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A B S T R A C T

The purpose of this study is to estimate the precision or statistical variability of the velocity measurements
computed from MRI phase-contrast. From the analytical probability density function (PDF) of the phase in the
signal we obtain the PDF of the velocity by means of an auto-convolution. This PDF allows the estimation of the
precision of the velocity, important for the correct interpretation of the many parameters that are based on it. We
show that for high Signal-to-Noise Ratio (SNR) voxels, the distribution is well approximated by a Gaussian
distribution. On the other hand, this is not true for lower SNR voxels, where the distribution adopts a form in
between the Gaussian and the uniform distributions. This was confirmed empirically. Also, knowing the PDF on
a coil by coil basis it is possible to combine the data from multiple coils in an optimal way. We showed that the
optimal combination reduces the resulting global variability of the velocity, in comparison with the commonly
used Weighted Mean or with a SENSE reconstruction with R=1.

1. Introduction

MRI phase-contrast [1] is a well known technique used to compute
the velocity associated to each pixel. It assumes that all spins within the
pixel have the same velocity (equivalently, it measures an average ve-
locity) and that it is constant during the readout. These velocities are
used in many applications such as MRI-PC Angiography [2], 4D
Flow [3], quantization flow-rate [4], wall shear stress [5, 6], pressure
[7, 8], and others.

For many of these applications, it is necessary to quantify the pre-
cision or statistical variation and the accuracy or statistical bias of the
measured velocity. For example, when 4D Flow velocities are used to
feed a fluid mechanic model to estimate physiologically important
parameters, such as pressure. In order to characterize the variability of
these parameters, it is necessary to know the variability of the velocity
as an important input to the model. The accuracy of the velocity is not a
problem because its expected value does not change with the noise in
the signal. In the case of partial volume, that value is the mean velocity
within the voxel.

In most of the literature referring to the Velocity-to-Noise Ratio

(VNR) [9-12], it is assumed that the standard deviation of the velocity
is:

= V2
SNRV

enc
(1)

where Venc is the maximum encoded velocity and SNR, the signal-to-
noise ratio in the image. We will show that this is not necessarily true,
firstly, because the standard deviation is not the same for all pixels as
stated in Refs. [13] and [14], and secondly, because this formula as-
sumes a Gaussian distribution in the velocity which is not valid for low
signal regions [15].

The purpose of this study is to state the exact probability distribu-
tion function (PDF) of the error in the velocity, and to promote its use to
describe its precision, particularly in low SNR regions [16]. We provide
a simple graph from where the velocity standard deviation can be es-
timated. We also propose to use these standard deviations to combine
the velocity measured from multiple coils with the purpose of reducing
the total combined variance.

To confirm the theoretical results, we measured the velocity several
times in a simple flow phantom and compared the empirical histogram
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with the theoretical PDF. We also applied our methodology to the ve-
locity acquired from the ascending and descending aorta of a volunteer
using a standard protocol for 4D Flow. Finally, we show how the more
correct standard deviations can be used to combine the data from
multiple coils.

In this study, we present the true PDF for the velocity and how it can
be used to combine the velocity from multiple coils in an optimal sense.
With phantom experiments, we validate this PDF and with in-vivo data,
we show that our method for combining the velocity obtained from
multiple coils produced more precise velocities.

2. MRI phase-contrast

For simplicity of notation, we will assume two acquisitions, one
without velocity encoding Mo, and another with velocity encoding M1.
In practice, there may be more encodings and they may occur in other
combinations, but the principles are the same. kv is the first moment of
the gradients. It is assumed that kv is constant during the readout and it
is given exclusively by the first moment of the encoding bipolar gra-
dient:

= dk G
2

( )v enc (2)

It is also assumed that the velocity v(x) is unique for each pixel x
and constant in time.

In a noiseless situation, the two reconstructed images would be:
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where mo and m1 are the inverse Fourier Transform of Mo and M1. The
velocity is estimated as the difference of the phases:

= =k v x x x x2 ( ) ( ) ( ) ( )v o 1 (4)

where ϕ and Δϕ are in the range − π…π.
Let Venc=1/(2|kv|) be the encoding velocity, =v x k v x( ) ^ ( )v , the

projection of the velocity in the direction of the encoding, and
=v v Vx x^ ( ) ( )/ enc, the velocity in units of Venc, then:

=v x x^ ( ) ( ) . (5)

3. Material and methods

3.1. Effect of acquisition noise in the velocity

We assume that the signal acquisition has independent and identi-
cally distributed additive Gaussian noise in the real and imaginary
channels of Mo and M1. We are assuming that the noise is mostly
dominated by thermal noise coming from the body, and we are not
considering artifacts as part of the noise component. To compute the
PDF of the velocity, we first derive the PDF of the phase pΦ(ϕ), and then
we compute the auto-convolution (cyclically) to find the PDF of the
velocity pΔΦ(Δϕ). This is done in a per pixel basis, so we drop the de-
pendence of x.

We analyze the values of m0 and m1 as vectors in the complex plane.
Without loss of generality, we assume that m0 is real and of magnitude
a, such that the measured values will follow a bi-dimensional Gaussian
distribution centered in a with a standard deviation σ for the real and
imaginary parts as shown in Fig. 1. This distribution of the noisy value
is the same for all pixels, since it comes from the MR signal acquisition
noise.

The probability distribution of the angle ϕ will be given by the line
integral of the 2D distribution along the direction ϕ, starting from the
origin. Let pR,Φ(r,ϕ) be the PDF of the noisy value in polar coordinates:

=
+

p r e( , ) 1
2R

r ar a

, 2
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The PDF of ϕ is then:

=
+

p re dr( ) 1
2

r ar a

2 0

2 cos
2

2 2

2
(7)

which can be solved to be [17, 18]:
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where erf is the error function. This expression is parameterized to the
ratio (a/σ), a quantity related to the signal-to-noise ratio of the original
signal but not exactly SNR since a is position dependent. To simplify
notation, we define =b a( / )1

2 :

= + +p e e b b( ) 1
2

( cos (1 erf( cos )))b b sin2 2 2

(9)

This PDF is plotted in Fig. 2a for different values of b.
For b=0 (no signal) the probability is uniformly distributed in −

π…π, which can be easily verified in pΦ(ϕ) since =e 1b2 and the
second term is zero:

=p ( ) 1
2 (10)

For a greater b (more signal), the PDF tends towards a Gaussian
distribution. This can be verified by noting e 0b2 ,

+ ( )b1 erf( cos ) 2 , sin , and cos 1 such that

e ecosb bsin2 2 2 2:

p b e( ) b2 2

(11)

which is of course the Gaussian distribution:

=p e( ) 1
2

/22 2

(12)

with = =b a1/( 2 ) / .
Finally, the probability distribution of the velocity (or phase dif-

ference) is the auto-convolution of the PDF in Eq. (12),

=p p p( ) ( )*̄ ( ) (13)

Fig. 1. Signal probability distribution in the complex plane from where it is
possible to compute the probability of ϕ.
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where *̄ is the periodic convolution in the interval − π…π. The result of
this convolution is shown in Fig. 2b for different values of b. We only
plotted the case of mean velocity =v̄ 0. For other velocities, this PDF is
trivially shifted to =v v v¯ 0.

A more practical way for having a notion of the precision of the
velocity is to look at its standard deviation and the 68% and 95% in-
tervals (they would correspond to one and two standard deviations if
the distribution were Normal). The standard deviation for each b value
is shown in Fig. 3a and the intervals in Fig. 3b.

We will consider the Gaussian distribution as a good approximation
for the PDF when the root mean square difference between the actual
PDF and the Gaussian PDF is less than 1%. Given this definition, it can
be noted that for b values less than 2.5, the Gaussian approximation
fails, and the standard deviation is overestimated (b<0.7) or slightly
underestimated (0.7< b<2.5). 3.2. Multiple coils

In a realistic setting, it is common to have data from multiple coils.
Combining multiple velocities measured by a phase-array coil is not

Fig. 2. Probability distribution of ϕ and Δϕ for different values of b.

Fig. 3. a) Standard deviation of v/Venc and b) the 68% and 95% interval for v/
Venc as a function of b. In (a), we also plot the standard deviation for the
uniform and Gaussian distribution.

Fig. 4. Total Standard Deviation (SD) of the combined velocity for the three
methods: Weighted Mean (WM), SENSE and the proposed combination with
Variance Weighting (VW).
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trivial. Currently used methods include Weighted Mean (WM) whereby
the phase (velocity) of a weighted sum of the complex images is used,
and SENSE reconstruction [19-21], whereby the phase of an optimal
coil-combined image is used. In this section, we propose a method for
combining the multiple velocities to minimize the combined velocity
variance.

The combined velocity of multiple coils can be expressed as:

=v w v ,
i

i i
(14)

Such that the final PDF of the velocity is a repeated convolution:

= …p v
w w

p v w p v w( ) 1 ( / ) *̄ *̄ ( / ).V
N

V V N
1

1 N1 (15)

Fig. 5. Cumulative Distribution Functions (CDF) for three groups of pixels. a)
CDF for 10 pixels in the background, low SNR (b≈ 0). b) CDF for 10 pixels in a
moderate SNR region (0.75< b<2.3). And c) CDF for 10 pixels inside the
tube, high SNR (b>2.3). The solid red line indicates the theoretical values and
shown in gray is the empirical histogram. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)

Fig. 6. Simple velocity phantom: In the top row, the magnitude (a) and velocity
(b) images. In the bottom row, the b values (c) and the standard deviation (d).
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Typically, the weights wi are computed to minimize the final velo-
city variance =w w( arg min )i i v

2 2
i . If the PDF of the velocity were

Gaussian, these weights would depend only on the coil sensitivities and
are [19, 22]:

=w S
S

.i
i

j j

2

2
(16)

But for arbitrary variances per coil, the weights that minimize the total
variance are:

=w .i
j i v

k j k v

2

2
j

j (17)

For instance, for 3 coils the weights are:
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with = + +D v v v v v v
2 2 2 2 2 2
2 3 1 3 1 2 . We will call this “Variance

Weighting” (VW).
To compute the weights, we propose using the actual variance as

shown in Fig. 3a. To estimate the magnitude of the image, a, we use the
weighted average of the coils as an approximation.

=a S S mi i
k

k k
(19)

where mi are the complex images and Si are the coil sensitivities. The
sensitivities can be estimated from the same images using low-pass
filtering. The signal standard deviation, σi can be estimated from

background pixels, since it is the same for all pixels, taking care of
choosing an artifact free region.

For comparison purposes, in our Fig. 4, we recreated Figure 1 from
Ref. [20]. We added our proposed combination method to the two
methods shown in Ref. [20] (WM and SENSE) and we also extend the
analysis to lower SNR (SNR from 1 to 10 as opposed to from 3 to 10)
where our method makes the most difference. As can be readily seen,
the total variance is significantly reduced for low SNR situations. As
expected, for higher SNR values there is not much difference.

3.3. Experiments

To test the theoretical analysis, we performed two experiments, in a
velocity phantom and on one volunteer. The velocity phantom con-
sisted of a vinyl tubing circuit (12mm diameter) connected to a water
pump which produced a constant water flow of approximately 2.4 l/
min and T1=4000ms. The acquisition was done in a 1.5 T Philips
Achieva scanner employing a 2D Fast Field Echo sequence with TR/
TE=7.1/4.1ms, resolution of 1.5× 1.5×4mm3 and a Venc=70 cm/
s in the through plane direction employing a surface coil. The acqui-
sition was repeated 50 times (with and without velocity encoding) and
under the exact same conditions. We computed the parameter a as the
pixel magnitude averaged over the 50 acquisitions and, σ of the noise as
the standard deviation of the real and imaginary components of the
signal for the 50 acquisitions.

We also illustrate the application of our analysis for one volunteer.
We separately scanned the ascending and descending aorta to ensure an
anatomically perpendicular plane at each location. It was acquired in
the same Philips scanner with a five-element cardiac coil, employing a

Fig. 7. Ascending (left) and descending (right) aorta for one particular time frame and one coil, parameter b (first row), velocity (second row) and velocity standard
deviation (SD) (third row).
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4D flow sequence of a single slice with TR/TE=6.9/4.1ms for the
ascending aorta, TR/TE=6.9/3.4ms for the descending aorta, re-
solution of 1.5×1.5×4 mm3, 30 frames per heart beat prospectively
gated, and Venc=200 or 180 cm/s in the ascending and descending
aorta respectively. Regarding this data, we only used the through plane
velocity.

4. Results

4.1. In-vitro

The phantom data validated the theory. In order to compare the
theoretical PDF with the acquired histogram, we used the theoretical
continuous Cumulative Distribution Function (CDF) and the empirical
CDF. Using the CDF instead of the histogram has several advantages, one
of which is avoiding the difficulty of defining the bin size. Fig. 5 shows
the CDF for pixels in the background (low SNR), in moderate SNR and in
the tube (high SNR). Fig. 5 shows the CDF for the three types of pixels, in
all of which there is a good match between the theoretical and experi-
mental functions. In Fig. 5a, we show the case for pixels in the back-
ground with a Uniform distribution (b<0.7). In Fig. 5b, we show the
case for pixels in relatively low SNR regions (0.75< b<2.3). In this
Figure, an intermediate distribution can be appreciated and also the
dependence of the b value, but in all cases, we find good matches. Finally
in Fig. 5c, we show the case for pixels in regions of high SNR, and
therefore Gaussian distribution (b>2.3). The latter was verified with the

One-sample Kolmogorov-Smirnov test. Fig. 6 shows the magnitude (a)
and velocity (b) for one particular acquisition. Fig. 6c shows the com-
puted values for b and Fig. 6d the standard deviation for the velocity,
evaluated from Fig. 3a. We propose to interpret the velocity in the tube
as having a “velocity of 35±5 cm/s”.

4.2. In-vivo

We show the results from actual data obtained from the aorta. Fig. 7
shows the values for b (computed with the approximation for a and σ
described in Methods), the through plane velocity and the standard
deviation of the velocity obtained from the curve in Fig. 3a. These
images correspond to the most relevant coils and the time frame when
the velocity is at a maximum. As expected, the standard deviation of the
velocity is larger for low signal regions and farther away from the coil.
From these maps, one can report, for example that the peak velocity in
the ascending aorta was 145±15 cm/s. Fig. 8 shows the velocity and
its standard deviation for all time frames through the cardiac cycle.
Finally, we applied the three methods for combining the velocity from
multi-coil data. The results are shown in Fig. 9. We also show three
regions selected in places where the SNR is low, moderate and high.
The ROI were chosen to include the most similar pixels, such that we
can use the spatial standard deviation as a proxy for the standard de-
viation of the velocity. These standard deviations are shown in Table 1.
In the high SNR area all three methods have similar standard deviation

Fig. 8. Velocity and its standard deviation through the cardiac cycle for the (a)
ascending and (b) descending aorta, measured in the central pixel.

Fig. 9. Velocity in Ascending aorta for one particular time frame, computed
from multiple coils with the three methods: (a) WM, (b) SENSE and (c) the
proposed VW. Three regions of interest were selected in locations with (1) low,
(2) high and (3) moderate SNR values.
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but in the low SNR area, our method has a reduced standard deviation
in comparison with WM and SENSE. In the moderate SNR areas, the
SENSE method has less standard deviation values.

5. Discussion

The probability density distribution of the phase of a complex
number, given that its components are random variables with a known
PDF, is complicated to describe mathematically. That is the case of the
velocity computed from an MRI phase-contrast, in the presence of
Gaussian noise added to each of the signals channels. Moreover, this
probability function changes with the magnitude of the signal, so that
the Velocity-to-Noise ratio (VNR) is signal dependent. This was re-
cognized early in the development of MRI phase-contrast, nevertheless
today it is common to read that VNR is directly proportional to the
Signal-to-Noise ratio (SNR). This proportionality can be misleading if
one does not specify that this is in a pixel-based sense. Additionally, this
proportionality is only true in the Gaussian regime for the velocity,
which in turn is only true for high signal regions.

The noise properties in the MR signal have being extensively stu-
died. See, for example in Ref. [18] and the references therein, where the
authors show that in magnitude images the intensity follows a Rician
distribution, and consequently there is a bias for low SNR pixels. They
also state the analytical formula for the distribution of the phase. For
the signal and for the phase they state that there is a threshold in the
SNR=2, above which the distribution is nearly Gaussian. In our study,
we take this analysis one step further by adding a convolution in order
to reflect the distribution of the difference of the phases; by defining an
SNR related value which is spatially variant; and by providing an easy
way of computing the true standard deviation, regardless of the SNR.

The purpose of this study is to present, in a unified manner, the true
random behavior of the velocity. And more importantly, to show a
simple and practical way to estimate its variability. It consists in firstly
calculating the parameter b for each pixel, the ratio of the pixel's
magnitude to the standard deviation of the acquisition noise. From this
b value, one can find the true standard deviation or the probability
intervals from the plots in Fig. 3. We encourage everybody working
with phase contrast velocity to report some estimation of the precision,
such as the standard deviation, together with the computed values.

From the variability analysis in Fig. 3 one can see that for b>2.5
the Gaussian approximation is nearly correct. This happens for pixels
where the magnitude of the signal is at least 3.5 times the standard
deviation of the noise in each channel. In this case, the standard de-
viation of the velocity is approximately 0.15 of Venc and there will be a
probability of 68% to be in the range±15. For lower signal pixels,
down to b value of 0.7 (σ ≈ 0.45), or equivalently, when the signal is
approximately equal to the standard deviation of the noise, the Gaus-
sian standard deviation is not correct with deviations of up to 10% of
the true standard deviation. For pixels with even lower signal levels, the
Gaussian approximation is clearly wrong. In this case, it is customary to
mask these pixels out, or to weight them by multiplying them with the
magnitude. The latter makes sense if one interprets it as dividing the
velocity by its standard deviation, which would be the case for the
Gaussian approximation.

In our analysis, we made the standard assumptions for velocity re-
construction from phase contrast data, that is, that the velocity is uni-
form within the voxel; that there is no acceleration or higher order
changes in time; and that the duration of the readout is negligible in
comparison with the echo time. Any deviation from these assumptions
will modify our theoretical results.

The experiments with the simple flow phantom show that the ve-
locity in fact follows the theoretically calculated PDFs, for all SNR le-
vels. The experiment with a volunteer was used as an example of the
convenience of using this analysis as opposed to measuring the velocity
repeatedly at the cost of lengthening the scan time. Firstly, to show how
the variability can be computed and reported, and secondly, to show
that knowing the true standard deviation can be used to calculate the
optimal weighting for combining the velocity from multiple coils. We
show that knowing the precise variability allows to theoretically opti-
mize the variance of the resulting velocity. Previously, it has been
studied the advantages of different combination methods. In Ref. [20] ,
there is a comparison of the Weighted Mean method and the phase
obtained by SENSE reconstructed images before computing the phase.
That study is mostly experimental and shows that when there is enough
SNR both methods are the same, but SENSE is better for lower SNR
values, although above 4. Our method, Variance Weighting, is also a
weighted mean, but instead of using a proxy for the standard deviation,
which is closely related to assuming a Gaussian distribution, we use a
true estimation of the variance. The results, shown in Fig. 4, validate
the conclusion of Ref. [20] for high SNR but extend the analysis for
much lower SNR values, where Variance Weighting is clearly better
than WM and SENSE.

6. Conclusion

In this study, we show how to compute the exact probability density
function (PDF) of the velocity, obtained with MRI phase-contrast. As
expected, for high SNR voxels this PDF is well approximated to a
Gaussian distribution. But that is not the case for lesser SNR values. This
is important because the velocity is increasingly being used to compute
other hemodynamic parameters which are typically more interesting
around the boundaries, where the SNR could be reduced. We produce a
simple graph from where the validity of the Gaussian hypothesis, and
the true standard deviation can be computed from the quotient of the
signal value and the signal noise standard deviation. The theoretical
values and formulation were validated with experiments in the scanner.
Additionally, since we have a good approximation of the standard de-
viation of the velocity for each coil, we propose a method for combining
the multi-coil data in order to minimize the resulting variance of the
final velocity. These analyses should help researchers to report the
precision of their results when working with phase-contrast velocity.
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Table 1
Standard deviation (cm/s) for specific areas (Low, High and Moderate SNR) for WM, SENSE and our proposed VW methods.

Weighted Mean (WM) SENSE Our proposed Variance Weighting (VW)

Low SNR ROI (1) 61.1 (cm/s) 84.5 (cm/s) 54.9 (cm/s)
High SNR ROI (2) 9.4 (cm/s) 9.9 (cm/s) 9.7 (cm/s)

Moderate SNR ROI (3) 21.5 (cm/s) 20.6 (cm/s) 24.2 (cm/s)
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