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A B S T R A C T

In magnetic resonance (MR) imaging, for highly under-sampled k-space data, it is typically difficult to re-
construct images and preserve their original texture simultaneously. The high-degree total variation (HDTV)
regularization handles staircase effects but still blurs textures. On the other hand, the non-local TV (NLTV)
regularization can preserve textures, but will introduce additional artifacts for highly-noised images. In this
paper, we propose a reconstruction model derived from HDTV and NLTV for robust MRI reconstruction. First, an
MR image is decomposed into a smooth component and a texture component. Second, for the smooth component
with sharp edges, isotropic second-order TV is used to reduce staircase effects. For the texture component with
piecewise constant background, NLTV and contourlet-based sparsity regularizations are employed to recover
textures. The piecewise constant background in the texture component contributes to accurately detect non-local
similar image patches and avoid artifacts introduced by NLTV. Finally, the proposed reconstruction model is
solved through an alternating minimization scheme. The experimental results demonstrate that the proposed
reconstruction model can effectively achieve satisfied quality of reconstruction for highly under-sampled k-space
data.

1. Introduction

Under-sampled k-space data is desired to effectively speed up
magnetic resonance (MR) imaging. However, under-sampled k-space
data leads to aliasing artifacts in reconstructed MR images. Compressed
sensing (CS) [1,2] has shown the great potential on eliminating aliasing
artifacts and improving quality of reconstructed MR images [3]. Be-
cause the number of under-sampled k-space data is much fewer, CS-MR
image reconstruction is a typical ill-posed inverse problem and could be
effectively solved via regularization approaches. The regularization
model for reconstructing MR images is
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where u ∈ℂN is vectorized from a desired ×N N MR image, y ∈ℂM

is acquired measurement in k-space, the matrix A ∈ℂM×N(M<N) acts
as an under-sampling Fourier operator, ∥⋅∥2 denotes L2 norm that en-
forces data fidelity between k-space measurement and reconstructed
images, λ is a positive regularization parameter, and u( ) is the reg-
ularization introduced by sparse transform (e.g., wavelet [4], con-
tourlet [5], shearlet [6,7], sparse dictionary learning [8]) or low-rank
constraint[9,10].

Among sparse regularizations, total variation (TV) [4,11], playing
as a sparsity of gradient, can robustly handle extremely sharp edges,
while it cannot well preserve texture and tends to introduce severe
staircase effects in the smooth regions of reconstructed images [12].
Recently, high-order derivative-based regularizations, e.g., high-degree
total variation (HDTV) [13-15] and total generalized variation (TGV)
[16], have been proposed to eliminate the staircase artifacts. However,
a high-order term will blur texture [17,18].

In order to well preserve texture, non-local methods, including
fractional-order TV (FOTV) [18,19] and non-local TV (NLTV) regular-
izations [12,20-23], have been proposed. However, if NLTV regular-
ization is used as the only constraint for inverse problems, when similar
image patches cannot be accurately detected, NLTV causes blocky ar-
tifacts [21]. The performance of FOTV regularization depends on the
selection of fractional order of differentiation. However, a fractional
order is difficult to be simultaneously tuned for both smooth regions
and textures [24]. The hybrid models, e.g. FOTV combined with sparse
transform [18], TV combined with HDTV [25-27], NLTV [28], have
been proposed to improve quality of reconstructed MR images. How-
ever, these methods globally process images without considering spe-
cial features, e.g. smooth regions and textures [29].

In this paper, by decomposing an MR image into a smooth
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component with sharp edges and a texture component with piecewise
constant background [29], we apply different sparse regularizations to
the two components, respectively, to solve the ill-posed inverse pro-
blem. For the smooth component, the isotropic second-order total
variation (ISOTV) regularization is employed to reduce staircase effects
and preserve sharp edges. For the texture component, first, NLTV reg-
ularization is used to preserve texture, since its piecewise constant
background helps NLTV to accurately detect non-local similar image
patches and suppress artifacts; and secondly, the contourlet-based [31-
33] regularization is involved to further improve the quality of re-
constructed images. We use the strategy of alternating minimization
scheme to conquer subproblems one by one to finally reconstruct high-
quality MR images for highly under-sampled k-space data. Experi-
mental results verify the effectiveness of the proposed algorithm.

2. The proposed reconstruction model

As shown in Fig. 1, an MR image u can be decomposed into a
smooth component us and a texture component ut as [29]

= +u u u ,s t (2)

where us and ut are of sharp edge and piecewise constant background,
respectively. In this paper, by applying ISOTV regularization to us as
well as applying NLTV and contourlet-based sparsity regularizations to
ut, we propose a reconstruction model as

+ + + +{ }u u y u µ u µ uAmin 1
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where λ, μ1 and μ2 are positive regularization parameters, ∥Ψ(ut)∥1, the
L1 norm of Ψ(ut), plays as the contourlet-based sparsity regularization
for ut.

2.1. ISOTV regularization for us

The ISOTV regularization of a continuous image f is defined as [13]
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where θ is the sampling angle [13], the symbol * denotes the conjugate
transpose operation for a matrix, and W is the weighted matrix for
g2(x,y). In discrete domain, the ISOTV regularization in Eq.(4) is given
as

= =
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where D2 is an operator of weighted second-order derivative and de-
fined as

=
=

u i u i u i u i
W u i u i u i

D D D D( ) [ ( ), ( ), ( )]
[ ( ), ( ), ( )] ,

s xx s xy s yy s

s xx s xy s yy

2 2, 2, 2,
T

, , ,
T (7)

where [us,xx(i),us,xy(i),us,yy(i)]T is the discrete form of Eq. (5) [13].

2.2. NLTV regularization and contourlet-based regularization for ut

Given a pixel i in ut, its nonlocal discrete gradient can be calculated
by [20]

=u i j u j u i w u i u jD ( , ) ( ( ) ( )) ( ( ), ( ))t t t t tNL (8)

with

= + +w u i u j G u i u j
h

( ( ), ( )) exp ( ) ( )
2
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2
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where j is a non-local pixel in the searching neighborhood window of i,
Gσ is the Gaussian kernel with standard deviation σ, h is a non-local
filtering parameter, ⊗ is a convolution operator, and ‘⋅’ in ut(i+ ⋅)
denotes a square patch centered at the pixel i. With the weight w
(ut(i),ut(j)) measuring the similarity between two neighboring patches
ut(i+ ⋅) and ut(j+ ⋅), we define the discrete NLTV regularization for ut
as [20]
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Fig. 1. Structure decomposition of MR image. (a) original MR image; (b) smooth component; (c) texture component.

X. Yang et al. Magnetic Resonance Imaging 57 (2019) 165–175

166



where Ni is the size of the searching neighborhood window of i.
In Eq. (3), ∥Ψ(ut)∥1 is the contourlet-based sparsity regularization,

and Ψ(ut) is contourlet transform (CLT) [31-33] used for multi-direc-
tional and multi-scale decomposition. With CLT, we can decompose ut
into several directional sub-bands at multi-scale to overcome the wa-
velet's disadvantage which only decomposes an image into three di-
rections.

3. Alternating minimization algorithm for the proposed model

In this section, we present a scheme for solving the problem de-
scribed by Eq. (3). By replacing ISOTV(us) and NLTV(ut) with Eqs. (6)
and (10), respectively, we can rewrite Eq. (3) as

+ + + +{ }u u y u µ u µ uA D Dmin 1
2

( ) ( ) ,
u u

s t s t t
,

2
2

2 1 1 NL 1 2 1
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(11)

which is a non-linear multi-parameter optimization problem. To solve
Eq. (11), we use the alternating minimization scheme [34] as follows:

1. Initialize

=u yA(0) H (12)

=u uL Smoothing( )s
(0)

0
(0) (13)

=u u ut s
(0) (0) (0) (14)

where AH is the adjoint operator of A, and L0Smoothing(u(0)) is to
implement L0 gradient minimization (15) defined as [35]

= +u u u uarg min { },s
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where λs is a non-negative parameter, the term us
(0) is the gradient

of us
(0), and us

(0)
0 is the smooth term defined as the L0 norm of

us
(0).

2. At (k+1)th iteration, +us
k( 1) and +ut

k( 1), the approximates of us and ut,
are calculated by
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respectively, and u is updated by

= ++ + +u u u .k
s

k
t

k( 1) ( 1) ( 1) (18)

3. When u(k+1) converges, the iterations stop and the final u is ob-
tained.

3.1. Solving the problem (16) for us

The half-quadratic splitting minimization strategy [34] is employed
to conveniently solve the problem (16) for us. By introducing an aux-
iliary variable b as b=D2us, we can convert the problem (16) into

= + + ={ }u b u u y b b uA D( , ) arg min 1
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and then, by using Augmented Lagrangian, we finally have an un-
constraint form of the problem (19) as
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where the penalty parameter β [34], initially taking a small value, is
gradually increased in order to speed up the convergence of Eq. (20).

By using the alternating minimization strategy again, we divide the
problem (20) into two subproblems as
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and we conquer them one by one as follows.
For Eq. (21), through multi-dimensional shrinkage formula [13], we

have its explicit solution as
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Then for the subproblem (22), by differentiating each term with respect
to us and setting the derivative to zero, we can obtain

+ + =+u u y u bA A D D( ( ) ) ( ) ( ) 0.s t
k

s
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T
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Under the period boundary conditions for us, ATA and D D2
T

2 with cir-
culant blocks structure can be diagonalized by DFT, and thus we can
efficiently solve the subproblem (22) by

= +
+

+
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where and 1 denote DFT and inverse DFT operators, respectively,
and ( ) denotes an element-wise division.

3.2. Solving the problem (17) for ut

By using the gradient descent, we can obtain the proximal map vt of
ut at each iteration through

= + ++ +v u y A u uA ( ( )),t
k

t
k

s
k

t
k( 1) ( ) T ( 1) ( ) (27)
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where ρ is a positive step. Then, we convert Eq. (17) into a de-noising
problem as

= + ++ +{ }u v u µ u µ uDarg min 1
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Next, we use composite splitting algorithms [36] to decompose Eq. (28)
into two simpler regularization subproblems as
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The subproblem (29) is a traditional NLTV denoising problem, and can
be approximately solved by using the split Bregman NLTV(SBNLTV)
algorithm [21]. However, it is time-consuming to calculate the simi-
larity weight w in Eq. (9) for SBNLTV. In this case, SBNLTV is modified
to update the similarity weight every P iteration to reduce the com-
putational time. The experiences demonstrate that P=5 will be ac-
ceptable to accelerate the algorithm. The subproblem (30) is solved by
using, in the CLT domain [33], soft iterative thresholding defined as

=
+

u v µmax 2 , 0 ,t
t

k
,2

1 ( 1)
2

(31)

where Ψ−1 is inverse CLT. Finally, we solve ut of Eq. (17) by

= +u u u1
2

( ),t t t,1 ,2 (32)

where ut,1 and ut,2 are the solutions of Eqs. (29) and (30), respectively.
In summary, the whole work flow of solving Eq. (11) is described in

Algorithm 1, which involves two loops. The outer loop increases β, and
the inner loop computes b, us, ut with a fixed β.
Algorithm 1. Algorithm for MRI reconstruction in Eq. (11).

4. Results

We evaluate the proposed reconstruction model over highly under-
sampled k-space data generated from four MR images (heart, brain,
chest and artery, as shown in Fig. 2) 1, and the four original MR images
are used as the ground truth. For the purpose of convenient compar-
isons, we resize the images into 256×256, and normalize the intensity
into [0,1]. Variable-density under-sampling method [4,13], as shown in
Fig. 3, is used to acquire y in Eq. (11). The sampling ratio is defined as
M/N. Signal-to-noise ratio (SNR) [13] and the structural similarity
index (SSIM) [37] are adopted to evaluate the quality of reconstructed
images. SNR is defined as

= u u
u

SNR 10 log ,10
o r 2

2

o 2
2 (33)

where uo and ur are the original images and reconstructed images, re-
spectively. SSIM is defined as

=
+ +
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where ur and uo are the mean intensity of ur and uo, u
2
r and u

2
o are

deviation, u u,r o represents the covariance between ur and uo, and C1 and
C2 are two constants to avoid instability. The SSIM ranges in [0,1].
Higher SNR and higher SSIM stand for higher reconstructed quality.

4.1. Comparisons

We compare the proposed reconstruction model with other state-of-
the-art methods, i.e. NLTV [21], HDTV [13], NLTV-FCSA [23],
WaTMRI [38], and PANO [22]. Note that NLTV-FCSA uses both NLTV
regularization and a wavelet-based sparsity regularization; WaTMRI
joints wavelet tree sparsity and TV regularization; and PANO uses
patch-based nonlocal operator to sparsify MR images. Meanwhile,
PANO provides two reconstruction models PANO-Under and PANO-
Full, whose difference is whether to use a guide image from under-
sampled data or fully-sampled data.

We obtained the codes of other 6 methods from the authors' web-
sites for fair comparisons. For the proposed reconstruction model, we
set the parameters as: the regularization parameters λ=6.5×10−5

and μ1= μ2= 10−2, the initial value of the penalty parameter β=150,
the penalty acceleration factor Acc=1.5, the step size ρ=0.25, and the
stopping tolerance ε=10−8. When using SBNLTV algorithm to solve
ut,1 in Eq. (29), we set the sizes of pixel patches and searching neigh-
borhood window as 5×5 and 15×15, then select 20 neighboring
patches with the best similarity. In addition, we set the maximum
number of iterations to 500 as that in WaTMRI and NLTV-FCSA, and
run 150 iterations to guarantee its convergence for NLTV. In HDTV and
the proposed reconstruction model, we set the maximum numbers of
outer- and inner-iterations as 10 and 15, respectively, i.e., K1= 10 and
K2= 15 in Algorithm 1.

For the generated noise-free under-sampled k-space data with
sampling ratio varying from 10% to 40%, we reconstruct the MR
images by using the proposed method as well as the other 6 methods,
and list the results of SNRs and SSIMs in Table 1. It is shown that PANO-
Full achieves the best performance by incorporating prior information
(patch similarity) learned from fully sampled image. However, PANO-
Full cannot work well for undersampled k-space data well due to lack of
prior information from ground truth. So that, PANO-Under can be used
instead of PANO-Full to learn similarity from a guide image estimated
from the under-sampled measurements. As shown in Table 1, the pro-
posed method performs much better than PANO-Under, especially for
highly under-sampled data.

1 http://ranger.uta.edu/huang/R_StructuredSparsity.htm

X. Yang et al. Magnetic Resonance Imaging 57 (2019) 165–175

168



Next, we add complex Gaussian noise to y with the noising signal-to-
noise ratio (NSNR) of 30 dB. NSNR is defined as

=NSNR 10 log ( / )y n10
2 2 , where y

2 and n
2 are the deviations of y and the

added Gaussian noise, respectively. We vary the sampling ratio from
10% to 40%, and reconstruct MR images using all 7 methods. In
Table 2, the results demonstrated that the proposed method out-
performed the others in most cases.

In order to further evaluate our method, instead of complex
Gaussian noise, we add Rician noise [39] with deviation σn=10 to
ground-truth u and then under-sample k-space data to have

measurement data y. With Rician-noised and under-sampled y, we re-
construct MR images by using all 7 methods again. As shown in Table 3,
SNRs and SSIMs are all decreased compared with the Gaussian-noised
data. Although NLTV shows the largest SNRs especially for high sam-
pling ratio, SSIMs of NLTV are the smallest in most cases. On the con-
trary, our proposed reconstruction model shows more balanced per-
formance.

For the Gaussian- or Rician-noised y sampled with ratio of 15%, the
residues of the reconstructed images are shown in Figs. 4–7. The re-
sidues of the proposed reconstruction model demonstrate more ran-
domly distributed errors, while the residues of the other methods show
more profile patterns.

4.2. Discussions of λ and μ1,2

In the proposed reconstruction model, the regularization para-
meters, λ, μ1 and μ2, are used to balance the contributions of ISOTV
regularization, NLTV and contourlet regularization. Although different
μ1 and μ2 might achieve better performance, we hypothesize μ1= μ2 to
reduce computational complexity for reconstructing MRI. The values of
λ and μ1,2 are selected from a set of candidates, to gain the satisfied SNR
value for “heart” image. After that, the selected parameters λ and μ1,2
are transferred to reconstruct other images.

At first, we acquired Gaussian-noised under-sampled k-space data at
15% sampling ratio with 30 dB-NSNR. With varying λ over

× × × × × ×[6.5 10 , 6.5 10 , 1.0 10 , 6.5 10 , 1.0 10 , 6.5 10 ]7 6 5 5 4 3 ,
fixing μ1,2 to 1.0×10−2, and keeping the other parameters as the same
as those in the Section 4.1, we illuminate the changes of SNR values for
the reconstructed images in Fig. 8 (a). From the results, it is found that
the performance of the proposed reconstruction model is less affected
by λ when λ<1.0×10−4, otherwise the increase of λ could lead to
the worse performance. Taking “heart” image as an example, with
λ=6.5× 10−5 and 6.5×10−4, we show error images between the
ground-truth and reconstructed images (the 1st column), the re-
constructed texture images (the 2nd column), and the reconstructed
smooth region with sharp edges (the 3rd column) in Fig. 9. From the
reconstructed texture images in Fig. 9 (b), it is found that the noise and
artifacts around edges cannot be effectively suppressed for
λ=6.5× 10−4. To achieve higher SNRs, λ could be set at the range of

Fig. 2. Four ground-truth MR images. (a) Heart, (b) brain, (c) chest, and (d) artery.

Fig. 3. Variable-density under-sampling pattern, with 15% sampling ratio.
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[1.0× 10−5,1.0× 10−4].
Similarly, by setting μ1,2 from 1.0× 10−5 to 10 with a step size of

10, and fixing λ to 6.5×10−5, the SNR values of the four reconstructed
images based on the proposed reconstruction model are calculated and
shown in Fig. 8 (b). From the results, it is shown that μ1,2 could sig-
nificantly affect the performance of the proposed reconstruction model.
When μ1,2 ≤ 1.0×10−2, the proposed reconstruction model is unable
to achieve the satisfied SNR values. To pursue the higher SNRs, μ1,2

could be larger than 1.0×10−2, while SNR values show the tendency
of gradually declining with the increase of μ1,2.

For u, which is degraded by Rician noise with σn=5, 10 and 15,
and y, which is under-sampled from k-space data with ratio of 15%, we
repeat similar experiments with the same settings as those for Gaussian
data. For the proposed reconstruction model, taking the “brain” image
as an example, the SNRs with different σn are plotted in Fig. 10. It is
shown that the range of λ for better SNRs is similar to those of Gaussian-

Table 1
With no additive noise, the results of SNR (dB) and SSIM (SNR/SSIM) of NLTV, HDTV, NLTV-FCSA, WatMRI, PANO-Under, PANO-Full, and our proposed re-
construction model for different sampling rates. (Red color indicates the best performance, blue color indicate the second best performance.)

NaN*: Can’t reconstruct MR image.
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noised data, while smaller/larger μ1,2 achieves higher SNRs for smaller/
larger σn. The tendency of SSIMs is similar with that of SNRs. Finally, by
comprehensively considering Gaussian and Rician noises, we set μ1,2 ∈
[1.0× 10−3,1.0× 10−2]. In the future, we will study on an adaptive
method to automatically select the values of λ and μ1,2.

4.3. The convergence

Convergence is an important characteristic performance for image

reconstruction. In this experiment, we investigate the convergence of
the proposed reconstruction model by trading off iterations and SNRs.
For the “heart” image at sampling ratios of 10%, we obtain SNR se-
quence for NLTV, HDTV, NLTV-FCSA, and the proposed methods. Since
PANO-Under and PANO-Full only provide pcoded files (content-ob-
scured, and executable files), we cannot record SNR values at each
iteration for these two methods. For under-sampled k-space data cor-
rupted by complex Gaussian noise with 30 dB-NSNR, and the magni-
tude image corrupted by Rician noise with σn=10, SNRs versus

Table 2
With additive complex Gaussian noise (NSNR=30 dB) to y, the results of SNR (dB) and SSIM (SNR/SSIM) of NLTV, HDTV, NLTV-FCSA, WatMRI, PANO-Under,
PANO-Full, and our proposed method for different sampling rates. (Red color indicates the best performance and blue color indicates the second best performance.)

NaN*: Can’t reconstruct MR image.
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iterations is plotted in Fig. 11 (a) and (b), respectively. The results show
that the proposed reconstruction model converges as the other methods
but with higher SNRs.

5. Conclusions

In this paper, we propose an MRI reconstruction model by decom-
posing an MR image into a smooth component and a texture

component, and then apply ISOTV, and integrated NLTV and contourlet
regularization to these two components, respectively. We solve the
proposed reconstruction model by using an alternating minimization
scheme. Different MR images are employed in experiments to illustrate
that the proposed reconstruction model can achieve the high-quality
reconstructed images. Moreover, the results also indicate that the pro-
posed reconstruction model can effectively suppress the artifact and
preserve edges for lower sampling ratios. With NLTV regularization, the

Table 3
With additive Rician noise (σn=10) to MR magnitude image u, the results of SNR (dB) and SSIM (SNR/SSIM) of NLTV, HDTV, NLTV-FCSA, WatMRI, PANO-Under,
PANO-Full, and our proposed method for different sampling rates. (Red color indicates the best performance and blue color indicates the second best performance.)

NaN*: Can’t reconstruct MR image.
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Fig. 4. Residues of the reconstructed “heart” images from noisy under-sampled k-space data with 15% sampling ratio. (a) Gaussian noise with 30 dB-NSNR in under-
sampled k-space data; (b) Rician noise with σn=10 in MR magnitude image.
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Fig. 5. Residues of the reconstructed “brain” images from noisy under-sampled k-space data with 15% sampling ratio. (a) Gaussian noise with 30 dB-NSNR in under-
sampled k-space data; (b) Rician noise with σn=10 in MR magnitude image.
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Fig. 6. Residues of the reconstructed “chest” images from noisy under-sampled k-space data with 15% sampling ratio. (a) Gaussian noise with 30 dB-NSNR in under-
sampled k-space data; (b) Rician noise with σn=10 in MR magnitude image.
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Fig. 7. Residues of the reconstructed “artery” images from noisy under-sampled k-space data with 15% sampling ratio. (a) Gaussian noise with 30 dB-NSNR in under-
sampled k-space data; (b) Rician noise with σn=10 in MR magnitude image.
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Fig. 8. SNR values with different regularization parameters λ and μ1,2, where complex Gaussian noise with 30 dB-NSNR is added in under-sampled k-space data of
“heart” images. (a) Different λ (fixed μ1,2= 1×10−2), (b) different μ1,2(μ1= μ2, fixed λ=6.5×10−5).
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Fig. 9. Error images, reconstructed texture components and smooth components for “heart” images, with different regularization parameter λ and fixed
μ1,2= 1.0×10−2. (a) λ=6.5× 10−5 (21.38 dB), (b) λ=6.5×10−4 (19.04 dB).
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Fig. 10. SNR values with different regularization parameters λ and μ1,2, where Rician noise with different σn is added to “brain” magnitude images and then k-space is
under-sampled. (a) Different λ (fixed μ1,2= 1×10−2), (b) different μ1,2(μ1= μ2, fixed λ=6.5× 10−5).
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proposed method suffers from longer computation. The acceleration of
the proposed method will be studied in the future.
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Fig. 11. Relation between SNR values and the iterations for 10% sampling ratio. (a) Gaussian noise case, (b) Rician noise case.
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