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ARTICLE INFO ABSTRACT

In this paper, we perform the first comparison of a large variety of effective connectivity measures in detecting
causal effects among observed interacting systems based on their statistical significance. Well-known measures
EEG estimating direction and strength of interdependence between time series are compared: information theoretic
Biomedical signal processing measures, model-based multivariate measures in the time and frequency domains, and phase-based measures.
The performance of measures is tested on simulated data from three systems: three coupled Hénon maps; a
multivariate autoregressive (MVAR) model with and without EEG as an exogenous input; and simulated EEG. No
measure was consistently superior. Measures that model the data as MVAR perform well when the data are
drawn from that model. Frequency domain measures perform well when the data have a clearly defined band of
interest. When neither of these is true, information theoretic measures perform well. Overall, the measure with
the best performance in a variety of situations and with a low computational cost is conditional Granger
causality. Partial Granger causality and multivariate Granger causality are also good measures, but their com-
putational cost rises rapidly with the number of channels. Copula Granger causality can also be used reliably, but
its computational cost rises rapidly with the number of data.
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1. Introduction

The identification of hidden dependencies among simultaneously
observed time series from a complex dynamical system is an essential
and challenging task in many scientific fields [1], and is of particular
significance for brain dynamics. Representing patterns of interactions
between different brain areas could be a major step to understanding
the functional aspects of normal and pathological brain processes, such
as the determination of the source of neuronal activity in epilepsy [2].
There has been wide-ranging research aimed at detecting underlying
relationships (which may be nonlinear and/or nonstationary) in multi-
output dynamic systems, to give useful insight into their spatio-tem-
poral organisation [3]. One significant approach to defining dynamical
links within a distributed system, such as the brain, is effective con-
nectivity. Effective connectivity refers to the influence that one neural
system has over another [4]. In the last few years, connectivity mea-
sures have become popular for the analysis of multiple electric signals
recorded at the scalp in electroencephalograms (EEG). EEG has several

clear advantages for studying the brain. Firstly, changes in the brain's
electrical activity happen very quickly, and a very high time resolution
(e.g. milliseconds or less) EEG system can capture these electrical
events. Secondly, EEG electrodes are simply attached on the scalp. It is
therefore a non-invasive procedure which allows relatively easy access
to the human brain. Thirdly, in comparison to most other modalities,
EEG equipment is relatively inexpensive and simple to use. Fourthly,
EEG measures neuronal brain activity directly, not blood flow that is
reacting to brain activity, i.e. it is a direct measurement not an indirect
measurement. Hence our focus is on the modality of EEG.

The evaluation of connectivity measures on EEG presents several
challenges. Human brains are complex nonstationary and nonlinear
systems, and so EEG signals generated by the brain are typically non-
linear and nonstationary. Another big challenge in using EEG is the very
small signal-to-noise ratio of the recordings, due to contamination of
brain signals by a wide variety of noise sources. For example, muscle
artefact is still a significant source of noise even after applying the best
noise reduction techniques [5]. Therefore, it is extremely important
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Fig. 1. Two distinct connectivity patterns among three signals. A pairwise ef-
fective connectivity analysis may not distinguish these two patterns.

that a connectivity measure for EEG should be robust to noise, as well
as be able to detect both nonlinear and nonstationary relationships
between signals.

When there are more than two signals, which will always be the
case for EEG, another significant challenge arises: the possibility of
detecting “connections” that are not truly there. For example, the
coupling scheme in Fig. 1 (left) may give the same pattern of con-
nectivity as the scheme in Fig. 1 (right). Another example is where one
signal drives both a second and third signal. Effective connectivity may
incorrectly detect a causal influence from the second signal to the third
signal, or vice versa. Ideally, we seek measures that are able to dis-
ambiguate these situations.

Some publications use real EEG for the comparison of measures [6].
The difficulty with using EEG is that we don't know when a measure is
giving the “right” answer. We claim that there is merit in comparing
measures on simulated data where the true connections are known,
rather than on real EEG data where our understanding is imperfect.

Hence in this study, we focus on simulated systems that mimic EEG
in some way, where we have some knowledge or control of the level of
nonlinearity, nonstationary and noise, and where we know the true
connectivity patterns.

There are several publications that compare many measures that
include both functional (i.e. non-directed) measures and effective (i.e.
directed) measures [6-8]. We argue that there are significant difficul-
ties with comparing directed and nondirected measures. A comparison
of functional measures has been published [9], so here we restrict the
comparison to effective connectivity measures.

In addition, the literature generally takes a simplistic view that
linear measures won't perform well on nonlinear datasets, but provides
little evidence supporting this. It is therefore not sufficient to char-
acterise the strength of the “linear component” in a nonlinear dataset,
as a linear measure may not be totally insensitive to the “nonlinear
component”, and different measures may be differentially sensitive.
Hence, we have chosen to test all measures on all datasets and let the
results speak.

Previous studies of coupled identical and nonidentical systems
mostly have focused on a few measures [3,10-15]. Many of the com-
parative studies of connectivity measures have focused on bivariate
tests e.g. Ref. [16], while some studies have considered the effective-
ness of only model-based measures, e.g. Refs. [2,17] or information
theoretic measures, e.g. Refs. [18-20]. Hence, we claim that there is no
thorough comparison of many measures on simulated data, and so we
adopt this approach in this study.

Another significant issue is that different measures do not calculate
values on the same scale. A higher value of connectivity in one measure
may indicate no connection between two signals, whereas a lower value
in a different measure may indicate a connection between the signals.
Because they are not measuring on the same scale, significant variation
in the raw values can be seen across measures. Hence to reliably
compare different measures we need a statistical approach to identify
when a connectivity value is significantly different from its background
level.

To test the statistical significance of a connectivity value and de-
termine whether connectivity is detected, we generate surrogates to
give data with the same statistical properties as the simulated data but
without the dependencies between signals. A collection of surrogate
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data can be analysed with the connectivity measure to obtain a dis-
tribution of connectivity values corresponding to signals without con-
nectivity, and a threshold determined from the surrogate ensemble. If
the connectivity measure calculated on the original data exceeds this
threshold, then it is regarded as statistically significant.

In this study we consider a large variety of connectivity measures,
comparing most well-known model-based multivariate measures and a
phase-based measure. Where available, we used toolboxes to calculate
the measures, otherwise we implemented measures according to the
literature. Parameters of the measures, such as model order or number
of bins, have been set according to standard approaches described in
the literature. For the interested reader [21], have published a more
detailed investigation into the effect of parameter selection. We applied
all measures to linear and nonlinear synthetic data sets where we know
the true relationship between the signals. First, we used a well-under-
stood nonlinear system (three coupled Hénon maps), then an MVAR
model with and without exogenous inputs, and finally we applied all
measures to simulated EEG.

This paper is organised as follows. In section 2, we detail each
studied effective connectivity measure, arranged by family, and review
the use of surrogates for identifying significant connections. In section
3, we describe the simulated data and the statistical approach to
identifying significant connectivity. In section 4, we apply the effective
connectivity measures to the synthetic data and present the results.
Finally, in section 5 we discuss the results and present our conclusions.

2. Effective connectivity measures
2.1. Granger causality and extended measures

Measures from the Granger causality family are popular choices for
measuring causal connectivity in neuronal time series [22-25].

According to the classical Granger causality formulation, an auto-
regressive (AR) model is fitted to each of the time series separately. This
model is then compared with a bivariate AR model, i.e. one where the
past of both time series is included in the model. If the variance of the
AR prediction error of the first time series is statistically significantly
decreased by the inclusion of past measurements from the second time
series, then the second time series is said to have a causal influence on
the first one.

Now we give the mathematical formulation of Granger causality
and then proceed to define conditional, partial and multivariate
Granger causality. Let x(¢t) and y(t) be two stationary time series, then
they can be represented by individual AR models

x(t) = Xp_ Anpx(t — €) + 1,(t)

Y(O) = X0_ An,y(t — €) + 7,() 2-1)
where the noises 2, (1), r)y(t) are individually zero mean and un-
correlated with variances Y, =var(,(t)) and %, = var(n, ().

Alternatively, they can be jointly represented by the following bivariate
AR model

x(6) = Tb_ An,x(t = €) + A,y (t — €) + ()
y(0) = Z§:1A21g-x(t =) + An,y(t — ) + ¢)(1) (2-2)

where the noises e.(t) and e,(t) are individually zero mean and un-
correlated with variances ) = = var(e.(t)) and Zyy = var(e,(t)) and

covariance ny = cov(e(t), e,(t)). The joint covariance matrix is
therefore

PIED I

znoise - Zyx ZW (2-3)

The overall interdependence between two time series can be eval-
uated as:
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where|-| denotes the determinant of the enclosed matrix. Fy, is non-zero
if the two time series are dependent i.e. the partial correlation between
x(t) and y(¢t) (conditional on the past of those value) is non-zero. It is
equal to the zero when the two time series are independent [26]. F,,
can be decomposed into three components

E,=1In
g (2-4)

Ec,y =k + Ec—>y + Ec-y (2-5)

where F,_,, is the measure of Granger causality from y(t) to x(t), given
by

Fyax = lné
L (2-6)
and F,_,, is the measure of Granger causality from x(t) to y(t), given by
F.y=I Z
Z:yy 2-7)
and F,., is a measure of the instantaneous causality, given by
DINDIN
E.,=In—S—
| zm)ise |

These three quantities are all zero when the two time series are
independent, and can be non-zero if and only if they are dependent. In
practice, classical Granger causality is rarely used in EEG where there
are many time series. Instead, an extension of Granger causality that
can differentiate between direct and cascade influences is usually
chosen. We also note that some implementations of Granger causality
can exhibit statistical bias; see Ref. [27] for a discussion. Here we have
used the MVGC toolbox for all GC measures to avoid these issues [28].

2.1.1. Time domain conditional Granger causality

Conditional Granger causality (CGC) is the simplest extension, and
incorporates knowledge of a third time series. Specifically, CGC esti-
mates the influence of one signal on another given knowledge of a third
[16,29,30]. Let W (¢) = [w:(t), wa(t),...,w,(t)]" be a set of n stationary
time series, where T indicates matrix transposition. Suppose that W (t)
has been decomposed into three non-overlapping sets of time series
x(t), y(t) and z(t) with dimensions k, | and m respectively, where
m + | + k = n. The conditional Granger causality from y(t) to x(t)
given z(t) is defined as:

n var (x(®)x(t — 1), x(t — 2),--,2(t — 1), z(t — 2)--+)
var (x(O)|x(t — 1), x(t — 2)---y(t — Dy(t — 2),---,2(t — Dz (t = 2), --+)
(2-8)

Bz =1

The above time domain definition can be achieved by combining
two AR models. First x(t) and z(t) are supposed to be related by the
following bivariate model.

x(6) = Yb_ Dup,x(t — €) + Dy3,2(t — €) + O(t)

2(t) = X;_ Da,x(t — €) + Dys,2(t — €) + ¥ (1) (2-9)

where the noises ©(t) and ¥ (t) are zero mean and uncorrelated over
time.

Let cov(O(t), ¥ (1)) = 2 then the noise covariance matrix for the
bivariate model can be presented as

E@@ 29'1’
Znoise(l) - [EW@ Eqﬂll}

The second AR model is the following trivariate model involving
x(1), y() and z (1)

(2-10)
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x(t) = y_ Bu,x(t = €) + Bpa,y(t — €) + Bis,z(t — €) + e, (t)
V() = Ty, B, X (6 = €) + B,y (t — €) + B,
z(t =€) + ey(t)
z() = Z£=1 B31,x(f — €) + By, y (¢t — €) + By,
z(t =) + e (1)
(2-11)
where the noises e, (t), e,(t) and e,(¢) are again supposed to be zero
mean and uncorrelated over time.

Let cov(e,(t), e, (1)) = ny then the covariance of all the noises is
given by:

Vo Loy 2
znoisc(z) = ny Z)’y Zyz
Zo Zy Za 212

The conditional Granger causality from y(t) to x(t) given z(¢) is
defined as:

B [ Yoo

By = In - 200

[ 2| (2-13)

If the inclusion of y(t) results in improved prediction of x(t) (y(¢)

has a direct influence on x(t)), |Xgo! > 12, | and F_, > 0. In

contrast if x (¢) and y(t) are independent, | Yo, | = | X |and F,_,, =0
[31].

2.1.2. Conditional frequency domain Granger causality

The time-domain conditional Granger causality can be transformed
to the spectral domain. First, we normalise both the bivariate and tri-
variate models in equations (2-9) and (2-11). Normalisation will re-
move the correlation between noises in bivariate and noises in tri-
variate models and ensure that the causality is the result of the
interactions between the regression terms in trivariate model only.

For normalisation both equation of the bivariate model are pre-
multiplied by the following transformation matrix

q= 91 92
D1 9

where ¢, = In, ¢, = 0, 4y = Y, 4o > pw and gy, = I and both side of
the trivariate model are pre-multiplied by

(2-14)

P11 P12 Pis
py=|Pa Pn P

P31 D3 Ps3 (2-15)

-1
where py; =1In, p, =0, pj3 =0, p, = _Zyx Dies P =Ty Pp3 =0,

Py =(zw—zuz;zw)[zw—zyxz;zw)f (zyxz;:]—zuz;,
-1
Py = —(Zw—zzx ho ny)(zyy—zyx ho ny) and p;; = I

The time domain conditional Granger causality can be expressed in
the frequency domain as [30].

126 |

()=l
e NG

(2-16)

where
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Qu(f) Qu() Qe(f)
Q) = Qux() QN Qz(f)
Qx(f) Q) Qz(f)

G (f) 0 G (f) B
= 0 1 0

G (f) 0 Gz (f)

He(f) Hy(f) He (f)

Hy () Hy, () Hy ()

H (f) Hy () He (f)

and | Ty | = Qu() T, Q) + (NI, () + Qe (N T, Q)

The quantities in the above expression come from G(f) and H (f)
which are the transfer function matrices for the normalised bivariate
and trivariate models respectively.

2.1.3. Partial Granger causality

The ability of the conditional Granger causality to measure causal
influence of one signal on another signal and deal with indirect inter-
actions seriously depends on the all relevant variable in the system.
Often it is impossible to measure all variables involved in the system
due to the existence of the both exogenous and latent inputs. Thus,
dealing with these unmeasured variables is the critical challenge when
conditional Granger causality is applied to the signals in the real world.
To confront this problem, the partial Granger causality has been pro-
posed [32].

The partial Granger causality between x (¢) and y(t) by removing all
the effects of z(t), can be evaluated by partitioning the noise covariance
matrix Znom(l) (introduced in equations (2-10))

Z _ oo | Low _ oo Low
roise(®) Zwo| 2w 2o Lww
Hence the variance of ©® by eliminating the influence of ¥ can be
defined as:

(2-17)

cov(0O, ©) — cov (O, ¥)cov (¥, ¥) lcov (¥, O)
= Z@@ - Z@‘P ZW Zwe

Similarly, we can partition ),

Tl 2
D = [m}

Similarly, the variance of the e, (t) by eliminating the influence the
e,(t) is given by

(2-18)

noise (2)

(2-19)

cov (e, (t), ex(t)) — cov(e.(t), e, (t))cov (e, (t), e, (t)) cov (e, (2), ex(t))
-1
SDINED D IS I

Hence the measure for partial Granger causality from y(t) to x(t) by
eliminating the effect of z(¢) can be expressed as

Z@@ — E@w Z:quq!;1 zwe
Z)OC - ZXZ 27171 ZZX

(2-20)

Foxe=1n

(2-21)

2.1.4. Copula-based Granger causality

Let we have a set of time series x;(¢), ...,x,(¢). First the marginal
distribution of each time series, £ are estimated. Next the observations
are mapped to the Gaussian copula domain as
f:. (1) = f; + G9(E (x;(1))), where u and ¢ are the mean and var-
iance and ®(-) is the cdf of the unit Gaussian distribution. Finally, the
Granger causality among the f: (x; (1)) is estimated [33].

Based on the copula method, the marginal properties of the data are
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separated from its dependency structure. But the interdependence be-
tween the mapped time series in the copula space are the same as the
interdependence between the original time series. Bahadori and Liu in
Ref. [33] showed that copula-based Granger causality is consistent in
high dimensions, unlike Granger causality, and that it is able to effi-
ciently capture non-linearity in the data. For our calculations, we used a
toolbox based on [34].

2.1.5. Multivariate Granger causality

So far, we have considered pairwise Granger causality and its ex-
tensions (CGC and PGC), which consider at most three time series at a
time. They can be applied to more time series, but this is done by re-
peated application to all sets of two or three time series as appropriate.
In this section we define multivariate Granger causality, which analyses
all signals simultaneously to determine direct and indirect connections
involving more than three signals.

Let x(t) = [x(t), %(t), ..x,(t)] be an n-dimensional multivariate
stochastic process. The influence of the time series x;(¢) on x;(t) can be
calculated as:

in(t)lxl(l)w")9'—1(1)Xj+1([)w"xn(l)

ij(z)axl-(z) =

in Ok (O)-+-xn (1) (2-22)

This is similar to conditional Granger causality, but we are con-
ditioning on all other time series, not simply one time series.

2.1.6. Multivariate frequency domain Granger causality

The calculation of the multivariate Granger causality can also be
performed in the spectral domain. The MVAR model of a set of n signals
X (8), %(t),..., x,(t) is given by Ref. [35]:

X (t) P x(t-1 e (1)
: = ZAI + :
=1

xa(0) w=0| |e 2-23)

where P is the model order, the model coefficients A; are n X n ma-
trices, and each e;(t) is a zero-mean Gaussian random process. Ac-
cording to this model, each signal is assumed to linearly dependent on
its own p past values and the p past values of the other signals, plus an
innovation or noise input. Transforming to the frequency domain gives
X - AF)] = E(f), where A(f) = ZleAleZ”if’, and hence the cov-
ariance matrix S(f) of the model signals is S(f) = H (f)VH (f)¥, where
H(f)=[I—-A()]"! and V is the prediction error covariance matrix
[35].

The calculation of the multivariate Granger causality can also be
performed in the spectral domain using a factorisation theorem that
specifies that any given spectral density matrix S(f) can be decomposed
into a set of unique minimum-phase functions ¥ (f) [36,37].

S =)

Using a Fourier-like analysis on the minimum-phase functions, we
can calculate the noise covariance matrix >, and minimum phase-
transfer function H (f) as

9= 3 Reehe SRR H() = $(PR,
,{Z:;) k Z ofro 0 (2_25)

(2-24)

where T stands for matrix transposition.

As discussed in section 2.1 after fitting the MVAR model to the time
series and Fourier transforming, the overall spectral density matrix can
be calculated as

S(f) = H() Y, HI(f)

where H denotes Hermitian transpose and ) is the covariance matrix of
the noise vector.

The conditional Granger causality needs to compare this estimate of
the noise covariance with noise covariance from a model that excludes
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the jth time series. We obtain this by taking the overall spectral density
matrix S(f) and removing the jth row and columns. The reduced
spectral density matrix S (f) can now be factorised:

5(H=6() Y, 6" ()

where G(f) is the transfer function matrix and Z is the noise covar-
iance matrix for the selected subsystem. To calculate the normalisation
matrix Q(f), we need to extend the transfer function matrix G(f) by
inserting zeros for the jth row and column, but with 1 at their inter-
section:

(2-26)

-1
Ga..j-na.j-n(f) 0 Ga.j-na.j-n )
o) = 0..0 1 0..0 H()

Gi+1..m..j-» ) 0 Ggr1.mg+ri..m () (2-27)

Finally, we can use equations (2-17) and calculate the conditional
Granger causality from the jth time series to the ith time series as:

IZal

Fiei() = In Qi (f) T Q) |

(2-28)

2.2. Directional measures based on coherence

It is useful to define the inverse of the spectral density matrix and
decompose it as

P() =57 = AT Y AQ)
The ijth element of S(f) and P(f) can be represented as
sy = () Y, B =a" () Y G

where h,,(f) and @, are the mth rows of the transfer function
matrix H(f) = [m(), --h, (D" and coefficient matrix
A(f) = [a(f), ---a,(f)]". Since the input white noises are uncorrelated
even at lag zero, their covariance matrix cov(e(t)) reduces to diagonal
form as

2. = diag(@?)
and its inverse to diagonal matrix
Z_l = diag (%)

Ok

where ;2 is the variance of e (¢). S;;(f) and P;(f) can be factorised into:

(2-29)

(2-30)

Si' = sz_Iim H'm
i () mZa O Him () o)

n

Pi(f) = Z %AHim (A () (2-32)

m=1

All coherence family measures were calculated using the Extended
Multivariate Autoregressive Modelling Toolbox [38].

2.2.1. Directed coherence

In order to define directed coherence (DC) first we need to introduce
coherence. The coherence function c(f)is the square of the cross spec-
trum, normalised by the auto-spectra of the two signals [39]:

_ P
[CERIICHD]

where (-) stands for average over the segments and Cy, (f) is the linear
correlations in frequency domain which can be computed by means of
the cross spectrum:

Co(f) = E[X(HY*()]

where E[.] is the expectation operator, X (f) is the (discrete) Fourier

0 (2-33)

(2-34)
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transform of x(n), the asterisk indicates complex conjugation, and f is
frequency. In practice, a finite number of samples will give a noisy
estimate of (cross- and auto-) spectra. To reduce the noise, signals are
segmented into equal length pieces, and the spectra of each segment is
averaged (Welch's method [40]).

By substituting for Sj(f) from equations (2-30) in the coherence
equation, the following directional coherence can be obtained

C(f) — hi(f) Zth(f) - i UmFIzm(f) GmHHjm(f)
kO TR OO TR s VSO 50

n
~ im/ jm (2_35)
The term y; in the above equation measures the influence of x; on x;,
the so-called directed coherence DC [35].

o Hy (f)

VSi(H)

where S;(f) = ) _, o [Him (F)P
DC can be normalised as % (f)I2, which gives 0 in the absence of any

directed influence from x; on x; at the frequency f, and achieves 1 in the
presence of maximum influence.

% () =
(2-36)

2.2.2. Directed transfer function
Directed transfer function (DTF) also uses the transfer function
matrix H (f), but normalises it in a simpler way [41]:

H;(f)
Vo Him (P

DTF can be considered as a particular case of DC in which all input
variances are 1 (o = 07 = ..07 = 1).

DTF; =
(2-37)

2.2.3. Partial directed coherence and generalised partial directed coherence
In order to define partial directed coherence, first we need to in-
troduce partial coherence (PC). The partial coherence between a pair of
signals involves the use of a MVAR model. As discussed in section 2.1.6
after fitting the MVAR model to the time series and Fourier trans-
forming, the overall spectral density matrix can be calculated as

S(f) = H() Y, HI(f)

Then the partial coherence between x;(t) and x;(t) is defined using
M;(f), the (i, 7™ minor of S(f), as [35,42]:

M;(f)
M (F) My (F)

The partial coherence C;;(f) estimates the coherence of a pair signals
x;(t) and x;(t) at each frequency f with the influence of other signals
statistically eliminated.

In the complex network where there are both direct and indirect
pathways between two time series, both DC and DTF represent a bal-
ance of signal power that spreads from one time series to another via
any of these pathways. In other words, a non-zero DC from time series
X; to x; can be the result of either indirect or direct influence. To con-
front these issues, the measure partial coherence has been proposed.

We can substitute for P;(f) from equations (2-32) into the expres-
sion for partial coherence in equation (2-38), and write:

a0 5" 5

CHOPRETONCHGMRETD
15 1y

n aAmj(f) aAmi(f) n .

SLEG mD 2

The term 7; in equation (2-39) measures the influence of x; on x;,
namely generalised partial directional coherency (GPDC) [43].

Ci(f) =
(2-38)

I;(f) =

(2-39)
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Ay ()
B ()

where \[B; (1) = |35, ¢z 1Am (NP

The original version of equations (2-39) introduced in Ref. [35] did
not include the input noise variance and was named partial directed
coherence (PDC). The PDC is thus given by:

o_ A ()

T = ——
' N E::,=1 |Am](f) ‘2

2.2.4. Direct directed transfer function

To distinguish between direct causal connections between two sig-
nals and connections which are mediated by another signal, the di-
rected directed transfer function (DDTF) was introduced [44]. It is
defined by multiplying the directed transfer function by the partial
coherence. The DDTF from signal j to signal i is defined as:

DDTF; = ni’ DTF;

=
(2-40)

(2-41)

(2-42)

2.2.5. Extended directed coherence and extended partial directed coherence

The MVAR model introduced in equation (2-23) uses lagged ver-
sions of the time series in the regression model. In other word this
model describes the effect of the past of one time series on another, but
it does not account for instantaneous (not lagged) effects among time
series.

Faes and Nollo proposed in Ref. [45] an alternative MVAR model
that includes instantaneous effects into the model of the time series.
Consider the following extended MVAR model with 0 lag inclusion

P
x(t) = ), BOx(t — &) + u(t)
£=0 (2-43)
where u(t) = [ (t), up(t), -, u(H)]* is a vector of zero-mean un-
correlated white noise processes with diagonal covariance matrix
z = diag(6;%), and the diagonal of B(0) is constrained to be zero.
We can rewrite equation (2-43) as

P
x() =BOx() + Y, B(O)x(t— &)+ u)
£=1
To find the relationship between the above extended MVAR model
and the classic MVAR model in equations (2-23), the term B(0)x(t) is
moved to the left

P
x(OII = BO)] = Y BOx(t — &) + u(t)
£=1
Substituting for x (¢) in this equation with x (¢) from original MVAR
models yields:

P P

M A@Ox(t -0 +e®—BO]= Y, B@x(t— &) +u)

j=1 =1

Therefore B(¢) = LA(¢) and u(t) = Le(t) where L = [I — B(0)]"! and
Y=Ly IT

Hence the following algorithm can be used for forming the extended

MVAR model to describe causal interactions among time series in-
cluding instantaneous influence.

1. The noise covariance matrix ), and A (¢) for the classic MVAR model
are calculated.

2. The noise covariance matrix ), is decomposed to yield the diagonal
noise covariance matrix Z and the lower triangular matrix L.

3. The instantaneous effects matrix B(0) and coefficient matrices B(¢)
can be calculated using above outlined relationships.
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In the spectral domain we can represent the extended MVAR model
by the Fourier transform of equations (2-43) as

X =BOXP+UP

where B(f) is the coefficient matrix in frequency domain

(2-44)

P

B(f) = B(0) + ), B(€)e 27T

e=1
The spectral matrix S(f) and its inverse P (f) of the extended MVAR
model can be expressed as:
~ _ A =1
S(f) =G() D, G, P(H) =B() D, B()

where the transfer function G(f) = [I — B(f)]™".

Following the procedure described for GDC and GPDC, we can de-
fine the extended directional coherence (EDC) §j and extended partial
directed coherence (EPDC) X from x; to x; as [46]:

;G ()

\ anzl arf’z ‘Glm (f)lz
L=
5B ()

= | 1 5
\/‘an=1 P 1B (F)I?

(2-45)

gzj (f) =
(2-46)

Xij
(2-47)

2.3. Information-theoretic measures

The information-theoretic measures analyse information flow be-
tween two systems or between constituent subsystems of a complex
system. These methods do not explicitly model the underlying inter-
action, and hence do not make any assumption about the underlying
system [47,48].

In this section, we provide a detailed overview of two groups of
information-theoretic approaches for measuring interdependencies be-
tween signals: similarity measures, based on mutual information; and
dissimilarity measures, that quantify the information divergence be-
tween two signals. As these measures estimate a dissimilarity, their
minimum corresponds to maximum similarity. Hence, following [49],
we have normalised and inverted these measures so that zero corre-
sponds to no synchrony and one corresponds to maximum synchrony.

We first introduce the concept of entropy which measures the un-
certainty of a discrete random variable. Let X and Y be random vari-
ables with probability density functions p(x) = Pr{X =x} and
p(y) = Pr{Y =y}, then the Shannon entropy H (X) measures the
average amount of information gained from an observation of X. It is
defined as:

HX) = - p()log(p(x))
X (2-48)

Similarly, the joint entropy H (X, Y) is:

HX,Y) ==Y, > pk »logp(x, )
x oy (2-49)

where p(x, y) = B{X = x, Y = y} is the joint probability of these values
occurring together.

Finally, the conditional entropy H (X|Y) of X given Y is defined
using the conditional probability p(xly) = B{X = xIY = y} as:

HEXIY) == ) Y p(x, loglp(xiy))
y

X

(2-50)

The joint entropy can be expressed in terms of the conditional en-
tropy and the Shannon entropy as H(X, Y) = H(XIY) + H(Y). Mutual
information I(X; Y) quantifies the amount of shared information be-
tween X and Y [50]:
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I(X;Y) = )| —p(x’”)
G Y) ijzy]p(xy)Og(p(x)p(y)

(2-51)
Mutual information can be equivalently expressed as
IX;Y)=HX) - HXIY)=H(Y) - HYIX) = HX) + HY)
—-HX,Y)=HX,Y)—-HXIY) - H(YIX) (2-52)

Mutual information is not normalised, so to use it as a measure of
synchronisation we need to normalise it. Several normalisations have
been proposed, including NMI, by Lancichinetti et al. [51] in:

1 (H(XIY) H(YIX)]

NML,=1-—
2\ HX) H(Y) (2-53)

and the normalised mutual information NMIg; by Fred and Jain in Ref.
[52]:

2AX; Y)

Ml =00 + B

(2-54)
Following [53], NMI,, is less numerically stable, so in this paper we
use NMlIg;.
In the following, we define information theoretic measures which
allows to detect causal relationship between time series.

2.3.1. Transfer entropy

Mutual information is a symmetric measure that describes shared
information and not causal relationships. To obtain a causal measure
within the information theoretic framework, transfer entropy (TE) has
been proposed [54].

TE can be defined in terms of conditional mutual information
[54-56], we can say that random variable X cause Y if the uncertainty
about Y is decreased by the past knowledge of X.

The conditional mutual information I(X; Y1Z) of the random vari-
ables A and B given the variable Z is defined as [57].

IX;Y1Z)= HXIZ) + H(Y|1Z) - HX, Y|Z) (2-55)

where H (X1Z) is the conditional entropy of X given Z, as defined in
equation (2-50).

The transfer entropy from X to Y then corresponds to the condi-
tional mutual information I(Y;; X;_1.;—¢|Y,_1.,—¢), which quantifies the
information about the current state of the response system, Y;, obtained
from the past of the driving system, X, 1., that is not already con-
tained in the past of the response system Y,_1.,_,. Thus TE in terms of
entropy is given by

TExy = HYYi_14-0) + HX—1:—elYio14-e) — HY, Xioru—elYio14-0)
(2-57)

Since HXIY)=H(X,Y)—- H(Y), where H(X,Y) denotes the
joint entropy is outlined in equation (2-49), the preceding expressions
can be also written in the following form:

TEx .y = H(Y, Y1:4-¢) = HY1:4-¢) + HXi—1:0-05 Yio1:0-0)

- HY, Xi—1:-0, Xi—1:0-0) (2-58)

There are several algorithms for calculating TE [58-64], but while
they may be more accurate or have less bias, they are typically much
slower at calculating the required three-dimensional entropy. In this
study, we used the binning method. The method is based on the dis-
cretisation of the time series into Q equiquantal bins, i.e. bins with
equal counts and therefore different widths. Conditional mutual in-
formation can then be calculated by a simple box-counting algorithm
based on equiquantal marginal bin [65]. Transfer entropy calculations
used the INTERACT toolbox, and partial measures used the TIM toolbox
[66].

2.3.2. Partial transfer entropy
In the previous sections, we described transfer entropy as a causality
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measure in terms of the entropy between two time series, ignoring all
other time series. If two time series are a part of a bigger interacting
system, e.g. three interacting time series X, Y and Z, then transfer
entropy will estimate not only direct interactions between them, but
also estimate indirect interactions including a third time series. To es-
timate only the information transferred directly between the two time
series, we need to take into account the influence of the third time
series. Partial transfer entropy (PTE) is the extension of TE designed for
measuring the influence of X on Y conditioned on Z [67]. In other
words, TE has been extended to include the effect of the past of Z on the
current state of the response Y and the past of X. This can be done by
including the past of Z to the condition term of the conditional mutual
information [19,67]:

PTEx_yiz = 1(Y;; Xi—1:—eYim1:m0s Zi1:0-0) (2-59)

In terms of entropy, PTE is defined as

PTEx_yiz = H (Xi—1:t-¢5 Yim1:t—0s Zi—1:1-¢)
—H (Y, Xi—v—e> Yicveor Ziv—e) + H (Y, Yicru—es Zim14—e)
-H (Y;—lzt—éa Zt—l:t—é’) (2—60)

2.3.3. Directional partial mutual information (DPMI)

As we described earlier mutual information measures information
shared between two time series. Now consider a third signal Z The
partial mutual information I (X, Y|Z) represent the part of mutual in-
formation I (X, Y) that is not also shared with a third signal Z, given by
Refs. [20,68]:

IX;YIZy=HX,Z)+ HY,Z)-H(Z)-HX,Y, Z) (2-61)

PMI is symmetric, we extend this to give directional information by
delaying one signal, hence calculating PMI between one signal and a
lagged version of another signal. Directional partial mutual informa-
tion, DPMI is determined by calculating partial mutual information for
a range of lags and selecting then maximum value as the result. As only
one signal is lagged, this introduces an asymmetry which allows access
to the directional relationship between two signals.

2.3.4. Symbolic transfer entropy and partial symbolic transfer entropy

The symbolic transfer entropy (STE) and partial symbolic transfer
entropy (PSTE) are defined similarly to TE and PTE, but the calculations
use the ranks of the amplitudes rather than the amplitudes themselves
[19,69]. Using ranks rather than amplitudes can assist in fine-tuning
parameters, as the distribution of the data is known in advance. We
implemented STE and PSTE using the Java Information Dynamics
Toolkit [70].

2.3.5. Kullback-Leibler divergence
For densities P and Q, the Kullback-Leibler divergence is given by
Ref. [71]:

K@ =Y Pilog(g)

i (2-62)
Rather than use pdfs, here we use the TFDs [6,49]:
Ce(n, f)
K(ny Cy) = z Cx(nv f)IOg(—J
n G (. f) (2-63)

where Cy(n, f) and Cy,(n, f) are the normalised auto- and cross-time-
frequency distributions respectively, and can be calculated from the
spectrogram S, (n, f) as:

1S:(n, )PP

Celn, f) = =200
D=5 s nr

(2-64)
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1S (n. £)S} (. )
Ty 1500, ST (. )]

In this paper, we calculate the spectrogram using the short-term
Fourier transform with a Hamming window.

2.3.6. Directional phase-locking value

Let ¢, (t) and ¢, be the extracted phase from signals x (¢) and y(t)
respectively, via one of the techniques described above. Then, the
(n, m) phase difference of the signals, where n and m are integers, can
be defined as [72,73]:

Ag(1) = ng, (t) — mg, (1) (2-66)

If the (n, m) phase difference of the signals remains bounded, then
the signals are said to be n: m synchronised. In the most cases, only
m = n =1 is considered [40]. The mean phase coherence, also known
as phase synchronisation index, R is given by Refs. [40,72,74,75]:

R = (e72%0) = [(cos(Ag(1)))* + (sin(Ag(1)))?

where the angle brackets represent an average over time. The mean
phase coherence will be zero if the phases are not synchronised and will
be one for a constant phase difference.

Mean phase coherence (or phase-locking value) quantifies the
(symmetrical) phase relationship between two time series. Directional
phase-locking value (dPLV) extends this to give directional information
by delaying one signal, hence calculating mean phase coherence be-
tween y(t) and a lagged version of time series x(t — ). dPLV is de-
termined by calculating these mean phase coherences for a range of lags
and selecting then maximum value as the result. As only one signal is
lagged, this introduces an asymmetry which allows access to the di-
rectional relationship between two signals.

(2-67)

AG(1) = ng,(t — 1) — m, (1) (2-68)
R(l) = (e7¢0) = [(cos(Ag(1)))? + (sin(A¢(1)))? (2-69)
dPLV = linL?fLR(l) (2-70)

3. Methods

Here we focus on three simulated systems that mimic EEG in some
way, where we have some knowledge or control of the level of non-
linearity, nonstationary and noise, and where we know the true con-
nectivity patterns. First, we choose to study the Hénon map (system 1),
as it is a well-understood nonlinear system that has been used ex-
tensively to examine synchronisation [3,15]. Second, we generate data
from a seventh-order MVAR model with (system 2A) and without
(system 2B) exogenous inputs. Finally, we generate simulated EEG
consisting of a burst of alpha activity (system 3), to provide a more
realistic assessment of the measures.

3.1. Hénon maps

The first simulation generated data from the system consists of three
coupled Hénon maps with nonlinear couplings, X; - X, — X;, defined
by the following equations:

x(k +1)=14 4+ 03x(k — 1) — x2(k)
%k+1)=14+03x%k—-1) = [uxk) + (1 — wxk)]xk)
Xk + 1) =14 + 03k — 1) — [wek) + A — wxs (k) ]x3 (k) (3-1)

Simulations used 2048 data points with fixed coupling strength y,
with the coupling strength varying across simulations from u = 0 (no
coupling) to u = 0.5 (strong coupling).

Most measures have parameters that need to be selected, and that
this can have a significant influence on their performance. Hence to
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Fig. 2. The unweighted directed graph summarising the connections between
signals in the MVAR model defined in equation(s) (3-2). x; (k) — x;(k) denote the
output signals of the model, S, (k) and S,(k) denote the exogenous inputs (EEG
signals), and e, (k) - e,(k) denote the white noise innovations of the MVAR

optimize performance on system 1, and following the literature [76],
we set the parameters as follows:

e For model-based measures, we set the model order p =

e For frequency measures, we used the normalized range [0.4, 0.5]
where the spectra of the signals show peaks, following [76].

e For measures that require a range of lags, e.g. PTE, we used the
range 1-5 and the maximum value of the measure among the results
was selected.

3.2. MVAR model

The second simulation is an MVAR model, inspired by the model
used in Ref. [77], represented by the following set of linear difference
equations with 7 nodes and exogenous sources S; (k) and S, (k) and il-
lustrated in Fig. 2.

x (k)= 0.95v2x (k — 1) — 0.9025x; (k — 2) + e; (k) + S (k)
xZ(k): 05x1(k - 1) + ez(k)
x3 (k)= — 0.4 (k — 3) + es(k)

xs(k)= —0.5x%(k — 1) + 0.25v2x4(k — 1) + 0.25v2xs(k — 1) + e4(k)

x5 (k)= —0.252x,(k — 1) + 0.25v/2x5(k — 1) + es(k)
x6 (k)= 0.95+/2x4(k — 1) — 0.9025x4(k — 2) + eg(k) + S, (k)
X7 (k)= — 0.1x(k — 2) + e;(k)

(3-2)

System 2A sets the exogenous inputs S;(k) and S,(k) to zero,
whereas system 2B uses pre-processed EEG as the inputs. The EEG ap-
plied in the simulation was recorded at four locations (CP1, CP2, FC1,
FC2) from a separate study during an eyes-closed resting or baseline
task. The scalp recordings were pre-processed by filtering in the gamma
frequency band (bandpass filter, 35-100 Hz), and 50001 data points
(25 s sampled at 2kHz) were used. All 12 different combinations of
selecting S;(k) and S,(k) from these four channels were used in the
simulations.

For model-based measures, the model order was optimized with
multichannel Akaike Information Criterion (AIC) and set to p = 3 for
the system 2A and set to p = 5 for the system 2B. For measures that
optimise over a range of lags, the maximum lag was set by analogy to
the optimized model order p. Frequency-based connectivity measures
were calculated over the range of normalized frequencies [0, 0.4],
consistent with other publications and also where the spectra of the
signals is high [76].

3.3. Simulated EEG

3 channels of simulated EEG were generated, representing responses
to repeated trials (Fig. 3). Each trial ran from —0.5 s to +1.0 s, and
contained a noisy alpha burst with added pink noise at 0 dB. The alpha
burst (a Hamming windowed 10 Hz sinusoid) ran from 300 ms to
700 ms with random timing jitter spread uniformly from —5 ms to
+5 ms, and additional fixed delays of 20 ms in the second channel and
40 ms in the third channel. The amplitudes of the second and third
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eeg alpha burst superposition Fig. 3. Simulated eeg (left), alpha burst
0.1 0.1 1 0.1 (middle) and superposition (right).
> Il |
2 o iy o il o iy
-0.1 -0.1 -0.1
-1 0 1 2 -1 0 1 2 -1 0 1 2
Time (s)

channels were set to 0.5 and 0.2 times the amplitude of the first channel
respectively, modelling a delayed and reduced amplitude signal at two
different locations to the source. The data were analysed for alpha
connectivity using a sliding window of width 300 ms, sliding 50 ms
between analyses. Frequency-based connectivity measures were esti-
mated for the range of the alpha band (8-13 Hz). We averaged the
measures over windows containing the alpha bursts (from 300 to
740 ms) where we expect measures to detect the direct causal con-
nections x; — x, and x; — x;. We also analysed the system over the time
frame [0, 300 ms] where there is no causal connection between any pair
of signals.

3.4. Statistical analyses

Note that direct comparisons between raw connectivity values for
different measures is not appropriate. They are not measuring on the
same scale, and significant variation in the raw values across measures
can be seen. Hence to reliably compare different measures we need a
statistical approach to identify when a connectivity value is sig-
nificantly different from its background level.

To test the statistical significance of a connectivity value, surrogate
data were generated to give data with the same statistical properties as
the simulated data but without the dependencies between signals [78].
Several surrogate algorithms have been proposed [79,80], including the
selected Iterative Amplitude Adjusted Fourier Transform surrogates
[81]. These surrogate data have the same Fourier amplitudes as the
original data but with random phases, and also have the same dis-
tribution of time-domain amplitudes. Since the conventional power
spectral density is the modulus squared of the amplitude of the Fourier
transform, the original data and its surrogate generated by this tech-
nique have the same power spectral densities. Any underlying inter-
action within the original data set is destroyed using phase randomi-
sation. Hence any synchrony detected in surrogate signals will be due to
chance. This type of surrogate, which maintains both the power spec-
trum and the amplitude distribution of the original data, is therefore
well suited to analyse the nonlinearity and complexity of signals
[82,83]. We note that calculations based on other surrogates will pro-
duce variation in the results, however our experience is that changing
the surrogate algorithm does not have a significant effect on the results.

The connectivity measures were computed for the original signal
and also for 100 surrogate realisations, and this was repeated for the
150 or 100 realisations of the simulated data. We represent these data
overall with a connection matrix by testing whether the mean of the
connectivity values from the original data is greater than the mean of
the surrogates using a two-sample t-test at the 0.05 significance level.
The decision of link or no-link is compared with the known truth for
each pair of signals, and then drawn as a matrix, with colour indicating
true positive, true negative, false positive or false negative.
Additionally, we consider each realisation separately. The fifth largest
of the one hundred surrogate measurements was selected as the
threshold to give a 5% significance level. This allows a decision for each
realisation by comparing the threshold from the surrogates to the
measure computed on the original signal, so if the measure exceeds the
threshold, then a link is indicated. Across the 150 or 100 realisations,
this allows us to estimate the true positive rate (TPR, i.e. the proportion
of actual links truly detected), false positive rate (FPR, i.e. the

proportion of signals that are not linked that were falsely detected as
linked), true negative rate (TNR, i.e. the proportion of signals that are
not linked that were truly detected as not linked), and false negative
rate (FNR, i.e. the proportion of actual links that were falsely detected
as not linked). The FPR includes indirect causal connections, where a
third signal mediates the interaction between the two signals under
consideration.

4. Results
4.1. Results for system 1

Results for analysing the Hénon map data with the connectivity
measures versus coupling strength p are shown in Fig. 4, where the blue
line shows the estimated connectivity strength and the red line shows
the threshold for significance. When significance is achieved, the area
between the two lines is filled in blue. The best result would show
connectivity (filled blue area) only in the top central and central right
squares. As can be seen from this figure, seven measures perform well in
that the separation between the measure and its threshold increases
with coupling strength: transfer entropy, partial Granger causality,
conditional Granger causality, copula-Granger causality, multivariate
Granger causality, spectral multivariate Granger causality and partial
transfer entropy. These measures are able to detect all casual connec-
tions (true positives) but they also detect some connections that do not
exist (false positives). Therefore we calculated the false positive rates
(FPR), true positive rates (TPR), false negative rate (FNR) and true
negative rate (TNR) for a deeper understanding, and the results are
shown in Fig. 5. The measures in Fig. 5 have been sorted by in-
formedness, i.e. the difference between the true positive rate and the
false positive rate. Ideally we would have 100% TPR and 0% FPR, so
the difference between these two can be used to rank measures. The
partial transfer entropy and transfer entropy outperform other mea-
sures, achieving 100% and 80% detection of causal connections re-
spectively, and 0% incorrect detection of an absence of a causal con-
nection. Both measures obtain large positive values only for the two
correct direct causal links, and this holds even for few data points and
low coupling strengths p. Extended Granger causality, copula-Granger
causality, multivariate Granger causality in both the time and fre-
quency domains, conditional Granger causality and partial Granger
causality were able to detect all of the causal connections, but also
incorrectly identified some absences of connections as connections.
Extended directed coherence extended partial directed coherence and
directed phase locking value performed little better than chance. Fre-
quency domain conditional Granger causality, generalised partial di-
rected coherence, partial directed coherence, directed transfer function,
partial mutual information, generalised partial directed coherence and
directed coherence displayed poor performance, incorrectly identifying
more than 50% of the absences of connections as causal connections.

4.2. Results for system 2

For systems 2A and 2B, connection matrices are shown in Fig. 6 (a)
and (b) respectively. The true/false positive/negative rates (expressed
as percentages) for systems 2A and 2B are displayed in Fig. 7 (a) and (b)
respectively. For both systems 2A and 2B, partial Granger causality,
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Fig. 4. Estimated connectivity strength (blue line) and threshold for significance (red line) for 17 connectivity measures versus coupling strength p. When significance is

achieved, the area between the two lines is filled in blue. The best result would

show connectivity (filled blue area) only in the top central and central right squares, as

suggested in the bottom right subplot. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)
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Fig. 5. The percentage of directed causal connections that were correctly identified (true positive rate, dark blue bars), the percentage of directed pairs that do not
have a causal link that were correctly identified (true negative rate, light blue bars), the percentage of directed pairs that do not have a causal link that are identified
incorrectly as a causal link (false positive rate, red bars), and the percentage of directed causal connections that are identified incorrectly as directed pairs that do not

have a causal link (false negative rate, orange bars) for each effective connecti

vity measure analysing data from system 1. Measures are sorted by informedness. (For

interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)
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Fig. 6. Connection matrices for (a) system 2A and for (b) system 2B. Ground truth shows the true connectivity structure in the systems.
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Fig. 7. The percentage of directed causal connections that were correctly identified (true positive rate, dark blue bars), the percentage of directed pairs that do not
have a causal link that were correctly identified (true negative rate, light blue bars), the percentage of directed pairs that do not have a causal link that are identified
incorrectly as a causal link (false positive rate, red bars), and the percentage of directed causal connections that are identified incorrectly as directed pairs that do not
have a causal link (false negative rate, orange bars) for each effective connectivity measure analysing data from system 2A in (a) and for system 2B in (b). Measures
are sorted by informedness. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)

conditional Granger causality, and generalised partial coherence ob-
tained the best results of all measures, with 100% true positive rate and
less than 8% false positive rate. Multivariate Granger causality, copula-
based Granger causality, partial directed coherence and directed co-
herence detected all causal connections correctly, but with larger false
positive rates. The performance of directed transfer function has im-
proved from its system 1 performance, however transfer entropy and
partial transfer entropy showed worse performance. Unsatisfactory re-
sults were obtained in both system 2A and 2B for extended directed
coherence, conditional frequency domain Granger causality, extended
partial directed coherence, Kullback-Leibler divergence, and for mul-
tivariate frequency domain Granger causality in system 2A. Kullback-
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Leibler divergence and multivariate frequency domain Granger caus-
ality could not identify any of the six direct causal effects for system 2A.

4.3. Results for system 3

The results from system 3 for both time ranges are displayed in
Fig. 8 and Fig. 9. Many measures correctly detect no connections for the
time range from O to 300ms as expected, namely transfer entropy,
partial Granger causality, conditional Granger causality, Copula-based
Granger causality, multivariate Granger causality, multivariate fre-
quency domain Granger causality, partial transfer entropy and partial
mutual information. During the alpha burst, directed coherence and
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Fig. 8. Connection matrices for system 3 over the time ranges (a) 0-300 ms, where no causal connections exist, and (b) 300-740 ms, where direct causal connections

do exist. Ground truth shows the true connectivity structure in the systems.



H. Bakhshayesh, et al.

100

801

60

40 ¢

201

0
’\Qeoooe&c;&o ARG PPN

(P CINY
Q€

100

Computers in Biology and Medicine 111 (2019) 103329

80

60

40

20

0
IRy

Fig. 9. The percentage of directed causal connections that were correctly identified (true positive rate, dark blue bars), the percentage of directed pairs that do not
have a causal link that were correctly identified (true negative rate, light blue bars), the percentage of directed pairs that do not have a causal link that are identified
incorrectly as a causal link (false positive rate, red bars), and the percentage of directed causal connections that are identified incorrectly as directed pairs that do not
have a causal link (false negative rate, orange bars) for each effective connectivity measure analysing data from system 3, calculated over the time ranges (a)
0-300 ms, where no causal connections exist, and (b) 300-740 ms, where direct causal connections do exist. All measures are sorted by informedness. (For inter-
pretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)

Table 1

The time (seconds) required to estimate each measure for three sizes of data:
few data (Nimpies = 300) and few channels (Negnnes = 3), many data
(Nyamples = 50001) and few channels (Newanneis = 3), and few data (Nygmpies = 300)
and many channels (Nongnneis = 60).

Time (s)

Measure  Nsamples = 300 Nsamples = 50001 Nsamples = 300

Nehannels = 3 Nehannels = 3 Nehannels = 60
model order = max lag = 5

PGC 0.024 0.447 771.783
FGC 0.031 0.031 10.918

DC 0.188 0.404 19.406

DTF 0.188 0.404 19.406

PDC 0.188 0.404 19.406
EPDC 0.188 0.404 19.406

EDC 0.188 0.404 19.406
GPDC 0.188 0.404 19.406

QGC 0.041 14.367 3.974

MVGC 0.025 0.029 21.562

TE 0.013 0.017 0.960

PMI 0.104 13.828 2864

PTI 0.103 9.322 2718

CGC 0.010 0.100 6.114
SMVGC 0.030 0.039 390.264

KL 0.046 0.066 6.133

directed transfer function correctly found all connections and no others,
Copula-based Granger causality and extended directed coherence cor-
rectly found all connections but incorrectly identified a third connec-
tion, and partial directed coherence and generalized partial directed
coherence found one of the two connections correctly.

4.4. Execution time

It is important to note that different measures require different
calculations that take different amounts of time. In particular, partial
and conditional measures would reasonably be expected to require
longer execution times. Table 1 lists the execution times for the 17 ef-
fective connectivity measures under three conditions: few data and few
channels, many data and few channels, and many data and many
channels. Computations for this table were performed in Matlab
R2017b using 128 channels of real EEG on a Windows10 PC with 16 GB
of RAM and an i7-7700 CPU running at 3.6 GHz.

It is preferable, in general, for a measure to scale slowly with the
number of samples and the number of channels, though in some si-
tuations this may not be necessary. Overall, transfer entropy is the
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fastest measure, followed by frequency-domain Granger causality,
multivariate Granger causality, conditional Granger causality and
Kullback-Leibler divergence, all of which scale less well with the
number of channels. Execution time increases significantly for partial
transfer entropy and partial mutual information for with both the
number of channels and the number of data. Partial Granger causality
and frequency domain multivariate Granger causality scale poorly with
the number of channels, and copula Granger causality scales poorly
with the number of data.

5. Discussion and conclusion

Previous studies of effective connectivity measures have con-
centrated on a few measures. Some studies focused on model-based
measures, others have considered information theoretic measures or
phase-based measures, while some studies have compared effective and
functional connectivity measures. There is no thorough comparison of
many effective connectivity measures from different families on simu-
lated data. Here we include most of the well-known effective con-
nectivity measures from different families, including model-based
measures, information theoretic measures, and directional phase
locking value. Because of the differences in approach, it is not
straightforward to compare our results with previous studies, so we
comment only where a useful comparison is possible, typically a paper
that compares more than one effective connectivity measure and where
there is a known or believed outcome that can be used to compare the
performance of these measures.

Wu et al. [84] compared six multivariate causality measures, three
of which are included in our study (multivariate Granger causality,
directed transfer function, and partial directed coherence). When tested
on simulated MVAR data, their conclusion was that Granger causality
outperformed the two other measures, consistent with our finding.
Additionally, both [84] and this study found Granger causality out-
performed all other measures from the directed coherence family.

Papana et al. [76] assessed the performance of the six directed
causality measures: conditional Granger causality, partial Granger
causality, partial directed coherence, partial transfer entropy, partial
symbolic transfer entropy and partial mutual information on mixed
embedding. All these measures were included in our studies except
partial mutual information, as its execution time is prohibitively large.
The datasets used were four linear MVAR models, including one with
latent and exogenous inputs, and three nonlinear models (including one
nearly identical to the Hénon map system studied here). They found
that conditional Granger causality, partial Granger causality and partial
directed coherence performed better than other measures for the linear
systems, with partial Granger causality best when latent and exogenous
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Table 2
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TPR, TNR, FPR and FNR for all measures and all systems, and an overall measure of performance. Optimum rates are coloured green, fading
to white at performance equal to chance, strengthening to red as performance approaches all decisions incorrect.

measure TPR TNR FPR

overall S1 |S2A |S2B |S3n [S3 [S1 |[S2A |S2B |S3n |S3 |S1 |[S2A [S2B (S3n |S3 |S1 |S2A [S2B [S3n [S3
55 TE (80 |100 |83 50 |96 |58 |53 [100 (75 |4 42 (47 [0 25 |20 |O 17 50
71 PGC |100 |100 [100 50 |58 (92 [97 |100 |75 |42 |8 3 25 |0 0 0 50
70 CGC (100 [100 |100 50 |54 (92 |94 [100 (75 |46 |8 6 0 25 |0 0 0 50
8 FCGC (100 |50 |100 50 |23 (56 (31 |50 |25 |77 (44 [69 |50 |75 |O 50 |0 50
77 QGC 100 |100 [100 100 |73 |75 |72 [100 (75 |27 |25 |28 |O 25 |0 0 0 0
75 MVGC (100 |100 {100 100 (65 (86 |86 [100 |50 |35 [14 (14 50 |0 0 0 0
32 SMVGC [100 |0 50 0 73 |97 |97 |100 [75 (27 (3 3 25 |0 100 (50 100
34 PDC (50 |100 |100 50 |8 75 |69 |50 (100 [92 (25 |31 |50 50 |0 0 50
57 DC |50 |100 |100 100 (15 (86 |86 |67 |100 |85 (14 (14 (33 50 |0 0
8 EDC (60 |100 |100 100 |39 |8 6 0 75 |62 (92 (94 [100 |25 |40 |O 0
17 I EPDC |60 |100 |100 50 |35 |3 3 0 25 |65 (97 (97 |[100 |75 |40 |O 0 50
47 DTF (60 |100 |100 100 (12 (67 |58 |67 |100 |89 (33 (42 (33 |0 40 |0 0 0
43 GPDC |50 |100 100 50 92 |94 |50 (100 (92 (8 6 50 |0 50 |0 0 50
20 DPLV 100 |100 |100 100 53 |39 |50 |0 100 (47 |61 |50 |100 |O 0 0 0
-9 | KL |70 |0 67 100 (39 (94 |42 |0 0 62 |6 58 [100 (100 |30 |100 |33 0
35 PTE [100 |50 |83 0 81 |64 [53 [100 (75 |19 |36 |47 |0 25 50 |17 100
29 DPMI  |100 |50 |83 100 |31 |64 |53 (100 (O 69 |36 |47 |0 100 |0 50 |17 0

inputs were present. The non-directional measure partial mutual in-
formation on mixed embedding outperformed all others for the non-
linear systems. Similarly, our studies showed that copula Granger
causality, multivariate Granger causality, partial Granger causality and
conditional Granger causality performed best overall for MVAR sys-
tems, whereas transfer entropy should be preferred for nonlinear sys-
tems. Consistent with [76], Granger causality measures perform best for
linear models, and an information theoretic measure performs best for
nonlinear models.

Guo et al. [32] introduced partial Granger causality and tested
partial Granger causality and conditional Granger causality with data
from an MVAR model with exogenous and latent inputs. Their results
demonstrated that partial Granger causality can reliably detect effective
connections between signals in the presence of exogenous inputs,
whereas conditional Granger causality frequently fails. In contrast, our
results show little difference between partial Granger causality and
conditional Granger causality, though the largest difference does occur
with System 2B, which is an MVAR model with exogenous inputs.

Papana et al. [85] compared two effective connectivity measures,
the nonlinear measure partial transfer entropy and the linear measure
partial directed coherence, on one linear MVAR model and two non-
linear models (again, one being a similar Hénon map model). Their
results showed that for the linear model, partial transfer entropy and
partial directed coherence performed equally well, whereas for the
nonlinear models partial transfer entropy performed better than partial
directed coherence. A similar study [7] compared six connectivity
measures: three functional connectivity measures (cross correlation,
coherence and phase synchronisation index) and three directional
measures (transfer entropy, directed transfer function and partial di-
rected coherence). They used simulated data generated from an MVAR
model with two exogenous inputs (similar to the system 2B studied in
this theses). They concluded that directed transfer function and partial
directed coherence performed better than other measures. With one
exception, these results are consistent with our findings, and consistent
with the view that the best linear measures outperform the best non-
linear measures on linear data, but the best nonlinear measures out-
perform the best linear measures on data drawn from nonlinear models.
The exception here is that [7] found that linear and nonlinear measures
performed equally on linear data. This may be due to their use of a
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small three-node MVAR model with strong coupling, making the task of
identifying connections relatively easy. Faes et al. [45] introduced two
extended causality measures of directed coherence and partial directed
coherence, namely extended directed coherence and extended partial
directed coherence. They claim that traditional directed coherence and
partial directed coherence may produce misleading connectivity pat-
terns when there are instantaneous links between signals. Their results
show better performance using the extended measures. Our results for
System 1 are consistent: where there are instantaneous links between
signals, the extended measures outperform the original measures.
However, we found that for all other systems, where there are no in-
stantaneous links, the extended measures performance is worse than
the original measures. Faes et al. [38] also note that EDC and EPDC rely
on additional assumptions, either prior knowledge of the directionality
of connections or regarding the non-Gaussianity of innovations to the
model. Exploratory studies in EEG may not be able to rely on either of
these assumptions. Given no other studies on the extended measures,
we do not recommend their use unless the studied system is known to
have instantaneous links.

Smit et al. [86] compared two effective connectivity measures,
transfer entropy and directed transfer function, in high density resting
state EEG data in eyes open and eyes close. They found that the dif-
ferences between the eyes closed and eyes open condition identified by
transfer entropy better matched the expectations from the literature
than the differences found by DTF. Our results also found that transfer
entropy outperformed DTF, and particularly when the data were not
drawn from an MVAR model.

C Yang in Ref. [87] compared 11 effective connectivity measure
from three different group of measures from the Granger causality,
transfer entropy and directed coherence families. They tested measures
on simulated data generated from linear and nonlinear MVAR models, a
physiology-based model, and real signals. All their considered measures
are included in this study, but the models are different Their results
show that conditional Granger causality, partial directed coherence and
partial transfer entropy (called conditional transfer entropy in Ref.
[87]1) performed best in their respective families. No comparison was
made across families. Consistent with their results, our results also show
that conditional Granger causality performed best in its family. How-
ever, our results only showed partial transfer entropy as best in family
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for S1 (data not drawn from an MVAR model), and partial directed
coherence was never best in family.

In summary, we considered 17 of the best-known connectivity
measures and studied their performance for different sets of simulated
time series (S1: non-linear coupled Hénon maps, S2a and S2b: MVAR
model, and S3: simulated EEG). Table 2 shows the TPR, TNR, FPR and
FNR for all measures and all systems, and an overall measure of per-
formance. Optimum rates are coloured green, fading to white at per-
formance equal to chance, strengthening to red as performance ap-
proaches all decisions incorrect. Copula Granger causality, multivariate
Granger causality, partial Granger causality and conditional Granger
causality performed best overall, with good performance in almost
every situation. Partial Granger causality was therefore the best of the
“partial” measures (partial Granger causality, partial directed co-
herence, partial transfer entropy), consistent with the findings in Ref.
[76].

Partial transfer entropy and transfer entropy performed very well
when the data were not generated from an MVAR system but did not
give as good results when the data were drawn from an MVAR model.
Directed coherence and directed transfer function performed poorly on
system 1, where the data are not drawn from an MVAR system and do
not have energy concentrated in a specific frequency range. For system
2, when the data are MVAR, and system 3, where the data are focussed
in a specific frequency band, they performed well. The worst perfor-
mance was obtained by extended directed coherence and extended
partial directed coherence, where almost all pairs of signals are deemed
to have a connection. The addition of exogenous EEG inputs did not
have any significant effect on the TPR of any connectivity measure
except TE, whose performance degraded. However, several measures
showed decreases in TNR, indicating that the presence of exogenous
inputs results in an increase in the identification of false connections.

Our results suggest that there is not one measure that is consistently
superior to all other measures, and that performance is critically de-
pendent on the genesis of the data under analysis.

Overall, the measure with the best performance in a variety of si-
tuations and a low computational cost is conditional Granger causality.
Partial Granger causality and multivariate Granger causality can also be
used as reliable measures, but their computational cost rises rapidly
with the number of channels. Similarly, copula Granger causality can
also be used reliably, but its computational cost rises rapidly with the
number of data. This may not be an issue if the data under analysis is
epoched to handle non-stationarity.

We note again that all measures have parameters that need to be set,
such as model order or number of bins etc. Improvements in selecting
values for these parameters could have a substantial effect on com-
parisons of measures. Another area of possible improvement is in the
generation of simulated data that more reliably reproduces EEG. The
difficulty is in the validation of such models of EEG.

For EEG data, where the genesis of the data is unknowable, we re-
commend that using more than one measure is wise. Including a
measure from each family, such as copula Granger causality or condi-
tional Granger causality from the Granger causality family, along with
transfer entropy as an information theoretic measure, and directed
coherence from the coherence family, would be an appropriate choice.
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