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Abstract
We study causal inference using the framework of potential outcomes in clustered data 
settings where observational units are clustered in naturally occurring groups (e.g. patients 
within hospitals). To incorporate the correlated nature of the data, we employ mixed-effects 
models and a sandwich estimator to make inferences on the average causal effect (ACE). 
Our methods apply the concept of potential outcomes from the Rubin Causal Model (Hol-
land in J Am Stat Assoc 81(396):945–960, 1986), and extend Schafer and Kang’s methods 
of estimating the variance of the ACE (Schafer and Kang in Psychol Methods 13(4):279–
313, 2008). Particularly, we develop two model-based approaches to estimate the ACE 
and its variance under a dual-modeling strategy which adjusts for the confounding effect 
through inverse probability weighting. These two approaches use linear mixed-effects 
models for the estimation of potential outcomes, but differ in how clustering is handled in 
the treatment assignment model. We present a summary of our comprehensive simulation 
study assessing the repetitive sampling properties of the two approaches in a pseudo-ran-
dom simulation environment. Finally, we report our findings from an application to study 
the ACE of inadequate prenatal care on birth weight among low-income women in New 
York State.

Keywords  ACE · Causal inference · Clustered data · Dual-modeling · Linear mixed-effects 
model · Potential outcomes · Sandwich estimator

1  Introduction

Drawing causal inference from well-designed randomized trials is an intuitive process. 
For example, given a dichotomous treatment assignment with perfect compliance, a 
causal effect can be estimated by direct comparison of the outcomes between the treat-
ment and control groups. Random allocation of subjects to the treatment group implies 
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exchangeability of the treatment and control participants, i.e., the distribution of poten-
tial outcomes under each treatment level would be unchanged if all participants’ assigned 
treatments were exchanged (Hernán 2004). Therefore, a difference in the estimated average 
outcomes can be causally attributed to the treatment, allowing for evaluation of an average 
effect of treatment (vs control) in randomized trials (Rubin 1974, 1990). When the ideal 
situation of randomization is disturbed by loss to follow-up or non-compliance, research-
ers often rely on additional statistical approaches in order to obtain consistent or unbiased 
estimates. Examples of such approaches include methods for estimating the complier aver-
age causal effect (Frangakis and Rubin 1999; Berg et al. 2017; Chan 2014; Cheng 2009; 
Connell 2009; Gruber et  al. 2014), inverse probability censoring weighting (Robins and 
Finkelstein 2000), and latent ignorability modeling (Frangakis and Rubin 1999; Zhou and 
Li 2006; Taylor and Zhou 2009).

Although randomized experiments are widely accepted as the “gold standard” for draw-
ing causal inference, it cannot be universally applied to every causal question due to infea-
sibility, high cost, or ethical issues. For example, under-representation of target popula-
tions may pose a challenge for generalization even though the experiment is randomized. 
When such obstacles exist in studying the causal effect of interest, observational data are 
typically used in the absence of randomization. Observational data have been historically 
used in association studies; however, the statistical literature for causal methods has so far 
mostly focused on methods for randomized experiments. Particular areas of research per-
tain to methods using propensity scores (Rosenbaum and Rubin 1983; Rubin 2001, 2004; 
Ho et al. 2007; Pearl 2009; Austin et al. 2005, 2007; Austin 2009, 2011; Austin and Stuart 
2015), principal stratification (Frangakis and Rubin 2002; Gallop et al. 2009; Elliott et al. 
2010; Pearl 2011), marginal structural models, and g-estimation (Robins 1999; Robins 
et al. 2000; Hernán et al. 2001, 2002; Robins et al. 2015).

Our work aims to fill the gap between causal methods and their application in surveys 
and/or administrative data where observational units are correlated. We are particularly 
interested in the propensity score method due to its wide applicability in social and medical 
science. This method is based on the counterfactual framework that was originally pro-
posed by Neyman (1923). Rubin (1974, 2006) and other researchers, extended it to a gen-
eral framework with implication for both experimental and observational studies. In the 
literature, it is also referred to as the Neyman–Rubin Causal Model, and more frequently 
called the Rubin Causal Model (RCM) (Holland 1986). Under RCM, each subject is 
assumed to have two potential outcomes given a dichotomous treatment assignment. One is 
potentially realized under treatment and the other one is potentially realized under control. 
An individual causal effect is then defined as the difference between these two potential 
outcomes. Obviously, however, this individual causal effect can never be identified because 
only one potential outcome can be observed at a time. This missing data problem is the 
fundamental issue of causal inference (Holland 1986). With some assumptions, individual 
causal effect can be predicted by the average causal effect (ACE) which can be estimated at 
the population level.

The role of propensity scores under the RCM framework is to control confounding fac-
tors associated with both the treatment assignment and outcome (Rosenbaum and Rubin 
1983). Unbalanced confounding factors in observational data can contribute to bias in the 
estimation of average treatment effects. Without the correct treatment assignment mecha-
nism to adjust for confounding, valid causal effect cannot be estimated. Classical propen-
sity score strategies include stratified analysis and propensity score matching. The per-
formance of these strategies was recently compared and discussed in a longitudinal study 
(Leon et  al. 2012a, b). A class of semi-parametric methods based on propensity scores 
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have been increasingly used. The well-known inverse probability weighting (IPW) method 
originally introduced to handle missing data problems has been extensively applied within 
a dual-modeling framework to pursue causal inference (Robins et  al. 1995, 2000). This 
strategy has a double robustness property which means that asymptotic bias due to model 
misspecification of either the regression or propensity-score model is eliminated as long as 
one of the two models is correctly specified (Robins et al. 1995). However, this asymptotic 
unbiasedness does not hold if both models are inaccurately specified. A comprehensive 
review discussion on this matter is given by Schafer and Kang (2008) who also developed a 
sandwich estimator for estimating the variance of an ACE estimator and discussed its prop-
erties in relation to other previous methods .

We extend computational methods by Schafer and Kang (2008) to observational data 
obtained either from surveys or administrative data with correlated observational units. For 
example, Medicaid claim data is the reimbursement system for the services provided to the 
program enrollees. Researchers using this type of data for statistical analysis can often ben-
efit from rich information. As an example, birth certificate data contain mothers’ clinical 
conditions in addition to standard birth outcomes. Therefore various risk factors associated 
with the birth outcomes can be analyzed. Administrative or survey data can further provide 
advantages to statistical analysis in terms of cost effectiveness and time efficiency. Existing 
administrative data do not add costs to data collection, and survey data can be administered 
in a short time period due to advancements in technology (e.g. web surveys).

Administrative data typically present additional statistical complexity as they are not 
collected for statistical purposes. This complexity typically increases when records are cor-
related. Examples include observational units nested within geographical locations such 
as state or county; or patients nested within service providers, such as hospitals and out-
patient clinics. Ignoring such clustering effect can be detrimental to the statistical infer-
ence in the sense that variances can be underestimated, leading to erroneous inferences. 
Our work focuses on inferences for ACE in surveys or administrative data with correlated 
observational units. In Sect. 2, we provide definitions and assumptions for causal inference 
in clustered data. In Sects. 4 and 5, we then develop methods for computing ACE and its 
variance in settings differentiated by inclusion of random effects in treatment assignment. 
We discuss our comprehensive simulation study on the proposed techniques in Sect. 5. In 
Sect.  6, we present an application of these methods to study the ACE of inadequate pre-
natal care on birth weight. Finally, we discuss the limitations of the proposed method and 
future work in Sect. 7.

2 � Causal inference in clustered data

2.1 � Potential outcomes framework

Let tij denote the treatment assignment indicator for the jth observational unit within the ith 
cluster ( i = 1, 2,… ,m and j = 1, 2,… , ni):

Further, we let xij denote the observed covariates and yij denote the observed outcome 
measurement. We define potential outcomes Y1 and Y0 as the outcome measurement that 
would have been observed under treatment or control. Our definition of potential outcomes 

tij =

{
1 treatment group

0 control group
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are non-deterministic because the underlying cluster may have a dynamic confounding 
effect on the outcomes (Gitelman 2005). Rather than specifying a fixed value to the poten-
tial outcome (the deterministic potential outcome) for each unit, we define the potential 
outcomes Y1 and Y0 as random variables. The choice of non-deterministic potential out-
comes does not impact the definition of ACE and its point estimation (Hernán 2004). One 
can estimate the ACE by

We consider a linear mixed-effects model with random intercepts to model the outcomes. 
This model is written as

where �i is the random intercept and assumed to be distributed as N(0, �2
� ). To estimate 

the ACE, we chose to fit the model separately for each treatment group for a given set of 
covariates (obviously, excluding the treatment assignment) specified for the units in the 
relevant groups:

The parameters estimated in these two separate models are then used to predict potential 
outcomes yij1 and yij0 for all observational units.

To make the causal inference from this framework, some additional assumptions are 
needed. The first assumption is exchangeability, which states that the groups are comparable 
and that the potential outcomes are independent of treatment assignment (Hernán 2004). 
This assumption is sometimes called ignorability of treatment assignment. Exchangeability 
holds unconditionally if treatment is randomized, but generally does not hold in observa-
tional data due to confounding factors that can not be balanced. To overcome this, an alter-
native assumption of conditional exchangeability is proposed (Hernán and Robins 2006). 
Conditional exchangeability allows outcome to be independent of treatment assignment 
conditional on confounding variables, and treatment assignment mechanism would then 
need to be modeled. The second assumption is the positivity assumption, which states that 
there is a positive probability of receiving every level of treatment for every combination 
of values of the treatment and covariates (Hernán and Robins 2006; Westreich and Stephen 
2010). Under the potential outcomes framework, we also need to make the “stable unit treat-
ment value assumption (SUTVA)” (Rubin 1974), which states that (a) the treatment effect 
is the same for all the units, and (b) the potential outcomes of a unit are not affected by the 
treatment assignment of other units such that there is no interference.

2.2 � Inverse probability weighting

Propensity scores, the probability of treatment assignment, have been commonly used to 
adjust for confounding in non-randomized studies. The effect of confounders on outcomes and 
treatments can be minimized through propensity score matching. Propensity scores can also be 
utilized to post-adjust outcome estimates through inverse probability weighting (IPW), which 
weighs subjects by inverse probability of selection. IPW was originally proposed for missing 
data problem. Analysis is conducted on complete data, and each unit is weighted by its inverse 
probability of being complete. For example, one can weigh subjects in a randomized study 
due to non-compliance in treatment (Robins et al. 2000) or survival data with censoring (Cain 

(1)ACE = E(Y1) − E(Y0)

(2)yij = �i + xT
ij
� + �ij,

(3)yij0 = �i0 + xT
ij0
�0 + �ij0, yij1 = �i1 + xT

ij1
�1 + �ij1
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and Cole 2009). A recent review of this method for dealing with missing data was given by 
Seaman and White (2013).

For causal inference, dual-modeling IPW estimators are frequently used to obtain unbi-
ased estimate of treatment effects when there are unbalanced covariates between the treatment 
groups. One particular choice is residual weighting (Robins et  al. 1995; Schafer and Kang 
2008). It adds a bias-corrected term to the estimate of average potential outcomes. In a clus-
tered data setting, one can estimate the average potential outcome under treatment by

where 𝛽1 and 𝛼̂i1 are the estimates from the potential outcome model fitted for units 
observed in the treatment group, and 𝜋̂ij is the estimated propensity score for jth obser-
vational unit in cluster i. Weighted residuals in this equation are used to approximate the 
residuals for all the subjects in the sample because residuals cannot be computed for unob-
served potential outcomes. The average of these weighted residuals provides a bias cor-
rection to the estimation of E(Y1) . If the potential outcome model is correctly specified, an 
unbiased estimate can be obtained because the average weighted residual is zero regardless 
of whether the treatment model is correct. If the potential outcome model is incorrectly 
specified, the average weighted residual will not be zero, and thus adds a bias corrected 
term to the estimate. With this correction, we can still obtain an accurate estimate if the 
propensity score model is correctly specified. This is the well-known double robust prop-
erty, i.e., the estimate for E(Y1) is consistent if either the model for the treatment assign-
ment or the model for the potential outcomes is correctly specified. Similarly, the estimate 
of average potential outcome under control is

We consider two propensity score models for clustered data. If the probability of treat-
ment assignment is independent of cluster-level characteristics, whether observable or not 
(i.e., random-effects), a standard logistic regression can be fit to estimate the propensity 
scores. Let �ij denote the probability of treatment assignment; zij denote the covariates in 
the logistic regression to distinguish from the notation in the linear mixed-effects model; 
and � denote the regression coefficients. Then the propensity scores or treatment assign-
ment probabilities are estimated by:

where zij are the covariates that are associated with treatment assignment. If the treat-
ment assignment for the subjects within the same cluster are correlated with each other 
due to cluster-level covariates, allocation of the clusters will have a confounding effect 
on the treatment assignment. In this paper, we focus on the situation where these cluster-
level characteristics are not measured, and we consequently fit a random intercept logistic 
regression model to incorporate the clustering effect:

�E(Y1) =
1

N

m�
i

ni�
j

�
xt
ij
𝛽1 + 𝛼̂i1

�
+

∑m

i
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j
tij𝜋̂

−1
ij

�
yij − xt
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�
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,

�E(Y0) =
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(4)�ij =
(
1 + exp

(
−zT
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�
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,

(5)�ij =
(
1 + exp

(
−zT

ij
� − �i

))−1

,
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where �i is the random intercept assumed to be distributed as N(0, �2) independently across 
the clusters i = 1, 2,… ,m.

Propensity scores predicted from these two models may have extreme values due to out-
liers in confounders. Unusually large or small weights generated from these extreme values 
can impact the performance of the estimation. When both models are misspecified, even 
moderately, point estimate and its corresponding standard error can be significantly biased 
(Kang and Schafer 2007). In such situations, other methods that do not depend on propen-
sity scores such as multiple imputations could be a preferable choice (Rubin 2004; Westre-
ich et al. 2015). Therefore valid causal inference requires careful selection of confounders, 
which is a crucial process and often requires expert knowledge. Procedures and strategies 
on model selection under misspecified dual models have been discussed by several authors 
in recent literature (Vansteelandt et al. 2012; Waernbaum 2012; Gruber and Van Der Laan 
2015; Schnitzer et al. 2016).

2.3 � Estimation of ACE variance 

Schafer and Kang (2008) developed a method to estimate the ACE variance for non-clus-
tered settings by expressing ACE as a linear equation of a set of parameters. Consider a 
simple data setting without clusters, let Y1 denote the potential outcome under treatment 
and Y0 denote the potential outcome under control. ACE can be estimated by E(Y1) − E(Y0) 
. To illustrate the method, a linear model for the potential outcomes is assumed. E(Y1) 
and E(Y0) are obtained through ordinary least squares (OLS) estimation and are not cor-
rected by residual-weighting. Let �1 = E(Y1) and �0 = E(Y0) , ACE can then be expressed 
as ACE = �1 − �0 = aT� , where a = (0, 0,−1, 1)T and � = (�0, �1,�0,�1)

T . The OLS 
estimates 𝜃̂ = (𝛽0, 𝛽1, 𝜇̂0, 𝜇̂1) from the linear regression can be treated as a solution of a 
set of joint estimation equations 

∑N

i=1
�i(�) = 0 , where �i(�) = (�i�0

 , �i�1
,�i�0

 , �i�1
) , 

�i�0
= (1 − ti)(yi − xT

i
�0) , �i�1

= ti(yi − xT
i
�1) , �i�0

= (1 − ti)(yi − �0) + ti(x
T
i
�0 − �0) , 

and �i�1
= ti(yi − �1) + (1 − ti)(x

T
i
�1 − �1) . By the central limiting theory and Taylor 

approximation,

where Ĵ(𝜑(𝜃̂)) = E
(

𝜕𝜑(𝜃)

𝜕𝜃

)
,V(𝜑(𝜃̂)) = E(𝜑(𝜃)𝜑(𝜃)T ) . Variance of ̂ACE can then be approx-

imated by:

where B = E(𝜑𝜑T ),A = Ĵ(𝜑(𝜃)).
Building upon the methods described by Schafer and Kang (2008), we propose two new 

approaches for estimation of ACE and its variance in clustered data with particular empha-
sis on administrative and/or survey data. Both approaches estimate ACE by random inter-
cept only regression under the framework of potential outcomes. A dual-modeling strategy 
is employed to adjust the estimates with the inverse probability of treatment assignment. 
The first approach, referred as Method 1, ignores the clustering effect on treatment 

(6)𝜃̂ ≈ N

(
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𝜙
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(
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aTA−1B̂(A−1)Ta
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assignment and uses a standard logistic regression to model the probability of treatment 
assignment. The second approach, referred as Method 2, incorporates the clustering effect 
on the treatment assignment using random-effects in the underlying logistic regression 
model.

3 � Method 1: ACE estimation under linear mixed‑effects model and IPW 
by standard logistic regression 

As described in the definition of potential outcomes for clustered data, we assume a linear 
mixed-effects model as the underlying potential outcome model. Coefficients in Eq.  (3) are 
estimated using data from the control group and treatment group, respectively. Under the dual-
modeling strategy, residuals are weighted by the inverse probabilities of treatment assignment 
estimated from the standard logistic model given in Eq. (4). ACE is then estimated as follows:

where

Note that

where aT = (0, 0, 0,−1, 1,−1, 1,−1, 1) and 𝜃̂ = (𝛾̂ , 𝛽0, 𝛽1, 𝜇̂0, 𝜇̂1, 𝛼̂0, 𝛼̂1, 𝜖0, 𝜖1)
T . 𝜃̂ can be 

thought as the solution of a set of joint estimation equations 
m∑
i

ni∑
j

�ij(�) = 0 , where
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(9)̂ACE = 𝜇̂1 − 𝜇̂0 + 𝛼̂1 − 𝛼̂0 + 𝜖1 − 𝜖0 = aT 𝜃̂
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Then the variance of ̂ACE can be estimated using Eq. (7).

4 � Method 2: ACE estimation under linear mixed‑effects model and IPW 
by mixed‑effects logistic regression

Here we explicitly allow random perturbations in the intercept around the popula-
tion average intercept term in the probability of treatment assignment as described 
in Eq.  (5). The formula for ̂ACE is the same as Eq.  (8), but with different param-
eters in the re-written equation ̂ACE = aT𝜃 : aT = (0, 0, 0, 0,−1, 1,−1, 1,−1, 1) and 
𝜃̂ = (𝛾̂ , 𝜎̂2, 𝛽0, 𝛽1, 𝜇̂0, 𝜇̂1, 𝛼̂0, 𝛼̂1, 𝜖0, 𝜖1)

T , where the added parameters �2 is from treatment 
assignment model accounting for cluster-specific effects. Accordingly, the � is expressed 
as:
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These estimation functions are derived from the OLS estimates for the outcome models 
(i.e., random intercept linear model), and the maximum likelihood estimates for the treat-
ment assignment model (i.e., random intercept logistic regression model). To obtain the 
estimate of variance, we approximate the integrals using numeric approaches (Demidenko 
2004). Computational details are described in the “Appendix”. ACE variance is estimated 
by Eq. (7).

5 � Simulation study

To assess the operational performance of our two methods in terms of repetitive sampling 
characteristics, we conduct a simulation study under three scenarios. We first assess the 
impact of sample size on the estimation performance. The second scenario aims to assess 
the impact of the magnitude of the clustering effect on the estimates, and the third scenario 
investigates sensitivity to skewed covariates.

5.1 � Data generation

We first simulate a set of three covariates from independent normal distributions with 
varying means and variances: x1 ∼ N(3, 4) , x2 ∼ N(4, 4) and x3 ∼ N(12, 4) . Next, treat-
ment tij is simulated from a binomial distribution with probability

where �i is a cluster-specific random intercept assumed to follow a normal distribution 
N(0, �2) , independently across the clusters i = 1, 2,… ,m . Based on the simulated covari-
ates x1, x2 and x3 as well as the treatment assignment tij , the outcome variable yij is then 
computed under the following linear mixed-effects model:

where �ij and �i refer to the residual error term and cluster-specific random intercepts, 
respectively. They are further assumed to be independent and normally distributed:

This framework is used to simulate a population of 3,000,000 observational units that are 
grouped under 3000 clusters. The true ACE is 4 as set by the coefficient of the treatment 
assignment in the model above. In the first scenario, three populations are simulated based 
on a large ICC values of 0.6 for the outcome yij (ICC1) and three ICC values (0.08, 0.15 
and 0.3) for the treatment assignment tij(ICC2). ICC values are used to determine the spe-
cific values for �2 and �2

1
 in the simulation. Sampling from each population is repeated 100 

times for varying sample size. We chose a range of 30–150 clusters and 40–100 subjects 
within each cluster.

In the second simulation experiment, we simulate the population data using the same 
models as the first experiment, but with different values of ICC. Specifically, we select 
ICC1 varying between 0.12 and 0.85 for the outcome and ICC2 varying from 0.08 to 0.3 
for the treatment assignment. To avoid negative impact due to small sample size, we set 
a relatively large sample size with 100 clusters and 60 units within each cluster. We then 

�ij = (1 + exp(−(−3 + x1ij + 3x2ij − x3ij + �i)))
−1,

yij = �i + 18 + 2x1ij + 3x2ij + 0.8x3ij + 4tij + �ij,

�ij ∼N(0, 1),

�i ∼N(0, �
2
1
).
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study the performance criteria stated below across 100 repetition to assess the sampling 
properties of our methods.

In the third simulation experiment, the impact of asymmetrical distributions on the 
covariates is studied. We have the same distributional specification for x1 , and replace x2 
and x3 with �2

10
 and log normal distribution lnN(2, 0.36), respectively. Similar to the first 

two scenarios, we set a similar sample size of 100 clusters with 60 subjects within each 

Table 1   Performance of methods for estimating ACE and standard error from data with various sam-
ple size: average bias (Bias), root-mean-square error (RMSE), standard deviation of ACE estimates 
(SD), average of SE estimates (SE), percent coverage rate of nominal 95% confidence intervals (CR). 
ICC1 = 0.59, ICC2 = 0.3

n
i

Method 1. IPW by logistic model ( ACE = 4.0) Method 2. IPW by mixed logistic model 
( ACE = 4.0)

Bias RMSE SD SE CR Bias RMSE SD SE CR

m = 150

100 2.67 2.99 1.35 1.28 33 1.57 2.88 2.41 2.98 92
90 2.57 3.05 1.65 1.37 38 1.77 2.24 1.37 2.46 87
80 2.39 3.42 2.45 1.44 36 1.53 2.81 2.74 3.14 85
70 2.85 3.39 1.84 1.34 32 1.57 3.05 2.62 2.89 88
60 2.68 3.55 2.32 1.48 28 1.79 2.37 1.56 2.33 82
50 2.88 3.6 2.16 1.54 35 1.87 2.82 2.12 2.99 90
40 2.92 3.63 2.15 1.69 36 2.29 2.74 1.51 7.39 86
m = 100

100 2.48 3.3 2.17 1.53 38 1.96 2.44 1.46 3.82 95
90 2.45 3.11 1.92 1.57 44 2.1 2.84 1.92 3.16 88
80 2.84 3.42 1.9 1.54 33 1.93 2.59 1.72 3.89 95
70 2.8 3.27 1.7 1.62 41 1.92 2.68 1.86 4.15 95
60 2.52 3.49 2.42 1.75 43 2.14 2.71 1.66 2.91 89
50 2.84 3.54 2.12 1.82 46 2.25 2.63 1.36 4.23 93
40 3.1 3.84 2.27 1.87 39 2.48 2.8 1.29 6.87 90
m = 50

100 2.61 3.3 2.02 1.87 50 2.06 2.89 2.02 6.26 97
90 2.86 3.78 2.47 1.8 42 2.46 3.15 1.96 5.78 93
80 3.04 3.41 1.55 1.88 44 2.21 2.68 1.53 6.88 98
70 3.14 3.69 1.94 1.89 42 2.28 2.88 1.75 8.24 98
60 2.95 4.13 2.89 2.06 46 2.52 3.11 1.83 4.94 94
50 3.33 3.86 1.94 2.22 48 2.16 2.75 1.7 7.92 98
40 3.18 3.95 2.34 2.44 56 2.33 3.15 2.11 9.25 95
m = 30

100 3.5 3.84 1.58 1.81 37 2.27 2.82 1.67 10.11 98
90 3.12 3.64 1.88 2.04 44 1.82 2.98 2.36 10.23 98
80 3.54 3.95 1.76 1.9 40 2.26 2.97 1.93 11.04 99
70 3.22 3.83 2.06 2.2 46 2.9 3.22 1.39 12.05 99
60 3.93 4.1 1.17 2.02 41 2.18 3.3 2.48 8.05 97
50 3.5 3.96 1.86 2.44 52 2.52 3.17 1.92 11.67 98
40 3.37 4.03 2.21 2.68 62 2.8 3.3 1.75 16.4 100
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cluster and repeatedly sample 100 times to study the sampling properties with respect 
to the following criteria: average bias, root-mean-square error (RMSE), standard devia-
tion of ACE estimates, average of standard error estimates and the percent coverage rate 
of nominal 95% confidence intervals. Average bias is the pure accuracy measure, SD 
and SE are efficiency measures, and CR and RMSE are the hybrid measures (Demirtas 
2007).

Table 2   Performance of methods for estimating ACE and standard error from data with various sam-
ple size: average bias (Bias), root-mean-square error (RMSE), standard deviation of ACE estimates 
(SD), average of SE estimates (SE), percent coverage rate of nominal 95% confidence intervals (CR). 
ICC1 = 0.59, ICC2 = 0.15

n
i

Method 1. IPW by logistic model ( ACE = 4.0) Method 2. IPW by mixed logistic model 
( ACE = 4.0)

Bias RMSE SD SE CR Bias RMSE SD SE CR

m = 150

100 2.58 3.58 2.48 1.21 27 1.69 2.31 1.59 4.7 99
90 2.74 3.38 1.99 1.25 20 1.83 2.33 1.44 5.57 98
80 2.97 3.28 1.38 1.19 31 1.94 2.28 1.2 10.86 99
70 2.44 3.04 1.79 1.52 40 1.89 2.64 1.84 2.64 99
60 2.57 3.87 2.89 1.44 31 1.93 2.56 1.67 10.53 92
50 2.94 3.26 1.41 1.47 34 1.62 2.93 2.44 4.58 90
40 2.87 3.47 1.94 1.63 38 1.58 2.99 2.54 1.78 51
m = 100

100 2.65 3.58 2.41 1.38 33 1.99 2.83 2.01 11.44 98
90 2.85 3.43 1.92 1.46 33 2.01 2.49 1.48 7.49 98
80 3.07 3.4 1.47 1.44 32 2.05 2.52 1.47 20.4 100
70 3.07 3.42 1.5 1.48 36 2.34 2.62 1.17 19 100
60 2.56 3.53 2.43 1.74 41 1.91 2.63 1.81 16.46 98
50 3.43 3.65 1.24 1.53 31 1.84 2.79 2.1 9.45 97
40 3.34 3.93 2.06 1.69 29 1.89 2.87 2.16 2.26 74
m = 50

100 2.84 3.7 2.38 1.7 36 2.19 2.72 1.62 2.72 100
90 3.34 3.83 1.86 1.63 27 1.81 2.87 2.23 16.65 99
80 3.25 3.8 1.99 1.72 36 2.49 2.81 1.29 46.67 100
70 3.48 3.83 1.6 1.74 34 2.02 3.03 2.26 32.56 99
60 3.36 4.06 2.27 1.88 35 2.4 2.83 1.5 61.6 97
50 3.22 3.74 1.9 2.16 51 2.3 3.14 2.14 30.6 97
40 3.69 4.19 1.97 2.15 40 2.26 2.78 1.62 75.3 93
m = 30

100 3.1 3.95 2.45 2 43 2.12 3.01 2.14 28 100
90 2.97 3.67 2.15 2.13 54 1.99 2.98 2.21 25.79 100
80 3.28 3.76 1.83 2.19 56 1.67 2.89 2.35 18.13 100
70 3.24 3.84 2.06 2.23 50 2.51 3.36 2.23 52.51 100
60 3.41 3.96 2.01 2.42 54 2.43 3.2 2.1 31.89 97
50 3.77 4.29 2.05 2.4 43 2.65 3.43 2.18 40.82 99
40 3.85 4.24 1.78 2.62 56 2.49 3.09 1.84 130.49 97
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In addition, we calculate the standard deviation (SD) from the 100 ACE estimates in 
each of the simulation scenario in Tables 1, 2, 3, 4 and 5. This is a measure to gauge the 
variation of the ACE estimates. Our specific goal is to see if our estimate of the ACE 
variance is unbiased by comparing this SD with the average of the SE estimates (the 
square root of the variance estimate) from the 100 samples. This indicates whether our 
variance estimate for ACE is unbiased or not.

Table 3   Performance of methods for estimating ACE and standard error from data with various sam-
ple size: average bias (Bias), root-mean-square error (RMSE), standard deviation of ACE estimates 
(SD), average of SE estimates (SE), percent coverage rate of nominal 95% confidence intervals (CR). 
ICC1 = 0.59, ICC2 = 0.08

n
i

Method 1. IPW by logistic model ( ACE = 4.0) Method 2. IPW by mixed logistic model 
( ACE = 4.0)

Bias RMSE SD SE CR Bias RMSE SD SE CR

m = 150

100 2.06 3.2 2.45 1.41 41 1.56 2.38 1.79 81.5 100
90 2.16 3.44 2.66 1.44 40 1.13 2.52 2.26 6.49 96
80 2.68 3.09 1.54 1.4 39 1.99 2.42 1.38 3.89 99
70 2.79 3.18 1.53 1.39 37 1.46 2.79 2.38 3.52 95
60 2.7 3.36 1.99 1.48 39 1.76 2.74 2.1 2.02 73
50 2.73 3.37 1.98 1.61 37 1.57 2.45 1.88 2.06 78
40 2.9 3.58 2.11 1.67 36 1.74 2.78 2.17 2.45 78
m = 100

100 2.81 3.34 1.8 1.4 38 1.47 2.68 2.24 19.5 100
90 2.57 3.34 2.13 1.56 39 1.91 2.82 2.08 96 100
80 2.52 3.2 1.98 1.62 46 1.49 2.83 2.4 9.4 99
70 2.8 3.32 1.77 1.63 42 1.57 2.57 2.03 10.87 97
60 2.59 3.72 2.67 1.69 37 1.98 2.43 1.41 3.23 92
50 3.01 3.73 2.2 1.68 40 1.88 2.66 1.89 2.94 83
40 2.88 3.56 2.09 1.9 46 2.19 2.67 1.53 2.87 82
m = 50

100 2.78 3.57 2.24 1.72 41 2.72 2.72 1.49 9.8 99
90 2.57 3.42 2.25 1.95 51 1.67 2.55 1.92 13.25 99
80 3 3.74 2.23 1.87 40 2.32 3.07 2 154.72 100
70 2.95 3.61 2.08 2.04 40 2.08 2.79 1.86 34.04 100
60 3.59 3.93 1.59 1.9 39 2.02 3.04 2.28 43.84 98
50 3.35 3.87 1.95 2.13 42 2.29 2.8 1.6 7.24 96
40 3.39 3.97 2.07 2.32 47 1.95 2.97 2.24 5.02 92
m = 30

100 3.09 3.71 2.06 1.99 48 2.53 2.98 1.56 31.66 100
90 3.38 3.77 1.66 2.04 48 2.26 3.26 2.35 44.93 100
80 3.43 3.98 2.02 2.2 50 2.31 2.94 1.82 83.33 100
70 3.31 3.9 2.07 2.3 58 NA NA NA NA NA
60 3.65 4.22 2.13 2.33 42 NA NA NA NA NA
50 3.74 4.35 2.22 2.46 45 NA NA NA NA NA
40 3.28 4.01 2.31 2.95 67 NA NA NA NA NA
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5.2 � Summary of results

Tables 1, 2 and 3 summarize the results for the first simulation scenario. Graphical visuali-
zation of the performance for the two methods is further displayed in Fig. 1. With correct 
specification for the outcome model, both methods can generate consistent estimates of 
ACE under the dual-modeling strategy. While increasing sample size can help reduce bias 
in both methods, a better estimate is obtained in method 2 with correct specification for the 
treatment assignment model. Results show that the impact of sample size on the efficiency 
should not be of concern because of the consistent estimates of ACE standard error in the 
settings with a large number of clusters ( m = 150 ). On average, we observe low cover-
age rates under method 1, which indicates that ignoring clustering effect in the treatment 
assignment model can underestimate the variance of the ACE estimate. When the treat-
ment assignment model accounts for the clustering effect (i.e., method 2), we observe a 
significant improvement on the performance (e.g., with respect to the coverage rate). How-
ever, we also note that this improvement is diminished and can produce an inaccurate high 
coverage when the number of clusters is small, particularly with a small ICC for the treat-
ment assignment. Method 2 leads to subpar performance when the number of observations 
within a cluster drops below 70 in the settings with 30 clusters and 0.08 of ICC for the 
treatment assignment. Overall, the performance of method 2 becomes unstable with small 
ICC values for the treatment, and the variance of ACE tends to be overestimated.

For the second simulation scenario, the results for the settings with varying ICC1 and 
ICC2 are presented in Table 4. It appears that the change in the ICC for the outcome model 
has not much impact on the estimate of ACE in both methods when the outcome model is 
correctly specified. With the clustering effect on the treatment assignment being ignored in 
method 1, the smaller ICC2 (0.08) tends to result in a higher coverage rate, and the higher 
ICC2 (0.3) causes a notable 5–20% decline on the coverage rate. On average, we observe a 
lower coverage rate of 34% in method 1, which indicates ignoring the clustering effect on 
the treatment assignment model can underestimate the variance of ACE. Such effect should 
be evaluated when method 1 is applied. The average coverage rate of 88% in method 2 is 

Table 4   Performance of methods for estimating ACE and standard error based on various intra class cor-
relations: average bias (AB), root-mean-square error (RMSE), standard deviation of ACE estimates (SD), 
average of SE estimates (SE), percent coverage rate of nominal 95% confidence intervals (CR)

ICC1 Method 1. IPW by logistic model ( ACE = 4.0) Method 2. IPW by mixed logistic model 
( ACE = 4.0)

Bias RMSE SD SE CR Bias RMSE SD SE CR

ICC
2
= 0.08

0.12 2.68 3.19 1.72 1.74 53 2.42 2.78 1.36 5.35 86
0.40 2.95 3.44 1.77 1.65 41 2.00 2.76 1.90 8.93 92
0.59 3.01 3.49 1.77 1.66 39 1.84 2.70 1.99 7.62 92
0.85 3.16 3.60 1.73 1.55 34 2.05 2.62 1.63 4.45 90
ICC

2
= 0.30

0.12 3.13 3.40 1.32 1.45 32 1.60 2.73 2.21 2.79 85
0.40 3.52 3.68 1.06 1.34 21 2.08 2.60 1.57 2.96 87
0.59 3.52 3.68 1.06 1.35 21 2.21 2.81 1.74 3.23 87
0.85 3.26 3.59 1.52 1.42 30 1.67 2.74 2.17 3.57 86
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desirable, as both models are correctly specified. However, the estimate of ACE variance is 
more accurate with larger ICC2 (0.3), i.e., the difference between SD and SE is relatively 
small.

We note that the SE is consistently underestimated in method 1 when the clustering 
effect on treatment is ignored. While method 2 works well in the settings with large sam-
ple size, particularly large number of clusters, and with significant clustering effect on the 
treatment assignment, it tends to overestimate the ACE variance when the sample size 
drops or the clustering effect on the treatment assignment decreases.

The third simulation experiment tests the efficiency of our methods in settings with 
skewed covariates while the other simulation conditions remain the same. We find that the 
performance is consistently satisfactory in both methods. As seen in Table 5, the average 
coverage rate is about 84% in method 1 and about 89% in method 2. The small difference 
between the two methods in this simulation experiment indicates that ignoring clustering 
effect in such settings leads to moderate impact on the estimate of variance. Given that the 
true ACE is set to 4, we obtain a less bias (average around 0.4) in method 2 than method 1 
(average around 1.3). This finding is similar in the other two simulation experiments, indi-
cating that accounting for correlated data in the propensity score model can help reduce the 
bias in the estimate of ACE.

In some of the simulation scenarios, we see that there is considerable bias given the 
relative large magnitude of the average bias to the true bias value. In observational stud-
ies, the primary source of bias is the confounding effect on the outcome and treatment 
assignment. Given our simulation models, we found that the difference of the mean out-
comes between the two population groups (treatment and control) is around 9. Ideally, we 
hope this baseline difference can be eliminated by the dual-modeling strategy if all the 
confounding variables are captured and outcome model is correctly specified. However, we 
found it can only be reduced to certain degree in the simulation, perhaps due to sampling 
error and clustering effect. In the causal framework, treatment assignment is conditionally 
independent of potential outcomes. Therefore we didn’t see a significant increase in bias 
when the true ACE changes, e.g., 40 and 400. In our additional simulation studies (not 

Table 5   Performance of methods for estimating ACE and standard error from samples when covariates are 
highly assymetric: average bias (Bias), root-mean-square error (RMSE), standard deviation of ACE esti-
mates (SD), average of SE estimates (SE), percent coverage rate of nominal 95% confidence intervals (CR)

ICC
1

Method 1. IPW by logistic model ( ACE = 4.0) Method 2. IPW by mixed logistic model 
( ACE = 4.0)

Bias RMSE SD SE CR Bias RMSE SD SE CR

ICC
2
= 0.08

0.12 1.41 2.38 1.91 1.61 83 1.23 2.00 1.58 1.64 79
0.40 0.97 2.34 2.12 1.70 85 0.98 1.86 1.58 1.70 80
0.59 1.41 2.03 1.46 1.66 87 0.26 2.18 2.19 1.68 95
0.85 1.50 2.27 1.70 1.66 82 − 0.25 2.42 2.43 1.63 93
ICC

2
= 0.30

0.12 1.37 1.73 1.05 1.38 82 1.22 1.79 1.31 1.40 87
0.40 1.24 1.82 1.32 1.46 85 − 0.04 2.05 2.06 1.68 92
0.59 1.48 1.83 1.09 1.37 86 − 0.06 1.49 1.49 1.47 95
0.85 1.37 2.21 1.74 1.52 82 − 0.21 2.51 2.52 1.77 94
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reported here), in settings with larger true ACE, bias becomes negligible (the percentage 
bias is less than 5% when true ACE is 40 or 400). We refer to Schafer and Kang (2008) on 
similar performances with in-depth discussion.

Our simulation results lead to some important messages for the practitioners of these 
methods. As discussed above, we see lower percent biases when true ACE is large, and 
such biases are primarily contributed by the systematic differences in mean outcomes 
between the two groups in the simulated populations. Given the same set of confounding 
variables explaining these differences, the amount of bias is relatively consistent across the 
settings in each method. Overall, method 2 has a better performance than method 1 with 
respect to lower average bias, higher coverage rate and lower RMSE. However, in some 
cases with small sample size (as summarized in Table 1) and low clustering effect on treat-
ment assignment model (Tables 2, 3), the ACE variance can be overestimated, which leads 
to a high coverage rate. This is due to extreme outliers from the inverse propensity scores, 
and is a limitation in our approach. In such situations, we prefer to use RMSE for the evalu-
ation of the performance. Method 2 has consistently lower RMSE across all simulation 
scenarios. Given this limitation, we recommend the methods be applied to large survey or 
administrative data.

6 � Application

Our simulation experiments show that method 2 is the preferable analytical method, as it 
accounts for the distinct sources of variations between and within the clusters. Here, we 
study the ACE of inadequate prenatal care on birth weight among low income women in 
New York State.

It has been widely recognized that prenatal care plays an important role in keeping 
pregnant women and their babies healthy. Early and adequate prenatal care can help iden-
tify mothers at risks of adverse pregnancy conditions and reduce the chance of deliver-
ing low birth weight babies. Studies in the past decades have shown that inadequate pre-
natal care is significantly associated with infants born with low birth weight (Donaldson 
and Billy 1984; Scholl et al. 1987; Hueston 1995; Pedraza et al. 2013; Loftus et al. 2015). 
Other associated risk factors can be mother’s health insurance coverage, demographic, 
socioeconomic status, drug use and medical conditions such as placental abruption and 
pre-eclampsia. For example, a recent study shows that Medicaid was protective against 
low birth weight (Xaverius et al. 2016), but the Medicaid beneficiaries who receive care 
through public prenatal program are less likely to have a low birth weight baby than those 
Medicaid beneficiaries who receive care primarily from private-practice physicians (Bue-
scher et al. 1987; Jamieson and Buescher 1992). Although the benefit of adequate care on 
the reduction of incidents of low birth weight has been widely discussed in literature, the 
explicit quantitative effect of inadequate prenatal care on birth weight for full term babies 
has rarely been reported. Our goal in applying method 2 is to investigate to what extent the 
inadequate prenatal care would affect birth weight. We are particularly interested in the low 
income population who have Medicaid coverage insurance.

Our primary data source is New York State 2009 vital records which consist of birth 
certificates which were collected separately from the five boroughs of New York City and 
the rest of the state. To meet the positivity assumption in causal inference, we restricted 
the sample to live births from certified hospitals in which unmeasured confounding vari-
ables are reduced to a minimum. We kept 54,880 birth records from 120 hospitals with 
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a gestational age greater than 37 weeks and that were all covered by the New York State 
Medicaid program. The number of births in each hospital ranges from 47 to 1677. Covari-
ates in this study include clinical factors reported in birth certificate and demographic col-
lected in Medicaid enrollment records. The two type of information are linked through the 
mothers’ Medicaid member identification number. We define a dichotomous variable for 
the adequacy of prenatal care based on the Kessner index (Kessner et al. 1973). Women 
who received more than nine prenatal care visits during their pregnancy are grouped as 
having received adequate care. Women who received fewer than nine visits are grouped 
as having received inadequate care. Using this definition, we identify that 55.2% of the 
mothers have received adequate care. When comparing the covariate distribution between 
the inadequate care and adequate care group, we observe significant differences in previ-
ous low birth weight birth, education, SSI status, race, previous live births, smoking and 
mother’s BMI (Table 6).

In this data, we allow the observational records within each of the hospitals to be cor-
related. Mothers who gave birth in the same hospital may receive prenatal care due to their 
provider’s affiliation with the hospital. Our descriptive analysis shows that the average 
birth weight for mothers in the adequate care group was 3397 g with a standard deviation 
of 70 while the average birth weight for mothers in the inadequate care group is 3351 g 
with a standard deviation of 75. Therefore, the observed average difference in birth weight 
between the two groups was 46  g. Based on our knowledge of confounding effects, we 
include education, race, mothers’ age, whether the mom had previous live birth and moth-
ers’ BMI in the propensity score model. All of the 14 covariates shown in Table (6) are 
included in the potential outcome models. Birth weight for infants born to each women is 
computed based on a random intercept model, as described in method 2. Our results show 

Table 6   Descriptive statistics for confounding variables

Adverse event includes abruptio placenta or eclampsia or infection or pregnancy induced hypertension
∗∗∗ Significantly different between the two groups

Binary variable Inadequate care  Adequate care

N % N %

Previous low birth weight ∗∗∗ 177 0.6 201 0.8
Preexisting hypertension 252 0.8 205 0.8
Pregnancy induced diabetes 1094 3.6 846 3.4
Adverse event 718 2.4 612 2.5
Less than HS education ∗∗∗ 9804 32.4 9563 38.9
SSI eligible 366 1.2 342 1.4
Maternal race: Black ∗∗∗ 6233 20.6 6644 27.0
Maternal race: Hispanic 10,376 34.3 8559 34.8
Maternal race: White ∗∗∗ 10,270 33.9 6877 28.0
No previous live births ∗∗∗ 14,853 49.0 11,190 45.5
Maternal smoking 3942 13.0 3250 13.2

 Continuous variable Mean SD Mean SD

Infants’ gestational age 39.4 0.93 39.4 0.97
Mothers’ BMI ∗∗∗ 35.6 26.2 33.6 21
Mothers’ age 26.1 5.7 25.6 5.9
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that the estimated ACE of inadequate care on birth weight is −24.1 g, which means that 
receiving inadequate care will reduce infants’ birth weight 24.1 g on average. We compute 
the standard error as 4.7 with the 95% confidence interval ( −14.9,−33.3 ) for the ACE.

7 � Discussion

Bias reduction of ACE in non-randomized studies is generally thought as the primary con-
cern in causal inference (Rubin 2006). One of the primary sources of bias is the confound-
ing effect that differs between the treatment and control group due to non-randomization 
in observational studies. The dual-modeling strategy in our methods has shown an effi-
cient elimination of selection bias through weighting the residuals with inverse propensity 
scores. Although the logistic regression in method 1 is a misspecified model due to unad-
dressed clustering effect on the treatment assignment, the estimate of ACE is consistent. 
Ignoring the clustering effect under the dual-model strategy mainly impacts the estimate of 
the variance of ACE. Without incorporating the uncertainty of this effect in the treatment 
assignment model, the standard error of ACE can be potentially underestimated and a low 
coverage rate would be expected. When using method 1, one should evaluate the clustering 
effect and make more realistic model specification to avoid this type of underestimation.

This shortcoming has been overcome in method 2 which correctly reflects the clus-
tered data structure into both models. However, when the clustering effect on the treat-
ment assignment is small, there may be issues with the estimation. These issues could be 
attributed to potential outliers in the predicted propensity scores, which can lead to extreme 
values in the estimation equations as well as numerical approximation used in integral 
computations. This indicates that the goodness of fit of the treatment assignment model 
plays a critical role in the estimation of the variance of the ACE estimate. As a result, we 
recommend this method for the settings with both large clustering effect on the treatment 
assignment and number of clusters.

The framework of potential outcomes can be treated as a missing data problem since 
the potential outcomes cannot be observed (Rubin 2005). Multiply imputing potential out-
comes could theoretically improve the performance of the approaches. Additionally, miss-
ing data are common in observational studies, and ignoring or deleting the missing data 
could potentially bias the ACE estimate. We assume complete data in our methods and will 
address the problem of missing data in the future work.
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Appendix: Formulas for ACE variance estimation in clustered data

Some of the equations for ACE estimate and its variance estimate have been presented in 
the paper. Here we show the formulas for the computation behind the equations. In method 
1, residuals from linear mixed-effects model are adjusted by inverse propensity scores that 
are estimated by logistic regression. The OLS estimates from linear mixed-effects model 
(Demidenko 2004) are:

The matrix A is a 9 by 9 lower triangle matrix:
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xT
ij0
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(1 − tij)(1 − 𝜋̂ij)
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11 0 0 0 0 0 0 0 0

0 A22 0 0 0 0 0 0 0

0 0 A33 0 0 0 0 0 0

0 A42 0 A44 0 0 0 0 0

0 0 A53 0 A55 0 0 0 0

0 A62 0 0 0 A66 0 0 0

0 0 A73 0 0 0 A77 0 0

A81 A82 0 0 0 A86 0 A88 0

A91 0 A93 0 0 0 A97 0 A99

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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where

ACE can be estimated by Eq. (8) and its variance can be estimated by Eq. (7).
In method 2, residuals are adjusted by inverse propensity scores that are estimated by 

logistic mixed-effects model. The re-written equation ̂ACE = aT𝜃 has a=(0,0,0,0,-1,1,-
1,1,-1,1)T and 𝜃̂ = (𝛾̂T , 𝜎̂2, 𝛽T
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1
) . The maximum likelihood esti-

mates for the linear mixed-effects model are the same as in method 2. 𝛾̂T and 𝜎̂2are esti-
mated from logistic mixed-effects model: Ptij=1

(zij;� , �i) = �ij and Ptij=0
(zij;� , �i) = 1 − �ij , 

where �ij =
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 and � ∼ N(0, �)2) . The log-likelihood for treatment group is: 
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Matrix A is a 10 by 10 lower triangle matrix as:
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where

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11 A12 0 0 0 0 0 0 0 0
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The 8 integrals in the elements of matrix A can be approximated by the method of Gauss-
Hermite quadrature for integrals as described by Demidenko (2004).
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Better precision can be achieved when the approximation is around the point of maxi-
mum of the integrand. For example, to approximate fi(1) = ∫ ∞

−∞
ehi(� ,� )d� , we need to find � 

at the maximum value of ehi(� ,� )d� , which is the minimum of 
hi(� , � ) = −ki� +

�2

2�2
+

ni∑
j=1

ln(1 + e�zij+� ) . Given dhi

d�
= −ki +

�

�2
+ e�

ni∑
j=1

Bj

1+Bje
�
 and 

d2hi

d�2
=

1

�2
+ e�

ni∑
j=1

Bj

(1+Bje
� )2

 , where Bj = e�zij , the second derivative is positive. Therefore, the 

function has a unique minimum. Newton-Raphson algorithm can be used to solve dhi
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= 0.

Starting from zero, if �max is the limiting point of the iterations, then fi(1) can be approxi-
mated by
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2 . All the integrals can be approximated by this algorithm. How-
ever, if the integral is not a unimodal function, the integral needs to be split into two inter-
vals (−∞, 0) and (0,∞) for the approximation. Similarly, ACE can be estimated by Eq. (8) 
and its variance can be estimated by Eq. (7).
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