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A B S T R A C T

Parallel Magnetic Resonance (MR) imaging is a well-established acceleration technique based on the spatial
sensitivities of array receivers. Eigenvector-based SPIRiT (ESPIRiT) is a new parallel MR imaging reconstruction
method that combines the advantages of the SENSE and GRAPPA methods. It estimates multiple sets of the
sensitivity maps from the calibration matrix that is constructed from the auto-calibration data. To improve the
quality of the reconstructed image, we introduced the Total Variation (TV) and ℓp pseudo-norm Joint TV (ℓpJTV)
regularization terms to the ESPIRiT model for parallel MR imaging reconstruction, which were solved by using
the Operator Splitting (OS) method. The resulting denoising problems with the TV and ℓpJTV regularization
terms were solved by exploiting the Majorization Minimization method. Simulation experiments on two in vivo
data sets demonstrated that the proposed OS algorithm with the TV regularization term (OSTV) and OS algo-
rithm with the ℓpJTV regularization term (OSℓpJTV) outperformed the conventional method with the ℓ1 reg-
ularization term in terms of SNR and NRMSE. And the OSℓpJTV algorithm was slightly superior to the OSTV
algorithm with the TV regularization term.

1. Introduction

Magnetic Resonance (MR) imaging is a non-invasive and non-io-
nizing imaging tool that provides good contrast between different soft
tissues of the body compared to most other imaging methods. However,
the speed of collecting the k-space data in MR imaging is fundamentally
limited due to physical and physiological constraints [1]. Parallel MR
imaging is a well-known acceleration technique that takes advantage of
the spatial sensitivity of multiple array receivers to reduce the acqui-
sition times of MR imaging. Over the past twenty years, many re-
construction algorithms for parallel MR imaging have been proposed.
These reconstruction algorithms are divided into two major categories:
algorithms using the coil sensitivity information explicitly such as
SENSE [2,3], and algorithms utilizing the sensitivity information im-
plicitly, which exploit the learned correlation between multiple chan-
nels in neighboring points in k-space, such as GRAPPA [4] and SPIRIT
[5-7].

When the sensitivities are exact, SENSE allows optimal reconstruc-
tion. However, the sensitivities information with high accuracy is often
very difficult to measure in practical applications [6]. On the other
hand, algorithms based on learned correlations is ineffective for high
acceleration factors, but are much more robust to errors [8]. To

combine the advantages of the SENSE and GRAPPA approaches, the
ESPIRiT model is proposed in Refs. [8-10] for parallel imaging re-
construction. In the ESPIRiT model, the sensitivity maps of the receive
coils are estimated in the image domain as the main eigenvector of a
related reconstruction operator, which is computed from the null space
of a calibration matrix constructed from the auto-calibration data,
whose null space encodes correlations between channels and neigh-
boring points in k-space. In case of aliasing due to motion corruption,
chemical shift, ghosting or a small Field of View (FOV), multiple sets of
the sensitivity maps are necessary in reconstruction [10]. The ESPIRiT
model is used to achieve high acceleration needed for 3D volumetric
MR imaging [11,12]. In Ref. [13], the ESPIRiT model and virtual
conjugate coils are used to estimating absolute-phase maps. In Refs.
[10,8], the ℓ1 regularization term based on the wavelet transform is
used to promote the sparsity of the image components to be re-
constructed. However, its reconstructed image exhibits slight artifacts.

To improve the quality of the image reconstructed by the ESPIRiT
model, this paper proposes an Operator Splitting (OS) based method
[14] for solving the ESPIRiT Parallel MR Imaging Reconstruction with
the Total Variation (TV) regularization term [15,16]. The corre-
sponding denoising problem with the TV regularization term can be
solved efficiently by using the Alternating Direction Method of
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Multipliers (ADMM) [17] or split Bregman methods [18,16]. We also
propose an OS based method for solving the ESPIRiT Parallel MR
Imaging Reconstruction with the ℓp pseudo-norm Joint TV (ℓpJTV)
regularization term [19,20]. The resulting denoising problem with the
ℓpJTV regularization term can be solved by using the Majorization
Minimization (MM) method [21-23].

The remainder of this paper is structured as follows. In Section 2, we
briefly review the ESPIRiT model. Then, we present our proposed al-
gorithm for solving the ESPIRiT Parallel MR Imaging Reconstruction
problem with the ℓpJTV regularization term in Section 3. Simulated
experimental results and analysis are provided in Section 4. Finally,
Section 5 concludes this paper.

2. Overview of ESPIRiT

In the ESPIRiT model [8], the sensitivity information sr at each
spatial domain point r of the image can usually be obtained by solving
the following problem:

=s sr r r (1)

where sr is an eigenvector corresponding to r ’s eigenvalue “=1”. The
definition of r is:

=r
1 (2)

where = ×I F FC n m
NC NC is a matrix of 2D Fourier trans-

forms for vectorized multi-coil images, Fm and Fn are Fourier transform
matrices of m points and n points, respectively. The symbol “⊗” re-
presents the “Kronecker product”. The IC is the identity matrix of C× C.

is a reconstruction operator, defined as follows:
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where Rr represents the operation of choosing a block of the k-space
around the positions indexed by r. V∥ is the row space spans of the
calibration matrix A, which is constructed by sliding a window
throughout the auto-calibration Signal (ACS) lines [8].

In the ESPIRiT model, the calibration matrix A has the null space
vector, that is to say, k-space blocks are related, and the missing data
can be reconstructed by the correlation between them [8]. The singular
value decomposition (SVD) of the calibration matrix A is:

=A U VH (4)

The columns of the Vmatrix in the SVD are a basis for the rows of A,
and therefore basis for all the overlapping blocks in the calibration
data. V can be separated into V⊥ which spans the null space of A and V∥
which spans its row space.

In some cases, errors in the acquisition lead to the appearance of
multiple eigenvectors to eigenvalue “=1” or additional eigenvalues
smaller than one, indicating signal components which cannot be ex-
plained in terms of the strict SENSE model. Therefore, the following
model is proposed to obtain multiple sets of sensitivity information [8]:

=
=

r s r s r( ) ( ) ( )r
j

J

j j j
H

1 (5)

where J denotes the number of sets of sensitivity information, and all
λj(r) are often close to one. sj(r) is the ‘j’th set of sensitivity information
with spatial position r. Rearranging all the positions' sj(r) to obtain a
diagonal matrix Scj ∈ℂN×N, a reconstruction model based on ESPIRiT is
available:

=
=

y PF S xc
j

J

cj j
1 (6)

where F= Fn ⊗ Fm ∈ℂN×N. P ∈ℝM×N is the undersampling matrix
(M<N, N=m× n), whose rows are composed of the rows of the
N×N identity matrix, which is equivalent to selecting the data of the
corresponding position on the k-space. yc ∈ℂM is the subsampled data of
the ‘c’th coil. xj ∈ℂN is the ‘j’th component of the image to be re-
constructed. Eq. (6) can be solved by the least squares method.

Uecker et al. used the regularization technique to transform Eq. (6)
into the following optimization problem [10,8]:
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where Ψ is the wavelet transform.

3. The proposed algorithm

3.1. Problem formulation

For convenience of expression, we represent the ESPIRiT re-
construction model in a more compact form:

=y x (8)

where = ×I PC
MC NC, = …y y y( , , )T

C
T T MC

1 , =x
…x x( , , )T

J
T T NJ

1 . The matrix consists of all Scj:
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In order to improve the quality of reconstruction, the TV regular-
ization term [15,16] is introduced, and the optimization problem is
expressed as:

= +
=

x y x xarg min 1
2x j

J

j2
2

1
TV

(10)

where = = =x Dx Dx( )j j r
N

j rTV 1 1 , D=(Dh;Dv) ∈ℝ2N×N, Dh and Dv

are first-order finite difference transforms in row and column direc-
tions, respectively. Dh= Dn ⊗ Im ∈ℝN×N, Dv= In ⊗ Dm ∈ℝN×N. Dm is a
circulant matrix of m×m and has the following structure:
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m
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Considering the Joint TV (JTV) regularization term [19,20] of the J
image components, and using the ℓp pseudo-norm (0< p<1) [21-23]
instead of the ℓ1 norm, we can get the following optimization problem:

= +x y x xarg min 1
2x

p
p

2
2

(12)

where =x x(||( ) ||)p
p

r r
p, = ×I DJ

NJ NJ2 , IJ is the identity
matrix of J× J. ×x( )r

J2 1 denotes a column vector composed of all
points in which the spatial position r of x is extracted, i.e.,
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1 1 .
We specify the sparsity penalty as

= =x x x(( ) ) ( ( ) )p
p

r r r r
p, and = =g g g( ) ( ) ( )p.

And then, the problem (12) can be rewritten as:

= +x y x xarg min 1
2

(( ) )
x r

r2
2

(13)

J. Duan et al. Magnetic Resonance Imaging 58 (2019) 108–115

109



3.2. The Operator Splitting method

Introducing the Operator Splitting (OS) technique [14], the problem
(13) can be converted to:

=z x
L

x y1 ( ) ( )T
(14)

= +x x z xarg min 1
2

(( ) )
x r

r2
2

(15)

where L is a Lipschitz constant of the gradient of y x1
2 2

2, and
λ= α/L.

The subproblem (15) is a denoising problem with the ℓpJTV reg-
ularization term, which can be solved by using the Majorization Mini-
mization method (MMℓpJTV, detailed in the following section). When
p=1 and J=1, the denoising problem (15) can be reduced to a de-
noising problem with the TV regularization term.

And then, we get an algorithm for solving the ESPIRiT parallel MR

imaging reconstruction problem with the ℓpJTV regularization term.
The whole process is presented in Algorithm 1, which is named as
OSℓpJTV. In Algorithm 1, Steps 7 and 8 are the acceleration steps
borrowed from the FISTA [24,25].

By using the OS technique, the problem (10) can be converted to:
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L
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(16)
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The subproblem (17) can be converted to:

= + = …x x z x j Jarg min 1
2

, 1, ,j
x

j j j2
2

TV
j (18)

The denoising subproblem (18) can also be solved by using the
MMℓpJTV (p=1 and J=1), then we get an OS based algorithm with
the TV regularization term (OSTV) for the problem (10).

Fig. 1. The reference images from fully sampled data sets, (a) data1, (b) data2, and (c) Poisson-disc undersampling mask with 6× acceleration and 24×24 ACS
lines.

Fig. 2. For data1, (a) reconstructed images using a single set of sensitivity maps, (b) reconstructed images using two sets of sensitivity maps (R=6, both using the TV
regularization term, and all solved by using the OS method)
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Algorithm 1. Operator Splitting method for solving the ESPIRiT parallel MR imaging
Reconstruction problem with the ℓpJTV regularization term (OSℓpJTV).

Algorithm 2. Majorization Minimization method for the denoising problem with the ℓpJTV
regularization term (MMℓpJTV).

3.3. Majorization Minimization method for the denoising problem with the
ℓpJTV regularization term

We now derive an MM algorithm to solve the subproblem (15). We
will consider the additive half-quadratic majorization [21-23] of the
potential function , specified by:

= +t s t s( ) arg min
2

( )
x

2
2

(19)

where s ∈ℂ2J×1 and t ∈ℂ2J×1 are auxiliary vector variables. By defi-
nition, ψ(s) is a matrix function that is dependent on t( ). Ref. [23]
deduces the solution of Eq. (19) as:

=s t tmax 1 ( ) , 0
p 2

(20)

Then, the subproblem (15) can be rewritten as:

= + +x u x z u x u( , ) arg min 1
2 2

( )
x u r

r
,

2
2

2
2

(21)

where u ∈ℂ2NJ×1 is an auxiliary vector variable. The solution of the
problem (21) involves the minimization with respect to both x and u. By
using an alternating minimization algorithm, we alternatively minimize
Eq. (21) with respect to each of the variables, assuming the other to be
fixed, i.e.,
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= +x x z x uarg min 1
2 2x
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(22)

= +u u x uarg min
2

( )
u r
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(23)

Because the variables in the subproblem (22) are independent for
different components of x, each component variable can be solved

separately:

= +x x z x uarg min 1
2 2j

x
j j j j2

2
2
2

j (24)

= +D D D D D DT
v
T

v h
T

h is a block circulant matrix under periodic
boundary condition and can be diagonalized by the two-dimensional
discrete Fourier transform F. Therefore, the subproblem (24) can be
easily computed by:

Fig. 3. For data2, (a) reconstructed images using a single set of sensitivity maps, (b) reconstructed images using two sets of sensitivity maps (R=6, both using the TV
regularization term, and all solved by using the OS method)

Fig. 4. Reconstructed parallel MR images for the data1 from the Poisson-disc undersampling with 6× acceleration and 24×24 ACS lines. (a), (b), and (c) are the
reconstructed images by the OSL1, OSTV, and OSℓpJTV, respectively. (d), (e), and (f) are their corresponding error maps, respectively.

J. Duan et al. Magnetic Resonance Imaging 58 (2019) 108–115

112



=
+

+
x F

F z D u
FD DF I
( )

j
j

T
j

T
1

1 (25)

The subproblem (23) can be rewritten as:

= +u u x uarg min
2

( ) ( )r
u

r r r2
2

r (26)

According to Eq. (20), we can obtain the solution of the subproblem
(26):

=u x x( ) max 1 ( ( ) ) , 0r r
r

p 2

(27)

Since the subproblems (22) and (23) can be efficiently solved, we
get a new algorithm for solving the denoising problem (15). The whole
process is presented in Algorithm 2, which is named as the Majorization
Minimization method for solving the denoising problem with the ℓpJTV
regularization term (MMℓpJTV). As analyzed above, the proposed
MMℓpJTV exploits the fast Fourier transformation and componentwise
operations to improve the efficiency.

4. Experimental results

4.1. Experimental setup

In the following experiments, we mainly compared the following
three algorithms for solving the ESPIRiT model with two set of

sensitivity maps, such as: the OS algorithm with the L1 regularization
term (OSL1) for the problem (7) [8], the OS algorithm with the TV
regularization term (OSTV) for the problem (10), and the OS algorithm
with the ℓpJTV regularization term (OSℓpJTV) for the problem (12). We
implemented all the compared algorithms in Matlab (MathWorks, Na-
tick, MA).

To test the performance of all the compared the algorithms, we used
two sets of fully sampled in vivo human brain data acquired by using an
eight-channel head coil for multiple subjects, namely the data1 [6], and
the data2 using a reduced Field of View (FOV) [8], which was smaller
than the head of the subject, as shown in Fig. 1 (a), and (b). In order to
generate testing data set, the fully sampled data sets are artificially
down-sampled using the Cartesian Poisson-disc undersampling mask
with R × acceleration (excluding ACS lines) such as in Fig. 1 (c) for
reconstruction. In the following experiments, a calibration region of
size 24×24 and an ESPIRiT kernel size of 6× 6 were used for all the
compared algorithms.

All of our experiments were carried out on a laptop with an Intel
Core i5-3230M @ 2.6 GHz processor, 8 GB memory and Windows 10
operating system (64 bit). The regularization parameters of the com-
pared algorithms were hand-tuned for SNR-optimal. In the following
experiments, the Signal Noise Ratio (SNR) and Normalized Root Mean
Squared Error (NRMSE) [6] were used to quantitatively evaluate the
quality of reconstructed images, which are respectively defined as:

=SNR Var
MSE

10 log10 (28)

Fig. 5. Reconstructed parallel MR images for the data2 from the Poisson-disc undersampling with 6× acceleration and 24×24 ACS lines. (a), (b), and (c) are the
reconstructed images by the OSL1, OSTV, and OSℓpJTV, respectively. (d), (e), and (f) are their corresponding error maps, respectively.
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=NRMSE x x
x x

||^ ||
max( ) min( )

2

(29)

whereMSE represents the mean square error between the reconstructed
image x̂ and the reference image x calculated by using square root of
sum of squares method from the fully sampled data set, and Var re-
presents the variance of the reference image.

4.2. Comparison of algorithm performances of different sensitivity maps

First, we compare the algorithms using different sets of sensitivity
maps. As shown in Fig. 2 (a), the image reconstructed by using only
single set of maps exhibits very serious artifacts, so that the details of
the image cannot be seen clearly. As shown in Fig. 2 (b), the quality of
the image reconstructed by two sets of maps is greatly improved, and
the image is relatively clear. This is because the single set of sensitivity
map cannot correctly model the data, which leads to the loss of signal.
while multiple sets of sensitivity maps can correctly model the data, so
the reconstructed image's quality is relatively better. For the FOV
smaller than the head of the subject, the advantage of using two sets of
maps is more obvious, as shown in Fig. 3. Since the reconstruction
quality using two sets of maps is better than using only one set of maps,
we used two sets of maps for reconstruction in the following experi-
ments.

4.3. Visual comparison

We visually compare the images reconstructed by the compared
algorithms under the two data sets with an acceleration factor of 6, as
shown in Figs. 4 and 5. Fig. 4 demonstrates the reconstructed images of
the compared algorithms OSL1, OSTV, and OSℓpJTV for the data1, and
their corresponding error maps. As shown in Fig. 4, the reconstructed
image of the OSL1 has obvious blur artifacts. The quality of the image
reconstructed by the OSTV is significantly better than that of the image
reconstructed by the OSL1, and the OSℓpJTV further reduces the re-
construction error.

Fig. 5 demonstrates the reconstructed images of the compared al-
gorithms OSL1, OSTV, and OSℓpJTV for the data2, and their corre-
sponding error maps. As shown in Fig. 5, we can make a conclusion
consistent with Fig. 4. In summary, the OSℓpJTV algorithm with the
ℓpJTV regularization term always achieves best performance in terms of
the reconstruction quality among the compared algorithms.

4.4. Performance comparison of compared algorithms with different
acceleration factors

We also quantitatively evaluate the quality of the images re-
constructed by the compared algorithms from the Cartesian under-
sampling at different acceleration factors of 3–12 for the data1, and the
data2, respectively. Table 1 and Table 2 tabulate SNRs and NRMSEs of
the reconstruction results with respect to the acceleration factors, and

the SNR Improvements (ISNR) of the OSℓpJTV over the other competing
algorithms. The higher the SNR value is, the better the reconstruction
quality of the algorithm is. While the lower the NRMSE value is, the
better the reconstruction quality of the algorithm is. As shown in
Tables 1 and 2, we can see that the OSTV algorithm can achieve higher
SNR than the OSL1 algorithm, and the OSℓpJTV algorithm outperforms
the OSTV algorithm in terms of SNR and NRMSE. In detail, for the
data1, the OSTV algorithm has average SNR improvements of 1.45 dB
over the OSL1 algorithm, and the OSℓpJTV algorithm provides average
SNR improvements of 2 dB and 0.55 dB over the OSL1 algorithm and
the OSTV algorithm, respectively. For the data2, the OSTV algorithm
has average SNR improvements of 1.14 dB over the OSL1 algorithm,
and the OSℓpJTV algorithm provides average SNR improvements of
1.67 dB and 0.53 dB over the OSL1 algorithm and the OSTV algorithm,
respectively. The observation about the performance of the compared
algorithms is consistent with that in Section 4.3. Besides, we also can
see that the reconstructed SNR by the OSℓpJTV at an acceleration factor
of 6 is comparable to that by the conventional OSL1 algorithm at an
acceleration factor of 4. That is to say, we can accelerate MR imaging by
using the proposed algorithms.

5. Conclusion

To improve the quality of the reconstructed image, we introduced
the TV and ℓpJTV regularization terms to the ESPIRiT model for Parallel
MR Imaging Reconstruction, which was solved by using the OS method.
The resulting denoising problem with the ℓpJTV regularization term can
be solved by using the Majorization Minimization method. Simulation
experiments on two in vivo data sets demonstrate that the proposed
algorithms OSTV and OSℓpJTV outperform the conventional method
with the ℓ1 regularization term in terms of SNR and NRMSE. And the
OSℓpJTV algorithm is slightly superior to the OSTV algorithm.
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