
IMAGE & SIGNAL PROCESSING

Improvement Motor Imagery EEG Classification Based on Regularized
Linear Discriminant Analysis

Rongrong Fu1
& Yongsheng Tian1

& Tiantian Bao1
& Zong Meng1

& Peiming Shi1

Received: 20 November 2018 /Accepted: 3 April 2019 /Published online: 7 May 2019
# Springer Science+Business Media, LLC, part of Springer Nature 2019

Abstract
Mental tasks classification such as motor imagery, based on EEG signals is an important problem in brain computer interface
systems (BCI). One of the major concerns in BCI is to have a high classification accuracy. The other concerning one is with the
favorable result is guaranteed how to improve the computational efficiency. In this paper, Mu/Beta rhythm was obtained by
bandpass filter from EEG signal. And the classical linear discriminant analysis (LDA) was used for deciding which rhythm can
give the better classification performance. During this, the common spatial pattern (CSP) was used to project data subject to the
ratio of projected energy of one class to that of the other class was maximized. The optimal projection dimension was determined
corresponding to the maximum of area under the curve (AUC) for each participant. Eventually, regularized linear discriminant
analysis (RLDA) is possible to decode the imagined motor sensed using electroencephalogram (EEG). Results show that higher
classification accuracy can be provided by RLDA. And optimal projection dimensions determined by LDA and RLDA are of
consistent solution, this improves computational efficiency of CSP-RLDAmethodwithout computation of projection dimension.

Keywords Electroencephalogram classification . Common spatial pattern . Regularized linear discriminant analysis

Introduction

Brain-computer interfaces (BCI) based on sensorimotor
rhythms (SMRs) of electroencephalogram (EEG) have devel-
oped a direct motor control pathway between a human brain
and an external device [1, 2]. Motor imagery is a cognitive
task consisting of kinesthetically imagining a motor move-
ment while without executing movement [3], which has been

widely used as a communication approach in non-invasive
BCI. The signature of motor imagery performance can be
reflected in oscillations of Mu and Beta rhythms over cortex.

Pattern recognition techniques are employed for the classi-
fication of motor imagery EEG [4–7]. Common spatial pattern
method has been used in BCI applications as a signal enhance-
ment method for discrimination of motor imagery task by
itself and in combination with other pattern recognition tech-
niques [8, 9]. When EEG measurements are filtered with an
inappropriate frequency range, BCI systems based on CSP-
feature and pattern classification methods generally yield poor
accuracies [10]. Linear discriminant analysis (LDA) relying
on CSP features provides a feasible tool to classify motor
imagery EEG. Classical LDA aims to find optimal discrimi-
nant features by maximizing the ratio of the between-class
distance to the within-class distance of a given data set under
supervised learning conditions [11]. Classical LDA simply
applies an eigen-decomposition on the scatter matrices, how-
ever it is difficult to process undersampled data. Classical
LDA cannot address the singularity problem, it fails when
scatter matrices are singular. Regularized linear discriminant
analysis (RLDA) have been proposed to overcome the singu-
larity problem in classical LDA in the past. By increasing the
magnitude of the diagonal elements of the scatter matrices
(usually by adding a scaled identity matrix), the singularity
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problem can be addressed by RLDA [10]. Therefore, com-
bined CSP-feature and RLDA method, suitable filtered motor
imagery EEG can be classified with better classification per-
formance. Though this CSP-RLDA method can give high
performance, it is really time-consuming process. If the pa-
rameter of CSP (the dimensionality of projected data) can be
determined before using RLDA, this will save a lot running
time of CSP-RLDA method for processing three dimensional
epoched motor imagery EEG.

Mu rhythm is extracted frommotor imagery EEGmeasure-
ments in the sensory motor area with the frequency of
8~12 Hz. Part of the frequency of the Beta rhythm which is
in 18~26 Hz is the harmonic of the Mu rhythm, and it is also
related to the movement and the motor imagination. In this
paper, the method of CSP-LDA is studied first for addressing
two aspect of the classification task. One aspect is the classi-
fication results of the two kinds of rhythm (Mu and Beta) can
be compared by using the method of CSP-LDA. The other
aspect is the effect of the number of dimensionality of CSP
projected data can be determined by CSP-LDA method.
Experiments show that the dimensionality determined by
CSP-LDA have great guiding significant for the CSP-RLDA
method. This makes CSP-RLDA mothed can save running
time and provide high classification performance at the same
time.

CSP-based features

CSP algorithm aims to find the spatial filters that can dif-
ferentiate two classes of EEG signals [12]. All the EEG
trails have been epoched, filtered and saved as three-
dimensional tensor, and this tensor is represented as
nChannels×nSamples×nTrails. CSP algorithm is applied
to a two-class paradigm (right and left motor imagery) to
obtain features for EEG classification. The composite spa-
tial covariance C can be calculated as the sum of normal-
ized covariance matrix of two classes (C1 and C2). With the
matrixes of eigenvalues (Λ) and eigenvectors (Uc), the

whitening transformation can be obtained by P ¼ Λ−12UT,
therefore all eigenvalues of PCPT are equal to one.
Similarly, C1 and C2 are transformed as S1 = PC1P

T and
S2 = PC2P

T. If S1 is decomposed into S1 = BΛ1B
T, then

S2 = BΛ2B
T. The optimal discriminative information of

two populations can be achieved by projecting whitened
EEG onto the first and last several eigenvectors of B [13].
The spatially filtered signal Z of a single trial EEG with the
size of NChannels×NSamples is given by

Z ¼ WTE ð1Þ
where W = BTP is projection matrix. The CSP-based fea-
tures formed from Z can be extracted as follow,

f p ¼ log var Zp
� �� �

= ∑
2m

i¼1
var Zið Þ

� �� �
ð2Þ

where Zp is the first and last m rows of Z, i=1,2,…,2 m.
The logarithmic transformation makes the variance fea-
ture’s distributions close to Gaussian [14, 15].

Classical linear discriminant analysis

Given an m × n data matrix X, which is treated as n column
vectors x1, x2,…, xn ( ), each column corresponds to a
data point and each row corresponds to a particular feature.
The optimized features can be computed by linear
transformation matrix as follows [16],

ð3Þ

The resulting data matrix contains l rows which
leads to the l-dimensional reduced space, there are l features
for each data point. Given the within-class scatter matrix Sw,
the between-class scatter matrix Sb, and the total scatter matrix

S, SLw and SLb represent the between-class scatter matrix and
within-class scatter matrix in the lower-dimensional space.

With the linear transformation A, SLw and SLb become,

SLw ¼ ATSwA ð4Þ
SLb ¼ ATSbA ð5Þ

An optimal transformation Awould maximize SLb and min-

imize SLw simultaneously, so that J Að Þ ¼ SLb=S
L
w ¼ AT SbA

AT SwA
scat-

tering matrix criterion involving Sw, Sb is maximized.
Classical LDA computes the optimal A, such that

A ¼ arg max ATSwA
� �−1

ATSbA
h i

A
ð6Þ

For each Gaussian class with the common covariance ma-
trix, classical LDA is equivalent to the optimal Bayesian clas-
sifier, with a difference of a threshold value. From geometric
interpretation, the optimized features y is the projection of x

onto the subspace spanned by the eigenvectors of SLw
� �−1

SLb .

Materials and methods

Experiments and data sets

Data sets used in this work is motor imagery task from BCI
Competition IV. The data was acquired with an EEG array of
59 electrodes at a sampling frequency of 1000 Hz, data sets
were band-pass filtered and downsampled at 100 Hz. As a
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result, seven data sets (labeled as A, B, C, D, E, F and G) were
obtained, each with 100 trails from two out of the three avail-
able cues. Special information is the data sets containing both
real and artificial data set. Data sets from C, D and E are
generated artificial by Guido Nolte and Carmen Vidaurre.
The generating way and the true distribution of artificial data
were undisclosed for public. The artificial data sets were pro-
vided to test the proposed method whether can tell which
participants were real and which artificial. The detail descrip-
tion can be found from reference [17].

Epoch the continuous signals of 59 EEG channels into two
separable classes, reshape them in two tensors as the number
channels the number of samples the number of trials as shown
in Fig. 1.

Regularized linear discriminant analysis

Classical LDA cannot handle singular scatter matrices, which
limits its applicability to low-dimensional data. To overcome
the singularity problem of the within-class scatter matrix Sw,
the regularization can be done by adding a regularization pa-
rameter to the diagonal elements of Sw in the RLDA technique
[18, 19], thus regularized scatter matrix is become a non-
singular matrix. In this section, the regularized Fisher’s crite-
rion becomes,

J A;αð Þ ¼ ATSbA
AT 1−αð ÞSw þ αI½ �A ð7Þ

Denote cost function as f =ATSbA, which subjects toA
T[(1

− α)Sw + αI]A = c, where c is a constant. Rewrite the con-
straint function as g =AT[(1 −α)Sw +αI]A − c = 0. Using the
Lagrange’s multiplier λ, we have F = f-λg. The partial deriv-
ative of F with respect to A is given as follows,

∂F
∂A

¼ 2SbA−λ 2 1−αð ÞSwAþ 2αA½ � ¼ 0 ð8Þ

thus αA ¼ SbA
λ − 1−αð ÞSwA.

Substituting value of αA into constraint function g, then g
becomes,

g ¼ AT 1−αð ÞSwAþ AT SbA
λ

− 1−αð ÞSwA
� �

−c ¼ 0 ð9Þ

Further, we get ATSbA = cλ.

Ĵ̂ A*;α
� � ¼ A*TSbA*

A*T 1−αð ÞSw þ αI½ �A* ¼ λmax ð10Þ

Thereby, A∗ and λ can be computed as eigen-value decom-
position of [(1 −α)Sw + αI]−1Sb.

Results

EEG rhythms comparison and dimensionality of CSP
projected data by classical LDA

Preprocessing needs achieved before feature extraction,
Sensory Motor Rhythms (SMR) containing Mu and Beta
rhythms are generated in the sensorimotor cortex. Related
information can be used bymotor imagery based BCI to trans-
late a subject’s motor intention into a control signal to have
efficient control over an output device.

The effect of Mu rhythm and Beta rhythm on the classifi-
cation results were studied. Meanwhile, the effect dimension-
ality of CSP projected data can be chosen by classical LDA for
each participant. Given both real and artificial data sets, 10-
fold cross-validation was carried out to compute the classifi-
cation performance for comparing the Mu and Beta rhythm.
This 10-fold cross-validation procedure can be descripted first
in here. All the available samples were partitioned into 10
equal segments randomly. Then samples in one segment are
held out as validation data and the remaining 9 segments are
applied as training set. Training data were used to obtain ori-
entation matrix and classification accuracy is computed by
validation data. This classification accuracy computation is
carried out 10 times to evaluate average classification accura-
cy. The 10-fold cross-validation results of all participants for
Mu rhythm (first column of Fig. 2) and Beta rhythm (second
column of Fig. 2) are shown in Fig. 2.

Fig. 1 EEG data saved in tensor
structure
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The performance of classifier can be given by
Relative Operating Characteristic (ROC) curves. ROC
curve is the entire set of possible true and false positive
fractions attained by dichotomizing a continuous test
result T with different thresholds, which is of monotone
increasing trend from 0 to 1. ROC curves of different
CSP-projected dimensionality (m) can be plotted in the
same figure (as shown in Fig. 3), it can provide the
intuitive comparing appreciation of m values, the curve
with the bulge shape and near to the upper left hand
corner of the figure means that this index can contribute
more evaluation value. The area under ROC curve
(AUC) is an important statistic, and for these areas,
the larger the better.

The comparison of classification results of the two kinds of
rhythm for both real and artificial participants can be given by
CSP and classical LDA (as shown in Fig. 4). We found that
the Mu rhythm has better classification effect than Beta
rhythm for all real participants (A, B, F and G). For artificial
participants, the classification accuracy evaluated by AUC
values on Bparticipants^ C and E can also provide that Mu
rhythm performs better than Beta rhythm. However, this can-
not be found in Bparticipant^D for any dimensionality of CSP
projected data. These results show it outperforms Mu rhythm
for 6 out of 7 participants by CSP and classical LDA, and
Bparticipant^ D as the only one disagreement is just artificial
generated. Therefore, Mu rhythm is chosen as an appropriate
frequency range for EEGmeasurements in preprocessing part.
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From the classification results of Mu rhythm, the best di-
mensionality of projected data for each participant can be
obtained as shown in Table 1.

Meanwhile, the classification results of Mu and Beta
rhythm by CSP and Classical LDA showed that the results
of Bparticipant^ E are very different from others. Data set from

1 2 3 4 5

0.3

0.4

0.5

0.6

0.7

0.8

Dimensionality of projected data

10-fold cross validation for participan D with Mu rhythm

seulav 
C

U
A

1 2 3 4 5

0.3

0.4

0.5

0.6

0.7

Dimensionality of projected data

10-fold cross validation for participan D with Beta rhythm

seulav 
C

U
A

1 2 3 4 5

0.4

0.5

0.6

0.7

0.8

Dimensionality of projected data

10-fold cross validation for participan E with Mu rhythm

s
e

ul
av 

C
U

A

1 2 3 4 5
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Dimensionality of projected data

10-fold cross validation for participan E with Beta rhythm

seulav 
C

U
A

1 2 3 4 5

0.4

0.5

0.6

0.7

0.8

0.9

1

Dimensionality of projected data

10-fold cross validation for participan F with Mu rhythm

seulav 
C

U
A

1 2 3 4 5

0.4

0.5

0.6

0.7

0.8

0.9

Dimensionality of projected data

10-fold cross validation for participan F with Beta rhythm

seulav 
C

U
A

1 2 3 4 5

0.4

0.5

0.6

0.7

0.8

0.9

1

Dimensionality of projected data

10-fold cross validation for participan G with Mu rhythm

seulav 
C

U
A

1 2 3 4 5
0.3

0.4

0.5

0.6

0.7

0.8

0.9

Dimensionality of projected data

10-fold cross validation for participan G with Beta rhythm

seulav 
C

U
A

Fig. 2 (continued)

J Med Syst (2019) 43: 169 Page 5 of 13 169



Bparticipant^ E is artificially generated data, not a real
motor imagery EEG signal. As shown in Fig. 4, the clas-
sification performance of the real motor imagery EEG
datasets are similar. When the projection dimension (m)
is from 1 to 5, the Mu rhythm is superior to Beta rhythm
in separability. And the projection dimensions are concen-
trated at 4, 5 to get the maximum AUC value, which gives
the best separability. But for Bparticipant^ C, D, and E,
since they are artificial data, the AUC values are relatively
small under both Mu and Beta rhythm. And the data them-
selves are poorly separable. There is no common in pro-
jection dimension and the separability from dataset of

Bparticipant^ C, D and E. When the projection dimension
m takes the value from 1 to 5, the maximum AUC value
may appear in any dimension. For dataset of Bparticipant^
C, the data separability is best when the projection dimen-
sion of Mu rhythm is 3. Meanwhile, the AUC reaches the
highest value for dataset of Bparticipant^ D when the pro-
jection dimension equals 2, and the highest AUC value is
given under the Beta rhythm. For dataset of Bparticipant^
E, when projection dimension equals 1, the data separa-
bility is best under μ rhythm. Therefore, the three artifi-
cially data have no commonality in both rhythm extraction
and dimension selection.
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Classification results by CSP and regularized LDA

Given the Mu rhythms for each participant were obtain by
filtering the EEG measurements, the effect dimensionality of
CSP projected data was studied by regularized LDA and the
consistent comparison between CSP-LDA and CSP-RLDA
was concerned in classification results by CSP and regularized
LDA.

In the RLDA technique, a fixed value of regularization
parameter may not give the best classification performance.
Therefore, cross-validation procedure was used in estimating
the regularization parameter α, as mentioned in Eq. (7). Let
[0,1] be the range of α value to be explored and optimal
regularization parameter α be any value in this range. And
the dimensionality of CSP projected data (m) also influence
the classification result. The best classification performance

need to find under different pairs of value α and m.
Therefore, this turn out to be a two-parameter optimization
problem [20], the cross validated estimate of classification
accuracy can maximize jointly. The classification results of
Mu rhythm for both real and artificial participants CSP and
RLDA can be observed from Fig. 5.

In Fig. 5, we built a parameters plane with different pair of
values of regularization parameter α and dimensionality of
projected data (m). As shown in Fig. 5, α values are of the
range from 0 to 1 with the interval of 0.1, and m values are
with the range from 1 to 5. The classification accuracy at every
point on this points’ grid plane can be computed by CSP and
RLDA. In this α - m grid plane, the high classification accu-
racy can suggest the optimal values of α and m, three-
dimensional coordinate values can be showed in each sub-
figure of Fig. 5.
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Artificial participants shown in the last row in Fig. 4 are C, D and E
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Involving the parameters, the results given by CSP and
Regularized LDA can be collected in Table 2.

From the results in Tables 1 and 2, the m value determined
by CSP-LDA also can give high accuracy in CSP-RLDA,
which means them value given by CSP-LDA have instruction
meaning in parameter choosing for the method of CSP-
RLDA. The accuracy evaluated by AUC value showed that
the method of CSP-RLDA outperforms CSP-LDAmethod for
all four real participants.

Discussion

The comparison of CSP-LDA and CSP-RLDA for all seven
data sets including the four real participants and three
Bartificial participants^ can be given in visualized way by
ROC curves with AUC values as shown in Fig. 6. The results
of AUC value in Fig. 6 of each participant give that much
higher classification accuracies by RLDA method of partici-
pant A, B, F, and G than the results given by classical LDA
method. The classification accuracy showed that the four real
participants achieved performances above 0.8, especially for
participant A and B, there are great increase in classification
accuracy. However, for the three artificial Bparticipants^ C, D
and E, the classification accuracies are very close and pretty
low, this means the classification results can not get better
even by the improved classification algorithm.

The same feature extraction and classification were per-
formed for all seven participants, and the randomness of the
results was avoided by cross-validation. The classification ac-
curacy obtained by cross-validation was a reliable evaluation
of the classification model. For the same feature data, if the
algorithm is improved, the classification performance is great-
ly improved as well, it not only shows that the improved
algorithm itself is more superior, but also shows that the data
are separable in the feature space. Participants A, B, F, and G
fall into this situation. And if the data themselves are not
separable, then even a powerful classifier can not give a good
classification result, which is the case for Bparticipants^ C, D
and E. Therefore, the datasets from participants A, B, F, and G
can be considered to be meaningful and measured by real
participants when they performed different motor imagery
tasks. The datasets of Bparticipants^ C, D and E are not col-
lected from real motor imagery tasks. Datasets from
Bparticipants^ C, D and E not separable and they are judged

to be artificially generated data. The results obtained using this
proposed method are consistent with the results published in
the BCI competition. The results of the BCI competition are
that A, B, F and G are real EEG data, while C, D and E were
provided by Guido Nolte and Carmen Vidaurre. The details of
the synthesis of the data were not announced. The great dif-
ference in classification results can be regarded as the basis of
distinguishing the artificial data with the real data.

To evaluate the performance of the proposed method under
the settings of BCI competition, the mean squared error
(MSE) was used for performance evaluation with respect to
the target vector with the values [−1,1] for two-class task
recognition. The classification accuracy of all seven partici-
pants evaluated by MSE was presented in Fig. 7 for compar-
ison purposes and completeness.

MSE values given by Bparticipants^ C, D, and E all are
high by both LDA and RLDAmethod, as the blue shaded area
in Fig. 7. However, MSE values obtained from datasets of A,
B, F, and G are much smaller than that given by artificial
datasets. Especially, the RLDA method gives pretty small
MSE values for datasets of real participants. The MSE values
of real participants are given in Table 3.

As shown in Table 3, the MSE in the classification of the
data corresponding to participants A, B, F and G. The average
MSE values obtained by CSP-LDA and CSP-RLDA were
0.465 and 0.195, which would have ranked the proposed
method in the seventh and first of the BCI competition with
the same data sets. Comparing CSP-LDA method, CSP-
RLDA can give better classification performance. The poten-
tial for CSP-RLDA to improve classification performance
over that of CSP-LDA depends on the situation. In situations
for which the sample size are much larger than the dimension
of feature space, no regularization is needed, and the regular-
ization parameter α tends to produce a small value during the
model selection procedure. However, the EEG data in this
experiment is high dimensional data with small sample size.
Classical LDA gets the optimal projection direction by the
eigenvector of (Sw)

−1Sb. The within-class scatter matrix (Sw)
is estimated by using the pooled covariance matrix. When
sample size is not considerably larger than the dimension of
feature space, discriminant analysis is poorly-posed. When
applying the classical LDA to such data, singularity problem
may be occurred due to poor posed inverse problem in eigen-
value decomposition. Classical LDA cannot handle singular
scatter matrices, which limits its applicability to low-

Table 1 Classification results by
CSP and Classical LDA Participants A B C D E F G

Property real real artificial artificial artificial real real

Dimensionality(m) 5 4 3 4 1 3 4

Accuracy 0.6611 0.6286 0.6087 0.5778 0.6672 0.8521 0.9034
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dimensional data only. To overcome the singularity problem
of the within-class scatter matrix Sw, the regularization can be
done by adding a regularization parameter to the diagonal

elements of Sw in the RLDA technique. Regularization tech-
nique can successfully deal with solving solution of poor
posed inverse problem. RLDA combining regularization
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Fig. 5 Classification results of Mu rhythm for both real and artificial participants CSP and RLDA



Table 2 Classification results by
CSP and Regularized LDA Participants A B C D E F G

Property real real artificial artificial artificial real real
regularization parameter (α) 1 1 1 1 0.6 1 0.6
Dimensionality(m) 5 4 3 4 1 3 4
AUC 0.8449 0.8521 0.5826 0.6204 0.6782 0.8823 0.9304
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parameter can lead to superior performance, especially in
small sample setting, even small value of regularization pa-
rameter can largely improve the performance.

Conclusion

This paper presents a theoretical and computational study of
common spatial pattern and regularized discriminant analysis.
Given EEG measurements are filtered with a fix frequency
range, Mu rhythm suggests an appropriate frequency range
for BCI systems based on CSP-feature and pattern classifica-
tion methods. Then, we present the dimensionality of CSP
projected data by classical LDA for each participant. The cri-
terion used in classical LDA is improved by adding regular-
ized term to avoiding the singularity problem, based on this
improved optimization criterion, regularized LDA is given in
theoretically. Combined CSP method, the CSP-RLDA gives
the classification accuracy for different pairs of CSP-
dimensionality and regularized parameter. Experimental re-
sults on all real participants show the superiority of CSP-
RLDA method over CSP-LDA method in separating motor
imagery EEG measurements. The CSP-dimensionality deter-
mined by LDA method are consistent with they suggested by
RLDA method. This means that though the classification ac-
curacy obtained by LDAmethod are not great, in determining

CSP-dimensionality, LDA method has instructing meaning in
RLDAmethod. Based on this point, future CSP-RLDAmeth-
od can be used without the computation of CSP-
dimensionality.
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