on the correct statistical 
model is asymptotically efficient (lowest possible variance), so modi
fying the log-likelihood with the suitable model, may lead to solutions 
with lower bias and variance. The aim of this work is reducing the bias 
and the variance observed in PET reconstructed images by using the 
appropriate statistics of data (i.e. NB instead of Poisson); it is especially 
relevant when dealing with low counts acquisitions, which may occur 
when a low dose of radiotracer is injected into the patient body or when 
the aim is to lower the acquisition time, i.e. to increase time resolution in 
dynamic scans. 

In this work, the mathematical derivation of an NB-based MLEM 
reconstruction algorithm is presented. A simulation study and pre
liminary tests on a real phantom and human brain data showed how this 
algorithm could be efficiently used to reconstruct pre-corrected PET 
data, reducing bias and variance on the resulting images with respect to 
a Poisson-based MLEM. 

2. Materials and methods 

2.1. The NB distribution model 

The NB distribution can be seen as a generalization of the Poisson 
distribution, which is able to describe count data with different degrees 
of over-dispersion, including the special case of variance equal to mean 
value, typical of Poisson distribution. NB distribution is a function of two 
parameters: the mean λand the r factor [9,17]: 

pðY ¼ y; λ; rÞ¼NegBinðY ¼ yjλ; rÞ¼
Γðyþ rÞ

Γðyþ 1Þ⋅ΓðrÞ

� r
λþ r

�r� λ
λþ r

�y
; λ

> 0 ; r > 0
(1)  

where Γð ⋅Þ is the gamma function, and y is a non-negative integer value. 
Eq. (1) represents the probability density function (pdf) of the NB 

distribution. The parameter r is important to characterize the deviation 
from a Poisson distribution. Sometimes the inverse of the r parameter, 
α ¼ 1=r, is used to quantify the over-dispersion of the samples y ¼ fyig, 
with respect to the mean value of the pdf. The mean of the NB distri
bution is λ (as for the Poisson distribution) and, using the method of 
moments [20], the variance σ2 is: 

σ2¼ λð1þ αλÞ (2) 

As α gets small with respect to λ, the NB distribution converges to a 
Poisson distribution, being σ2 ¼ λ for α ¼ 0. 

2.2. The log-likelihood for NB distribution 

The derivation of an MLEM reconstruction algorithm based on the 
hypothesis of NB distributed data follows closely the reasoning behind 
the derivation of the original Poisson-based algorithm (P-MLEM). Let 
the radiotracer activity within the patient’s body be a continuous 
function ~x, which can be discretized using a set of point sources x ¼ fxjg;

j 2 f1;…; Jg. Each voxel emits radiation at an average rate of xj pro
portional to local tracer concentration. The geometry of the acquisition 
system and the attenuation determine the probability pij of a photon 
emitted by voxel j being detected by Line of Response (LOR) i. Let ~y be 
the raw measured projection data, which are usually described as a 
Poisson random variable, with expected value λi ¼ λiðxÞ ¼

P

j
pijxj. The 

correction of artefacts causes a change in the statistical distribution of 
the projection data, with a transition from Poisson to Negative Binomial 
[9]. 

Let y ¼ fyig; i 2 f1;…; Ig represent the pre-corrected projection 
counts stored as a sinogram. Given the activity x, then, the probability to 
observe counts yi in detector bin i can be modeled as: 

pðyijλi; rÞ ¼ NegBin

 

Y ¼ yij λiðxÞ ¼
X

j
pijxj; r

!

(3) 

It follows that counts in each detector bin i are independent, condi
tionally to the activity x, and thus the probability of observing y given x 
is: 

pðyjλðxÞ; rÞ¼
Y

i
pðyijλiðxÞ; rÞ (4) 

Eq. (4) is the likelihood of observing the pre-corrected projection 
measurement, given an emission activity x and a parameter r. It is useful 
to express the likelihood in logarithmic form to simplify the calculus of 
derivatives in the following steps: 

lðx; rÞ¼ log
�

p
�

yj λðxÞ¼
X

j
pijxj; r

� �

¼
X

i

h
logðΓðyi þ rÞÞ � logðΓðyi þ 1ÞÞ

þ logðΓðrÞÞþ r logðrÞþ yi log
�X

j
pijxj

�
� ðyiþ rÞlog

�
rþ
X

j
pijxj

�i

(5)  

2.3. The NB-MLEM iterative algorithm 

The conventional approach to iterative statistical image reconstruc
tion is then based on deriving an estimate of the activity image x, so that 
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the measured photon counts y are more likely to be observed. This 
means that it is necessary to maximize the log-likelihood function in eq. 
(5). The problem with the Negative Binomial distribution is that eq. (5) 
is a function of two parameters, and it is necessary to estimate both, 
instead of just computing the expectation of the mean value λðxÞ. 

2.3.1. Updating the estimate of the mean value x 
An update formula for the activity image x can be derived following 

similar reasoning used by Shepp and Vardi [1] and Lange and Carson [2] 
for Poisson distributed emission tomography data. The estimate of the 
activity spatial distribution can be computed minimizing the negative of 
the log-likelihood in eq. (5) with respect to x, under the positivity 
constraint x � 0. As this minimization problem is convex [21], it is 
possible to make use of results from convex analysis to find a global 
minimum of x. The first step foresees to compute the partial derivative of 
(5) with respect to the activity x: 

∂lðx; rÞ
∂xj

¼
X

i

"

� pij
1þ α yi

1þ α
P

jpijxj
þ pij

yi
P

jpijxj

#

(6)  

where α ¼ 1=r was used for the sake of clarity of the notation. 
Formally, the Karush-Kuhn-Tucker (KKT) conditions [22] provide 

the existence of a Lagrange multiplier function υ � 0, such that the 
stationary points of eq. (6) satisfy equations: 

0¼ �
∂lðx; rÞ

∂xj

�
�
�
�
bxj;ML

� υ¼
X

i

"

pij
1þ α yi

1þ α
P

jpijxj
� pij

yi
P

jpijxj

#�
�
�
�
�
bxj;ML

� υ

(7.a)  

0¼ υ xj
�
�
bxj;ML

(7.b) 

Eq. (7.a) is the first order optimality condition and, without loss of 
generality, it can be rewritten as: 

X

i

2

6
6
6
4

1X �
1

pij
1þα yi

1þα
P

j
pijxj

pij
yi

P
jpijxj

3

7
7
7
5
�

υ
pij

1þα yi
1þα
P

j
pijxj

¼ 0 (8) 

Since the optimization problem is convex, every solution bx satisfying 
bx � 0 and the two KKT conditions is a global minimizer. If that is the 
case, bx is a fixed stationary point of the optimization and it is possible to 

approximate the constant term 1X in eq. (8) by bx
ðnþ1Þ
j

bx
ðnÞ
j 

such that bxðnþ1Þ
j 

appears directly: 

bxðnþ1Þ
j � bxðnÞj

X

i

2

6
6
6
4

1
pij

1þα yi
1þα
P

j
pijxj

pij
yi

P
jpijxj

3

7
7
7
5
�

υbxðnÞj

pij
1þα yi

1þα
P

j
pijxj

¼ 0 (9) 

The last term in eq. (9) can be eliminated according to eq. (7.b), and 
by straightforward reordering a simple, fixed point, iteration scheme is 
obtained, for the update of the activity image estimate: 

bxðnþ1Þ
j ¼bxðnÞj

1
P

ipij
1þα yi

1þα
P

h
pihbx

ðnÞ
h

X

i
pij

yi
P

kpikbxðnÞk

(10)  

which preserves non-negativity if the operator pij preserves non- 
negativity and the initialization xð0Þ is non-negative [23]. Eq. (10) is 
the maximum likelihood expectation maximization in case of 
NB-distributed counts data (NB-MLEM), and it allows to iteratively up
date the estimate of the activity image x, given the knowledge of 
pre-corrected measured counts y, and data dispersion factor α ¼ 1= r. It 
is straightforward to see that eq. (10) is a generalization of the Poisson 
MLEM (P-MLEM) conventionally used in emission tomography iterative 
image reconstruction, as it converges to P-MLEM for α→ 0 (i.e. the same 

condition under which a NB distribution converges to a Poisson 
distribution). 

2.3.2. Updating the estimate of the parameter r 
Eq. (10) can be used to estimate the activity image from count pro

jection, only if the value of the parameter r is known. Given that this is 
never the case, unless it is accepted to approximate the data as, e.g., 
Poisson distributed with α ¼ 0, it is required to alternate between the 
update of the estimate of the mean value of the NB distribution yi ¼ λðxÞ, 
and the estimate of the parameter r ¼ 1

=α. 
It is necessary to compute again the derivative of the log-likelihood 

in eq. (5) with respect to parameter r: 

∂lðx; rÞ
∂r

¼
X

i

2

6
6
4

Xyi � 1

v¼0

rv
r þ v

þ r2 log
�

1þ
P

jpijxj

r

�

� ðyi þ rÞ
P

jpijxj

1þ
P

j
pijxj

r

3

7
7
5 (11) 

Using eq. (11) to derive a closed-form iterative solution to find a 
value br ¼ argmaxr lðx; rÞ is not trivial [24]. For this reason, it was chosen 
to approximate the ML update of the value of the r parameter using 
numeric approximations. In this work, a random search approach based 
on the direct sampling of the likelihood function was adopted:  

1. Given the current estimate of the activity bxðnÞ, from eq. (10), random 
samples of r is drawn from a uniform distribution on a predefined 
search space to compute an approximation blðbxðnÞ; rÞ of the log- 
likelihood function in eq. (5), as a function of r;  

2. The value brm¼ argmax r ​ blðbxðnÞ; rÞ is chosen as the one yielding the 
maximum value of blðbxðnÞ; rÞ; 

3. Steps 1 and 2 are repeated M times, adapting the search space ac
cording to the current estimate brm; 

4. In the end, the new value of the r parameter for the n-th recon
struction iteration is chosen as: 

8
><

>:

brðnÞ ¼ argmaxbrm
bl
�

bxðnÞ;brm

�

; m ¼ 1;…;M

bαðnÞ ¼ 1
brðnÞ

(12)  

2.3.3. Summary of the algorithm and implementation details 
The NB-MLEM algorithm, therefore, consists of updating, at each 

iteration, the values of bxðnþ1Þ
j according to eq. (10), and brðnþ1Þ (and then 

bαðnþ1Þ) according to eq. (12). The flowchart in Fig. 1 summarizes the 
entire process: starting from a blank initialization guess (bxð0Þ), the NB- 
MLEM algorithm iteratively updates the estimate of activity image 
(bxðnþ1Þ) using eq. (10) for a given value of the dispersion factor bα. This 
update, then, produces a new estimate (byðnÞ ¼ λðbxðnÞ ¼

P

j
pijbx

ðnÞ
j ) of the 

pre-corrected sinogram (y) via forward projection. On the estimated 
counts, a new value for the parameter (brðnÞ) is computed as described in 
section 2.3.2. Fig. 1 also shows a few examples of how successive iter
ations change the estimates of activity images and sinogram expecta
tions; also the NB log-likelihood is shown as a function of the parameter 
r, and we can see how it changes its shape with successive iterations, 
with its maximum progressively approaching a convergence value. 

To ensure the convergence of the algorithm it needs the objective 
function to be convex; in such case the negative log-likelihood function 
has a global minimum. Since the NB negative log-likelihood in Eq. (5) is 
not convex for every value of r and x, in such cases local minima should 
be found during the algorithm iterations; this can be avoided by using 
multiple sets of initial conditions of the parameters [25]. In the present 
work, we used this approach to update the estimate of parameter r by 
adapting the search space for the random sampling as described in 
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section 2.3.2 in order to try to reduce the risk of finding a local minimum 
as much as possible. 

To implement the NB-MLEM reconstruction algorithm, the in-house- 
developed software Occiput.io [26,27] was used, which exploits GPU 
parallel computation for the operations of projection and 
back-projection to speed up the reconstruction process. For the P-MLEM 
reconstruction that was used as a reference and compared to NB-MLEM, 
we used the default implementation provided by the Occiput.io library. 

2.4. Simulation 

Static [18F]FDG PET scans were simulated for a Discovery RX VCT 
(64-slice, GE Healthcare, Milwaukee, WI) PET/CT scanner, using the 
digital phantom shown in Fig. 2a. It is composed by three cylindrical 
regions (6  cm � 15  cm, radius x height, each), filled with different 
tracer concentrations, so to assess the performance of the proposed 
reconstruction algorithm to recover different tissues’ emission. The 

average emission xj in each region was e75 ​ Bq=ml; ​ e40 ​ Bq/ml, and 
12 ​ Bq=ml, respectively, for a total simulated injected activity in the 
cylindrical phantom of e12 ​ MBq Red circles identify the three ROIs 
used later on to assess the performance of the reconstruction. Four 
different scan time lengths were simulated, to study the impact of 
sinogram count rate on reconstruction quality and convergence prop
erties of the NB-MLEM. Scan durations and relevant total number of 
counts in the projected sinogram are shown in Table 1. 

Fig. 2b shows the ideal noiseless sinogram obtained by forward 
projecting the phantom in Fig. 2a, mimicking an acquisition length of 
150s. The chosen scanner geometry is such to store coincidence events 
on a sinogram grid of 331 � 315 bins. To approximate the NB statistical 
distribution typical of pre-corrected sinogram data, while having full 
control on and knowledge of the true values of the parameters to be 
estimated, NB-distributed data were generated using the noiseless 
sinogram as mean λðxÞ, and multiple values for the parameter r ¼ ½3:25;
6:5; 13:0; 1e9�. The last value of r ¼ 1e9 was chosen to simulate a quasi- 

Fig. 1. Flow diagram of the NB-MLEM reconstruction algorithm.  

Fig. 2. a) Simulated phantom with three regions with different emission rates (average emission xj in each region is: 75 Bq=ml; 40 Bq=ml; 12 Bq= ml; red circles 
identify the three ROIs used later on to assess the performance of the reconstruction: they will be labeled as ‘high activity’, ‘medium activity’ and ‘low activity’, 
starting from top-left and moving counterclockwise. b) Noiseless sinogram projection (total counts e250 kCounts). c) Example of Poisson-distributed projection data. 
d) Example of NB-distributed projections data (with r ¼ 3:25). 
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Poisson condition (i.e. α→0). 
Random, accidental scattering and other artefacts were not gener

ated, and consequent correction of the sinogram was not performed in 
the simulation, because the assumption was made that pre-corrected 
data is NB-distributed, according to what was demonstrated by au
thors in Ref. [9]. This allowed us to more accurately control the 
behaviour of the reconstruction algorithm, as the degree of data over
dispersion varies between datasets. 

An example of the NB-distributed sinogram (generated from the 
noiseless one in Fig. 2b) is shown in Fig. 2c for r ¼ 1e9, which ap
proximates a quasi-Poisson distribution, and in Fig. 2d for r ¼ 3:25 . 

2.5. Metrics for comparing the results from the two algorithms 

The performance of the proposed NB-MLEM reconstruction of pre- 
corrected sinogram data was evaluated in comparison with a conven
tional Poisson MLEM (P-MLEM). The total number of reconstruction 
iterations was 100, for both the algorithms. All the combinations of scan 
times and dispersion parameters were tested. For each one of them, the 
comparison of the two reconstruction methods was quantitatively per
formed computing bias (i.e. agreement with the ground truth simulated 
activity) and noise (i.e. standard deviation of a uniform region of in
terest) from the reconstructed images, as follows: 

bias½%� ¼ 100*

"
1

Nroi

X

j2ROI

�
�
�bxj � xtrue

j

�
�
�

xtrue
j

#

(13)  

noise½a:u:� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Nroi

X

j2ROI

�
�bxj � xtrue

j

�
�2

s

(14) 

Bias and noise were computed, at each reconstruction iteration, on 
regions of interest relevant to each region of the phantom, as shown in 
Fig. 2a using red circles. 

2.6. Experimental phantom acquisition and reconstruction 

A cylindrical phantom (12  cm � 15  cm, radius x height) was filled 
with 18F-FDG and water solution. The total activity at the beginning of 
the experiment was of 34MBq. The phantom was placed in the middle of 
the bore of a PET/CT scanner (Discovery RX VCT 64-slice, GE Health
care, Milwaukee, WI), with its long axis parallel to the bore’s axis. 47 
slices of 2D PET data projections covering the phantom were acquired 
for six different times, with a time interval of about 15–20 min. Each 
static scan lasted a total time of 300s. The total activity of each static 
scan ranged from 34MBq to 15MBq. Each static sinogram was treated as 
a separate scan and corrected, prior to reconstructing, for the following 
unwanted artefacts: random counts, dead time, normalization, geo
metric correction, scattering, and attenuation [9]. The sequence of 
corrections was applied according to the scanner protocol, and the 
vendor’s software was used to compute and apply the relevant correc
tion factors. Sinograms obtained after correction of all artifact were 
saved for further analysis and image reconstruction, that were per
formed outside of the scanner workstation, using the software libraries 
listed in Section 2.3.3. 

2.7. Real human brain data acquisition and reconstruction 

One dataset of real human brain data was acquired after an injection 
of e300MBq of [18F]FDG to a subject with no known brain pathology. 
The same PET/CT scanner used to acquire the phantom was used, and a 
static scan was performed in 300s, obtaining 47 slices of 2D PET data 
projections. The vendor software was used to compute all correction 
matrices, and to pre-correct the measured sinograms using the same 
procedure previously described for the experimental phantom. Sino
grams obtained after correction of all artifact were then reconstructed 
using both P-MLEM and NB-MLEM. 

3. Results 

3.1. Simulation results 

Fig. 3 shows the reconstructed images at different iteration numbers 
for the P-MLEM (top row) and NB-MLEM (bottom row) algorithms. 

Fig. 4 shows the results obtained in the estimation of the parameter r, 
for all the simulated combinations of total sinogram counts and r 
parameter. The straight black lines in the graphs indicate the true value 
of the r parameter in that specific case. 

Fig. 5 shows trends of bias (in percentage) vs noise in the recon
structed images, as a function of the iteration number, for increasing 
values of the parameter r (from Fig. 5a–d). In each subfigure, each row 
presents the abovementioned quality metrics for the three different re
gions of the phantom, allowing to study different emission rates at once. 
Fixing the value of the parameter r (i.e. one Fig. between Fig. 5a, …,5d) 
and one region of the phantom (i.e. one of the three columns of which 
the subfigure is composed), different line styles are used to depict bias vs 
noise trends for the various scan time lengths simulated. 

3.2. Experimental phantom results 

In Fig. 6 the results obtained reconstructing the experimental 
phantom are shown. In particular, Fig. 6a and b shows the reconstructed 
images acquired at the first (a) and last (b) time points, for different 
iteration numbers. In both subfigures, in the top row, the images are 
reconstructed using P-MLEM algorithm, while in bottom row we used 
the proposed NB-MLEM algorithm. The red circles show the ROIs used 
later on to produce the graph in Fig. 7. The log-likelihoods evaluated 
during the reconstruction of the phantom in the two scan times of Fig. 6a 
and b are also shown, for both NB-MLEM (blue line) and P-MLEM (or
ange line), respectively. In Fig. 6c the value of the parameter r estimated 
at each iteration by the NB-MLEM algorithm, for each of the six scans of 
the real phantom is shown. 

In Fig. 7, the ROI mean vs ROI noise is shown as function of the 
iteration number, for all the 6 scans. Different colors were used to 
differentiate between the 6 scans of the experimental phantom, and two 
markers were used to distinguish between the results of the P-MLEM 
(dotted) and NB-MLEM (continuous) algorithms. The ROI used to 
compute regional mean and standard deviation is shown in Fig. 6. On 
the right, a zoom of selected regions of the plots (black rectangles in the 
main plot) is shown for three of the scans. 

3.3. Brain data results 

In Fig. 8 the results obtained by brain data reconstruction are shown. 
In Fig. 8a reconstructed images, at different number of iterations are 
shown, for the P-MLEM (top) and NB-MLEM (bottom) algorithms. In 
Fig. 8b the log-likelihood of the two algorithms as function of the iter
ation number are shown; finally, Fig. 8c shows the trend of the mean 
value vs standard deviation for an ROI covering brain gray-matter, as 
function the iteration number. The ROI used is shown in Fig. 8a. 

Table 1 
Different acquisition lengths simulated, to generate sinograms with different 
signal-to-noise characteristics.  

Acquisition length 150 s 300 s 600 s 

Total measured counts (single 2D 
sinogram slice) 

e250 
kCounts  

e500 
kCounts  

e1000 
kCounts   
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4. Discussion 

In this work, the mathematical derivation of an MLEM reconstruc
tion algorithm for pre-corrected PET sinogram data is discussed, under 
the assumption of modelling the observed data using a Negative Bino
mial distribution. This research work explores a topic already discussed 
in the literature about statistical iterative reconstruction, and it could be 
compared to other methods trying to deal with non-Poisson emission 
data, using strategies like: approximated Poisson distribution [28], 
shifted Poisson [29], or Gaussian models [30,31]. The authors of this 
work previously demonstrated [9,10] that PET data after random and 
accidental scattering correction are no longer Poisson distributed, and 
that they present an over-dispersion of data (i.e. variance greater than 
the mean of the data), and therefore they could be better modeled using 
an NB distribution. 

This modelling choice resulted in the proposal of a reconstruction 
method, which acts by iteratively updating the estimate of the two pa
rameters of the NB distribution: the mean (which is a function of the 
activity image x) and the data dispersion factor α(or its dual r ¼ 1= α). 

In the present work the dispersion factor is estimated by using a 
random search approach as described in section 2.3.2. A possible 
alternative approach is based on Newton’s method, a root finding 
strategy, which iteratively looks for a better approximation of the zeros 
of a function. In this case, it is necessary to look for the zero of eq. (11), 

knowing that the zero of the derivative of a function corresponds to a 
local stationary point (which is unique, if the log-likelihood in (5) is 
convex). This technique, anyway, requires computing multiple times the 
first and second derivatives of eq. (5), while exploring the space of 
possible values of parameter r: it may be computational expensive, and 
prone to numerical errors, depending of the strategy adopted to imple
ment the numeric approximation of these derivatives [24], and there
fore here it was decided to adopt the first, sampling-based, strategy. 

Conventional EM-based algorithms allow to avoid the need for data 
pre-correction by including into the reconstruction process an estimate 
of all the factors that may alter the statistical distribution of the data [13, 
14]. However, often these methods tend to be biased, especially in re
gions with low activity and higher noise [32]. Moreover, a problem 
common to all ML methods in PET is ill-conditioning, i.e. the solutions 
are sensitive to small changes in the data and this leads to estimates with 
high variance. This ill-conditioning is seen in practice as high spatial 
variance in the ML images, especially for high iteration numbers of the 
MLEM or OSEM algorithms [33]. This is an important aspect to consider, 
especially for cold regions and/or dynamic PET data reconstruction 
[34]: bias and variability of reconstructed data can lead to an incorrect 
activity evaluation and to erroneous kinetic modelling [35]. 

Several attempts have been made for reducing ill-conditioning on 
MLEM-based algorithms, by adding regularization terms in the iterative 
steps [33]. Such constraints perform regional smoothening but while 

Fig. 3. Reconstructed images at different number of iteration (1,20,50), using P-MLEM (top row) and NB-MLEM (bottom row), with total sinogram counts per slice of 
e2:5E5 and a parameter r ¼ 3:25. 

Fig. 4. Parameter r estimation, for different simulated r values: from left to right: r ¼ 3:25; 6:5; 13:0; 1E9. In each subfigure, the black line is the reference 
simulated value, while different line styles and colors describe the behavior of the algorithm under different count rate conditions. 
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preserving sharp variations; they are based on the combination of a 
Poisson likelihood with a series of multi-parametric anato-functional 
priors of edge total variation (TV)-based methods, which seek to mini
mize the variations between spatial neighbouring [36,37] taking into 
account temporal variations in the dynamic PET images [38]. 

It is worth to note that, pre-correcting data before reconstruction, or 
performing correction during iterations, are two different approaches to 
the same problem: to reconstruct PET images from data corrupted by 
different artefacts. The two approaches have advantages and disad
vantages and in literature there are many works in which solutions are 
proposed that are appropriate to the various problems; in this work we 
focus on reconstruction methods to be applied after pre-correction, that 
try to reduce data variability and reconstruction noise. Moreover, 
especially for kinetic studies, analytical methods like filtered back- 
projection (FBP) are sometimes still the method of choice despite the 
usual lower resolution and noise-induced streak artefacts that often 
corrupt final images [39,40], and it is known that they require 
pre-correction of measured data in order to perform image 
reconstruction. 

A simulation study to compare the performance of the proposed NB- 

MLEM algorithm with respect to a conventional Poisson-based MLEM 
(P-MLEM) method in reconstructing PET data was carried out in the 
present work. Simulated sinogram data were deliberately distributed 
according to a NB distribution as consequence of the results obtained by 
authors in a previous work [9], were it was demonstrated that, per
forming the pre-correction, the data can be well described as 
NB-distributed. So, the objective of the present work was to discuss a 
strategy to improve the quality of the reconstruction by leveraging the 
knowledge that the data are NB distributed, compared to ignoring this 
property. 

It has been verified that under the assumption that pre-corrected 
sinograms are NB-distributed, performing image reconstruction using 
the NB-MLEM method produces images with not only a lower bias but 
also reduced variance, as it is shown in Fig. 3. As expected, as the iter
ation number increases, just from visual inspection we can see how the 
details of the reconstructed image tend to improve for both algorithms, 
but at the expenses of an increase in noise. However, the proposed NB 
method is able to limit and slow down the appearance of reconstruction 
noise corrupting the image. 

In Fig. 4, it was shown that, except for the limit case of the quasi- 

Fig. 5. Reconstructed images bias vs noise. P-MLEM (blue) and NB-MLEM (orange), for each simulated phantom region, and for different values of the parameters r: a) 
r ¼ 3.25, b) r ¼ 6.5, c) r ¼ 13.0, and d) r ¼ 1e9. Different line styles are relevant to different sinogram counts (or scan time lengths). The black arrow in the top-left panel shows 
the direction of increasing number of iterations. The total number of reconstruction iterations was 100, for both the algorithms. 
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Fig. 6. Experimental phantom reconstruction results. a) and b) Reconstructed images at different iteration numbers using P-MLEM (top row) and NB-MLEM (bottom 
row) for the first (a) and last (b) acquired static scans: reduction in the intensity of the overall emission (expressed as KBq/ml) is due to natural radioactive decay. 
The relevant log-likelihoods evaluated during the reconstruction of the phantom with the two methods are shown alongside. The red circles show the ROIs used later 
on to produce the graph in Fig. 7 c) parameter r estimated at each iteration by the NB-MLEM algorithm, for each static scan of the real phantom. 
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Fig. 7. Plots of ROI mean vs ROI noise, as function of the iteration number for the experimental phantom’s reconstructed images. The total number of reconstruction 
iterations was 100, for both the algorithms. Data are relevant to 6 scan times. Images were obtained by the P-MLEM (dotted lines) and NB-MLEM (continuous lines) 
algorithms. Zoomed regions, identified by the black rectangles in the plot, are shown on the right. 

Fig. 8. Real human brain data reconstruction results. a) Reconstructed images at different iteration numbers (1,20,40,60,80) using P-MLEM (top row) and NB-MLEM 
(bottom row). b) log-likelihood evaluated during the reconstruction, using both methods. c) ROI mean vs ROI noise, as function of the iteration number. Zoomed 
region of the plot is also shown. The selected ROI covers a gray-matter region of the brain, and it is shown on the last column of a). 
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Poisson condition (r ¼ 1e9), the parameter estimate approaches the true 
value as the number of iterations increases. For each simulated value of 
the dispersion parameter, the number of iterations required to obtain a 
good estimate rises when dealing with higher numbers of total sinogram 
counts. Increasing the true value of the parameter r (i.e. reproducing a 
condition of lower level of data overdispersion) the estimate needs a 
fewer number of iterations to reach a stable convergence, up to the limit 
case of r→∞ where the final average value is found since the very 
beginning. 

A few interesting considerations may arise from Fig. 4. The first one 
is related to the quasi-Poisson condition (last plot on the right, in Fig. 4), 
in which the parameter r is clearly overestimated. This is probably 
related to the random search strategy we chose to adopt. This last case 
simulates a condition with no over-dispersion (i.e. with respect to eq. (2) 
r tending to infinity and α ffi 0 were approximated): sampling the log- 
likelihood in eq. (5) on a certain search space as described in Section 
2.3.2 resulted in an estimate of the r parameter close to the prefixed 
upper-bound (e.g. e2e9), which is the best approximation of r→ ∞ that 
can be achieved. The numerical strategy adopted in this work to esti
mate the dispersion parameter seems unable to discriminate very low 
levels of overdispersion: while this may be solved by designing a 
different algorithm for the estimate of parameter r, we believe that if we 
are working in a condition of quasi-Poisson distribution of the data 
(which is a boundary condition of the problem we want to address), such 
a small estimation error (i.e. considering that in image update we use 
α ¼ 1=r∝1e � 9) won’t affect the final result of image reconstruction. 

Furthermore, the number of iterations required to obtain a good 
estimate rises when working with higher numbers of total sinogram 
counts, irrespectively of the true degree of over-dispersion. This might 
be due to the difficulty of distinguish between a high-mean-high- 
variance Poisson process, and the presence of actual data over- 
dispersion. It is possible that different strategies to estimate the disper
sion parameter may attenuate this problem, too, but it is also interesting 
to note how the proposed NB-MLEM algorithm tends to work best with 
low-counts data, which is often the most common scenario when 
working with emission imaging data. 

In Fig. 5, it can be noted that the images reconstructed using NB- 
MLEM algorithm (orange lines) achieve a slightly lower bias and noise 
than the ones obtained with a standard P-MLEM (blue lines), for every 
combination of sinogram total counts and rvalue. The condition of r ¼
1e9 (last row of Fig. 5) is the only one in which the bias-noise curves 
overlap: this is an expected result, as for very high r (or low α) the NB- 
MLEM algorithm approximates the Poisson emission condition (i.e. eq. 
(10) converges to standard P-MLEM, as discussed in Section 2.3.1) 
where the P-MLEM algorithm behaves at its best. 

As expected, for increasing activity, i.e. moving from left to right 
subplots in Fig. 5, the bias reduces for both the algorithms, but for NB- 
MLEM it maintains its minimum value, also when the noise starts to 
increase. This supports the idea that the quantification of the degree of 
over-dispersion during reconstruction helps NB-MLEM to reduce both 
bias and noise with respect to P-MLEM algorithm. 

From Fig. 5, it can be also noticed that images reconstructed with the 
NB-MLEM algorithm have a slower noise increase as the number of it
erations increases if compared to P-MLEM images, where the impact of a 
too great number of iterations on image quality is significant. A possible 
explanation of this behavior could be that, while working with over- 
dispersed data, conventional P-MLEM tries to describe data statistics 
with only one parameter (i.e. mean equal to variance): this may result in 
higher noise whether the scan time or phantom’s emission activity is 
increased, as both changes affect the mean of the data. In contrast, the 
parameter r of NB-MLEM is able to capture the degree of over-dispersion 
in raw data, allowing the reconstruction noise to be almost independent 
from scan length or injected activity. 

In the present work, the study of the optimal number of iterations for 
the algorithm has not been investigated in detail. Indeed, it should be 
noted that all ML-based algorithms are often early stopped in practice to 

avoid (noisy) data overfitting. However, in this work we wanted to show 
that, even if without considering the optimal stopping condition, the NB 
algorithm has the ability to generate images with less bias and noise than 
the more conventional P-MLEM algorithm in almost every case (see 
Fig. 5). 

The proposed NB-MLEM reconstruction algorithm was also tested on 
a real cylindrical phantom. Working with a real physical system, we did 
not have the possibility to check all the combinations of injected dose 
and dispersion factor explored in simulation, mainly because in a real 
environment the deviation of the raw data from a Poisson distribution is 
a consequence of the pre-correction operations, and the control on the 
impact of these steps on the dispersion factor (which, therefore, needs to 
be estimated from data) is not possible. Acquisition and generation of 
pre-corrected raw data for different emission activity levels were per
formed, to compare NB-MLEM and P-MLEM reconstruction at different 
count rates, as done in the simulation. The choice of a uniform phantom 
allowed to better control the experimental setup, and to produce 
different combinations of emission activity and statistical properties. 

The experimental study confirmed what was observed in the simu
lation: in Fig. 6a it can be seen that, starting from a rough and smooth 
approximation, both algorithms improve the estimate of the activity 
image, adding details and increasing definition and resolution; using too 
many iterations, however, causes a rapid increase in reconstruction 
noise, which corrupts the final result. Again, NB-MLEM seems able to 
reduce this effect, thanks to a better characterization of the statistical 
properties of the raw data via proper fitting of the overdispersion 
parameter. Fig. 6c shows that, as in the simulation, a certain number of 
iterations is needed to obtain a good approximation of the dispersion 
parameter, leading to a delay of the achievement of the minimum bias 
value. On the contrary, wrongly assuming as equal to zero the value of 
the over-dispersion (i.e. approximating over-dispersed data with a 
Poisson distribution when using P-MLEM for reconstruction) has a huge 
impact on the quality of the resulting images. 

Comparing the results obtained for different tracer concentrations in 
the experimental phantom, it can be observed, as expected, how higher 
concentrations produce higher count rates and, in general, higher vari
ability in reconstructed voxel values. Moreover, looking at the combi
nation of total sinogram counts and estimated dispersion parameter r 
from experimental phantom data (see Fig. 6c), it can be argued that 
there should probably be a relationship between the level of over- 
dispersion introduced by the operations of sinogram pre-correction 
and the emission count rate. In the simulation study many combina
tions of injected activity and dispersion parameter were tested, but from 
the experimental data, it can be argued that not all of them are likely to 
be legitimate. A more in-depth study is planned for a future work, 
involving a properly designed phantom study which could highlight 
some properties of the data that can be exploited to obtain better and 
faster estimates of the over-dispersion of the pre-corrected data. 

Looking at trends of ROI mean vs ROI noise plots as function of the 
iteration number (Fig. 7), it can be noted that, at fixed iteration number, 
the NB-MLEM reaches noise values much lower than P-MLEM, and that 
the estimated mean values are higher in P-MLEM, probably due to the 
presence of some bias: this is hard to prove, given the lack of knowledge 
about the true emission value for real data, but it seems to support and to 
be consistent with the results of the simulation study, both in terms of 
accuracy of the estimate of r itself (Fig. 4) and of the optimal trade-off 
between bias and noise (Fig. 5). Given the number of measured counts 
(>1E6) and r values (between 6.5 and 13) estimated from the phantom 
data, these experimental results should be compared with the simulation 
results shown in Fig. 5 b and c, dotted lines. 

To assess the performance of the proposed algorithm in an even more 
complex condition, a real human brain dataset was analysed. Recon
structed images at different iterations shown in Fig. 8a confirm what 
already seen in the simulation and phantom data: by increasing the 
iteration number the images become more detailed, but with increasing 
noise, with the P-MLEM producing reconstructed images which are 
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noisier than those of NB-MLEM. This is also demonstrated in the ROI 
mean vs ROI noise plot in Fig. 8c, relevant to a gray-matter region. 
Moreover, from Fig. 8c it can be seen, again, that the ROI mean evalu
ated by using the P-MLEM algorithm maintains slightly higher values 
than the ones obtained with the NB-MLEM algorithm, confirming what 
also seen in the experimental phantom results (see Fig. 7). 

The results obtained in the present work are very promising, and 
they can be considered as a starting point for further improvements, 
since there are some weaknesses that should be addressed, and their 
overcoming could improve the performance of the method. The fol
lowings are some aspects that need further analysis. 

In the proposed NB-MLEM algorithm we used a global over- 
dispersion factor, that is a unique value for all sinogram data. Ideally, 
the appearance of an over-dispersion behaviour in counts data should be 
described as a local effect, as the pre-correction operations are applied 
independently for each sinogram bin. Nonetheless, our previous studies 
aimed at characterizing the statistical properties of pre-corrected counts, 
using either a Conway-Maxwell-Poisson [10] or a NB distribution [9], 
gave us reason to believe that it could be reasonable to also use a global 
over-dispersion factor as a way to describe the overall change of sino
gram statistic caused by pre-correction. 

The proposed NB-MLEM algorithm, including in the iterative image- 
update algorithm also the estimation of the dispersion-related param
eter, tries to improve the trade-off between bias and noise, when 
compared to other algorithms that do multiplicative update of positive 
values with positive factor and that assume no over-dispersion of pre- 
corrected data, such as P-MLEM. In order to further reduce the bias, 
especially when dealing with low counts sinograms, it would be inter
esting to evaluate a modified version of the NB-MLEM algorithm which 
could take into account the presence of negative values in pre-corrected 
count data. In fact, it is known that, for low count data, pre-correction 
operations may produce negative values in the sinogram. New itera
tive algorithms [32,41], allowing for negative values also in the recon
structed images, have proven to be able to achieve lower biases than 
conventional MLEM or OSEM in this specific condition. It is the scope of 
a future work to investigate the possibility of extending the algorithm 
discussed in this paper, as an example, using a method similar to the one 
proposed by Li et al. [42], distinguishing the type of update equation at 
each iteration, depending on whether the sinogram values are positive 
or not; this would likely further reduce the bias in the reconstructed 
data. 

As a concluding remark, we would like to point out how, in general, 
the exact solution of the P-MLEM algorithm is rarely used in a clinical 
setting. Even for un-corrected raw sinogram data, it tends to converge 
towards very noisy solutions, similarly to what shown in Fig. 5. For this 
reason, a steadily growing field of research is focused on finding novel 
strategies to improve the quality of the resulting images, in terms of 
noise reduction or resolution enhancement. They can be found in every 
commercial and research system, making their reconstruction software 
rather different from the core P-MLEM algorithm from which they 
originated. In this work, we showed how the NB-MLEM algorithm could 
be better suited to deal with pre-corrected count data, and that it can be 
seen as a generalization of the P-MLEM, thus configuring itself as an 
alternative to it, under specific conditions. It is reasonable to think that 
most of the techniques to improve the quality of the reconstructed im
ages built on top of the core P-MLEM could be extended also to work 
with the NB-MLEM. An example of this is the leveraging of regulariza
tion methods, which have been widely discussed in the literature about 
Poisson MLEM-based iterative algorithms: given the similarity of the 
mathematical form of the update equation, it should be easy enough to 
adapt them to work also within an NB-MLEM reconstruction in order to 
further improve the convergence of the algorithm. Further studies are 
planned to verify this assumption. 

5. Conclusion 

In this work, an NB-based MLEM reconstruction algorithm is 
described and applied on simulated and experimental PET data. It is 
based on iteratively estimating the two parameters of the NB distribu
tion, the activity image x and the data dispersion factor α, according to 
the MLEM strategy. For the property of NB distribution, for α ¼ 0 the 
proposed algorithm behaves like the conventional MLEM algorithm for 
Poisson distributed data (P-MLEM), and therefore it can be seen as a 
generalization of it. 

Following the hypothesis of modeling pre-corrected PET projection 
data with an NB distribution, the proposed NB-MLEM algorithm can be 
used for image reconstruction: the additional evaluation of the param
eter r (i.e. r ¼ 1=α) after each iteration leads to a more accurate final 
image, thanks to a better modeling of the statistical properties of the 
data. With respect to the P-MLEM method, the estimate of the dispersion 
parameter requires therefore an additional optimization step to be 
performed. The simulation study performed in this work showed how 
the suggested random search approach used to estimate r is accurate 
enough, for any value of r. 

In conclusion, the proposed NB-MLEM algorithm resulted to be a 
viable method for PET image reconstruction starting from pre-corrected 
data, which exhibits statistical behavior that deviates from the Poisson 
distribution. There are still a few aspects that would require further 
investigation, but the results achieved in this first study make it possible 
to see it as a promising starting point for future improvements. 
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