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This study proposed a revision to the Rosenstein’s method of numerical calculation of the largest
Lyapunov exponent (LyE) to make it more robust to noise. To this aim, the effect of increasing number
of initial neighboring points on the LyE value was investigated and compared to values obtained by fil-
tering the time series. Both simulated (Lorenz and passive dynamic walker) and experimental (human
walking) time series were used to calculate the LyE. The number of initial neighbors used to calculate
LyE for all time series was 1 (the original Rosenstein’s method), 2, 3, 4, 5, 10, 15, 20, 25, and 30 data
points. The results demonstrated that the LyE graph reached a plateau at the 15-point neighboring con-
dition implying that the LyE values calculated using at least 15 neighboring points were consistent. The
proposed method could be used to calculate more consistent LyE values in experimental time series
acquired from biological systems where noise is omnipresent.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

The last two decades have seen a growing trend towards adopt-
ing the nonlinear measure of largest Lyapunov exponent (LyE, also
known as the local divergence exponent) to quantify structure of
variability (or stability) in biomedical time series examples of
which are human movement (Beaudette et al., 2016; Bruijn et al.,
2012; Hamacher et al., 2015; Lamoth et al., 2010), heart rate (Hu
et al., 2010), and muscle activity (Diab et al., 2014) variability. In
human movement biomechanics specifically, it is well established
that LyE is a valid measure of quantifying movement stability
(Mehdizadeh, 2018). The LyE measures the exponential rate of
divergence of neighboring trajectories of the state space con-
structed by data acquired from biological systems (Wolf et al.,
1985). The Rosenstein’s method (Rosenstein et al., 1993) is the
most common numerical method of calculating LyE from experi-
mental data. A recent review on gait for instance, demonstrated
that 79% of the studies on young and elderly walking used Rosen-
stein’s method to calculate LyE (Mehdizadeh, 2018).

One of the main challenges encountered with the calculation of
LyE using experimental time series is the measurement noise (Liu
et al., 2005; Mehdizadeh, 2018; Yang and Wu, 2011). The presence
of such noise could have adverse effects on the calculated LyE since
it increases the possibility of picking false neighbors in the state
space (Kantz, 1994; Yang and Wu, 2011) and thus computation
of inconsistent LyE values (Mehdizadeh and Sanjari, 2017). Studies
using Rosenstein’s method reported different values of error in the
presence of noise. For instance, in the original study of Rosenstein
et al., (Rosenstein et al., 1993), up to 80% error was found for LyE
value of different attractors in the presence of noise. Using Lorenz
and Rossler attractors, Rispens et al. (2014) also demonstrated that
the percent error of the LyE values was in the range of 10–100%. In
a recent study, Mehdizadeh and Sanjari (2017) also reported
approximately 60% error for LyE values associated with the sim-
plest passive dynamic walker under different noise levels.
Although Rosenstein et al. (1993) suggested filtering the signal to
overcome the noise problem, filtering may lead to loss of informa-
tion contained in the signal (Kantz and Schreiber, 2004). Therefore,
much uncertainty still exists about the proper method of reducing
the adverse effect of noise on the LyE. Since noise may result in
unreliable and inconsistent values of the LyE and consequently
inaccurate assessment of stability (and fall risk in movement
biomechanics), it is essential to develop methods that are more
robust to noise.

In order to understand the effect of noise, it is fundamental to
know how Rosenstein’s method computes LyE. To calculate LyE,
first, an appropriate state space is constructed using the experimen-
tal time series to completely embed the system’s dynamics. Then,
thedistancebetween twoneighboringpoints (i.e., initial conditions)
of the state space is measured and tracked over the entire evolution
time of the system. This process is repeated for and averaged over all
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points of the state space. The neighboring point here is the nearest
point (amongst all points of the state space) to the reference point
(Fig. 1). However, when the time series is noisy, it is possible that
the nearest point be contaminated with noise. As a consequence of
selecting a noisy point as the nearest point, the divergence of the
neighboring trajectories might not be exponential. This is evident
in the divergence graph of noisy time series where the graph does
not resemble a stereotypical divergence graph (see Fig. 2 in
Mehdizadeh and Sanjari (2017)). Therefore, the slope of the linear
part of divergence graph (i.e. the rate of divergence of trajectories)
will not indicate the LyE value.

One possible solution to overcome the noise problem could be
increasing the number of neighboring points (initial conditions)
and thus reducing the effect of noise on the divergence values. It
should be noted that this modification does not violate the
assumptions of the Rosenstein’s original algorithm because it cal-
culates the divergence at each time increment as the average dis-
tance among multiple nearest points at that time increment
(Fig. 1; see the methods section for details). Kantz (1994) used a
similar approach to modify Wolf’s (Wolf et al., 1985) algorithm
in computing LyE. However, no attempts have been made for the
Rosenstein’s method to make it more robust to noise and this is
the first time that this issue is being tackled.

The first aim of this study was therefore to investigate the effect
of increasing the number of initial neighboring points on the LyE
Fig. 1. (A) 3-dimensional representation of a state space reconstructed from experiment
However, only up to three dimensions could be shown visually. (B) the expanded view
reference point (s) and the first (*), second (h), third (+), fourth (�), and fifth (e) neighb
83.10 mm for the first to fifth neighboring points, respectively. Note that the distance betw
distance. Therefore, the distances in the 2-dimensional figure might not necessarily be the
Only the first point is used to calculate the divergence at each time step in the original
model. See the text for the details of the model.
value in the presence of noise. Furthermore, since Rosenstein
et al. (1993) suggested filtering to rectify noise, a second aim of
the study was to compare the LyE calculated using the proposed
method to that of using filtering method. Time series associated
with both mathematical systems (Lorenz and simplest passive
dynamic walker) and biological systems (human walking recorded
using motion capture and accelerometer) were used to calculate
the LyE.

2. Methods

2.1. The new algorithm

The approach proposed here is a revision to the Rosenstein et al.
(1993) algorithm in that the nearest neighbors of the reference
point are more than one and the initial separation (dj ave 0ð Þ) is
the average of Euclidean distance of all points to the reference
point (Eq. (1a)):

dj ave 0ð Þ ¼ dj1 0ð Þ;dj2 0ð Þ; � � �djn 0ð Þ� � ð1aÞ
where :h i denotes averaging and djn 0ð Þ is the distance between nth

nearest neighbor, Xjn to the reference point Xbj (Eq. (1b)):
djn 0ð Þ ¼ kXjn � Xbjk ð1bÞ
al data. Note that the actual dimension of a state space might be greater than three.
of the rectangular area in the state space to show the separation of an exemplar

oring points. The distance to the reference point was 39.31, 44.82, 73.63, 79.65, and
een each neighboring point and the reference points is an n-dimensional Euclidean
actual distance. The number of each neighboring point is also depicted in the figure.
Rosenstein’s method. (C) Schematic representation of the passive dynamic walker



Fig. 2. The %Difference calculated for the Lorenz (left) and passive dynamic walker (right) systems under different noise conditions and with different number of neighboring
points.
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where k:k denotes Euclidean distance. In practice, djn 0ð Þ can be
found by calculating the distance of all state space data points to
the reference point and sorting them from lowest to highest. The
first point in the sorted series is the nearest point (the only point
used in the original Rosenstein’s method), the second point is the
second nearest point and so on. The important point here to con-
sider is that all nearest points should be located at a distance
greater than the mean period of the time series (i.e. should not be
located at the same trajectory on which the reference point is
located).

From this point on, the algorithm follows the original algorithm
proposed by Rosenstein, et al. (1993). That is, the largest Lyapunov
Exponent (kmax) could be determined using Eq. (1c):

d tð Þ ¼ dave 0ð Þexp kmaxtð Þ ð1cÞ
where d tð Þ is the average distance between neighboring points at
time t, and the initial separation of the neighboring points is repre-
sented by dave 0ð Þ. According to Eq. (1c), for the jth pairs of neighbor-
ing points in state space we have:

dj ave ið Þ � dave 0ð Þexp kmax iDtð Þð Þ ð1dÞ
Taking the logarithm from both sides of (1d) results in:

ln dj ave ið Þ� � � ln dave 0ð Þ½ � þ kmax iDtð Þ ð1eÞ
kmax is determined using a linear fit to the following curve:

y ið Þ ¼ 1=Dtð Þ dj ave ið Þ� � ð1fÞ

where dj ave ið Þ� �
denotes the average over all pairs of j.

2.2. Mathematical models

2.2.1. Lorenz model
The differential equation of the Lorenz system is represented in

Eq. (2). The parameters of the system were according to Rosenstein
et al. (1993), and were r ¼ 16:0, R ¼ 45:92, and b ¼ 4:0. These
equations were integrated numerically to obtain the time series
associated with x, y and z.

_x ¼ r y� xð Þ;
_y ¼ x R� zð Þ � y;
_z ¼ xy� bz;

ð2Þ
2.2.2. Passive dynamic walker model
The simplest passive dynamic walker (PDW) model has been

widely adopted in the studies of bipedal locomotion (Garcia
et al., 1998; Mehdizadeh and Sanjari, 2017). The model comprised
of two massless legs connected by a frictionless hinge joint at the
hip. It has point masses at the hip and the feet (Fig. 1). The model
assumes that the feet masses are significantly small compared to
the hip mass. When walking down a slope of angle c, the stance
leg rotates as an inverted pendulum until the swing leg contacts
the ground. At the contact point, the swing leg becomes the new
stance leg and the stance leg becomes the new swing leg for the
next step. It has been shown that the model exhibits a period-1
limit-cycle behavior forc � 0.019 rad (Garcia et al., 1998). The
motion of the model is described by two second-order differential
equations:

€hst tð Þ � sin hst tð Þ � cð Þ ¼ 0; ð3aÞ

€hst tð Þ � _/sw tð Þ � _hst tð Þ2sin/sw tð Þ � cos hst tð Þ � cð Þsin/sw tð Þ ¼ 0;

ð3bÞ
where hst is the angle of the stance leg with respect to the perpen-
dicular to c and /sw is the angle of the swing leg with respect to the
stance limb, t is time and all derivatives are with respect to time. For
this model, the swing foot contact (when the legs switch) occurs
when the swing leg angle is twice the stance leg angle:

/sw tð Þ � 2hst tð Þ ¼ 0; ð3cÞ
At this point, switching of the two legs occurs using Eq. (3d)

(Garcia et al., 1998):

hst
_hst
/sw

_/sw

2
6664

3
7775

þ

¼

�1 0 0 0
0 cos2hst 0 0
�2 0 0 0
0 cos2hst 1� cos2hstð Þ 0 0

2
6664

3
7775

hst
_hst
/sw

_/sw

2
6664

3
7775

�

; ð3dÞ

where the ‘‘+” superscript indicates the system state just after the
foot contact and the ‘‘�” superscript indicates the system state just
before the foot contact. Walking data were generated by integrating
Eqs. (3a) and (3b) considering switching specified in Eqs. (3c) and
(3d). In this study, c was set at 0.009 rad.

2.3. Experiments

Time series from human walking were used as the examples of
biological time series. Since in the studies on human movement,
LyE is quantified for time series obtained from either motion cap-
ture system or accelerometers, this study also acquired data of
human walking using both systems. A young male participant
(age = 32 yrs, mass = 63.0 kg, and height = 1.75 m) walked on a
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motorized treadmill (Bertec, Columbus, USA) at his preferred walk-
ing speed (the participant signed an informed consent before par-
ticipating in the study). Fifteen Qualisys Oqus (Qualisys AB,
Gothenburg, Sweden) calibrated cameras recorded three-
dimensional coordinate of reflective markers attached to the skin
of bony landmarks of sacrum, and left ankle (lateral malleolus).
Reconstruction and labeling were performed using Qualisys QTM
software (Qualisys AB, Gothenburg, Sweden). In addition, two cal-
ibrated Noraxon Myomotion inertial sensors (Noraxon, Scottsdale,
USA) capable of recording 3-dimensional accelerations (range:
16 g) were attached to the sacrum landmark and also on the lateral
side of the left shank’s distal end just above lateral malleolus. Nor-
axon MR 3.10 (Noraxon, Scottsdale, USA) software was used to
acquire acceleration data. Three trials of 3-minute waking was
done while position and acceleration data were simultaneously
recorded at the sampling frequency of 100 Hz.

2.4. Data analysis

For all simulated and experimental time series, 50 consecutive
cycles from the middle of the time series were chosen and rescaled
to 5000 data points for further analysis (approximately 100 points
per cycle). This was done because studies have reported at least 50
consecutive cycles are needed for a reliable estimation of LyE
(Mehdizadeh and Sanjari, 2017). For the simulated time series, five
levels of Gaussian white noise (GWN; signal to noise ratio (SNR)
= 80–0 dB with 20 dB steps) were added to the time series of x
and h for Lorenz and PDW systems, respectively. The amplitude
of the added noise was chosen according to the previous studies
(Mehdizadeh and Sanjari, 2017; Rispens et al., 2014; Rosenstein
et al., 1993). GWN is used as it simulates noise commonly encoun-
tered in experimental conditions (Yang and Wu, 2011). In addition,
to compare the effect of filtering with the proposed revised
method, experimental time series were filtered using a fourth
order lowpass Butterworth filter with a cutoff frequency deter-
mined using residual method (Mehdizadeh and Sanjari, 2017;
Winter, 2009). A state space with time delay of 10 and embedding
dimension of 5 was constructed using the average mutual informa-
tion (Fraser, 1986) and global false nearest neighbors (Kennel et al.,
1992) methods, respectively. The number of initial neighbors used
to calculate LyE for all time series was 1 (the original Rosenstein’s
method), 2, 3, 4, 5, 10, 15, 20, 25, and 30. Furthermore, LyE was cal-
culated for the time series of x (Lorenz system), h (PDW system),
sacrum and ankle 3-dimensional acceleration (accelerometer data)
and 3-dimensional velocity (motion capture data; marker position
data were differentiated to remove non-stationarities). For the
experimental time series, the LyE was calculated for three different
trials and reported as the average of the three trials (see Tables 3
and 4). Finally, the %Difference per point was calculated as the %
difference between the LyE values of two consecutive neighboring
conditions divided by the number of neighboring points (Eq. (4)):

knþ1 � knð Þ � 100= knþ1 � Nð Þ ð4Þ
Table 1
The largest Lyapunov exponent (LyE) calculated for the noise-free and noisy Lorenz system
equivalent to the original Rosenstein’s method.

Number of initial Neighboring points

1 2 3 4 5

No Noise 1.6576 1.7589 1.8371 1.8727 1.889
80 dB 1.6565 1.7588 1.8372 1.8731 1.889
60 dB 1.6569 1.7588 1.8369 1.8719 1.889
40 dB 1.6518 1.7606 1.8375 1.8705 1.891
20 dB 1.5423 1.6955 1.802 1.8389 1.861
0 dB 1.3314 1.4594 1.5163 1.5473 1.566
where knþ1 and kn are the LyE values of two consecutive neighboring
conditions, and N is the number of neighboring points.
3. Results

3.1. Simulated time series

The LyE values calculated for the Lorenz system at different
noise levels and with different number of neighboring points are
presented in Table 1. The associated %Difference is also shown in
Fig. 2. The %Difference reaches a plateau at the 15-point neighbor-
ing condition (less than 1% difference) onwards for all noise levels.
Table 2 and Fig. 2 also indicate the LyE values, and %Difference for
PDW, respectively. Here the %Difference also reaches a plateau on
the 15-point condition (also less than 1% difference) and remains
in this region for all noise levels.

3.2. Experimental time series

The LyE values for sacrum and ankle using motion capture sys-
tem and the associated %Difference are depicted in Table 3 and
Fig. 3, respectively. For both sacrum and ankle, the graph of %Dif-
ference reaches a plateau and the %Difference fell below 1% at
the 15-point condition for all directions. Moreover, the %Difference
is negative in all graphs except for ankle vertical direction. The
results for the acceleration data is similar to motion capture
(Table 4 and Fig. 4). That is, the graphs reach a plateau and the
%Difference fall under 1% at the 15-point neighboring condition.
Finally, filtering the signals with the residual frequency (Table 5)
resulted in higher LyE values compared to non-filtered signals.
4. Discussion

The objectives of this study were to investigate the effect of
increasing the number of initial neighboring points on the LyE
value calculated with the Rosenstein’s method in the presence of
noise as well as comparing the proposed method with the filtering
method. The findings revealed that for both mathematical and
experimental time series, the proposed method led to a consistent
LyE value for neighboring points more than 15 data points. In addi-
tion, filtering with the residual frequency resulted in overestima-
tion of the LyE values compared to the original value as well as
values calculated with the proposed method.

For almost all time series, the %Difference fell within 1% thresh-
old from the 15-point neighboring condition onwards implying
that selecting at least 15 initial neighboring points results in a con-
sistent computation of LyE. This is also clear from the graphs
(Figs. 2 and 3) where they plateaued at the 15-point condition
onwards. It should however be noted that this finding is specific
to the current study where each cycle was time-normalized to
100 data points and the average mean period of the constructed
state vectors was around 80 data points. Therefore, the emphasis
using different number of neighboring points. The 1-point neighboring condition is

10 15 20 25 30

4 1.9562 1.9963 2.0107 2.0224 2.0318
4 1.956 1.9964 2.0106 2.0225 2.0318
8 1.9561 1.9967 2.0106 2.0228 2.0323
8 1.9576 1.9967 2.0107 2.0223 2.0325
1 1.9371 1.9827 2.0012 2.0139 2.0245
7 1.6184 1.643 1.6623 1.6737 1.6784



Table 2
The largest Lyapunov exponent (LyE) calculated for the noise-free and noisy passive dynamic walker using different number of neighboring points. The 1-point neighboring
condition is equivalent to the original Rosenstein’s method.

Number of initial Neighboring points

1 2 3 4 5 10 15 20 25 30

No Noise 0.1932 0.1580 0.0980 0.0690 0.0573 0.0212 0.0189 0.0308 0.0501 0.0780
80 dB 0.0994 0.0970 0.0890 0.0868 0.0838 0.0767 0.0763 0.0771 0.0783 0.0830
60 dB 0.0681 0.0740 0.0796 0.0802 0.0809 0.0802 0.0803 0.0826 0.0839 0.0850
40 dB 0.0034 0.0140 0.0230 0.0252 0.0283 0.0345 0.0382 0.0389 0.0398 0.0440
20 dB �0.0294 �0.0180 �0.0160 �0.0147 �0.0137 �0.0114 �0.0111 �0.0106 �0.0103 �0.0100
0 dB �0.0530 �0.0469 �0.0443 �0.0433 �0.0425 �0.0419 �0.0412 �0.0409 �0.0406 �0.0404

Table 3
Average (standard deviation) of the largest Lyapunov exponent (LyE) calculated for the velocity time series of sacrum and ankle acquired from the motion capture system. The
values are averaged over three trials. The 1-point neighboring condition is equivalent to the original Rosenstein’s method.

Number of initial Neighboring points

1 2 3 4 5 10 15 20 25 30

Sacrum
AP 0.4959

(0.0446)
0.4853
(0.0443)

0.4764
(0.0425)

0.4695
(0.0425)

0.4636
(0.0430)

0.4405
(0.0422)

0.4239
(0.0415)

0.4106
(0.0412)

0.3997
(0.0404)

0.3906
(0.0398)

ML 0.2372
(0.0527)

0.2321
(0.0536)

0.2285
(0.0536)

0.2241
(0.0533)

0.2209
(0.0535)

0.2105
(0.0503)

0.2035
(0.0511)

0.1982
(0.0501)

0.1941
(0.0496)

0.1909
(0.0493)

VT 0.2856
(0.0612)

0.2722
(0.0601)

0.2655
(0.0611)

0.2609
(0.0619)

0.25796
(0.0625)

0.2466
(0.0630)

0.2399
(0.0629)

0.2350
(0.0625)

0.2309
(0.0626)

0.2277
(0.0624)

Ankle
AP 0.8779

(0.0389)
0.8787
(0.0550)

0.8690
(0.0544)

0.8591
(0.0558)

0.8492
(0.0566)

0.8099
(0.0593)

0.7819
(0.0560)

0.7580
(0.0553)

0.7371
(0.0543)

0.7175
(0.0551)

ML 0.3546
(0.0450)

0.3390
(0.0510)

0.3296
(0.0525)

0.3243
(0.0523)

0.3208
(0.0517)

0.3033
(0.0499)

0.2919
(0.0492)

0.2826
(0.0483)

0.2755
(0.0481)

0.2694
(0.0474)

VT 0.7620
(0.0093)

0.7962
(0.0113)

0.8025
(0.0142)

0.8053
(0.0153)

0.8056
(0.0175)

0.7975
(0.0145)

0.7860
(0.0148)

0.7749
(0.0143)

0.7640
(0.0154)

0.7534
(0.0168)
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of this study is to demonstrate the feasibility of the proposed
method and not necessarily, the number of initial points found.
Moreover, the 1% threshold found here was not set a priori and
rather was a post hoc finding of the study. Therefore, in line with
the previous point, the plateau threshold for biomedical signals
with distinct characteristics could be different to what found in
this study.

In addition, it was found that the %Difference was positive for
mathematical time series whereas it was negative for experimental
time series (Figs. 2–4). This means the LyE value increased by
increasing the number of neighboring points for simulated time
series while it decreased for experimental time series. The reason
lies in the difference between the added noise to simulated time
series and the noise contained in the experimental time series.
That is, by adding noise to a simulated time series, each data point
on the trajectory is transferred (mapped) to a new point off the
time series trajectory. Consequently, the average of initial distance
of the neighboring trajectory is increased at each time step by
increasing the number of neighboring points leading to the
increase of the LyE value compared to the previous neighboring
condition. For experimental time series on the other hand, there
is no added noise and the noise is inherent to the data. Therefore,
it is possible that the average distance of neighboring points
decreases over the evolution time of the system.

The findings also indicated that a lowpass filtering with residual
cutoff frequency resulted in overestimating of the LyE (Table 5). It
should be emphasized that the original Rosenstein method (i.e.
using only one neighboring point) was adopted to calculate the
LyE for thefiltered signals. This finding implies thatusing the revised
Rosenstein’s method led to amore conservative value for LyEwhich
at least has two advantages: (a) the LyE is in the range of original LyE
revealing that, in contrast to the filtering method, the information
contained in the time series is not missing, and (b) LyE is more con-
sistent thanbothoriginalRosenstein’s andfilteringmethods (see the
plateau in the graphs). This couldparticularly be importantwhen for
instance, the aim of the study is to compare time series variability
between healthy individuals and patients. To explain, the inconsis-
tent LyE values calculated with the original Rosenstein’s and/or fil-
tering methods might not reveal the inherent nature of variability
in the mentioned groups. Furthermore, the results of filtering in
the current studywas in linewith the study ofMehdizadeh& Sanjari
(Mehdizadeh and Sanjari, 2017) where the filtered values of the LyE
were higher than non-filtered values calculated using the original
Rosenstein’s method.

One point to mention here is that according to the original
Rosenstein’s method, the distance of the neighboring point to the
reference point should be greater than the mean period of the state
vectors of the state space. In other words, the neighboring and ref-
erence points should not be on the same trajectory (i.e. cycle) in
the state space. This also holds for the revised method where none
of the neighboring points should be located in the distance less the
mean period from the reference point. However, the neighboring
points themselves should not necessarily be on different trajecto-
ries and can be within the same cycle. This will not violate the first
assumption because the distance of each neighboring point to the
reference point is greater than the mean period of the state space
(Fig. 1).

A note of caution is due here since this study should be viewed
as a proof of concept study, the experiments were done on one
healthy participant. Future studies could compare the revised
Rosenstein method proposed in this study and the original Rosen-
stein’s method in larger groups of participants. The rationale being
that since the new method yields to a more consistent LyE value, it
could better reveal the difference between healthy and unhealthy
groups. In addition, the highest %Difference found for the experi-
mental time series was in the range of 2–7% (the 2-point neighbor-
ing condition in Figs. 3 and 4) which is not high compared to the
plateau region (around 1%). Therefore, it might be argued that



Fig. 3. The %Difference calculated for the sacrum (left) and ankle (right) velocity time series in anterior-posterior (AP, top), medio-lateral (ML, middle), and vertical (VT,
bottom) directions. The motion capture system was used to record markers’ position. The 1-point neighboring condition is equivalent to the original Rosenstein’s method.

Table 4
Average (standard deviation) of the largest Lyapunov exponent (LyE) calculated for the acceleration time series of sacrum and ankle acquired from accelerometer. The values are
averaged over three trials. The 1-point neighboring condition is equivalent to the original Rosenstein’s method.

Number of initial Neighboring points

1 2 3 4 5 10 15 20 25 30

Sacrum
AP 0.1201

(0.0267)
0.1145
(0.0262)

0.1128
(0.0282)

0.1099
(0.0271)

0.1082
(0.0260)

0.0986
(0.0247)

0.0944
(0.0240)

0.0909
(0.0233)

0.0878
(0.0226)

0.0852
(0.0220)

ML 0.2924
(0.0336)

0.2881
(0.0350)

0.2847
(0.0344)

0.2803
(0.0322)

0.2773
(0.0297)

0.2634
(0.0284)

0.2541
(0.0279)

0.2463
(0.0268)

0.2402
(0.0264)

0.2348
(0.0258)

VT 0.2499
(0.0339)

0.2458
(0.0390)

0.2407
(0.0391)

0.2379
(0.0412)

0.2365
(0.0421)

0.2277
(0.0415)

0.2214
(0.0418)

0.2160
(0.0408)

0.2117
(0.0399)

0.2073
(0.0394)

Ankle
AP 0.4019

(0.0314)
0.3933
(0.0296)

0.3823
(0.0298)

0.3766
(0.0299)

0.3705
(0.0300)

0.3467
(0.027)

0.3296
(0.0276)

0.3164
(0.0266)

0.3054
(0.0258)

0.2954
(0.0252)

ML 0.2369
(0.0313)

0.2278
(0.0351)

0.2215
(0.0358)

0.2165
(0.0358)

0.2126
(0.0351)

0.1996
(0.0330)

0.1907
(0.0328)

0.1843
(0.0337)

0.1784
(0.0333)

0.1736
(0.0326)

VT 0.2362
(0.0146)

0.2188
(0.0126)

0.2078
(0.0102)

0.2003
(0.0103)

0.1951
(0.0094)

0.1767
(0.0083)

0.1644
(0.0085)

0.1547
(0.0096)

0.1473
(0.0101)

0.1408
(0.0103)
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the proposed method is not efficient in terms of removing the
effect of noise. However, as pointed out earlier, the emphasis of
this study is not on the values calculated, but rather on the feasibil-
ity of the proposed method instead of the original Rosenstein’s
method and the rationale behind it. In other words, the values
are specific to this study and not generalizable. Using the proposed
method in other studies might thus lead to different values com-
pared to the current study. The final point is that the new method
should not be considered as a more ‘precise’ or ‘accurate’ method
compared to the Rosenstein’s original method as it changes the
LyE value even without any noise (see for example Table 1). Alter-
natively, it should be viewed as a more consistent method in the
presence of noise by reducing the effect of noise on the value of
divergence curves and thus the calculated LyE.



Fig. 4. The %Difference calculated for the sacrum (left) and ankle (right) acceleration time series in anterior-posterior (AP, top), medio-lateral (ML, middle), and vertical (VT,
bottom) directions. An accelerometer was used to record segments’ acceleration. The 1-point neighboring condition is equivalent to the original Rosenstein’s method.

Table 5
Average (standard deviation) of the largest Lyapunov exponent (LyE) calculated for
the filtered time series of sacrum and ankle acquired from the motion capture and
accelerometer systems. The residual frequency used for the filtering is also depicted
in the table. The values are averaged over three trials.

LyE Residual frequency

Motion capture
Sacrum
AP 0.78 (0.02) 7.00 (0.00)
ML 0.43 (0.03) 7.33 (0.57)
VT 0.49 (0.08) 7.33 (0.57)

Ankle
AP 0.97 (0.03) 9.30 (0.57)
ML 0.64 (0.05) 9.00 (0.00)
VT 1.00 (0.03) 9.33 (0.57)

Accelerometer
Sacrum
AP 0.52 (0.07) 8.66 (0.57)
ML 0.51 (0.07) 9.66 (0.57)
VT 0.57 (0.05) 9.33 (0.57)

Ankle
AP 0.68 (0.06) 6.66 (0.57)
ML 0.72 (0.07) 6.66 (0.57)
VT 0.89 (0.17) 6.66 (0.57)
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In conclusion, this study proposed a revision to the Rosenstein’s
method of calculating LyE to make it more robust to noise. This
new method takes the advantage of choosing multiple neighboring
points (rather than only one point as in the Rosenstein’s original
method) at each step of computing divergence. The effect of noise
could thus be reduced out by averaging over several neighboring
points. The results of applying this method to both simulated
and experimental time series demonstrated that the LyE graph
reached a plateau at the 15-point neighboring condition inferring
that the LyE values calculated using at least 15 neighboring points
were consistent. Notwithstanding the relatively limited sample,
the proposed method could be used to calculate the LyE more con-
sistently in experimental studies of human movement where noise
is omnipresent. However, more research using controlled trials is
needed to determine the efficacy of the revised method in clinical
settings.
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