
Journal of Magnetic Resonance 298 (2019) 101–106
Contents lists available at ScienceDirect

Journal of Magnetic Resonance

journal homepage: www.elsevier .com/locate / jmr
Scalar relaxation of NMR transitions at ultralow magnetic field
https://doi.org/10.1016/j.jmr.2018.11.012
1090-7807/� 2018 Published by Elsevier Inc.

⇑ Corresponding author.
E-mail address: mcdt2@cam.ac.uk (M.C.D. Tayler).
Michael C.D. Tayler ⇑, Lynn F. Gladden
Department of Chemical Engineering and Biotechnology, University of Cambridge, Philippa Fawcett Drive, Cambridge CB3 0AS, UK

a r t i c l e i n f o a b s t r a c t
Article history:
Received 4 October 2018
Revised 24 November 2018
Accepted 27 November 2018
Available online 28 November 2018

Keywords:
Ultralow-field NMR
Relaxation
Quadrupolar nuclei
Spin-spin coupling
Nuclear magnetic resonance signals for 1H in simple chlorinated, brominated and deuterated liquids were
detected at field strengths between 1 nT and a few lT to investigate the influence of scalar relaxation of
the second kind (SR2K). SR2K describes the acceleration in magnetization decay rate for a spin-1/2
nucleus that is scalar coupled to a fast-relaxing quadrupolar nucleus. In agreement with simple theoret-
ical models, the experimental data show that couplings to nuclei with small, nonzero quadrupole
moments (2H) give rise to higher transverse relaxation rates at ultralow field than rapidly relaxing
quadrupolar nuclei (Cl and Br). This behavior is opposite to the case normally encountered in high-
field NMR, and demonstrates that certain nuclei in the spin system may be ‘‘weakly coupled” or even
decoupled when the applied magnetic field is zero. The results show that the capability for precision
determination of NMR frequencies and molecular structural information depends strongly on the compo-
sition and topology of the nuclear spin system.

� 2018 Published by Elsevier Inc.
1. Introduction

Ultralow magnetic field – where the magnitude of nuclear
Larmor frequencies are comparable to those of inter-nuclear cou-
plings – harbors a distinct regime of spin dynamics that underpins
many valuable techniques in solution-state nuclear magnetic reso-
nance (NMR) spectroscopy: (i) precision measurements of spin
couplings down to an uncertainty of millihertz, due to a reduced
inhomogeneous broadening proportional to field strength, and
long natural coherence lifetimes [1,2]; (ii) a high sensitivity to
binding events and adsorption at surfaces, since nuclear spin relax-
ation times may depend strongly on intermolecular dynamics [3];
(iii) transfer of spin polarization from one nucleus to another via
level anticrossings. Currently there is a strong research interest
in these areas following the popularization of sensitive magne-
tometers as NMR detectors [4–7] and the tremendous potential
of spin hyperpolarization to enhance NMR sensitivity [8–11].

A great concern in these areas is the influence of quadrupolar
nuclei, where the spin quantum number is > 1=2 (e.g. 2H, 14N,
17O 35/37Cl, 79/81Br). In the liquid state, scalar relaxation of the sec-
ond kind (SR2K) [12] becomes a mechanism to accelerate the decay
of spin polarization and coherences. SR2K involves the coherent
flow of polarization from spin-1/2 nuclei into multi-spin-order
terms between spin-1/2 and quadrupolar nuclei, via the scalar cou-
pling interaction. These coherences may be quenched rapidly if the
quadrupole interaction is large and/or the nucleus has a large spin
quantum number, for the coherences are not spontaneously
returned into magnetization of the spin-1/2 nuclei. SR2K can be
highly detrimental to the amplitude and line width of NMR signals
[13,14]. On the other hand, SR2K is known to yield information
about scalar couplings to the quadrupolar nuclei and the magni-
tude of quadrupole coupling constants [15–18], providing insights
into molecular electronic structure that cannot be probed directly.

Theoretical models are widely used in attempts to understand
the behavior of SR2K [12,19]. Consider the longitudinal (1=T1)
and transverse (1=T2) rate contributions for a spin system compris-
ing two nuclei ‘‘I” and ‘‘S” with respective total angular momentum
quantum numbers I ¼ 1=2; S > 1=2. Redfield theory assumptions
are used to obtain the expressions
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Here JIS is the spin-spin scalar coupling between the nuclei (in Hz),
cI=S are the nuclear gyromagnetic ratios and Bz is the strength of the
external magnetic field. A derivation is provided in Appendix A.
These equations assume the extreme narrowing limit and that the
S spin relaxes much faster than the I spin.
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The purpose of this paper is to discuss SR2K at low magnetic

fields where jcI � cSjBzT
Sð Þ
2 � 1. In this limit, Eqs. (1) and (2) sim-

plify to

1

T Ið Þ
1

¼ 1

T Ið Þ
2

¼ 8p2J2ISS Sþ 1ð Þ
3

T Sð Þ
2 ; ð3Þ

hence, an inverse dependence between the I and S relaxation rates
is expected. Scalar relaxation at low field is expected to be least effi-

cient when T Sð Þ
2 is short. This contrasts with SR2K in high magnetic

fields where 1=T Ið Þ
1 / 1=T Sð Þ

2 . Despite the apparent opposite depen-

dence on T Sð Þ
2 , however, both limits describe relaxation in a ‘‘weak

coupling” regime where – for a given molecule at any instant in
time – differences between spin state energies greatly exceed the
magnitude of the scalar coupling constant. It is noted that inverse
relationships between the relaxation rates of two spin species
(e.g. Eq. (3)) do exist in certain cases of magnetic resonance in high
field. One case is SR2K involving 13C and 79Br [17], where the
nuclear gyromagnetic ratios differ by less than 0:4% and the differ-

ence in Larmor frequencies is small compared to 1=T Sð Þ
2 even at fields

B � 1 T. Another case is nuclear relaxation due to hyperfine cou-
plings with strongly paramagnetic lanthanide-III shift reagents

[20], where a short electron T Sð Þ
2 allows high spectral resolution to

be maintained in the NMR spectra.
Zero-field NMR signals are acquired at magnetic fields where

oscillations in the sample magnetization occur at J coupling fre-
quencies. Observable signals only arise if there are at least two dis-
tinct nuclear spin species that are coupled together, where the
coupling constant is faster than the relaxation rate of both nuclei.
In a three-spin-species system IXS that has respective spin quan-

tum numbers I ¼ X ¼ 1=2; S > 1 and relaxation rates T Sð Þ
1 � T Ið Þ

1

and T Xð Þ
1 the zero-field NMR spectrum is expected to contain a

single resonance at the coupling frequency JIX . The relaxation rate
of the signal coherence is predicted to be

1
T IXð Þ ¼ 2p2 J2IS þ J2XS

� �
S Sþ 1ð ÞT Sð Þ

2 ; ð4Þ

which is also derived in Appendix A. This expression is very similar
to Eq. (3), differing only in the numerical factor as a result of the
number of spins giving rise to the coherence.

In the following, simple experiments assess the impact of SR2K
on NMR spectral line widths at ultralow field in chlorinated,
brominated and deuterated organic compounds. The data qualita-
tively agree with the above theoretical predictions and prior work
that has focused on magnetic resonance relaxation measurements
of SR2K at much higher fields. In the light of these results, the
validity of Eqs. (3)/(4) and the underlying theory is discussed.

2. Experimental methods

Upper bounds for SR2K rate contributions were estimated from
1H magnetic resonance line widths of the following liquids at
ultralow magnetic field: [1,2]-dichloroethane (C2H4Cl2), [1,2]-
dibromoethane (C2H4Br2), [1,1,2,2]-tetrabromoethane (C2H2Br4),
[2-13C]-bromoacetic acid (13CH2BrCOOH), ethanol-D (CD3CH2OD),
[1,1]-deuterioethanol (CH3CD2OH) and [2,2,2]-trideuterioethanol
(CD3CH2OH). Control measurements were made for similar
compounds without quadrupolar nuclei: n-heptane (C7H16),
[2-13C]-acetic acid (13CH3COOH) and ethanol (CH3CH2OH).

Sample preparation: Compounds were sourced from a chemicals
supplier (deuterated ethanols from CDN Isotopes, all others from
Sigma Aldrich). Chemical purities of the liquid samples were
checked to be > 98% via 1H, 2H or 13C NMR at 1.4 T (60 MHz 1H fre-
quency). For each sample a 0.2 mL volume of liquid was transferred
into a 5 mm outer diameter, 5 cm long NMR tube. The sample
tubes were then degassed (freeze-pump-thaw), purged with car-
bon dioxide and flame sealed.

Ultralow-field NMR spectroscopy: NMR spectra were acquired
inside a Mu-metal magnetic shield (Twinleaf LLC, model MS-1F)
using a rubidium magnetometer (spin exchange relaxation-free
87Rb vapor, 150 �C, measurement bandwidth 100 Hz). As the
instrument has been described in other work [7], only a brief
description is given here. Before each measurement the sample is
held in the field of a 1:95 T NdFeB magnet [21], which is located
outside the shield, for prepolarization. The sample tube is then
quickly (<300 ms) brought into position next to the magnetome-
ter. During this time a 1.0 mT magnetic field is applied to adiabat-
ically orient the sample magnetization parallel to the sensitive axis
of the magnetometer. The field is then rapidly switched off (<1 ms)
and a transverse field (of magnitude Bx) applied for precession,
resulting in a time-dependent magnetometer signal proportional

to cos cHBxtð Þ exp �t=T� Hð Þ
2

� �
. This signal is digitally sampled in

the time domain (4000 Hz sampling rate, 16-bit resolution), zero
filled, Fourier transformed and phase corrected to give the NMR
spectrum. The critically important spin-exchange relaxation-free
(SERF [22]) regime of magnetometer sets an upper limit for Bx

and is determined by the temperature of the Rb vapor. In its cur-
rent configuration, the magnetometer can measure NMR signals
in bias fields up to Bx � 2:4 lT (1H Larmor frequency of �100 Hz)
at 150 �C. The temperature of the sample throughout the measure-
ment is approximately 40 �C. A factor in choosing the liquid sam-
ples is a boiling point of at least 40 �C above the measurement
temperature, to avoid pressure buildup inside the sealed tubes.
3. Results

3.1. 1H NMR of chlorinated and brominated ethanes

Free-precession 1H NMR signals were recorded at bias mag-
netic fields of �23.5 nT (1.0 Hz 1H Larmor frequency) to
�2.35 lT (99 Hz 1H Larmor frequency). Absorptive Lorentzian
curves were fit to the phased spectral peaks to obtain the width
at half height = 1=pT�

2.
NMR spectra for C2H4Cl2, C2H4Br2 and C2H2Br4 are shown in

Fig. 1. The data show increasing NMR peak widths between
20 Hz and 99 Hz 1H precession frequencies due to instrument-
specific gradients in the bias field (dBx=Bx � 2000 ppm across the
diameter of the sample). At precession frequencies 20 Hz or less
the gradient-induced broadening appears negligible. Field shim-
ming along the x; y and z axes of the magnetometer does not
reduce the line width, thus in this limit T�

2 � T2.
The spectra for the n-heptane sample are considered a control,

as the molecules do not contain quadrupolar nuclei. The peak
width of 0.17 Hz (1=T�

2 ¼ 0:054 s�1) is the largest of all the mole-
cules studied. Narrower natural line widths are observed for the
halogenated ethanes. In the case of C2H4Br2 and C2H4Cl2 the spec-
tral peak is exceptionally narrow with less than 0.07 Hz width at

half height (1=T� Ið Þ
2 < 0:022 s�1). The reduction in peak width is

consistent with a lower 1H-1H dipole-dipole contribution to the
relaxation rate and a shorter correlation time for molecular tum-
bling resulting from the highly prolate moment of inertia tensor
of the molecules. Furthermore, the contribution from the SR2K
mechanism due to the presence of Cl or Br spin species appears
completely negligible. This agrees with Eq. (3) given typical litera-

ture values [15] of T Clð Þ
2 < 10 ls, 2JHCl < 7 Hz and T Brð Þ

2 � 1 ls,
2JHBr < 15 Hz that predicts line width contributions in the sub
10 mHz range.



Fig. 1. In-phase ultralow-field 1H NMR spectra of n-heptane and halogenated ethanes in neat liquid form. The horizontal axis gives the absolute signal frequency and the
width of each displayed region is 2.0 Hz. The expected 1H Larmor frequency at the quoted value of magnetic field Bx is given by cHBx where cH=2p � 42:5775 Hz/lT is the 1H
gyromagnetic ratio. Below 470 nT, field-gradient-induced broadening of the NMR signals appears negligible. At 1.0 Hz 1H Larmor frequency the full peak widths at half
maximum are fit to: 0.17 Hz (C7H16); 0.070 Hz (C2H2Br4); 0.12 Hz (C2H4Br2); 0.067 Hz (C2H4Cl2).
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3.2. 1H NMR of partially deuterated ethanols

Deuterium, on the other hand, may impart a strong SR2K contri-
bution to 1H relaxation rates at ultralow field despite relatively
weak coupling constants JHD on the order of 1 or 2 Hz [23]. In gen-
eral the H-D coupling is lower than the value of the corresponding
H-H coupling by a factor of �6.5, which is the ratio cD=cH. Fig. 2
shows 1H NMR spectra for isotopologs CH3CH2OH, CH3CH2OD,
CD3CH2OH and CH3CD2OH. Respective peak widths at 10 Hz Lar-
mor frequency are fit to 0:16	 0:01ð Þ Hz, 0:17	 0:01ð Þ Hz,
2:0	 0:1ð Þ Hz and 2:4	 0:1ð Þ Hz. The 1H peak broadens signifi-
cantly upon deuteration of the alkyl chain; the broadest peak for
CH3CD2OH is more than one order of magnitude larger than for
the non-deuterated sample.

The 2H NMR spectra of the CD3CH2OH and CH3CD2OH samples
at 1.4 T (9.15 MHz, 37 �C) each displays a resolved multiplet pat-
tern (1:2:1 triplet and 1:3:3:1 quartet, respectively) at the alkyl
2H chemical shift. These splittings give a value for the H-D scalar
coupling constant 3JHD ¼ 1:03	 0:01ð Þ Hz. Inversion-recovery
relaxation measurements for CD3CH2OH at 1.4 T also yield

T Dð Þ
1 ¼ 1:2	 0:1 s and T Hð Þ

1 ¼ 3:8	 0:1 s. If it is true that the relax-
ation rates do not vary with field, these data show

j1=T Dð Þ
2 � 1=T Hð Þ

2 j � 2pJHD and that the main assumption leading
to Eq. (3) may be violated, namely that the two isotopic species
are not weakly coupled. Simple perturbation theory may therefore
not accurately predict the transverse relaxation rate. For instance,

if the experimental values of J and T Dð Þ
2 are used in Eq. (3), the

CD3CH2OH sample ought to yield 1=T� Hð Þ
2 ¼ 16p2J2HDT

Dð Þ
2 � 160 s�1,

which is over one order of magnitude larger than the observed
relaxation rate. To be consistent with the perturbation model the

T Dð Þ
2 at ultralow field must be on the order of 30–40 ms. Either this
is caused by other sources of relaxation (e.g. dipole-dipole cou-
plings) that are not accounted for in the model, or another expla-
nation must be found. A plausible reason for the broad line
width is rapid relaxation of the coherences via multi-spin-order
(described by, e.g. S	Sz spin operators), which can be populated
as the result of strong coupling between the two spin species.
3.3. Zero-field NMR of [2-13C]-bromoacetic acid

NMR in zero field, where the magnetic background is highly
uniform and the detected signals are long-lived zero-quantum
coherences [24], provides a route to obtain precise measurements
of spin-spin scalar couplings [25–27]. The question arises: ‘‘is high
resolution obtained when molecules contain rapidly relaxing
quadrupolar nuclei?”

To examine the effect of SR2K on zero-field NMR peak widths
the compound [2-13C]-bromoacetic acid (13CH2BrCOOH) is consid-
ered. Neglecting the scalar couplings 1JCBr and 2JHBr at zero order as
well as those to the acidic 1H, the spin system has an A2X topology
and the zero-field NMR spectrum is expected to contain a single
resonance at a frequency of 1:5
 1JCH [2].

The experimental line width of the zero-field NMR transitions
were measured for 99% 13CH2BrCOOH dissolved to 8.0 mol.dm�3

in 13CH3COOH, see Fig. 3. The acetic acid serves two purposes in
this experiment: (i) to dissolve bromoacetic acid, which is a crys-
talline solid in pure form; (ii) as a reference peak in the zero-
field NMR spectrum. Despite having a direct covalent bond to
13C, and therefore a likely substantial J coupling, the bromine atom
does not appear to significantly increase the zero-field line width.
The peak at 231:30	 0:01ð Þ Hz (1JCH � 154:113	 0:007ð Þ Hz) has a
width of 0.24 Hz, slightly broader than the 0.19 Hz width of the



Fig. 2. In-phase ultralow-field 1H NMR spectra of neat ethanol, ethanol-d, [2,2,2]-trideuterioethanol and [1,1]-deuterioethanol (top to bottom). The horizontal axis gives the
absolute signal frequency and the width of each displayed region is 10.0 Hz. The expected 1H Larmor frequency at the quoted value of magnetic field Bx is given by cHBx where
cH=2p � 42:5775 Hz/lT is the 1H gyromagnetic ratio. At 10.0 Hz 1H Larmor frequency the peak widths at half maximum are fit to 0.16 Hz (CH3CH2OH) 0.17 Hz (CH3CH2OD);
2.0 Hz (CD3CH2OH) and 2.4 Hz (CH3CD2OH).

Fig. 3. Zero-field NMR spectrum of [2-13C]-bromoacetic acid dissolved in [2-13C]-
acetic acid (1:2 mol ratio). The horizontal axis gives the absolute signal frequency.
Peak frequencies corresponding to multiples of 13C-1H scalar couplings are fitted as
follows: (a) acetic acid 1JCH ¼ 129:86 1ð Þ Hz; (b) acetic acid 21JCH ¼ 259:72 2ð Þ Hz; (c)
bromoacetic acid 3=2ð Þ1JCH ¼ 231:30 1ð Þ Hz. These observable transitions occur
between eigenstates of total angular momentum operator for the 1H and 13C nuclei,
where the quantum number is denoted F and the selection rule is jDFj ¼ 1. Noise
signals at multiples of 50 Hz are caused by the mains AC electricity supply to the
instrument.
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1JCH peak for [2-13C]-acetic acid. Assuming the same motional cor-
relation time for each the molecule, the difference of 0.05 Hz cor-

responds to an estimated bound 1JCBr
� �2T Sð Þ

2 < 0:002 s�1, via Eq.
(4) with S ¼ 3=2. This is in fair agreement with the value of around
0.001 s�1 calculated from parameters 1JCBr � 60 Hz and T Brð Þ
2 � 0:2

ls given in Ref. [16].
4. Discussion and outlook

The above results show that for compounds containing rapidly-
relaxing chlorine and bromine nuclei, SR2K is a negligible relax-
ation mechanism, conferring that the quadrupolar spin species in
these molecules satisfy a weak coupling limit and a regime of rapid

self decoupling where J2IST
Sð Þ
2 � 0:01 Hz. Both ultralow-field and

zero-field NMR transitions involving 1H and 13C yielded highly
resolved peak widths despite Cl/Br atoms in close proximity,
including bromine directly bonded to 13C. Since one-bond scalar
couplings are much larger than those across multiple chemical
bonds, the experimental result in Fig. 3 may represent a worst case
of SR2K between Br and 13C at zero field.

The term ‘‘weak coupling” signifies that the effect of heteronu-
clear couplings on the spin system is well approximated by simple
perturbation theory. The large disparity in relaxation rates (i.e. the
real part of the Liouvillian eigenvalues) between 1H and Cl/Br is
sufficient to meet the condition, even though the resonance fre-
quencies (imaginary part of the Liouvillian eigenvalues) are small
in magnitude compared to heteronuclear scalar couplings [28].
This represents a situation of motion-induced spin decoupling that
is independent of field strength. Therefore not all nuclei are
strongly coupled at ultralow magnetic field, even at zero field.

Conversely, 1H and 2H may couple strongly to one another at
low magnetic field due to similar relaxation rates of the nuclei,
leading to resonance widths of several Hz at half maximum. Deu-
terium isotopic labeling of substrates is usually favored in high-
field 1H NMR to simplify spectral appearance and inhibit dipole-
dipole relaxation. The present work shows that the presence of
deuterium can broaden 1H NMR transitions to a point that negates
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other advantages of the ultralow field regime for obtaining highly
resolved NMR spectra. However, quadrupolar nuclei with relax-
ation rates that are comparable to those of 1H or faster may be tol-
erated where J couplings are sufficiently small to fulfil the weak
coupling condition, for example 14N in [13C]-acetonitrile (CH3CN)
[29,30] or 2H in 1H2O/2H2O mixtures [31].

In isotropic solution the relaxation rate of the quadrupole is
given by

1

T Sð Þ
2

¼ p2C2
Q 3þ g2
� �

sc 2Sþ 3ð Þ
10S2 2S� 1ð Þ ð5Þ

where CQ ¼ e2Qq=h and g are the principal value and biaxiality of
the nuclear quadrupole coupling tensor, respectively, and sc is the
rotational correlation time of the molecule. In the expression for
CQ ; Q is the electrical quadrupole moment of the S spin species,
which is a fundamental property of the nucleus. The other quantity,
q, is the rotationally averaged gradient of electric field at the
nucleus and depends on chemical bonding. Aside from geometric
factors, the magnitude of JIS is proportional to the magnitude of
the nuclear magnetic dipole moments. As a result, nuclei with large
quadrupole coupling constants (35/37Cl, 79/81Br, 127I) are most likely

to give small values of the parameter J2IST
Sð Þ
2 , compared to nuclei with

small quadrupole couplings (2H, 14N, 17O). This appears to be true
for I-S scalar couplings to 1H and 13C over 1 or 2 chemical bonds.
One exception is where the electric field gradient around the
quadrupolar nucleus is totally symmetric under rotation, as in
14NHþ

4 or 10=11BF�4 . Eq. (4) does not hold in these cases and the JIS
couplings should be spectroscopically resolved. Further studies of
the crossover to strong coupling between spin-1/2 nuclei and
quadrupolar nuclei near zero field (JIS � 1=TS

2), for instance where
quadrupole coupling tensor is nearly spherically symmetric, should
be greatly interesting in future work.

In summary, this work provides insight into the behavior of
coupled heteronuclear spins at ultralow magnetic field, when one
of the nuclear spin species has a nonzero quadrupole moment.
On the one hand, spin couplings to quadrupolar nuclei may be
embraced for they are a valuable source of information about
molecular structure. On the other hand, it is also very important
to know their impact upon (and possible detriment to) spectral
resolution. The option to modify the spin topology by substituting
1H nuclei with halogens (as demonstrated here for CH2BrCOOH and
CH3COOH) without drastic increase in line width could enable new
opportunities in many areas of NMR near zero field, including
quantum information processing [32,33] and a wider choice of
substrates for hyperpolarization.
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Appendix A. Perturbation solutions to the Liouville von
Neumann equation

In the high-temperature low-ordering approximation the
nuclear spin dynamics obeys the Liouville von-Neumann master
equation:

dr tð Þ=dt ¼ L r tð Þ � r 1ð Þ½ �; ðA:1Þ
where r tð Þ is the nuclear spin density operator at time t and L is the
Liouvillian superoperator. The Liouvillian comprises a coherent part,
arising from the time-independent part of the spin Hamiltonian (H),
plus a relaxation superoperator Cð Þ arising from time-dependent
interactions that are averaged under fast molecular motion:

L ¼ �ibH þ C: ðA:2Þ
Hat (^) denotes commutation superoperator. A stationary state of L,
symbolized by the spin operator Q, is defined by the eigenvalue
equation

LQj ¼ �kjQ j: ðA:3Þ

By the definition Tr Q y
jq tð Þ

h i
¼ Tr Q y

jq 0ð Þ
h i

exp �kjt
� �

, the real part of

the eigenvalue Re kj
� �

corresponds to the relaxation rate of the spin
order, while the imaginary counterpart Im kj

� �
gives the oscillation

frequency.
For SR2K between I (I ¼ 1=2) and S (S > 1=2) nuclei in the liquid

state, Eq. (A.3) can be solved using perturbation theory provided
that I-S coherences relax much faster than the magnitude of the
I-S scalar coupling constant. Relaxation rates are calculated from
a reference eigensystem (denoted by a superscript 0ð Þ) where I-S
scalar couplings are ignored and the relaxation is driven by random
reorientation of the S spin quadrupole tensor. Here the scalar cou-
pling Hamiltonian is the perturbation term:

HJ ¼ 2pJISI � S; ðA:4Þ
where J is the coupling constant in Hz. For a unique eigenvalue

k 0ð Þ
j ¼ Tr Q 0ð Þ

j
bHQ 0ð Þ

j

h i
and eigenvector Q 0ð Þ

j the perturbed eigenvalue

due to HJ is computed to second order as

kj � k 0ð Þ
j þ

X
k–j

k 0ð Þ
k

Tr Q 0ð Þ
k

bHJQ
0ð Þ
j

h i
k 0ð Þ
k � k 0ð Þ

j

������
������
2

: ðA:5Þ

The sum is taken over all other eigenoperators of the spin sys-
tem. The real part of the correction term is positive for the I spin,
thus contributing to an increased relaxation rate. The imaginary
part is known as the dynamic frequency shift, which is too small
to be observed in the present experiments. The polarization of
the I spin couples to bilinear spin operators of the same overall
coherence order, leading to the rate expressions

1

T Ið Þ
1

¼
Tr IyzĤJIþS�
h i

1=T Sð Þ
2 þ i cI � cSð ÞBz

������
������
2

þ
Tr IyzĤJI�Sþ
h i

1=T Sð Þ
2 � i cI � cSð ÞBz

������
������
22

64
3
75 1

T Sð Þ
2

;

¼ 8p2J2IS
3

S Sþ 1ð ÞT Sð Þ
2

1þ cI � cSð Þ2B2
z T Sð Þ

2

� �2 ;

ðA:6Þ

1

T Ið Þ
2

¼ Tr IyþĤJIþSz
h i��� ���2T Sð Þ

1 þ
Tr IyþĤJIzSþ
h i

1=T Sð Þ
2 � i cI � cSð ÞBz

������
������
2

1

T Sð Þ
2

;

¼ 4p2J2ISS Sþ 1ð Þ
3

T Sð Þ
1 þ 1

2T Ið Þ
1

:

ðA:7Þ

These correspond to Eqs. (1) and (2) in the main text. The assump-
tion is that for 1=T Ið Þ � 1=T Sð Þ, the coupled-spin order (e.g. IþS�)
relaxes at a rate 1=T Sð Þ. Numerical modeling confirms that the two
above equations accurately predict the result of full numerical
propagation of the density operator, provided
j1=T Ið Þ � 1=T Sð Þj 
 2pjJj.

Also considered in this work is the NMR spectrum of a three-
spin-species system IXS at zero field, where total angular momen-
tum quantum numbers of each spin species are I ¼ X ¼ 1=2 and
S > 1=2. An identical procedure to the above is followed to obtain

the coherence decay rate due to SR2K. If T Sð Þ
1 � T I=Xð Þ

1 � 2pjJIX j then
the zero-order eigensystem contains spin operators

Q	 ¼ 1
2

IþX� � I�Xþ 	 Iz � Xzð Þð Þ
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that oscillate at (eigen) frequencies of k	=2p ¼ 	iJIX in Hz. These
coherences are detectable with the magnetometer if the sensitive
axis is parallel to z and cI – cX . Eq. (A.5) is used to obtain the
second-order contribution to the eigenvalue via mixing of Q	 with
other zero-quantum spin operators S�Iþ; SþI�; S�IzXþ; SþI�Xþ;
SþIzX� and SzIþX�, etc. The relaxation rate obtained is that given
in Eq. (4) of the main text:

1
T IXð Þ ¼ 2p2 J2IS þ J2XS

� �
S Sþ 1ð ÞT Sð Þ

2 : ðA:9Þ

Solutions to Eq. (A.1) can also be found by diagonalizing the
matrix representation of L to obtain a set of orthonormal eigenop-
erators and corresponding eigenvalues. This procedure must be
adopted where the perturbation approximation cannot be made.
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