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As a low-to-moderate intensity rehabilitation exercise after hip and knee surgery, we propose a
dynamical model of the legs motion through the water medium in freestyle and backstroke swimming.
We formulate a general Kirchhoff-Lagrangian dynamics model of the legs-propulsion through the water
in post-surgical rehabilitation swimming.
We start by defining the two-leg-propulsion configuration manifold. This is composed of eight

Euclidean groups of rigid motions in 3D space for each of the four leg segments. Next, we define
Newton-Euler dynamics for each segment. This single segmental dynamics is further generalized into
Lagrangian dynamics for the whole leg-propulsion system. Finally, the water effects are added in the form
of Kirchhoff’s vector cross-products.
In agreement with orthopaedic recommendations for post-surgical rehabilitation, numerical simula-

tion is performed on a simplified version of the full Kirchhoff-Lagrangian dynamics model, which we call
the ‘‘robotic swimming leg” – with intentionally reduced number of (microscopic, non-sagittal) degrees-
of-freedom.
The purpose of this development is both qualitative, for medical and physiotherapist practitioners to

study, and quantitative, for biomechanics experts to analyze and further develop.
� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

Biomechanical modeling is becoming more and more important
for the successful outcome of the hip-replacement and/or knee-
reconstruction surgery (Assassi and Magnenat-Thalmann, 2014;
O’Connor et al., 1999; Ardestani et al., 2019; Gojkovic and
Ivancevic, 2016; Gojkovic et al., 2017; Ivancevic et al., 2019), as
well as for new material and implant research and innovation
(see Yahia, 2015; Gojkovic, 2015).

Patient-reported outcomes confirm that joint replacement is an
effective treatment for disabling hip and/or knee joint diseases
(Rolfson et al., 2016). Recent survey of the health-related quality
of life after a large number of joint replacements (Konopka et al.,
2018) shows that primary hip and knee replacement surgery
mostly result in increased patient quality of life, which is some-
what lower (but still positive) in cases of the secondary (revision)
surgery, with large variations in individual patients.

The ultimate objective of the knee and/or hip replacement/
reconstruction surgery, followed by appropriate rehabilitation
exercises to maintain the necessary strength and coordination of
both extensor and flexor muscles, is to provide the injured knee
and/or hip with the normal function (see Yahia, 1997; Duval and
St-Onge, 1997; Sjolander and Johansson, 1997; St-Onge et al.,
2004; Gallo et al., 2012 and the references therein).

In case of the hip joint rehabilitation, the particular emphasis
must be given to the iliopsoas muscle, since its passive and/or
active insufficiency inevitably causes pathological anomalies of
both static and dynamic nature (see Michele, 1962; Ivancevic
et al., 2017).

In recent years, bicycle riding (or, more generally, cyclic, full-
leg, bipedal) rehabilitation exercises after hip and knee surgery
have been proposed in Gojkovic and Ivancevic (2016), Gojkovic
et al. (2017).

Alternatively, the aquatic therapy in the rehabilitation of leg
injuries has been used for several decades (see Prins and Cutner,
1999 and the references therein). When performed in the full-
size swimming pool, all swimming techniques can be used, pro-
vided they are performed in a fully controlled fashion.

The complexity of the full-body swimming dynamics is too high
for rigorous modeling, due to different arm motions (see, e.g.
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Gourgoulis et al., 2008) including many degrees-of-freedom (DOFs)
with fine muscular coordination (Vaz et al., 2016) in four different
ways, with longer or shorter underwater swimming (Veiga et al.,
2016), as well as inevitably involved fluid dynamics (see Zaidi
et al., 2008; Takagi et al., 2016 and the references therein). Much
simpler problem is to model swimming propulsion by legs only,
even if fluid dynamics is properly included.

In the present paper, as a recommended rehabilitation exercise
after hip and knee surgery, we model legs motion/propulsion in
freestyle and backstroke swimming, using the Kirchhoff-
Lagrangian equations of motion through water medium.
2. The model

Swimming propulsion, in all four techniques, involves the fol-
lowing leg segments:

1. Upper leg (thigh, supported by Femur),
2. Lower leg (shank, supported by Tibia and Fibula),
3. Proximal foot (foot, supported by Tarsals and Metatarsals), and
4. Distal foot (toes, supported by Phalanges)

– all influenced by viscoelastic properties of the leg fascia (see
Yahia et al., 1992, 1993).

These leg segments are connected by human joints which are
much more flexible that robot joints (see Ivancevic and Ivancevic,
2008 and the references therein). This fact is even more prominent
in elite swimmers: besides hinge-like macroscopic rotations, all leg
joints of swimmers also include microscopic translations in all
three Cartesian directions. Based on this fact, we propose a general
Kirchhoff-Lagrangian dynamics model in which the above leg seg-
ments are mechanically represented as flexibly-coupled Ivancevic,
2009 Newtonian rigid bodies moving through water in 3D space
(see Ivancevic and Ivancevic, 2006; Ivancevic and Ivancevic,
2006). Formally, each leg segment represents a 6-parameter Eucli-
dean Lie group SEð3Þ of rigid motions in 3D space R3, defined as a
Cartesian product1 of the 3D rotation group SOð3Þ and 3D translation
group R3 : SEð3Þ :¼ SOð3Þ � R3 (see Ivancevic and Ivancevic, 2012
and the references therein).

Geometrically, as each leg has four SEð3Þ-segments: {thigh,
shank, foot, toes}, we are dealing with the 48-dimensional Rieman-
nian configuration manifold (Ivancevic and Ivancevic, 2006;
Ivancevic, 2010b):

M48
swim ¼ M24

left �M24
right with two connected components (left leg

M24
left and right leg M24

right) working together to propel the body
through the water. This legs-swimming configuration manifold is
formally defined as:
On the configuration manifold M48
swim we will develop the general

Kirchhoff-Lagrangian dynamics in the following subsections.
1 More rigorously, instead of the commutative Cartesian product, we should use
the noncommutative product; however, this would lead to noncommutative geom-
etry and algebra, which is a non-necessary complication in the current context.
2.1. Newton-Euler dynamics of a single leg segment

For each leg segment (thigh, shank, foot, or toes), the vector
Newton-Euler SEð3Þ-dynamics are given in standard Cartesian
(x; y; z)-coordinates as:

_p :¼ Mseg _v ¼ Fseg þ p�x; ð1Þ
_p :¼ Iseg _x ¼ Tseg þ p�xþ p� v ;

where overdot denotes time derivative, while the leg segments’
inertial distribution is given by the following diagonal mass and
inertia matrices:

Mseg ¼ diagfmx;my;mzg and Iseg ¼ diagfIx; Iy; Izg;
where the principal moments of inertia I are defined by volume
integrals:

Ix ¼
Z
R3
qðz2 þ y2Þdxdydz; Iy ¼

Z
R3
qðx2 þ y2Þdxdydz;

Iz ¼
Z
R3
qðx2 þ y2Þdxdydz;

which depend on each leg segment’s average 3D density function
q ¼ qðx; y; zÞ.

Each leg segments’ linear and angular velocity vector fields are
given respectively by:

v ¼ _x ¼ ½vx;vy; vz�T ¼ ½ _x; _y; _z�T ;
x ¼ _u ¼ ½xx;xy;xz�T ¼ ½ _ux; _uy; _uz�T ;

where x :¼ ½x; y; z�T are Cartesian coordinates of the leg segments’

center-of mass (CoM) and u ¼ ½ux;uy;uz�T ¼ ½uroll;upitch;uyaw�T
are its Euler angles (roll, pitch and yaw). The co-vector fields,
including muscular, gravitational and other external forces and tor-
ques acting on the leg segment are:

Fseg ¼ ½Fx; Fy; Fz� and Tseg ¼ ½Tx; Ty; Tz�;
while the corresponding linear and angular momentum co-vector
fields are:

p ¼ Msegv ¼ ½px; py;pz� ¼ ½mxvx;myvy;mzv z�; ðsuch that Fseg ¼ _pÞ
p ¼ Isegx ¼ ½px;py;pz� ¼ ½Ixxx; Iyxy; Izxz�; ðsuch that Tseg ¼ _pÞ:

For the legs-propulsion in swimming, the most important thing is
that the muscular (driving) parts of forces and torques are periodic
with optimal amplitudes and frequencies.

2.2. Lagrangian dynamics for the whole leg motion

Next, we need to generalize the above single-segment Newton-
Euler dynamics to the four-segment equations of motion for the
whole leg in swimming. For simplicity of the vector-matrix
notation, we use the same symbols as above, but from now on they
refer to the four-segment leg, including:

M ¼ Mleg ¼ Mthigh þMshank þMfoot þMtoes;

I ¼ Ileg ¼ Ithigh þ Ishank þ Ifoot þ Itoes;
F ¼ F leg ¼ Fthigh þ Fshank þ F foot þ F toes;

T ¼ T leg ¼ T thigh þ Tshank þ T foot þ T toes:
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Lagrangian dynamics can be formulated in the following way
(see, e.g. Ivancevic, 2010a and the references therein). The
whole-leg generalization of Eqs. (1) can be derived from the fol-
lowing Lagrangian (kinetic) energy function:

Lðv ;xÞ ¼ EkinðvÞ þ EkinðxÞ ¼ 1
2
vTMv þ 1

2
xT Ix; ð2Þ

including both translational kinetic energy: EkinðvÞ ¼ 1
2v

TMv and
rotational kinetic energy: EkinðxÞ ¼ 1

2x
T Ix.

As usual (using the index notation for partial derivatives:
Lz ¼ @L

@z), we start by deriving the dissipation-free and force-free,
conservative Lagrangian equations of both translational and rota-
tional motion of all leg segments:

_Lv ¼ Lx and _Lx ¼ Lu: ð3Þ
Next, we extend the conservative Lagrangian dynamics (3) by

including the ever-present friction forces and torques (derived
from the Rayleigh dissipative function), as well as both internal-
muscular and external forces and torques, including gradient
forces Ev i and torques Exi derived from the leg potential energy
Epotðx;uÞ ¼ EpotðxÞ þ EpotðuÞ. In such a way, we obtain the dissipa-
tive and forced Lagrangian dynamics for the leg translations and
rotations during swimming propulsion:

_Lv þ Rv ¼ Lx þ F and _Lx þ Rx ¼ Lu þ T ; ð4Þ
where Rv and Rx are gradients of the translational and rotational
Rayleigh dissipative functions, Rðx;vÞ and Rðu;xÞ, respectively. Pro-
vided the muscular (driving) parts of forces F and torques T are
periodic with optimal amplitudes and frequencies, Eqs. (4) would
represent a proper leg-propulsion dynamics in the absence of a
water environment.

2.3. Kirchhoff–Lagrangian dynamics model for the whole leg
propulsion through water in swimming

As the swimmer’s legs are immersed in water, Eqs. (4) need to
be further extended by adding several mixed rotational-
translational cross-products to represent water influences (coming
from fluid dynamics). In this way, we obtain the following Kirch-
hoff–Lagrangian equations (see, e.g. Lamb, 1932; Leonard, 1997, or
the original work of Kirchhoff in German):

_Lv þ Rv ¼ Lx þ F þ Lv �x; ð5Þ
_Lx þ Rx ¼ Lu þ T þ Lx �xþ Lv � v ;

with forces and torques now split into muscular parts and external
parts:

F ¼ Fmusc þ Fextern and T ¼ Tmusc þ Textern; ð6Þ
such that the muscular parts are periodic:

Fmusc ¼ Atr cosð/trt � strÞ and
Tmusc ¼ Arot cosð/rott � srotÞ; ð7Þ
with amplitudes (Atr, Arot), frequencies (/tr, /rot) and time-delays
(str, srot) optimized for the particular swimming technique.

Finally, for computational purposes (so that for-loops upon all
leg segments can be used) as well as for the clarification of the seg-
mental labeling, we convert the vector Kirchhoff–Lagrangian Eqs.
(5) into the follow index form:

_Lv i þ Rv i ¼ Lxi þ Fi þ ejikLv jxk; ði; j; k ¼ 1; . . . ;4Þ ð8Þ
_Lxi þ Rxi ¼ Lui þ Ti þ ejikLxjxk þ ejikLv jvk; ð9Þ

where ejik is the Levi-Civita permutation symbol and Einstein’s
summation convention over repeated indices is used. The tensor
Kirchhoff–Lagrangian Eqs. 8,9 represent our general dynamics
model for the following leg segments in swimming propulsion:

i; j; k ¼ 1: Upper leg, actuated mainly by Iliopsoas (hip flexor)
and Gluteus Maximus (hip extensor);
i; j; k ¼ 2: Lower leg, actuated mainly by Quadriceps Femoris
(knee extensor) and Hamstrings (knee flexor);
i; j; k ¼ 3: Proximal foot, actuated mainly by proximal tendons
of Soleus (plantar flexor) and Tibialis Anterior (dorsal flexor),
i; j; k ¼ 4: Distal foot, actuated by distal tendons of Soleus (pha-
langeal flexor) and Tibialis Anterior (phalangeal extensor).

Tensor Eqs. 8,9 represent our final model for the leg-propulsion
dynamics in general swimming (all four techniques), provided the
muscular parts (6) of the forces F ¼ Fi and torques T ¼ Ti (for
i ¼ 1; . . . ;4) are periodic with optimal amplitudes and frequencies
(7) for each particular swimming technique.
3. Simulations: ‘‘Robotic Leg motion in freestyle and backstroke
swimming

In agreement with standard orthopaedic recommendations
for post-surgical rehabilitation, the legs motion must be
restricted to the sagittal plane only. By applying this restriction
we obtain the so-called ‘‘robotic leg” – with intentionally elim-
inated microscopic degrees-of-freedom. Numerical simulation is
performed on this simplified version of the general tensor
Kirchhoff–Lagrangian Eqs. 8,9. For this simplified simulation,
we apply the usual assumption that the above leg segments
are interconnected with hinge-type joints (only) with fixed
constrained amplitudes, thus restricting the whole leg motion
to the sagittal plane.

The following simplifications are made for the simulated
‘‘robotic swimming leg”:

� Translational Eq. (8) is completely neglected, so only Eq. (9) is
used for the simulation;

� The group of rotations SOð3Þ in each joint is reduced to a single
circle S1, so that the three Euler angles (roll, pitch and yaw) in
all four joints are replaced by single hinge-joint angles:
ui ¼ ðu1;u2;u3;u4Þ ¼ ðuhip;uknee;uankle;utoesÞ, with the
muscular torques acting in them: Ti ¼ ðT1; T2; T3; T4Þ ¼
ðThip; Tknee; Tankle; TtoesÞ;

� Both fluid-coupling terms (ejikLxjxk; ejikLv jvk) are neglected.
� All anthropometric measures (i.e., segment lengths, masses and
inertia moments are normalized to 1.)

� The result of this simplification is the ‘‘robotic swimming leg,”
resembling a four-segment planar manipulator (see
Vukobratovic and Potkonjak, 1982).

The following four equations of motion (with primes denoting
time derivatives) are derived from this highly simplified Kirch-
hoff–Lagrangian dynamics model and numerically simulated using
the standard Runge-Kutta 4 integrator (see Fig. 1):

Hip uhip;Thip

� �
-equation 3 sinðu1ðtÞ �u2ðtÞÞððu2Þ0ðtÞÞ

2þ
2 sinðu1ðtÞ � u3ðtÞÞððu3Þ0ðtÞÞ

2 þ sinðu1ðtÞ � u4ðtÞÞððu4Þ0ðtÞÞ
2þ

4cosðu1ðtÞÞþ4ðu1Þ00ðtÞþ3cosðu1ðtÞ�u2ðtÞÞðu2Þ00ðtÞþ2cosðu1ðtÞ�
u3ðtÞÞðu3Þ00ðtÞþcosðu1ðtÞ�u4ðtÞÞðu4Þ00ðtÞ¼T1ðtÞ,

Knee uknee;Tknee
� �

-equation2 sinðu2ðtÞ �u3ðtÞÞððu3Þ0ðtÞÞ
2þ

sinðu2ðtÞ � u4ðtÞÞððu4Þ0ðtÞÞ
2 þ 3 cosðu2ðtÞÞ þ 3 cosðu1ðtÞ � u2ðtÞÞ

ðu1Þ00ðtÞþ 3ðu2Þ00ðtÞ þ 2 cosðu2ðtÞ � u3ðtÞÞðu3Þ00ðtÞ þ cosðu2ðtÞ�
u4ðtÞÞðu4Þ00ðtÞ ¼ 3 sinðu1ðtÞ � u2ðtÞÞððu1Þ0ðtÞÞ

2 þ T2ðtÞ,



Fig. 1. A simplified (30 s) simulation of a robotic swimming leg. All anthropometric quantities of leg-segments (lengths, masses and inertia moments) are normalized to 1.
Harmonic driving torques are given amplitudes of 0.1 Nm � 0.5 (random), constant frequencies of and time delays of 0.1 s between the ith and i + 1st segments, to create the
wavy propulsion. Joint angles are measured from the horizontal. The simulation shows coherent oscillations in all four joints similar to those induced by additive white noise
(Burkett et al., 2001), which can serve as a natural synergetic model of musculoskeletal multistability (Assassi and Magnenat-Thalmann, 2014) in the leg-propulsion system.
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Ankle uankle;Tankle
� �

-equation2 sinðu1ðtÞ �u3ðtÞÞððu1Þ0ðtÞÞ
2þ

2 sinðu2ðtÞ � u3ðtÞÞððu2Þ0ðtÞÞ
2 ¼ sinðu3ðtÞ � u4ðtÞÞððu4Þ0ðtÞÞ

2þ
2ðcosðu3ðtÞÞ þ cosðu1ðtÞ � u3ðtÞÞðu1Þ00ðtÞ þ cosðu2ðtÞ � u3ðtÞÞ
ðu2Þ00ðtÞþ ðu3Þ00ðtÞÞ þ cosðu3ðtÞ � u4ðtÞÞðu4Þ00ðtÞ þ T3ðtÞ,

Toes utoes;T toes
� �

-equationcosðu4ðtÞÞ þ cosðu1ðtÞ� u4ðtÞÞðu1Þ00
ðtÞ þ cosðu2ðtÞ � u4ðtÞÞðu2Þ00ðtÞ þ cosðu3ðtÞ � u4ðtÞÞðu3Þ00ðtÞþ
ðu4Þ00ðtÞ ¼ sinðu1ðtÞ � u4ðtÞÞððu1Þ0ðtÞÞ

2 þ sinðu2ðtÞ � u4ðtÞÞððu2Þ0

ðtÞÞ2þ sinðu3ðtÞ � u4ðtÞÞððu3Þ0ðtÞÞ
2 þ T4ðtÞ.
4. Discussion and conclusion

We have developed a dynamical model of the legs motion
through the water medium in freestyle and backstroke swimming,
proposed as a low-to-moderate intensity rehabilitation exercise
after hip and knee surgery. However, both the proposed model
and the associated rehabilitation exercise can be also applied to
swimming rehabilitation of patients with amputations. For a
review of biomechanical models in the study of lower limb ampu-
tee kinematics, see (Kent and Franklyn-Miller, 2011) and the refer-
ences therein. Biomechanical studies of amputations can be
anatomically classified to: (i) prosthetic knee joint, like
(Andrysek and Chau, 2007), where the energy transfer mechanisms
of a swing phase controlled knee joint were evaluated, and
(Burkett et al., 2001), where the trans-femoral prosthetic align-
ment was optimized for running, by lowering the knee joint, and
(ii) foot/ankle prosthetics, like (Long et al., 2010), where sources
of variability in multi-center assessment of segmental foot kine-
matics were analyzed, and (Burkett et al., 2001), where trans-
femoral prosthetic alignment for running was optimized by lower-
ing the knee joint.

On the validation side, the simulated joint angles and muscular
torques presented in Fig. 1 are similar to the average flexion/exten-
sion joint angles and total torques of the leg joints over the gait
cycle in the lower extremity exoskeleton presented in Dollar and
Herr (2007) (Fig. 3) and to some extent to the speed-matchedmean
patterns of sagittal plane hip, knee and ankle joint angles over the
gait cycle presented in Su et al. (2008) (Figs. 1–3).

Finally, while the ‘‘robotic swimming leg” is recommended both
as a rehabilitation exercise and as a proof of the general concept,
we emphasize that the full biomechanical simulation of a human
swimming leg would implement the full tensor Kirchhoff–Lagran-
gian equations (8)–(9).
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