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A B S T R A C T

Compressed sensing (CS) has shown to be a successful technique for image recovery. Designing an effective
regularization term reflecting the image sparse prior information plays a critical role in this field. Dictionary
learning (DL) strategy alleviates the drawback of fixed bases. But the structure information of the image is easy
to be blurred in complex regions due to the absence of sparsity in dictionary learning. This paper proposes a
novel joint dictionary learning and Shape-Adaptive DCT (SADCT) thresholding method. We first propose to
exploit sparsity of image in shape-adaptive regions, which is beneficial to medical images of complex textures. In
this framework, the local sparsity depicts the smoothness redundancies exploited by dictionary learning.
Moreover, the sparsity is enhanced especially in detail areas by the newly introduced SADCT thresholding. The
attenuated SADCT coefficients are used to reconstruct a local estimation of the signal within the adaptive-shape
support. Image is represented sparser in SADCT transform domain and the details of the image information can
be kept with a much larger probability. Based on split Bregman iterations, an efficient alternating minimization
algorithm is developed to solve the proposed CS medical image recovery problem. The results of various ex-
periments on MR images consistently demonstrate that the proposed algorithm efficiently recovers MR images
and shows advantages over the current leading CS reconstruction approaches.

1. Introduction

Compressed sensing (CS) [1,2] reconstructs the signal perfectly
through the non-linear reconstruction algorithm by using the sparse
characteristics of the signal. As one of the most important applications,
reconstructing image from incomplete measurements has always been a
topic of great interest due to its significance in various applications. For
example, it is well- known that MRI scans can cause physical damage to
the patient, and the application of CS means that we can use much less
radiation than traditional methods of data collection [3,4]. Since ex-
ploiting the prior knowledge of the original signal plays a substantial
role in CS theory, it is necessary to utilize some constraints or prior
knowledge to make up for the missing information. Various efforts have
been made to look for an effective sparse constraint or realistic model.
With such a sparse constraint or realistic model, CS reconstruction is
formulated as a constrained optimization problem, which can be solved
by various methods, such as iterative shrinkage/thresholding (IST)
methods [5–7] and Bregman iterative algorithms [8,9].

Finding an optimal sparse representation of image is an active re-
search area in compressed sensing MRI (CSMRI), since a sparser re-
presentation usually leads to lower reconstruction error [10,11]. There

are many prespecified sparsifying dictionaries (basis or frame), e.g.,
Fourier transform, discrete cosine transform, wavelets, ridgelets [12],
curvelets [13], contourlets [14] and shearlets. In spite of being simple
and fast computation, the analytically designed dictionaries usually
capture only one type of image features and lack adaptivity to the
image local structures. Due to above shortcomings, reconstruction
qualities of those dictionaries are not satisfactory. Adaptive dictionary
learning [10,15–17] with the capability of better matching the contents
of the images can sparsify image better since they are learnt for the
particular image instances or class of images. The K-SVD [18] is a ty-
pical dictionary learning method which has been applied in CSMRI for a
single image [10,19–21] and has significantly improved the re-
constructed image quality than those using prespecified dictionaries
[22,23]. However, the structure information of the image is easy to be
blurred based on the dictionary learning method of overlapping square
patches. Especially with the presence of singularities or edges, ringing
artifacts arising from the Gibbs phenomenon become visible because of
the lack of sparsity.

In the last decade, some research works have been made towards
the development of shape-adaptive transforms. The core is to construct
a framework that can be used for the analysis of arbitrarily shaped
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image segments, where the data show some unified forms. An attractive
approach, named Shape-Adaptive DCT (SADCT), is proposed by Sikora
et al. [24,25]. SADCT is computed by cascaded application of one-di-
mensional varying-length DCT transforms first on the columns and then
on the rows that constitute the considered region. Actually, the use of a
transform with a shape-adaptive support involves two independent
problems: shape-adaptive transform and image-adaptive shape. In this
paper, SADCT transform is used to solve the first problem and the
Anisotropic Local Polynomial Approximation (LPA) -Intersection of
Confidence Intervals (ICI) [26–28] is used to solve the second problem.
SADCT has received considerable interest from the MPEG community,
eventually becoming part of the MPEG-4 standard [29,30]. Further-
more, because of the better decorrelation and energy compaction
properties, SADCT has shown to provide an effective method for image
denoising [31]. Although SADCT features a remarkable potential for
video compression applications and gets the initial realization for image
denoising, this potential has been apparently ignored in the image re-
covery community.

In this paper, we integrate the dictionary learning (DL) and SADCT
technique into a unified framework to reconstruct MR image from
highly undersampled data. The dictionary trained by K-SVD char-
acterizes the local sparsity that depicts the smoothness redundancies.
Meanwhile, LPA-ICI finds the adaptive-shape region in the image patch,
and then SADCT is performed in the found region to further exploit and
enhance image sparsity. The proposed method has two benefits. First,
because of the better decorrelation and energy compaction properties in
the adaptive support set, which is shown in some unified forms. In this
way, the sparsity of complex regions is enhanced by the newly in-
troduced SADCT. As a new regularization term, SADCT can alleviate the
blurred structure information of the image resulting from the dictionary
learning method of overlapping square patches. Second, the proposed
CS image recovery problem is formulated in the form of minimization
functional under regularization-based framework. Based on split
Bregman iterations, an efficient alternating minimization algorithm is
developed to solve the above underdetermined inverse problem, which
can achieve a fast and stable solution. By combining dictionary learning
and SADCT, the data are represented sparser than dictionary learning
itself. Due to the lack of sparsity in singularities or edges, the original
ringing artifacts arising from the Gibbs phenomenon caused by dic-
tionary learning can be alleviated.

The rest of this paper is organized as follows. Section 2 reviews the
previous work in CSMRI (compressed sensing MRI) and states dic-
tionary learning and Shape-Adaptive DCT. The proposed model jointing
dictionary learning and Shape-Adaptive DCT thresholding method for
image recovery, which applies the split Bregman iterations method, is
detailed in Section 3. Section 4 demonstrates the performance of the
proposed algorithm on various experiments under a variety of sampling
schemes and undersampling ratios. Conclusions and future work are
presented in Section 5.

2. Background

In this section, we review the previous classical work in CSMRI
(compressed sensing MRI) and state dictionary learning and SADCT.
The P-pixel 2D image to be reconstructed is denoted by x∈ℂP, and
f∈ℂm represents the undersampled Fourier measurements. x and f are
related as Fux= f, where Fu∈ℂm×P represents the partially sampled
Fourier encoding matrix.

2.1. CSMRI

CSMRI reconstructs the unknown x from the k-space measurements
f. In a mathematical model, CSMRI solves the linear equations Fux= f
by minimizing the l0 quasi norm of the sparsified image Ψx, where Ψ
represents a global and typically orthonormal sparsifying transform.
The corresponding optimization problem is

=x s t F x fmin ‖Ψ ‖ . .
x

u0 (1)

Eq. (1) means that we should find a sparse code x for the given f
using the matrix Fu, and this problem is NP-hard. It can be solved by
greedy algorithms, such as orthogonal matching pursuit (OMP) [32,33].
The CSMRI reconstruction problem always uses l1 relaxation of the l0
quasi norm, and accounts for the noise in the k-space measurements in
the following objective function [3].

− +F x f λ xmin ‖ ‖ ‖Ψ ‖
x

u 2
2

1 (2)

Because MR images are typically non-stationary, there are not
universal domains in which all parts of the images are sparse. The
predefined sparsifying transforms are not able to efficiently represent a
specific signal and they are lack of the adaptivity to the image local
structures. Recently, in medical image reconstruction field,
Ravishankar et al. [10] present a method named DLMRI, which uses
adaptive dictionary to reconstruct MR image by solving the following
minimization problem

∑ − + − ≤ ∀R x Dα ν F x f s α T lmin ‖ ‖ ‖ ‖ . t. ‖ ‖
x D l

l l u ij
, ,Γ

2
2

2
2

0 0
(3)

where x denotes the reconstructed image, Γ=[α1,α2,⋯αL] denotes the
sparse coefficient matrix of image patches, Rl represents the operator
that extracts the patch from x, D stands for the adaptive dictionary, αl
denotes the redundant sparse representation of Rlx over D, T0 is a
threshold of the sparsity. The regularization parameter ν balances the
tradeoff between the two terms, and it is empirically chosen as ν= θ/σ,
where σ is the standard derivation of the measurement noise and θ is a
positive constant. By learning adaptive transforms from image, DLMRI
has exhibited superior performance compared to those methods using
fixed basis. The popular K-SVD method [18] can solve Eq. (3) effec-
tively. However, DLMRI is a patch-based redundant sparse recovery
method, which indicates that the overall image is reconstructed by
averaging all the overlapped patches. Although it suppresses the arti-
ficial noise, the structure information of the image is also easy to be
blurred with the square patches because of the lack of sparsity in iso-
lated points or edges. To enhance the sparsity in complex regions and
restrain the flaw in dictionary learning, we use the SADCT as a new
regularization term to exploit image sparsity and preserve edges, which
will be presented in Section 3.

2.2. Shape-adaptive DCT (SADCT)

In the last decade, many significant research works have been made
to promote the development of shape-adaptive transforms. In this field,
the main focus point is to construct a model that can be used efficiently
for the analysis of arbitrarily shaped image segments, where the data
always exhibit some uniform behavior. SADCT transform adaptively
finds the unknown smooth and anisotropic region in an image patch,
and then applies DCT transform to the found region. SADCT actually
involves two independent problems: (1) the transform should adapt to
the shape (i.e., a shape-adaptive transform) and (2) the shape itself
must adapt to the image features (i.e., an image-adaptive shape). The
first problem has found a very satisfactory solution in the SADCT
transform. The SADCT transform is a cascaded application of DCT
transform, and it is computed by one-dimensional varying-length DCT
transform first on the columns and then on the rows of the anisotropic
region. The SADCT does not require computation-expensive matrix
inversions or iterative orthogonalizations. It can be interpreted as a
direct generalization of the classical DCT transform. So, SADCT has a
computational complexity comparable to that of the conventional se-
parable block-DCT. Fig. 1 shows the process for realizing SADCT.

In this paper, the anisotropic Local Polynomial Approximation
(LPA) -Intersection of Confidence Intervals (ICI) [26–28] is used to
solve the second problem. LPA is a technique which is applied for
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nonparametric estimation using a polynomial data fitting in a sliding
window. The polynomial order m and the window function ω are cru-
cial to the LPA. The LPA estimations are calculated by convolution
against a kernel g=wϕΦ−1[1 0 ...0]T, where w= diag ω is the di-
agonal matrix composed by the weights ω, ϕ is a vector of m+1
polynomial functions = = … +ϕ n m m0, , , 1n

v
n !

n and Φ= ϕTwϕ is the
Gramian matrix. Starting from a basic window function ω, one can
obtain LPA's different bandwidths/scales by using scaled windows. The
corresponding kernels are denoted as gh in Fig. 2. More details about
LPA can be found in Katkovnik's work [26]. The Intersection of Con-
fidence Intervals (ICI) rule is a criterion used for the adaptive selection
of the size (length/scale) of the LPA window. The purpose of ICI is to
select the most appropriate one among LPA estimations by minimizing
the MSE with respect to the variation of the scale. By comparing
varying-scale directional kernel estimations, LPA-ICI adaptively selects

a set of directional adaptive-scales for each point of the image. The
length of the support (i.e., the window size) of the corresponding
adaptive-scale kernels defines the shape of the transform's support in a
pointwise-adaptive manner. Examples of such neighborhoods are
shown in Fig. 2.

For each neighborhood SADCT is performed, the attenuated SADCT
coefficients are used to reconstruct a local estimation of the signal
within the adaptive-shape support. Due to the estimator is anisotropic
and the shape of its support adapts to the structures existing in the
patch, the support is sparser than the patch itself. By using the adaptive
neighborhoods as support for the SADCT, the data are represented
sparsely. In other words, if we integrate SADCT technique into the CS
framework, the blocking artifacts can be suppressed and complex image
features can also be preserved with larger probability for image re-
construction. The subsequent experiment results will show its

Fig. 1. Illustration of the Shape-Adaptive DCT transform and the corresponding inverse transform. Transformation is computed by cascaded application of one-
dimensional varying-length DCT transforms first on the columns and then on the rows.

Fig. 2. Fast implementation of the LPA-ICI anisotropic neighborhoods. (a) “Linewise” one-dimensional directional LPA kernels are used for 8 directions. The
anisotropic neighborhood Ux

+ is constructed as the polygonal hull of the adaptive-scale kernels' supports (left). Thus, only the adaptive scales h+ are needed to
construct the neighborhood; (b) Sketch map of the anisotropic neighborhoods Ux

+ used for SADCT of the Brain image (right). In our implementation we use
h={1,2,3,5,7,9}.
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effectiveness.

3. Proposed method

In this work, we propose to reconstruct the MR image by jointing
adaptively learned sparsifying basis and Shape-Adaptive DCT thresh-
olding. The split Bregman iteration is employed to solve the proposed
optimization problem efficiently. The proposed method is based on the
observation that the SADCT has an excellent ability to exploit image
sparsity in complex region and preserves edges. Motivated by this fact,
we integrate dictionary learning and SADCT technique into a unified
framework to reconstruct MR image from highly undersampled data.

Yang et al. [23] present RecPF, which uses Hear wavelet basis to
exploit MR image sparsity. At the same time, RecPF enhances sparsity
and preserves edges by TV regularization. Adaptive dictionary learning
can sparsify images better than prespecified basis due to its capability of
better matching the content of the images [10]. SADCT has an excellent
ability to exploit image sparsity in complex region and preserves edges
better [31]. In our method, we achieve local sparsity constraint and the
enhanced sparsity in edges and singularities by integrating dictionary
learning and SADCT. In a mathematical expression, our proposed
method can be expressed as

− + +

= = = −

f F x λ α τ θ

s t x Dα x w w θ

min 1
2

‖ ‖ ‖ ‖ ‖ ‖

. . , , Ω ( )
α D w

μ w

SADCT w

x, , ,
2
2

0 1

1 (4)

where D stands for the dictionary that is learned by KSVD, and α

denotes the patch-based redundant sparse representation for the whole
image over D. θw denotes the coefficients of adaptive-shape support
under SADCT and ΩSADCT−1(θω) denotes the inverse SADCT transform
for θw. λ and τ are regularization parameters which control the trade-off
among three terms in Eq. (4).

In order to solve the minimization problem of Eq. (4), an alternating
SBI algorithm is applied. We finally achieve the following sub-problems

= − + − −

+ − −

+x f F x
μ

x D α b

μ
x w c

argmin 1
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‖ ‖
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2
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= + − −+ + +D α λ α
μ
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2
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= + − −+ +w τ θ
μ

x w cargmin ‖ ‖
2

‖ ‖k

w
w

k k( 1)
1

2 ( 1) ( )
2
2

(7)

= − ++ + + +b b x D αk k k k k( 1) ( ) ( 1) ( 1) ( 1) (8)

= − ++ + +c c x wk k k k( 1) ( ) ( 1) ( 1) (9)

where μ1 and μ2 are fixed value parameters for improving the numerical
stability of the algorithm. By SBI, the minimization for Eq. (4) is
transformed into three sub-problems, namely, x, α, w sub-problems. In
the following, we will provide the implementation details to obtain the
efficient solutions to each separated sub-problem.

Fig. 3. Tested MR images. (a) Full-sampled Brain image; (b) Ortho1; (c) Ortho6.
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Fig. 4. (a) 2D random sampling in k-space; (b) PSNRs of DLMRI and our proposed method versus iterations for the Brain image.
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3.1. x Sub-problem

When given α(k) and w(k), the sub-problem of Eq. (5) consists of
minimizing a strictly convex quadratic function that has an analytic
solution, which satisfies the normal equation

+ + = + + + ++F F μ μ I x μ D α b μ w c F f( ( ) ) ( ) ( )μ
H

μ
k k k k k k

u
H

1 2
( 1)

1
( ) ( ) ( )

2
( ) ( )

(10)

As for MR image compressed sensing recovery, it is expensive to
solve Eq. (10) directly. However, we can apply a simplification by
transforming from image space to Fourier space [10,19]. Let F∈ℂP×P

denote the full Fourier encoding matrix that has been normalized such
that FHF= IP, the superscript H denotes the Hermitian transpose op-
eration. Fx represents the full k-space data. If the Fourier transform is
applied to both sides of the Eq. (10), we can obtain Eq. (11) by using the
convolution theorem for Fourier transform.

Fig. 5. Visual comparison of the Brain image reconstructions using three methods when 33% data are sampled employing 2D random sampling. (a) Reconstructed
images based on RecPF, DLMRI and our proposed method, respectively; (b) The reconstruction error of magnitudes corresponding to the above reconstructions; (c)
Zoomed-in regions corresponding to Fig. 5(a).

Table 1
PSNR(dB) comparisons on test image using different sampling schemes at a
ratio of 33% with RecPF (top), DLMRI (middle), and our proposed method
(bottom). The PSNR values of our proposed method are shown in bold.

Sampling pattern

Test image 2D random 1D Cartesian Pseudo radial

Brain 30.46 29.71 30.27
32.56 30.13 31.15
35.25 32.20 34.11

Ortho1 32.09 30.77 30.63
34.25 32.53 32.46
36.06 33.96 35.34

Ortho6 31.48 30.49 30.78
32.81 31.21 31.87
34.90 32.95 34.66
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Fig. 6. Three different sampling schemes at a ratio of 33%. (a) 2D Random; (b) 1D Cartesian; (c) Pseudo radial.

Fig. 7. Visual comparison of Ortho1 reconstructions using DLMRI and our proposed method when 33% data are sampled with the 1D Cartesian sampling scheme. (a)
Reconstructed images based on DLMRI and our proposed method, respectively; (b) Zoomed-in regions: original image (left), DLMRI (middle), our proposed method
(right).
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The matrix FF F Fμ
H

μ
H is a diagonal matrix consisting of ones and

zeros. The ones are at those diagonal entries that correspond to sampled
locations in k-space. Due to the entry in left bracket in Eq. (11) is a
diagonal matrix, Eq. (5) can be solved easily by the following equation

⎜ ⎟= ⎛
⎝

+ + + +
+ +

⎞
⎠

+ −x F
F μ D α b μ w c F f

F μ μ IF FF F F
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μ

H

H
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H
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H
( 1) 1 1

( ) ( ) ( )
2

( ) ( )

1 2 (12)

3.2. α Sub-problem

After having x(k+1) in hand, the α sub-problem is a sparse re-
presentation for image patches with respect to variable D and α. For
simplicity, the subscript k is omitted in the following discussion.
Viewing r= x− b as some type of the noisy observation of x, the sub-
problem of Eq. (6) becomes

− +r Dα λ
μ

αargmin 1
2

‖ ‖ ‖ ‖
D α,

2
2

1
0

(13)

The strategy to solve Eq. (13) is to alternatively update the dic-
tionary D and coefficient matrix α, which is the same as the method
used in K-SVD and DLMRI algorithms [10,18]. In the dictionary up-
dating step, we conduct K-SVD algorithm to train a learned dictionary
using part of the patches extracted from r. While in the step of sparse
coding, we solve Eq. (13) with a fixed dictionary D by the greedy
matching pursuit (OMP) algorithm.

3.3. w Sub-problem

After having x(k+1) in hand, similar to the process in α sub-problem,
the sub-problem of Eq. (7) can be written as

− +z w τ
μ

θargmin 1
2

‖ ‖ ‖ ‖
w

w2
2

2
1

(14)

where z= x− c. Due to the complicated definition of θw, it is not easy
to solve Eq. (14) directly. We view z as a type of the noisy observation w
and assume all elements of e(e= z−w,e∈ℂP) are i.i.d. (independent
identically distributed) with zero-mean and variance σ2, P equals the
size of the image. Then, according to the law of large numbers, for any
ε > 0, we have

Fig. 8. Visual comparison of Ortho6 reconstructions using DLMRI and our proposed method when 33% data are sampled with the pseudo radial sampling scheme. (a)
Reconstructed images based on DLMRI and our proposed method, respectively; (b) Zoomed-in regions: original image (left), DLMRI (middle), our proposed method
(right).
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⎧
⎨⎩

− − < ⎫
⎬⎭

=
→∞ P

z w σ εlim Pr 1 ‖ ‖
2

1
P

l
2 2
2 (15)

Meanwhile, θe (θe= θz− θw,θe∈ℂKθ) is used to denote the error
vector in SADCT transform domain. Kθ equals the sum of the sizes of all
adaptive-shape regions for the total image patches. In a mathematical
expression, Kθ can be expressed as

∑=
=

K n i( )θ
i

J

1 (16)

where J denotes the number of patches, n(i) denotes the size of adap-
tive-shape regions for the i-th image patch. Due to the orthogonal
property of SADCT transform, we consider all elements of θe are also
i.i.d. with zero-mean and variance σ2, and we can obtain the following
formula

⎧
⎨⎩

− − < ⎫
⎬⎭

=
→∞ K

θ θ σ εlim Pr 1 ‖ ‖
2

1
K θ

z w l
2 2

θ
2

(17)

By Eq. (15) and Eq. (17), we have

− = −
P

z w
K

θ θ1 ‖ ‖ 1 ‖ ‖
θ

z w2
2

2
2

(18)

Incorporating Eq. (18) into Eq. (14) leads to

= − +θ θ θ K τ
μ P

θargmin 1
2

‖ ‖ ‖ ‖w
θ

z w
θ

w2
2

2
1

w (19)

Due to the θw in Eq. (19) is component-wise and has a complicated
definition, each of components can be solved by a component-wise
(soft) shrinkage procedure independently with Kθ. Similar to the work
[36], this shrinkage can be written as

= ⊙ ⎧
⎨⎩

− ⎫
⎬⎭

θ θ θ K τ
u P

sign( ) max | | , 0w z z
θ

2 (20)

where ⊙ denotes the component-wise product, and sign, max and ab-
solute value functions are applied in component-wise fashion. The
closed-form solution of Eq. (14) can be written as

⎜ ⎟= = ⎛
⎝

⊙ ⎧
⎨⎩

− ⎫
⎬⎭

⎞
⎠

− −w θ θ θ K τ
u P

Ω ( ) Ω sign( ) max | | , 0SADCT w SADCT z z
θ1 1

2 (21)

Given the updated x, α, w, we execute Eq. (8) and Eq. (9) to obtain b
and c, and then go to the next iteration.

The whole proposed algorithm can be summarized in Algorithm 2,
and the algorithm is initialized with a zeros-filled Fourier reconstruc-
tion FμHf.

Algorithm 2. The detailed descriptions of the proposed MR image
recovery framework.
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Fig. 9. PSNRs of the DLMRI and our proposed method versus iterations for the
Brain image employing 1D random Cartesian sampling of k-space with different
sampling ratios. The sampling ratios are 25%, 33% and 40% respectively.
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Fig. 10. PSNRs of the DLMRI and our proposed method versus iterations for the
brain image employing 1D random Cartesian sampling with the Gaussian noise
added in k-space.

Table 2
PSNR(dB) comparisons on test image using 2D Random sampling schemes at a
ratio of 33% with different dictionary learning algorithms.

Method Brain Ortho1 Ortho6

KSVD 32.56 34.25 32.81
KSVD+SADCT (proposed) 35.25 36.06 34.90
MOD 31.85 33.16 31.72
MOD+SADCT 34.97 35.88 34.68
BKSVD 32.93 34.75 33.29
BKSVD+SADCT 35.61 36.35 35.31
FDLCP 35.16 36.28 35.04
FDLCP+SADCT 35.79 36.94 35.82
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4. Experimental results

In this section, the performance of the proposed method is tested
using some sampling schemes with different sampling ratios. We use
the peak signal-noise ratio (PSNR) in dB to evaluate our simulation
results. Similar to a lot of previous works on MR image reconstruction
using compressed sensing [3,10,23], 1D random Cartesian sampling, 2D
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Table 3
PSNR(dB) and Time(s) comparisons on test image Brain with different patch
overlap stride.

Overlap stride r=1 r=2 r=3 r=4

PSNR (dB) 35.25 34.96 34.57 33.97
Time (s) 3346.87 1140.85 698.71 359.37
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random sampling, and pseudo radial sampling are adopted for com-
parison in this paper. The images used in the experiments are shown in
Fig. 3. Fig. 3(a) is the T2-weighted brain image, which is acquired from
a healthy volunteer at 3-T Siemens Trio Tim MRI scanners using the T2-
weighted turo spin echo sequence (matrix size= 256×256, TR/
TE=6100/99ms, field of view=220×220 mm2, slice thick-
ness= 3.0mm). In our experiments, we use the real-valued MR image
by taking the absolute value operation to T2-weighted brain image.
Fig. 3(b) and (c) are two images with a size of 256× 256 that are
contained in the algorithm package RecPF_v1.1 [38]. Our proposed
method is compared with the TV+Wavelet based RecPF method and
the patch-based DLMRI method. All implementations are coded in
Matlab (R2012a). Computations are performed with an Intel Core i7
CPU at 3.40 GHz and 16GB memory. The Matlab implementation of
RecPF [23] is available from the author's website [38], and the code of
the DLMRI is available from the website [39]. For the RecPF, we tune
the regularization parameters to give the best performance. The para-
meters for DLMRI method are set as the default values, each patch size
is 6× 6, the patch overlap is 1, a square dictionary (the number of
atoms is 36) is learnt from 7200 randomly selected patches using 10
iterations, sparsity level is set as 5. The parameters for the part of
dictionary learning in our proposed method follow the same setup as
above, with additional choices of kmax= 15, μ1= μ2= 1.25×10−3.
The proposed method also applies patches with the size of 9×9 and
the overlap of 1 for SADCT. Narrow one-dimensional “linewise” di-
rectional LPA kernels {gh,θk}h∈{1,2,3,4,5} are used for K=8 directions.

4.1. Visual and PSNR comparisons

Figs. 4 and 5 show the performance of the RecPF, DLMRI and the
proposed method on the Brain image employing 2D random sampling
of k-space at a ratio of 33% respectively. The Fourier domain sampling
pattern is shown in Fig. 4(a). Fig. 4(b) illustrates the convergence speed
of RecPF, DLMRI and the proposed method. The proposed method can
steadily yield higher PSNR than RecPF and DLMRI after 15 iterations.
The PSNRs of the reconstructions using RecPF, DLMRI and the proposed
method are 30.46 dB, 32.56 dB and 35.25 dB, respectively. From the
recovered images and the corresponding error images, which are shown
in Fig. 5(a) and (b), we can see that our method achieves much better
visual quality than RecPF and DLMRI. It can be observed that the
proposed method recovers not only sharp large-scale edges but also
fine-scale image details. In contrast, RecPF and DLMRI still suffer from
some undesirable artifacts and lost details. Such difference appears
particularly in the zoomed-in regions shown in Fig. 5(c). The high PSNR
performance of our method is attributed to the efficient employment of
the joint dictionary learning and Shape-Adaptive DCT (SADCT)
thresholding. In our proposed framework, the local sparsity that depicts
the local smoothness redundancies is exploited by dictionary learning.
Meanwhile, the sparsity in complex region is enhanced by the newly
introduced Shape-Adaptive DCT modeling.

4.2. Sampling schemes and ratios

Table 1 shows the performance on the Brain image, Ortho1 and
Ortho6 under different sampling schemes at a ratio of 33% using RecPF,
DLMRI and our proposed method. All the sampling schemes (1D Car-
tesian, 2D random and pseudo radial) can be generated with a toolbox
[40]. Fig. 6 shows three different sampling schemes at a ratio of 33%.
From the Table 1, we can see that our proposed method exhibits more
accurate reconstructions with larger PSNR values than the other two
methods for all sampling schemes. Fig. 7 shows the performance on test
image Ortho1 employing 1D Cartesian sampling at a ratio of 33% using
our proposed method and DLMRI. At the same time, Fig. 8 shows the
performance on test image Ortho6 employing pseudo radial sampling at
a ratio of 33%. The recovered images and the corresponding zoomed-in
regions in Fig. 7 and Fig. 8 illustrate that our proposed method

preserves the images structures and textures better than DLMRI and
reproduces images with less errors. Fig. 9 shows the performance of the
DLMRI and our proposed method on the Brain image employing 1D
random Cartesian sampling of k-space with different sampling ratios.
The sampling ratios in our simulation are 25%, 33% and 40%, re-
spectively.

4.3. Performance with noise

To test the performance of our proposed method in the presence of a
reasonable amount of noise, as the DLMRI does, zero-mean complex
white Gaussian noise of standard deviation σ=18.8 is also added in k-
space. Fig. 10 shows the plots of PSNRs versus iteration number for
DLMRI and our proposed method on the brain image with 33% 1D
random Cartesian sampling, respectively. The larger PSNRs mean our
proposed method is more robust to noise than DLMRI.

4.4. Performance with different dictionary learning algorithms

Because KSVD algorithm has fast convergence speed and the prop-
erty of numerical stabilities relatively, we use KSVD for dictionary
learning in our work. However, there are many other alternative dic-
tionary learning algorithms, such as Method of optimal directions
(MOD) [16], Online dictionary learning (ODL) [42], Block KSVD
(BKSVD) [43], Incoherent KSVD (INK-SVD) [44] and Fast dictionary
learning on classified patches (FDLCP) [45]. We use MOD, BKSVD and
FDLCP as comparison algorithms in experiments. MOD uses a l0 norm to
measure signal sparsity, and applies the Least Mean Square Error Al-
gorithm to update the dictionary. BKSVD belongs to structural dic-
tionary learning algorithm, and it assumes that the signal can be re-
presented jointly by a few subspaces. BKSVD attempts to find a
dictionary that can perform block sparse representation of the signal
and the block structure. To enhance the sparsity, FDLCP divides image
into classified patches according to the same geometrical direction and
dictionary is trained within each class. FDLCP combines the advantages
of both reconstruction accuracy and reconstruction computation than
the typical KSVD dictionary learning method.

Table 2 shows the performance on the Brain image, Ortho1 and
Ortho6 under 2D Random sampling schemes at a ratio of 33% based on
using different dictionary learning algorithms. In Table 2, KSVD, MOD,
BKSVD and FDLCP represent reconstruction accuracies of the four
dictionary learning algorithms respectively. KSVD+SADCT,
MOD+SADCT, BKSVD+ SADCT and FDLCP+SADCT represent re-
construction accuracies of the corresponding dictionary learning algo-
rithm and our SADCT method under the SBI framework respectively.
From Table 2, we can see that BKSVD and FDLCP show better re-
construction results than KSVD, because BKSVD and FDLCP make a
development of KSVD from two aspects of dictionary structure and
training sample distribution respectively. At the same time, we can also
find that no matter what dictionary learning algorithm is, SADCT can
always achieve more improvement. For KSVD, MOD, BKSVD and
FDLCP, after adding DCT constraints to them, the reconstructed PSNR
can increase 6.64%, 9.11%, 6.25% and 1.95% on average over the three
test images, respectively. As the reconstruction accuracy of the dic-
tionary learning algorithm is getting higher and higher, SADCT will
slowly increase its rate of improvement. This shows that although
SADCT is complementary to the above-mentioned dictionary learning
algorithms, it has an upper limit of its representation ability as a sparse
representation method.

4.5. Discussion on parameter settings

Compared to DLMRI, one more regularization term ‖θw‖l1 is in-
troduced into our algorithm. Except for some parameters which are
related to dictionary learning, such as the number of dictionary atoms K
and patch size, the patch size used in SADCT and the adaptive scales h
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are also discussed in this section. Each time, we set a varying parameter
while keeping the rest parameters fixed to evaluate the sensitivity of
our method. We also use the Brain image as the reference image, and
the sampling scheme is 1D random Cartesian sampling at a ratio of
33%.

In Fig. 11(a) and (b), we discuss the number of dictionary atoms K
and patch size. From the plots, we can see that along with K increasing,
both the PSNR curves of DLMRI and our method have a rise. The reason
is that the more atoms are learned from K-SVD, the finer those atoms
can describe the image. We can also see that when the patch size is
increased from 16 to 49, the PSNR values of DLMRI have a sharper
decrease than our proposed method because of the weaker ability of
large patch to depict a detail region. Our proposed method exhibits
better robustness by combining with the SADCT, which can describe
fine-scale image details effectively. In addition, we discuss the sparsity
threshold for each patch T0, patch overlap stride r. Fig. 11(c) shows the
performance on the Brain image under 2D Random sampling schemes
at a ratio of 33% using different sparsity thresholds. In Fig. 11(c), we
can see that when the sparsity threshold is increased from 2 to 5, PSNR
becomes larger. However, the PSNR performance degrades con-
tinuously after the sparsity threshold is increased from 5 to 7. The
poorer performance at the low sparsity level such as 2 is due to the loss
of resolution and higher sparse coding residuals occurring. When the
sparsity is greater than 5, some atoms will bring redundant expressions,
and aliasing artifacts will occur thereby degrading performance.

Patch overlap stride r indicates the degree of overlap of image
patches, it not only affects the reconstruction accuracy but also the
reconstruction speed. Table 3 shows the performance on the Brain
image under 2D Random sampling schemes at a ratio of 33% using
different patch overlap strides. In Table3, as the patch overlap stride
increases from 1 to 4, PSNR descends. The patch overlap stride at the
low level such as 1, which means there are more training samples and
more patches that will participate in sparse reconstruction. On one
hand, the richer the sample information, the stronger the expression
ability of the trained dictionary. On the other hand, the higher the
image patch overlaps, the stronger the ability to suppress noise. Based
on the above analysis, we always select low patch overlap stride so that
we can obtain higher reconstruction quality. However, from the
Table 3, we can also see that due to more time will be consumed on
sparse reconstruction, the decrease in patch overlap stride will increase
computation cost.

In Fig. 12 we discuss the patch size used in SADCT and the adaptive
scales h. There is a positive correlation between the patch size used in
SADCT and the adaptive scales h, for example, if the patch size used in
SADCT is 9×9, the adaptive scale h may be {1,2,3,4,5}. And if the
patch size is 11×11, hmay be {1,2,3,4,5,6}. Here, we just discuss the
patch size used in SADCT, which is increased from 5×5 to 13× 13 by
a step of 2. The PSNR curves of our method with respect to different
patch sizes used in SADCT are shown in Fig. 12. We can achieve a
conclusion that the values of PSNR are slightly changed in general,
which is because that different patch sizes have different abilities to
depict detail regions. However, the property of adaptively recognizing
the unknown smooth and anisotropic region in SADCT can slow down
the difference of the abilities. In our simulation, we empirically set the
patch size as 9×9, which plays the best performance relatively.

4.6. Algorithm convergence

Since the objective function of Eq. (4) is non-convex, it is difficult to
give the theoretical proof for global convergence. Here, we only provide
empirical evidence to illustrate the good convergence of the proposed
algorithm. Fig. 13 shows the performance on the three test images
employing 1D Cartesian sampling at a ratio of 33% using our proposed
method. It is observed that with the growth of iteration number, all the
PSNR curves increase monotonically and ultimately become flat and
stable, which exhibiting good convergence property. Note that due to

non-convexity of Eq. (4), it is natural that there are some perturbations
in the curves.

5. Conclusion

In this paper, we proposed a novel method for the compressed
sensing medical image recovery, which joints dictionary learning and
Shape-Adaptive DCT (SADCT) thresholding. The dictionary trained by
K-SVD is used to characterize the local sparsity that depicts the
smoothness redundancies. At the same time, we use LPA-ICI to find the
adaptive-shape region in the image patch. Then, SADCT is performed in
that region to further exploit and enhance image sparsity. We employ
the split Bregman iterations to solve the proposed optimization problem
efficiently. The main contributions of this paper are in three ways. First,
we propose to exploit sparsity of image in shape-adaptive regions,
which is beneficial to medical images that always have a lot of complex
textures. Second, as a new regularization term, SADCT can effectively
alleviate the blurred structure information of the image resulting from
the dictionary learning method of overlapping square patches. Third,
based on split Bregman iterations, an efficient alternating minimization
algorithm is developed to solve the proposed compressed sensing image
recovery problem, which can achieve a fast and stable solution.
Compared with RecPF and DLMRI, the results of numerical experiment
demonstrate the effectiveness of the proposed method in terms of re-
construction accuracy. Many visual experimental examples indicate
that the proposed method can produce sharp large-scale edges and fine-
scale image details. The superior reconstruction performance of the
proposed method means we can exploit sparsity in adaptive neighbor-
hoods rather than square blocks. The proposed framework can also be
extended to other image processing applications, such as denoising,
inpainting and deblurring, etc.
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