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Abstract
ECG signals is a graphical way of recording the electrical actions of the heart for the various diagnostic purposes. ECG signals are
affected by various noises such as Electrode Contact, Baseline Wandering, Motion artifact, Power-line interference, Muscle
Contractions, and Electrosurgical noise during data acquisition. Denoising is a technique which is used for removing the noise in
ECG signals which keeps the useful information. In this paper, a new category of Wavelet shrinkage methods is proposed. The
white Gaussian noise is mixed with the ECGs for simulation and tested with the new class of shrinkage function and is compared
with the other wavelet shrinkage functions such as hard and soft shrinkage. The performance measures such as Signal to Noise
Ratio (SNR) and Percent Root mean – square Difference (PRD) etc. are used to examine the performance of various shrinkage
functions. The experimental result shows that it gives better MSE over conventional shrinkage functions.

Keywords Electrocardiography (ECG) . Interference . Signal denoising . Signal to noise ratio (SNR) .Wavelet transforms

Introduction

ECG signal is a way of recording bioelectric currents gener-
ated by the heart and it is useful for various diagnostic pur-
poses. From the recording, the diagnostic information is ex-
tracted which requires proper classification of waveform such
that preserving the original signals and higher noise can be
attenuated. Noises present in the ECG signal are Electrode
Contract Noise, Base-line Wander interference, Power-line
interference, Muscle – contraction and Electrosurgical inter-
ference [1].

Wavelets are used to decompose the ECG signals, we get
lower frequency and higher frequency sub-bands. The details
available in the high frequency sub-bands are less which can

be removed from the signal without affecting it and it is asso-
ciated with noise also. These sub-bands are removed by using
a threshold value and setting it as zero when the magnitude is
smaller than the thresholds. It will become the basis for
thresholding. Threshold value can be used to distinguish sig-
nificant and insignificant data.

The different method of shrinkage methods are examined
in this paper. The shrinkage function using Wavelets was first
introduced by Johnstone and Donoho (1997) followed by the
work of Breiman (1995) and Gao (1996). Johnstone and
Donoho have developed it for recovering function from the
noisy data [2]. Soft shrinkage is performed in an iteration
manner hence it achieves good SNR as well as data compres-
sion and increases computational efficiency. It shrinks all the
large coefficients by the threshold value λ towards zero which
lead to a bigger bias and less sensitive for the small changes in
the data. Hard shrinkage become unstable due to the small
fluctuations in data.

The hard shrinkage method is a preprocessing technique
that will determine the functions from the noisy data. It is a
keep or kills procedure and is more intuitively appealing. It
seems to be natural but pure noise coefficients may pass
through it and appear as an infuriated mark on the signal by
using the fixed thresholding concept.

Donoho and Johnstone proposed the hard and soft shrink-
age function [2] as:
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δHλ ¼ 0; xj j ≤ λ
x; xj j > λ

�
ð1Þ

δSλ ¼
0; xj j≤λ
x−λ; x > λ

xþ λ; x < −λ

8<
: ð2Þ

Where λ ∈ [0,∞] – threshold value.
The shortcoming of hard and soft shrinkage function

are overcomes by the general firm shrinkage. Bruce and
Gao [3] introduced a general Firm shrinkage function
δλ1,λ2(x) [3–5]. It uses two threshold values λ1 and λ2:
x value is close to the lower threshold λ1, δλ1, λ2(x) will
behave as the soft shrinkage and the value of x above the
threshold λ2, δλ1, λ2(x) will behave as the hard shrinkage.
The major drawback of Firm shrinkage is threshold values
required are two. Note that hard shrinkage, with λ1 = λ2,
and soft shrinkage, with λ2 =∞, are limiting cases of Firm
shrinkage [3–5].

δλ1;λ2 xð Þ ¼
0; xj j≤λ1

sgn xð Þ λ2 xj j−λ1ð Þ
λ2−λ1

x; xj j > λ2

8><
>: ;λ1 < xj jλ2 ð3Þ

Breiman (1995) have proposed the non-negative shrinkage
function [6], which has good trade-off between the soft and
hard shrinkage models. Due to the shortcoming of step-wise
model, it is applied to subset regression model. The non-
negative function is continuous and less sensitive than hard
shrinkage for the small changes in the data and provide min-
imum bias comparing to soft shrinkage [7]. When the original
signal has many small nonzero coefficients then the garrote
function will have lower prediction error. Breiman (1995)
proposed the functions as follows:

δGλ ¼ x 1−
λ
x

� �2
( )

¼ 0; xj j≤λ
x− λ2=x
� �

; xj j≤λ
�

ð4Þ

S. Poornachandra and N. Kumaravel have proposed hyper

trim shrinkage δhypλ xð Þ [8, 9] which is based on universal
threshold [2] and α-trim threshold [10]. It is a non – linear
model and based on the hyperbolic functions. It provides an
improvement in bias and variance estimation given by
Andrew and Bruce (1996). The distribution characteristics of
hyperbolic function is related to the basic shrinkage distribu-
tion among its family. It provide better MSE and it is a func-
tion of continuous derivative.

δhypλ ¼ tanh ρ*xð Þ xj j−λð Þþ
0; xj j > λ

tan ρ*xð Þ; xj j > λ

�
ð5Þ

Where.

ρ Boundary contraction parameter.

S. Poornachandra and N. Kumaravel proposed sub-band

adaptive shrinkage function δSAλ xð Þ [11] and which is based
on the hyperbolic behaviour and perform well than the other
shrinkage models.

δSAλ ¼ ρ
1−λ−2λ jx

j

h i
1þ λ−2λ jx

j

h i ; xj j≥λ j

0; Xj j < λ J

8>><
>>: ð6Þ

ρ ¼ Δ
max xj j ð7Þ

Where.

ρ Boundary contraction parameter.

It uses sub-band dependent thresholding [10, 12] method
for better retrieval of the signal when tested with the real time
ECG signal. The value of ρ is depend on the boundary
attaining parameter Δ. The value of Δ are used for retaining
the exponent behaviour of shrinkage models outside the dis-
tribution curve and results will depend on the replicated trials.
If the value of parameter Δ can be increased we will get
fractional change in SNR value.

Ustundag and Gokbulut (2012) proposed the fuzzy based
thresholding method for denoising weak ECG signal using
Wavelet analysis [12]. The fuzzy s-function can be used to
construct the thresholding concept and it can be defined as:

f x; a; bð Þ ¼

9; x≤a

2
x−a
b−a

� �2
; a≤x≤

aþ b
2

1−2
x−b
b−a

� �2

;
aþ b
2

≤x≤b

1; x≥b

8>>>>><
>>>>>:

ð8Þ

Where a and b identifies the slope of the curve and the
curve is based on the mapping on the vector x.

Fuzzy logic based thresholding for hyper shrinkage [13]
was proposed by Saranya and Poornachandra which will im-
prove the SNR values. Fuzzy Logic can be used for the un-
certainty of information and it can express as a good mathe-
matical concept.

The membership function of fuzzy logic can be defined as
each point of input space is generalize into a value between 0
and 1. Fuzzy logic based thresholding for Sub-band adaptive
shrinkage was proposed by selvakumarasamy and
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Poornachandra which will improve the SNR values [14]. The
denoising based on Wavelet shows greater advantages but the
drawback is discontinuities and it illustrate the pseudo-Gibbs
phenomenon [15].

The Genetic Optimized Wavelet Threshold (GOWT) [16]
embrace a general quadratic function and it improve the ver-
satility of denoising method for the various noisy signals. The
GA was used to optimize the quadratic function. Quadratic
curve thresholding function (QCTF) is expressed as:

yq ¼
0 xj j < λ

ax2 þ bxþ c λ≤ xj j < λe
x xj j≥λe

8<
: ð9Þ

here, a, b, and c – The coefficients of 0quadratic curve .
When the value of λe→ λ, then the QCTF will function as

hard thresholding and for values of λe → + ∞ is a soft
thresholding function. The equations are expressed as:

0 ¼ aλ2 þ bλþ c ð10Þ

λe ¼ aλe
2 þ bλe þ c ð11Þ

After simplification, b and c is given by a and λe :

b ¼ λe

λe−λ
−a λe−λð Þ ð12Þ

c ¼ λλe
1

λ−λe
þ a

	 

ð13Þ

The curve end point λe and curve coefficient a are the
important parameters for the performance of QCFT. For re-
covering the original signal, the optimal parameters value in
QCTF is very important.

The outline of this article is organized as: Section 2 de-
scribes the introduction to Wavelets. Section 3 gives a brief
about the threshold function. The new proposed function is
discussed in section 4. Section 5 report the results of the pro-
posed function. The final section gives the conclusion.

Introduction to wavelet transform

Wavelets has flexible environment to analyze the non-
stationary signals because of fast computational algorithms.
Wavelet means “Small Wave” [15]. The Wavelet function
generally refers either to orthogonal or nonorthogonal
Wavelets [17, 18]. The uses of orthogonal basis are referring

to a discrete WT but the nonorthogonal basis can be used with
either discrete WT or continuous WT. In the Wavelet decom-
position, the main information in the signal of low frequencies
are contained in the approximation sub-bands and other infor-
mation with noisy components are available in the detail sub-
bands [19].

WT can be defined as:

W s; τð Þ ¼ ∫ f tð Þφs;τ tð Þ dt ð14Þ

Where φs, τ(t) – mother Wavelet.
Wavelets are formed from the basic functionφs, τ(t), using

translation and scaling:

φs;τ tð Þ ¼ 1ffiffi
s

p φ
t−τ
s

� �
ð15Þ

Where s and τ are scaling and translation parameter [19].
Wavelets has the following advantages [20, 21]: 1. The
Wavelet filters is computationally fast; 2.It can support wide
analysis in the low frequency component and narrow analysis
in the high frequency component; 3. Wavelets are used to
segregate the fine details and coarse details in the signal; 4.
The fewer coefficients of wavelet is enough to get good ap-
proximation for a given function.

Threshold function

The shrinkage rules are used to determine threshold values.
There are various threshold selection rules such as Rigrsure,
Sqtwolog, Heursure, Minimax, Universal and Alpha – trim
[22]. Rigrsure threshold is an adaptive threshold rule and it
depends upon the unbiased estimation. It can be defined as

R tð Þ ¼ 1−
t

N

� �
y tð Þ þ 1

N
N−2t− ∑

t

i¼1
y ið Þ

� �
ð16Þ

T ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
minR tð Þ

p
ð17Þ

Where.
x(t) is original sequence and t = 1,2,…..N.
Sqtwolog can be obtained by multiplying by a factor

of log and it is called as fixed form threshold. This rule
is expressed as

T ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2logN

p
ð18Þ
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Heursure is a combination of two threshold rules: Rigsure
rule and Sqtwolog rule. Minimax rule can be fixed threshold
which yieldsminimax performance for an ideal procedure [20,
21]. It can be expressed as:

T ¼ σ 0:3936þ 0:10829log2Nð Þ; N > 32
0; N < 32

�
ð19Þ

σ ¼ Median W1:kð Þ
0:6745

ð20Þ

Where.

N Number of Wavelet coefficients
W1,k Wavelet Coefficients on the particular scale
j Scale of Wavelet decomposition
σ Standard Deviation for noisy signals

A new shrinkage function

Objective

The basic concept of the wavelet shrinkage method is ex-
plained as: energy of a function is focused in the very few
coefficients but the noise energy will spread all over the coef-
ficients. Hence, Wavelet shrinkage functioni will focus on the
coefficients which represent the function and make the other
coefficients as zero. The major goal of this article is reducing
the MSE value between original signal f and denoised

signal f̂ .
Data vector can be assumed as follows:

y ¼ y1; y2; y3;…; yM½ �∈RM ð21Þ

at equispaced locationxM, then

yi ¼ f xið Þ þ ni ð22Þ

Here n – Standard Gaussian noise along independent iden-
tically distributed variable N(0,σ) & f(xi) are the samples of
function f.

MSE of the given noisy function can be calculated:

R f̂̂; f
� �

¼ 1

M
∑
M−1

i¼0
E f̂̂− f
n o2

ð23Þ

Modified minimax threshold function

It is very difficult to calculate an exact value of threshold in
Wavelet based denoising method. A large threshold can shrink
the maximum coefficients which make loss of information in
the original signal and a small threshold will keep maximum
coefficients in the signal which results a noisy signal. The
selection of threshold value T is significant in the quality of
denoising. Donoho and Johnstone suggested universal thresh-
old concept and scale-dependent adaptive threshold concept
[23] which provide best results when the function is not
known.

In the universal thresholding, all the detailed coeffi-
cients are annihilated and minimax threshold will reduce
the asymptotic risk. In order to overcome the shortcom-
ing of the two methods above, an improved method
based on them is proposed. The modified minimax
thresholding can be expressed as:

T ¼ σ 0:3936þ 0:10829
logN

N−1ð Þ
� �

ð24Þ

The standard deviation σ and mean μ of the vector can be
defined as:

Table 1 Comparison of Wavelet
Function based on SNR values
(Noise Level is 50%)

Wavelet Standard Minimax Function Modified Minimax Function

Soft
Shrinkage

Hard
Shrinkage

K -
Shrinkage

Soft
Shrinkage

Hard
Shrinkage

K -
Shrinkage

Db4 31.4572 31.1841 32.2470 32.4591 31.7765 32.4653

Db8 31.4538 31.1794 32.5091 32.5323 31.7872 32.7178

Coif4 31.4491 31.1730 32.4914 32.5377 31.7614 32.7067

Sym4 31.4146 31.1498 32.0740 32.3464 31.7230 32.2940

Bior2.2 33.7763 33.3387 34.5468 34.5472 32.5048 34.6849
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σ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N−1
∑
N

i¼1
Xi−μj j2

s
ð25Þ

μ ¼ 1

N
∑
N

i¼1
Ai ð26Þ

The modified minimax function will provide better SNR
values compared to universal thresholding and minimax
threshold. From Table 1, the SNR values of standard minimax
thresholding and modified minimax thresholding are com-
pared and it shows that a SNR value is improved.

K – Shrinkage function

The fundamental linear denoising model will perform as low
pass filters which allow lower frequency in the channel and
discard the remaining frequency which belong to higher fre-
quency. The major issue in the linear denoising model is un-
suitability because the noise present in the channel of low

frequency are not removed but the application of biomedical
signals remain low frequency.

The proposed K – Shrinkage function is also a nonlinear
model and it is based on hyperbolic tangent function. The
proposed function can outperform other shrinkage models.
Hyperbolic function are called special function and it is
expressed as a combination of exponential functions. The tan-
gent hyperbola function can resemble the basic shrinkages
among the family of Wavelet shrinkage function. The param-
eter β will resemble the tangent behavior such as hyperbolic
function of the curve as shown in Fig. 1.

Pointwise distribution function of K – Shrinkage function
are compared with the soft and hard shrinkage function as
shown in Fig. 2 and the proposed function shows symmetry
behavior. The exponential behavior of a functionwill maintain
the significant empirical coefficient, which emphasis the sig-
nal characteristics and other empirical coefficients are shrink
towards zero. Because of this, the number of coefficient re-
quired to represent the ECG signal characteristics will main-
tain and provide better MSE. The distribution properties of the
K – Shrinkage model which also holds the symmetry property
which is based on the soft shrinkage.

Fig. 1 Functional distribution of
hyperbolic tangent function

Fig. 2 Point wise distribution of
various shrinkage functions

J Med Syst (2019) 43: 248 Page 5 of 9 248



The K – Shrinkage model can be expresses as:

δkλ ¼
I0 β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 2 xj j

N−1 −1
� �2r !

I0 βð Þ ð27Þ

Where β is an adjustable parameter and I0(β) is the mod-
ified zero Bessel function of the first kind, given by

I0 xð Þ ¼ 1þ ∑
∞

n¼1

xj j=2ð Þ2
n!

 !
ð28Þ

Experimental results

Practical ECG signal consist of 2000 samples which has sam-
pling rate of 360 Hz. It has been downloaded from the
PhysioBank. The proposed method was simulated using
MATLAB environment and tested with the different types of
ECG signals. The normal and abnormal ECGs like right ven-
tricular hypertrophy, acute myocarditis etc. are simulated for
the robustness of proposed function. The other shrinkage
function are failed to attain constant SNR value but K-
Shrinkage has consistent.

The SNR [24, 25] can be expressed as

SNR dBð Þ ¼ 20log
OriginalECG

OriginalECG−NoisyECG
�

	
ð29Þ

In this paper, we use two threshold functions: Standard
Minimax Function and Modified Minimax function. The differ-
ent types of WT such as Daubechies Wavelet (DB4 and DB8),
Coiflet Wavelet (COIF4), Symlet Wavelet (SYM4 and SYM8)
and biorthogonalWavelet (BIOR2.2) are simulated and the result
were shown in Table 1. It is clear that the proposed threshold has
shown on improvement for the noise level.

PRD [24, 25] is defined as

PRD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑
N

i¼1
xoriginal ið Þ−xrecovered ið Þ� 
2
∑
N

i¼1
xoriginal ið Þ
� 
2

vuuuuut � 100 ð30Þ

Where.

xoriginal(i) ith sample of the original signal
xrecovered(i) ith sample of the recovered signal

PRD is used to compare performance of the proposed func-
tion with other function for compression. The values of PRD
for the different signals and WT have been shown in Table 2.
It is observed that the low values have been achieved for larger
Wavelets. The simulation has conducted for the various ECG
signals from various sources and it has been observed that the
Wavelet families of high order function are more suitable for
compression of signal.

The proposed method has simulated using different types
of Wavelet families and the results were shown in Table 3 for
the different Wavelet families. It is clear that the simulation
result show that the DaubechiesWavelet (DB4 and DB8) does
not holds the symmetry property even if the SNR values have
been improved. The COIF4 and SYM4Wavelet hold near the
symmetric property but the SNR values has been improved in
the noise level of 20% to 50%; but it retains edge information
of the source signal. From Table 3, it is clear that the BIOR2.2
Wavelet shows the SNR values has improved at the sustain-
able noise level but for the higher noise level it is decreased;
however the reconstruction is better as illustrated in Fig. 3.
The proposed K – Shrinkage function for the various
Wavelet families are shown in Fig. 3 and it has been observed
that the denoised ECG signal is more optimal for the visual
representation using the BIOR2.2Wavelet. BIOR2.2 wavelets
are extremely suited for the analysis of ECG signal denoising
because it is not energy preserving. The proposed K –
Shrinkage function has the advantage of its signal ability at
discontinuities over the soft shrinkage functionwhichmakes it
unique among the shrinkage families.

Table 2 Comparison of PRD
values for the various Wavelet
Function (Noise Level is 50%)

Wavelet Standard Minimax Function Modified Minimax Function

Soft
Shrinkage

Hard
Shrinkage

K -
Shrinkage

Soft
Shrinkage

Hard
Shrinkage

K -
Shrinkage

Db4 2.6739 2.7593 2.4415 2.3826 2.5742 2.3809

Db8 2.7632 2.7632 2.3689 2.3626 2.5742 2.3127

Coif4 2.6764 2.7628 2.3737 2.3611 2.5818 2.3156

Sym4 2.6870 2.7702 2.4906 2.4137 2.5933 2.4283

Bior2.2 2.0473 2.153 1.8735 1.8734 2.3701 1.8440
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Conclusion

There are wide range of Wavelet shrinkage models available
for denoising the ECG signal. Each scheme illustrate the noise
distributed in the signal and how to shrink it by removing the
redundant Wavelet coefficients of every sub – band level. In
this paper, we have introduced a novel K – Shrinkage model
for denoising of ECG signal. This shrinkage function is simple
and flexible since it provides the fine tuning of the shrinkage.
The experiment was conducted using MATLAB for the vari-
ous noises of the normal and abnormal ECGs. The result show

that the above model has achieve good SNR in comparison to
soft shrinkage. The proposed K – Shrinkage function has in-
herent in the application of denoising signals.
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