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A B S T R A C T

We propose a simple model of the electrical activity of the heart that reproduces realistic healthy electrocar-
diogram (ECG) signals. The model consists of two RLC linear oscillators periodically kicked by impulses of the
main pacemaker with the frequency rate of a real heart. In the proposed model, one oscillator represents the atria,
another represents the ventricles, and an electrical cardiac conduction system is included using a coupling
capacitor, which can be either unidirectional or bidirectional. The network of the two capacitively coupled os-
cillators is periodically kicked by the main pacemaker to introduce the periodic forcing of limit cycles into the
system; a time delay is introduced to represent the electrical transport delay from atria to ventricles. In this
manner, healthy synthetic ECG signals are obtained by combining the signals of the currents of the oscillators. We
show that an analytical solution of the model can be obtained when a single impulse is applied. From this, by the
superposition principle, a solution with an impulse train is obtained. Note that analytical treatment is a feature not
available in current cardiac oscillator models.
1. Introduction A normal cardiac electrical cycle ranges from 60 to 80 beats per minute
The heart is one of the most studied organs of the body, and many
studies aim to understand the roots of either mechanical or electrical
failures [1–3]. Electrical signals, governed by activation potentials
controlled by a group of specialized cells, coordinate the mechanical
activity of the heart. This process occurs as follows. Action potentials
originate in the sinoatrial (SA) node, located in the right atrium at the
superior vena cava. The electrical pulse propagates through the atrium,
which produces a contraction. The atrioventricular (AV) node lies in the
wall of tissue between the atria and ventricles and delays electrical
activation to allow the contraction and the filling of atrial and ventricular
cavities with blood.

The pulse propagation from the AV node to the ventricles is provide
by a specialized conduction system called the His-Purkinje complex (HP),
which conducts the electrical impulse to produce the coordinated
contraction of the ventricles, resulting in the effective pumping of blood
to the body [4] (Ch. 12). In the cardiac tissue, a process of recovery
(repolarization) initiates after each electrical excitation (depolarization)
to prepare it for the next electrical stimulation.
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and electrocardiograms (ECGs) at different points on the surface of the
body canmonitor it noninvasively. A single normal cycle of the ECG signals
represents the successive processes of atrial depolarization/repolarization
and ventricular depolarization/repolarization, which occur with every
heartbeat [5]. These processes can be related to the peaks and troughs of
the ECG waveform, labeled P Q, R, S and T. The P wave is linked with the
excitation of the atria, the QRS complex with excitation of the ventricles,
and the T wave with recovery of the excitability of ventricles.

The development of dynamical models to produce ECG signals has
been the subject of many research efforts [6–8]. Several mathematical
models to produce synthetic ECG signals have been developed [9–11], all
of them based on nonlinear equations, thus making the analytical treat-
ment often prohibitive and requiring numerical tools.

Some of the proposed models are based on a dynamical system on a
circle. McSharry et al. [12], for example, proposed a dynamical model
based on three coupled ordinary differential equations. The model is
capable of generating realistic synthetic ECG signals in a 3D space ðx;y;zÞ.
The peaks and troughs of the ECG signal, such as P, Q, R, S, and T,
correspond to negative and positive Gaussian events in the z-direction.
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mailto:ruvazquez@ipn.mx
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compbiomed.2018.05.017&domain=pdf
www.sciencedirect.com/science/journal/00104825
http://www.elsevier.com/locate/compbiomed
https://doi.org/10.1016/j.compbiomed.2018.05.017
https://doi.org/10.1016/j.compbiomed.2018.05.017
https://doi.org/10.1016/j.compbiomed.2018.05.017


M.A. Quiroz-Ju�arez et al. Computers in Biology and Medicine 104 (2019) 87–96
Gidea et al. [6] introduced three models of the electrical activity of the
heart, transforming the model proposed by Ref. [12] into a discrete
dynamical system by time-discretization. To generate quasi-periodic
motion, similar to McSharry's model, the circle and standard maps are
coupled with the discrete version of this model. Sadayi et al. [13] showed
a modification of the McSharry's model assuming that their model may
be effectively used to generate health ECGs as well as arrhythmias.

In some electrical models, the main pacemakers or the pacemakers and
cardiac muscles represent the heart using Van der Pol (VDP) family oscil-
lators. Particularly, the VDP oscillator can be viewed as an RLC oscillator
with an active resistor, which introduces a nonlinearity in the system. The
VDP oscillator has been used in the pioneering studies of heart electrical
activity developed by Van der Pol and Van derMark [14]. They applied the
relaxation oscillation theory to the heartbeat by considering the heart to be
a three-degree-of-freedom system consisting of the sino-atrial node, the
atrium, and the ventricle. Thus, for the system emulation, they used three
VDP oscillators coupledwith time delays. In another relatedwork, Gois and
Savi [15] proposed a model to reproduce ECG signals from three modified
VDP oscillators coupled with time delays. In their model, each oscillator
represents a different natural pacemaker, which can produce pathological
rhythms by varying parameters or changing the coupling. Kaplan et al. [16]
associated the practical Wien Bridge (used as a wave rectifier) with the
VDP family oscillators to propose a model to reproduce the electrical ac-
tivity in the heart. Kaplan et al. [16] showed that two coupled Wien Bridge
oscillators, with a time delay, could be used to generate ECG signals. In
2014, Ryzhii and Ryzhii proposed a model with physiological grounds [7],
composed of two parts: the first considers the main pacemaker, SA node,
and AV node and HP system; and the second describes both the atrial and
ventricular muscles. The model allows for the generation of synthetic ECG
signals as a combination of atrial and ventricular signals.

Heartbeat dynamics have been also modeled using tools such as
neural networks and fractional order systems. Jafarnia-Dabanloo et al.
[17] proposed a neural network to generate an ECG cycle, and by
modifying the Zeeman's model [18], they produced an RR-tachogram,
which includes the effects of the sympathetic and parasympathetic ner-
vous system. Das and Maharatna [8] presented a modification of Kaplan's
model, introducing a fractional-order model based on two filtered VDP
oscillators. The motivation to explore fractional-order arises because the
Kaplan's model does not have the capability to generate different ECG
waveforms. As a result, they shown that various ECG signals can be
simulated by changing the fractional order of the equation system.

Thus, most models that synthesize ECG signals are based on nonlinear
oscillators (VDP oscillators). However, the proposed model is based on a
network of two linear oscillators and a time delay to simulate signal prop-
agation from atria to ventricles. In the proposed model, one oscillator sim-
ulates the electrical behavior of the atria and another simulates the behavior
of the ventricles. Additionally, an external periodic signal influences the
behaviordynamicsof thisnetworkof linear oscillators.The frequencyof this
external signal is related to a healthy heart rate. Thus, we propose a peri-
odically kicked network of two capacitively coupled linear oscillators to
model the electrical activity of the heart, and we show that it can generate
realistic synthetic ECG signals. Two capacitively coupled RLC electrical
circuits compose the proposed model, where R stands for resistance, L for
inductance, and C for capacitance. The capacitive-coupling can be either
unidirectional or bidirectional. OneRLC circuit represents the atria, another
represents the ventricles, and the coupling-capacitor represents the elec-
trical cardiac conduction between them. In addition, a time delay simulates
the electrical propagation delay from atria to ventricles. In the proposed
model, the network of linear oscillators is periodically kicked by the main
pacemaker that introduces the periodic forcing of limit cycles into the sys-
tem. Four linear differential equations represent themodel, and they can be
solved analytically when a single impulse is used as the oscillators' network
input. By the superposition principle, the obtained solution can be extended
whenan impulse train is considered. The importance of the proposedmodel
lies in its simplicity and linearity. In general, the analytical and numerical
treatment of system behavior based on linear models is easier than using
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nonlinear models. Although nonlinear models are generally considered
better approximators of the behavior of a system, the proposedmodel offers
a sufficient approximation to the electrical behavior of a healthy heart.

In the proposed model, we use an external signal generator to influence
the electrical behavior of the linear oscillator network and produce ECG
signals of a healthy rhythm. Thismodel feature and the internal parameters
of the oscillators allow for the exploration of some pathological heart be-
haviors. To achieve this, as a first approximation, we considered a system
should be built to generate reference signals that follow not only the car-
diac frequency of the healthy behavior of a heart but also some possible
pathological behaviors. This paper is organized as follows. In Section 2,
some features of the kicked oscillators are mentioned. Furthermore, the
proposedmodel is described using a block scheme. Then, the dynamics of a
single RLC electrical circuit are discussed to relate the produced waveform
with the depolarization and repolarization processes of the heart. Finally
two linear oscillators are coupled by means of a capacitor CX , and the ECG
signal is obtained by the linear combination of the current in the inductors
of each RLC circuit. In Section 3, the results of bidirectional and unidi-
rectional coupling are presented and discussed; we show that both
coupling options on the systems can model the electrical activity of the
heart. In Section 4, ECG signals produced by the proposed model are
compared with ECGs generated by the models reported by Kaplan. Section
5 presents the conclusion of the study.

2. Model

2.1. Kicked oscillator

The study of driven oscillators has a long history. In 1927, Van der Pol
and Van der Mark, observed the dynamical behavior of electrical circuits
exhibited stable oscillation when they were periodically forced [14]. In
1961, FitzHugh studied the response of the FitzHugh-Nagumo neuron
model to external perturbations [19]. Since then, there have been several
models of driven oscillators.

The kicked harmonic oscillator is a type of driven oscillator that has
been useful in the area of quantum chaos and dynamical quantum
localization [20]; it has been studied extensively in the last decade [21,
22]. Some authors have shown the shear feature as a property of the limit
cycle that determines whether the kicked oscillator is stable or chaotic
[21]. The periodically kicked oscillator has generated some interest for
simulating low-dimensional systems like quantum wires, semiconductor
superlattices or trapped ions [23,24]. Kicked oscillators are an example
of kicked degenerate systems used to study chaos because they do not
obey the Kolmogorov-Arnol'd-Moser theorem, which is related to the
persistence of quasiperiodic motions under small perturbations and ex-
plains how the trajectory appearance of a system integrable under small
perturbations is modified [25,26].

In congruence with the electrical modeling of heart activity proposed
in this work, we restrict ourselves to a network of two identical linear
oscillators that include a main pacemaker that produces periodic kicks, or
forces that are turned on during short intervals. The basic equation
considered in this work corresponds to the kicked harmonic damped
oscillator, given as (1):

€xþ α _xþ ω2
0x ¼ Af ðxÞ

X∞
n¼1

δðt � nTÞ; (1)

where ω0 is the natural frequency, α is the damping factor of the system,
A is the amplitude of kicks, f ðxÞ is an arbitrary function of x, but not of t,
and δðt � nTÞ is an impulse displaced nT s.

Note that a linear, time-dependent driving term alters the orbits in the
phase space of the system; if A and f ðxÞ are not equal to zero in (1), the
system is non-autonomous and has more than one degree of freedom.
Additionally, note that when f ðxÞ ¼ 1 or x, the solution of (1) is linear and
invertible. In this way, no chaotic dynamics are expected of the system.
Thus, choosing the driving term in Eq. (1) to be a sum of delta functions
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allows us to obtain a solution to the differential equations for the kicked
linear oscillator. Now, consider thatΩ ¼ 2π=T is the kick frequency and is
equal to the natural frequency of the oscillator's energy if the oscillator be-
comes unbounded. This feature is called resonance, and it is a phenomenon
occurring in many nonlinear systems, which leads to the destruction of the
integrable behavior. Further, if the ratio (ω0=Ω) is a rational number, then
the system will return to its initial conditions and is periodic. If the ratio
(ω0=Ω) is an irrational number, quasiperidic oscillation can be expected.

2.2. General description of the model

A linear oscillator network alone cannot electrically represent the
biological phenomena of the heart. However, its dynamical behavior can
be enriched if it is periodically subjected to abrupt momentum transfers,
in general, from its natural oscillation period. This feature in classical
RLC oscillators can lead to new applications. To demonstrate the
dynamical behavior of the proposed model, we use the macroscopic
structure of the cardiac conduction system shown in Fig. 1, which con-
stitutes the basis of the proposed model for generating ECG signals.

Thismacroscopic structure uses two capacitively coupled RLC electrical
circuits to produce waveforms, such as the patterns (peaks and troughs)
exhibited by the ECG signals, a pulse train related to the features (pulse
width and frequency) of a cardiac signal, and a time delay to represent the
electrical transport delay. Note that the time delay takes place at the
boundary between the atria (AT) and ventricles (VN). In this context, we
consider the depolarization and repolarization wave fronts inAT and VN as
separate processes, where each one is represented by an RLC circuit. The
atriaRLC circuit is stimulated by an external electrical signal from themain
pacemaker represented by the pulse train; then, it is synchronized to the
ventricle RLC circuit using capacitive coupling. Using this description, the
AT and VN electrical responses are modeled by a system of four linear
ordinary differential equations, where the ECG signal is obtained by the
sum of the currents in the inductors of each electrical circuit.

The detailed mathematical description of the current pulse stimulus
(SA), excitable oscillators (AT and VN), and the coupling between them
are described in the next subsections.

2.3. Single RLC circuit

Consider a single RLC parallel circuit with dynamics as described by
the following state equations:

C _VCðtÞ ¼ IðtÞ � ILðtÞ � VCðtÞ
R

;

L _ILðtÞ ¼ VCðtÞ;
(2)

where VCðtÞ is the voltage of the capacitor and ILðtÞ is the currents of the
inductors at time t. The dots in (2) denote differentiation with respect to
time. IðtÞ ¼ A

P∞
n¼1δðt � nTÞ is an input driving signal (impulse train)
Fig. 1. General scheme of the proposed model.
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that triggers the dynamics of the system. The electrical circuit described
by (2) is shown in Fig. 2.

Numerical simulations can be used to study the system dynamically,
starting from a given initial condition or an external force. The evolution
of the voltage in the capacitor and the current passing through the
inductor can be described using either a time plot or a phase portrait.
Both of them are shown in Fig. 3, using the parameter values: IðtÞ ¼ 0 A,
R ¼ 1 Ω, L ¼ 1 mH and C ¼ 1 mF, with VCð0Þ ¼ 1 and ILð0Þ ¼ 0 as initial
conditions. The time plot (left) shows the values of individual states as a
function of time, that is, the current in the inductor (dashed line) and the
voltage in the capacitor (solid line). The phase portrait (right) shows the
vector field for (2) where a stable focus can be observed.

Now, let the IðtÞ and ILðtÞ be the input and output currents in the
inductor, respectively. The transfer function of the system (2) in the
Laplace domain is then

ILðsÞ
IðsÞ ¼

1
LC

s2 þ 1
RC sþ 1

LC

: (3)

The natural frequency ω0 and the damping factor α can be obtained
easily from (3).

α ¼ 1
RC

; (4a)

ω0 ¼
ffiffiffiffiffiffi
1
LC

r
: (4b)

The impulse response of system (3) with amplitude A is given by

I1ðtÞ ¼
Aγω2

0e
�

αþ
ffiffiffiffiffiffiffiffiffi
α2�4ω2

0

p
2 t

�
et
ffiffiffiffiffiffiffiffiffiffiffi
α2�4ω2

0

p
� 1
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 � 4ω2

0

p ; (5)

where γ refers to the input pulse width. It is known that in numerical
simulations, as well as in real experiments, ideal impulses can only be
approximated as pulses of a given width. The pulse width should be
smaller than the period of the oscillator, that is, γ ≪ 2π

ω0
.

We found that the impulse response of the system (3), that is, the
current in the inductor (shown by a dashed line in Fig. 3), is quite similar
to the response exhibited by the modified FitzHugh-Nagumo model [27]
(see Fig. 4). Such a model is commonly used to explain the basic mech-
anisms of excitability phenomena in biological media.

In fact, Ryzhii and Ryzhii [7] used the FitzHugh-Nagumo model to
describe the depolarization and repolarization processes in cardiac
muscles. The similarity between the impulse response of system (3) and
the one produced by a modified FitzHugh-Nagumo model lead us to
propose that RLC electrical circuits can provide a simple way to model
the depolarization and repolarization processes in atria and ventricles to
describe the electrical activity in the heart.
2.4. Capacitively coupled RLC circuits

Next, consider two parallel RLC circuits with resistance Ri, inductance
Li and capacitance Ci with i ¼ 1;2, coupled by a capacitor with
Fig. 2. Single RLC parallel circuit.



Fig. 3. Time series (left) and phase portrait (right) of the model (2) using the parameters IðtÞ ¼ 0 A, R ¼ 1Ω, L ¼ 1mH and C ¼ 1 mF, with VCð0Þ ¼ 1 and ILð0Þ ¼ 0 as
initial conditions.

Fig. 4. Impulse response of the (a) FitzHugh-Nagumo oscillator and (b) RLC linear oscillator.
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capacitance CX (see Fig. 5). IðtÞ is an input driving signal characterized by
a current impulse train. Taking into account the similarity, discussed
above, of the waveforms generated for an RLC circuit with the waveform
of depolarization and repolarization processes of the heart, we consider
the description of electrical responses of the atria and ventricles as
separate processes, each one represented by a RLC circuit. The stimula-
tion impulses provided by an external current source represent the global
effects of the trans-membrane ionic current generated by the main
pacemaker (SA node). The capacitor provides the coupling between the
atria and ventricles and represents the electrical conduction system.

If the current in the inductors ILiðtÞ and the voltage in the capacitors
Fig. 5. Two linear RLC electrical c
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VCiðtÞ ði ¼ 1; 2Þ are used as state variables, the equations that describe the
system in Fig. 5 are:

C1 _VC1ðtÞ ¼ IðtÞ � IL1ðtÞ � VC1ðtÞ
R1

� CX

�
_VC1ðtÞ � _VC2ðtÞ

�
; (6a)

L1 _IL1ðtÞ ¼ VC1ðtÞ; (6b)

C2 _VC2ðtÞ ¼ �IL2 ðtÞ �
VC2ðtÞ
R2

þ CX

�
_VC1ðtÞ � _VC2ðtÞ

�
; (6c)
ircuits coupled by a capacitor.
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L2 _IL2ðtÞ ¼ VC2ðtÞ; (6d)

where IðtÞ ¼ A
P∞

n¼1δðt� nTÞ, where A is the magnitude of each pulse
and T is the interval between start of each pulses.

The current impulses act as an initial condition of the network where,
as stated above, the impulse width should be smaller than the period of
the system (in this case approximately 700 times smaller). The frequency
of the pulses and the natural frequency of the oscillators define the car-
diac frequency. These current impulses are introduced in the first RLC
oscillator to model the electrical response of the atria. A second oscillator
models the response of the ventricles and is stimulated by the signal
transferred through the coupling capacitor.

System (6) can be transformed into a couple of second-order differ-
ential equations for variables IL1 and IL2. In the Laplace transform space
and by considering two identical oscillators (R ¼ R1 ¼ R2, C ¼ C1 ¼ C2

and L ¼ L1 ¼ L2), the couple of second-order differential equations
ð€IL1€IL2Þ becomes:

s2~IL1 þ αs~IL1 þ ω2~IL1 ¼ ω2IðsÞ �Ws2
�
~IL1 � ~IL2

�
; (7a)

s2~IL2 þ αs~IL2 þ ω2~IL2 ¼ Ws2
�
~IL1 � ~IL2

�
; (7b)

where ~ILi ¼ ILiðsÞ, with i ¼ 1;2, α ¼ 1=RC, ω2
0 ¼ 1=LC and W ¼ CX=C.

Additionally, note that Fðs; α;ω0Þ~I ¼ ~IL1 þ ~IL2 and Fðs;αx;ω0xÞ~I ¼~IL1 �
~IL2, where αx ¼ 1=ðRðCþ 2CXÞÞ, ω2

0x ¼ 1=ðLðC þ 2CXÞÞ and Fðs;α;ω0Þ ¼
ω2
0=ðs2 þ αsþ ω2

0Þ. Now, solving (7a) and (7b) for ~IL1 and ~IL2,

~IL1 ¼ Fðs; α;ω0Þ þ Fðs; αx;ω0xÞ
2

IðsÞ; (8a)

~IL2 ¼ Fðs; α;ω0Þ � Fðs; αx;ω0xÞ
2

IðsÞ; (8b)

Thus, applying inverse Laplace transform to (8a) and (8b), IL1ðtÞ and
IL2ðtÞ can be obtained.

Now, considering that the current in the inductor in an RLC oscillator
(see subsection 2.3) is quite similar to the response exhibited by the
modified FitzHugh-Nagumo, the synthetic ECGwaveform is calculated as
a composition of the signals from AT and VN represented by the current
in the inductors. A time delay τ has been introduced in IL1 to keep the
correct arrangement in the waveform of the ECG signal, that is, the P
wave in the first place and the QRS complex and T wave in the second
place. Therefore, (9) produces the ECG signal:

ECGðtÞ ¼ β1IL1ðt � τÞ þ β2IL2ðtÞ; (9)

where β1 and β2 are scaling factors introduced to match the generated
ECG signal with physiologically measured amplitudes. In a similar way, it
is possible to define:

d
dt
ECGðtÞ ¼ β1

L1
VC1ðt � τÞ þ β2

L2
VC2ðtÞ: (10)

The method used to fit the parameters on (9) is the perceptron, which is
based on the supervised learning algorithm developed by Frank Rosenblatt
[28,29]. This algorithm is a type of artificial neural network that can be
used as a linear sorter. Before starting the classification process, the per-
ceptron is submitted to a learning stage, which consists of adjusting the
parameters of each ILi (i ¼ 1;2) based on the difference between the ob-
tained signal and the desired signal. Novikoff [30,31] proved that the
learning algorithm converges after a finite number of iterations.

We exported the ideas of the learning stage of the perceptron to fit the
weights of the linear sum on (9) to obtain the ECG signal. Thus, ECGrðtÞ 2
½a; b� is the real ECG signal, ECGeðtÞ 2 ½a; b� is the estimated ECG signal
obtained from linear sum on (9), β1ðnÞ and β2ðnÞ are the weights at the
iteration n, γ is the convergence rate and ε is the specified error threshold.
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Thus, the fitting process is as follows:

1. Initialize β1ðnÞ and β2ðnÞ as random values.
2. Calcule the actual ECGeðtÞ according to (9).
3. Obtain the error of estimation eðtÞ ¼ ECGrðtÞ� ECGeðtÞ.
4. Update the parameters β1ðnÞ and β2ðnÞ according to:

βiðnþ 1Þ ¼ βiðnÞ þ γ

Z b

a
eðtÞILiðtÞ

where i ¼ 1;2.

5. Steps 2, 3, and 4may be repeated until the error integrals are less than
ε, that is:

Z b

a
eðtÞILiðtÞ � ε

2.5. Coupled RLC circuits by a unidirectional capacitor

In a single oscillator, the stored and dissipated energy can be traced
easily and an analytical solution can be obtained. However, when two RLC
oscillators are coupled, the analytical treatment is generally cumbersome
because it implies solvinga fourth-order system.To simplify the analysis,we
consider only unidirectional coupling, which can be justified as follows.
Becauseoscillator-1 receives the signal excitation, its ownresistor dissipates
a portion of the initial energy and oscillator-2 receives the remaining energy
using the coupling capacitor. In a similarway, oscillator-2 dissipates energy
owing to its resistor and the remaining energy is returned tooscillator-1.We
noticed that this returned energy does not produce significant effects on the
ECGwaveform; thus, theeffectof the returnedenergycanbedismissedanda
unidirectional coupling, where the energy flows from atria (oscillator-1) to
ventricles (oscillator-2), canbeassumed. It is important tomention thatboth
cases, unidirectional and bidirectional coupling, can generate ECG signals,
but only unidirectional coupling is highlighted owing to the mathematical
simplification it offers when the analytical solution is obtained.

If we consider unidirectional coupling, the term CXð _VC1ðtÞ � _VC2ðtÞÞ
in (6a) is dropped:

C1 _VC1ðtÞ ¼ A
X
n¼1

∞

δðt � nTÞ � IL1ðtÞ � VC1ðtÞ
R1

; (11a)

L1 _IL1ðtÞ ¼ VC1ðtÞ; (11b)

C2 _VC2ðtÞ ¼ �IL2 ðtÞ �
VC2ðtÞ
R2

þ CX

�
_VC1ðtÞ � _VC2ðtÞ

�
; (11c)

L2 _IL2ðtÞ ¼ VC2ðtÞ: (11d)

A mathematical analysis supported by a block diagram estimates the
influence of the coupling term. Fig. 6ðaÞ shows the block diagram of
system (6), where CXð _VC1ðtÞ � _VC2ðtÞÞ in (6a) has been highlighted (red
block) to make evident the feedback from oscillator-2 to oscillator-1.

In Fig. 6, F1ðsÞ and F2ðsÞ correspond to the transfer functions of atria
(oscillator-1) and ventricles (oscillator-2), respectively:

F1ðsÞ ¼ IL1ðsÞ
IðsÞ ¼

1
L1C1

s2 þ 1
R1C1

sþ 1
L1C1

;

F2ðsÞ ¼ IL2ðsÞ
UðsÞ ¼

1
L2C2

s2 þ 1
R2C2

sþ 1
L2C2

:

(12)

Assuming unidirectional coupling, simple algebra of blocks can be
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applied to the diagram in Fig. 6ðaÞ. In this way, IL1 is the input of the
second oscillator (see Fig. 6ðbÞ). Now, by considering two identical os-
cillators (R ¼ R1 ¼ R2, C ¼ C1 ¼ C2 and L ¼ L1 ¼ L2), (13) produces the
transfer function IL2=IL1:

G1ðsÞ ¼ IL2ðsÞ
IL1ðsÞ ¼

CXs2

CþCX

s2 þ 1
RðCþCX Þ sþ 1

LðCþCX Þ
: (13)

Now, two transfer functions in cascade are obtained; these, cascaded
systems can be analyzed and solved sequentially. Thus, two solutions can
be calculated independently. First, the solution for IL1 was obtained in (5)
and such solution is used as the input of G1ðsÞ. From this input, it is easy
to compute the solution for IL2:

I2ðtÞ ¼ Aγω2
0
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where α and ω0 are given by (4a) and (4b), respectively.
Then, we use (9) to compute the ECG signal produced by two RLC

oscillators coupled by a unidirectional capacitor. Note that (5) must be
delayed by τ s; this time delay represents the electrical transport delay
that take place in an electrical conduction realistic system. The ECG
signal can be obtained by:

ECGðtÞ ¼ 2Aγω2
0
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Fig. 6. Block diagrams: ðaÞ two linear RLC electrical circuits coupled by a capacitor. T
oscillators with a unidirectional coupling. (For interpretation of the references to colo
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where uðt � τÞ is the Heaviside step function given by

uðt � τÞ ¼
�
0 t < τ
1 t � τ

(16)

In addition, it is important to remark that (15) is the solution for a
single impulse, which produces a single ECG cycle. As it occurs in the
heart, a periodic stimulus (pulse train) should be considered to represent
the successive relaxation and contraction of the cardiac muscles to obtain
an ECG signal. As IðtÞ in (11a) corresponds to a series of impulses dis-
placed nT s, we obtained the solution of (11) for a single impulse; then,
applying the superposition principle, we extended the solution to a train
of impulses. The electrical stimulation frommain pacemaker is a periodic
signal where each relaxation and contraction of cardiac muscles is a
version similar to the procedure that occurs in the heart. This phenom-
enon can be clearly observed in the periodicity in the ECG signal.

3. Results

To show the behavior dynamics of the proposed model, different plots
of (9) for bidirectional and unidirectional couplings are considered. Both
cases were analytically solved in Sections 2.4 and 2.5, respectively. The
R, C, L, and CX parameters were adjusted to qualitatively match duration
times of the intervals of a healthy ECG signal. Under this consideration,
the following parameters are adopted for normal heart functioning: R1 ¼
R2 ¼ 1 Ω, L1 ¼ L2 ¼ 22:2 mH, C1 ¼ C2 ¼ 22:2 mF and CX ¼ 11:11 mF.
With these parameter values, we obtained the duration times denoted in
Table 1, which are within the reference times reported in international
databases [32].

The PR interval corresponds to AV nodal delay, that is, the propaga-
tion time of the electrical impulse from the SA node to the ventricles.
Note that the time delay introduced in our model is directly related with
the PR interval, which in normal values lies between 0.12 and 0.20 s. We
set the time delay to τ ¼ 0:12 s. It is important to mention that an
automatic determination of the system parameters is beyond the scope of
this contribution; we are interested in qualitative system response.

The stimulation current pulses IðtÞ are characterized by a pulse train
with a pulse duration of 200 μs, an amplitude of 5 A and a frequency of
1.125 Hz injected in atria (oscillator-1), which defines the heart rate
corresponding to a sinus rhythm close to 70 bpm. Note that the pulse
width of the driving force is smaller than the period of the oscillator
(Tosc ¼ 0:139 s), about 700 times. Here, IðtÞ shoots the dynamics of the
system; therefore, we set initial conditions to zero, that is, VC1ð0Þ ¼ 0,
VC2ð0Þ ¼ 0, IL1ð0Þ ¼ 0 and IL2ð0Þ ¼ 0.

To derive the constants (β1, β2), a supervised learning algorithm
he coupling from VN to AT is highlighted with the red block, ðbÞ two linear RLC
ur in this figure legend, the reader is referred to the Web version of this article.)



Table 1
Normal electrocardiography intervals.

Intervals Reference Time (ms) Obtained Time (ms)

P wave < 120 50
QT interval > 350 380
QRS complex 70� 100 88
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called perceptron, described in Section 2.4, was used. The ECG signals
presented in this Section were obtained from (9) with β1 ¼ 1:5 and β2 ¼
0:7.

Fig. 7 shows the resulting ECG signals and corresponding responses
from the AT and VN muscles generated by the proposed model consid-
ering both couplings: unidirectional and bidirectional. Fig. 7ðaÞ shows
the AT and VN responses corresponding to a unidirectional coupling and
for the bidirectional case, Fig. 7ðbÞ shows the electrical responses of the
muscles. In both figures, the dashed line denotes the current passing
through the inductor of oscillator-1 and the solid line corresponds to the
current in the inductor of oscillator-2, which represent the VN and AT
responses, respectively. The main idea is building the ECG waveform
from composition of these signals. Fig. 7ðcÞ shows a comparison of the
total ECG waveform for the unidirectional (green line) and bidirectional
(blue line) coupling. In both cases, the waveforms generated for a normal
rhythm (60–70 bpm) present the representative details and the most
important waves (P, QRS, T) of a typical ECG signal. That is, our model
can capture the general behavior of real ECGs. There is no substantial
Fig. 7. Atrial (solid line) and ventricular (dotted line) response obtained,
considering: ðaÞ unidirectional coupling and ðbÞ bidirectional coupling. ðcÞ ECG
waveform produced by the proposed model with unidirectional (dashed green
line) and bidirectional (solid blue line) coupling. (For interpretation of the
references to colour in this figure legend, the reader is referred to the Web
version of this article.)
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change in the ECG waveform when a unidirectional or bidirectional
coupling is chosen, therefore, from now, for simplicity, we only
concentrate in the unidirectional coupling.

In Fig. 8, two types of the phase plots are drawn for a unidirectional
coupling between the oscillators. In Fig. 8ðaÞ, a noticeable limit cycle or
closed orbit corresponding to ECG versus d

dt ECG can be observed. A pe-
riodic behavior is the natural state of the heart. Fig. 8ðbÞ shows the phase
planes of the current versus the voltage of each oscillator. The green line
corresponds to the AT response represented by oscillator-1, and the blue
line denotes the VN response modeled by oscillator-2. The phase plane of
Fig. 8ðaÞ is the result of the sum of the phase planes of the individual
oscillators (Fig. 8ðbÞ).

After getting normal ECG as a reference, we have plotted the AT and
VN responses for two different values of ω0 and α to discuss the effects of
these parameters on the oscillators. For this, the τ, CX , β1 and β2 pa-
rameters, the initial conditions, and the stimulation current pulses stay at
the same values for normal rhythm. At first, we consider the case where
the natural frequency changes. Here, L and C are changed in the same
proportion and R is fixed to 1Ω. Fig. 9ðaÞ and Fig. 9ðbÞ show the AT and
VN responses, respectively, for two pairs of values: L ¼ 44:4 mH and C ¼
44:4 mF (blue lines) and L ¼ 11:1 mH and C ¼ 11:1 mF (red lines). For
comparison purposes, we have include the values used for a normal
rhythm: L ¼ 22:2 mH and C ¼ 22:2 mF (green lines). As expected, the
variation in ω0 produces noticeable changes in the period and slight
changes in the damping term. These alterations suggest effects that can
be used to simulate some heart pathologies related with the heart rate,
for example, sinus tachycardia, which a fast rhythm greater than 100
bpm, or sinus bradycardia, which is a slow rhythm less than 60 bpm; both
have small variations in the waveform.

In second place, we fix L ¼ 22:2 mH and C ¼ 22:2 mF, and change R
to move the damping factor. In Fig. 10ðaÞ and Fig. 10ðbÞ, the AT and VN
responses are drawn, respectively, for three different values of R. The
green curves denote the value used for the sinus rhythm, i.e., R ¼ 1Ω, the
blue line belongs to R ¼ 0:5Ω and the red line refers to R ¼ 2Ω. From the
figures, we observe an increase in the oscillations for R less than refer-
ence value and an attenuation when R is greater. Therefore, in first
instance, by changing R, we can produce the absence or excess of
important waves, such as the P-wave or T-wave.

It is important to mention that the previous study was a preliminary
revision of the variation in some parameters and only represented an
initial idea to suggest that proposed model can be used to simulate some
disturbances of the cardiac rhythm. It is beyond the scope of the present
work to perform a detailed analysis of parameter effects; investigation is
required for further work, which will be reported in future work.

4. Discussion

This section presents a comparison of the proposed model against the
models proposed by Ref. [16]. In Ref. [16], the practical Wien Bridge
(WB) relates to a family of VDP oscillators, which are used as half wave
rectifiers with a low pass filter, also known as Filtered VDP oscillator. It is
shown that an ECG-like waveform can be generated using these types of
oscillators. The authors propose two ways to generate ECG signals. The
first model (three nonlinear differential equations) is a version of the WB
oscillator. Two WB oscillators coupled with a time delay represent the
second model (six nonlinear differential equations). Here, we reproduce
numerical calculations of both models using a fourth order Runge-Kutta
algorithm with fixed step Δt ¼ 0:01, initial conditions: x0 ¼
½0 10�6 0�T and x0 ¼ ½0 10�6 0 0 10�6 0�T for the first and
second model, respectively, and the following parameters: ε ¼ 2, μ ¼ 1,
α ¼ 0:05. For the WB single, T ¼ 20 was used and for the case of two
coupled WB, T ¼ 30 was used. In the results presented in this section, we
plotted the first state variable of each filtered VDP oscillators for both
cases, single WB and two coupled WB.

Fig. 11 shows time series of ECG signals generated by the Kaplan's



Fig. 8. Phase plane for the model (11): ðaÞ ECG versus d
dt ECG. ðbÞ Current in the inductor ILiðtÞ versus the voltage in the capacitor VCiðtÞ for the atrial response (green

line) with i ¼ 1, and for the ventricular response (blue line) with i ¼ 2. (For interpretation of the references to colour in this figure legend, the reader is referred to the
Web version of this article.)

Fig. 9. Time series of AT and VN responses for R ¼ 1 Ω and two values of L and C: blue line - L ¼ 44:4 mH and C ¼ 44:4 mF and red line - L ¼ 11:1 mH and C ¼ 11:1
mF. The green line corresponds to the values used for the normal rhythm: L ¼ 22:2 mH and C ¼ 22:2 mF. ðaÞ Atria responses and ðbÞ ventricles responses. (For
interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)

Fig. 10. Time series of AT and VN responses for L ¼ 22:2 mH and C ¼ 22:2 mF and two values of R: blue line R ¼ 2Ω and red line R ¼ 0:5 Ω. The green line cor-
responds to the values used for the normal rhythm: R ¼ 1 Ω. ðaÞ Atria responses and ðbÞ ventricles responses. (For interpretation of the references to colour in this
figure legend, the reader is referred to the Web version of this article.)
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models and the proposed model. Fig. 11ðaÞ shows an ECG waveform
generated by the single WB single. Two distinct wave patterns can be
distinguished; they have similar shape, but with different amplitude,
even when the waveform is similar to an ECG signal. A real ECG only
presents one pattern. However, Fig. 11ðbÞ shows that the tiny beats
vanish when two coupledWBs are coupled. Although, theQRS complex is
prominent and P and Twaves are absent. For its part, Fig. 11ðcÞ shows the
generated ECG from our model, which clearly presents the most impor-
tant waves (P, QRS, and T) and contains the representative details of a
healthy ECG signal. We believe that this comparison is interesting
because all presented ECG signals were generated from models that
describe electrical circuits: wave rectifiers in the case of Kaplan's models
and RLC circuits in our case. However, in terms of complexity, our model
94
is much simpler.

5. Conclusions

In this work, a mathematical model based on a periodically kicked
network with two capacitively coupled linear electrical circuits is pro-
posed to reproduce realistic ECG signals. Capacitive coupling can be
either unidirectional or bidirectional. We used two RLC oscillators to
represent the atrial and ventricular electrical responses, where a capac-
itor provides the coupling between them. An electrical pacemaker signal
stimulates the atria RLC circuit. An impulse train of a specific width and
frequency related to the cardiac signal represents the pacemaker signal.
Thus, a linear combination of the current signals of each oscillator



Fig. 11. ECG time series generated for: ðaÞ a version of the WB oscillator, ðbÞ
two coupled WB oscillators and ðcÞ the proposed model.
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produces synthetic healthy ECG signals. To represent the electrical
transport delay from atria to ventricles the first oscillator has a time
delay. An analytical solution can be obtained when a single impulse is
considered and by the superposition principle, the solution was extended
to an impulse train, which introduces the periodic forcing of limit cycles
in same manner that occurs in the heart. The obtained results show that
the proposed model provides a simple way to model the global effects of
cardiac electrical activity. The possibility of analytical solutions is an
important feature of the proposed model. Furthermore, it is possible to
study some effects of the system parameters, such as the interaction be-
tween excitable oscillators, the frequencies and coupling types, and the
characteristics of main pacemaker to produce some non-healthy cardiac
rhythm. Finally, a comparison with other models shows that our model
can capture typical details and reproduce the most important waves
exhibited by real ECGs.
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