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Abstract
Propensity score-based methods have been widely developed to adjust for confounders in 
observational studies to estimate causal treatment effect for binary treatments. We gen-
eralize these causal inference methods to the multi-level treatment case. We review the 
generalized causal inference framework and several propensity score estimation methods. 
We conduct a comprehensive simulation study to evaluate the performance of multinomial 
logistic regression, generalized boosted models, random forest and data adaptive matching 
score for estimating propensity scores based on inverse probability of treatment weight-
ing. From our findings, multinomial logistic regression is susceptible to yielding extreme 
weights while a mis-specified model is assumed, which results in poor performance of the 
inverse probability weighted estimator. On the other hand, machine-learned propensity 
scores tend to have less biased and more stable performance, and the data adaptive match-
ing score tends to perform the best overall. The above-mentioned propensity score based 
methods are applied to the Taobao dataset to evaluate the causal effect of reputation on 
sales.

Keywords  Causal inference · Generalized propensity score · Multinomial logistic 
regression · Generalized boosted model · Random forest · Data adaptive matching score

1  Introduction

When investigating the causal effect of a treatment, one of the most common issues in obser-
vational studies is that the groups of subjects in the study are not randomly assigned. With 
the presence of confounders, which are the variables associated with both the treatment and 
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the outcome, non-random group assignment could result in biased estimates of the treatment 
effect. Propensity score-based methods (Rosenbaum and Rubin 1983) are often used to adjust 
for confounding. In the case of a binary treatment, i.e. treatment versus control, the propensity 
score is defined to be the conditional probability of being assigned to the treatment group 
given the observed covariates. The propensity score acts as a summary statistic that incorpo-
rates the information on all the observed covariates so that instead of balancing each covariate 
individually, causal inference can be made by simply balancing on the propensity score. By 
doing so, the bias due to all observed confounders can be removed (Rosenbaum and Rubin 
1983).

The initial work on propensity scores focused on the case of binary treatment, though there 
is more recent work generalizing the propensity score to treatments with more than two levels. 
This stream of work began with the definition of a generalized propensity score, which is the 
conditional probability of being assigned to a particular treatment group given the observed 
covariates (Imbens 2000). Regression adjustment for propensity scores as well as inverse 
probability of treatment weighting (IPTW) were generalized to the multi-level treatment case 
(Imbens 2000). Then propensity score matching was generalized to the multi-level treatment 
case (Lechner 2001), followed by a generalized version of propensity score subclassification 
(Imai and Dyk 2004). Further work generalized doubly robust estimation using propensity 
scores to the multi-level treatment case (Uysal 2014; Tu et al. 2013). In this paper, we focus on 
IPTW to estimate causal effects.

An important topic to address in this paper is the estimation of the generalized propen-
sity score. A natural extension to the logistic regression model for the case of binary treat-
ment would be the multinomial logistic regression model for multi-level treatments (e.g., 
Spreeuwenberg et  al. (2010) & Feng et  al. (2012)). For treatments or treatment levels that 
are correlated, Imbens (2000) recommended nested logistic models; Lechner (2002) and Imai 
and Dyk (2004) suggested that multinomial probit models can be used. A comparison of the 
above-mentioned methods can be found in (Tchernis et al. 2005). Recently, machine learning 
methods have also been considered for propensity score estimation. These methods include 
classification and regression trees (CART), bagged CART, random forests (RF), and gen-
eralized boosted models (GBM), which were shown to be less biased and have better 95% 
confidence interval coverage than logistic regression for the binary case (Lee et al. 2010). A 
model-averaged approach called data-adaptive matching score (DAMS) that balances propren-
sity score estimates from parametric (logistic regression) and non-parametric (random forest) 
models was also suggested (Zhu et al. 2014). Recently, GBM were generalized to the multi-
level treatment case (McCaffrey et al. 2013). In this article, we generalize RF and DAMS to 
the multi-level treatment case and to evaluate their performance through comprehensive simu-
lation studies.

The rest of the paper is organized as follows. In Sect. 2, we review the causal inference 
framework for multi-level treatments. In Sect. 3, we describe several existing propensity score 
estimation methods in the literature and extend some of them to the multi-level treatments. 
We then discuss the IPTW method for estimating causal treatment effects in Sect. 4. Section 5 
describes a simulation study to evaluate the performance of several propensity score estima-
tion methods for multi-level treatments. A data application to the Taobao dataset is presented 
in Secti. 6. Lastly, we conclude with a discussion in Sect. 7.



108	 Health Services and Outcomes Research Methodology (2019) 19:106–126

1 3

2 � The causal inference framework for multi‑level treatments

Suppose that we have a total of n subjects, indexed i=1,...,n. Let Ai be the observed 
treatment status for the ith subject, so Ai = t if subject i was observed under treat-
ment t ∈ {1,...,M}, where there are a total of M treatments. We denote indicator vari-
ables, indicating membership of a particular treatment group t, as Ai(t) = I(Ai = t) . Let 
Yi denote the observed outcome for subject i. We further define a set of potential out-
comes {Yi(1),… , Yi(M)} where Yi(t) is the hypothetical outcome value if the ith subject 
were assigned to treatment t (Imbens 2000; Imai and Dyk 2004). To be noted, we only 
observe one of the potential outcomes for each subject. Let Xi denote the p × 1 vector of 
p observed pre-treatment covariates for subject i.

We are interested in two types of causal effects: the average treatment effect (ATE) 
and the average treatment effect among the treated (ATT). The ATE of treatment 
t relative to treatment s is the difference of mean outcomes had the entire population 
been observed under t versus had the entire population been observed under s. The 
ATE would be of interest if we were interested in evaluating the overall effect of the 
treatment(s) on the population.

The average treatment effect of treatment s among those treated with t (ATT of t relative 
to s) is the difference in mean outcome among subjects who were treated with t versus the 
mean outcome they would have had if they received s (McCaffrey et al. 2013). The ATT 
would be of interest if the treatment(s) targets a particular group and we were interested in 
the effect of the treatment(s) on that group.

The generalized propensity score is the conditional probability of subject i receiving treat-
ment t given covariates x (Imbens 2000).

For generality going forward, we drop the index in the notation as needed. There are also 
some key assumptions on the generalized propensity score similar to those for the binary 
case, and these assumptions are necessary for valid causal inference.

Assumption 1  The stable unit treatment value assumption states that the distribution of 
potential outcomes for one subject/unit is independent of the treatment assignment of any 
other subject (Imai and Dyk 2004).

This assumption means that a subject’s outcome does not depend on the treatment assign-
ment of any other subject, which is a strong assumption that may not hold if, for example, 
we were investigating treatments for infectious diseases.

ATEts ∶= E[Y(t)] − E[Y(s)]

= �t − �s.

ATTt,ts ∶= E[Y(t)|A = t] − E[Y(s)|A = t]

= �t,t − �t,s.

pi(t|x) ∶= P(Ai = t|Xi = x)

= P(Ai(t) = 1|Xi = x)

(Yi(1),… , Yi(M)) ⟂ Aj for i ≠ j.
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Assumption 2  The weak unconfoundedness assumption states that the treatment assign-
ment indicator does not depend on the potential outcome given the observed covariates 
(Imbens 2000):

This is a weaker version of the Strong Unconfoundedness/Ignorability/No Unmeasured 
Confounders Assumption in the binary case, where the treatment assignment does not 
depend on the potential outcomes given the observed covariates (Rosenbaum and Rubin 
1983). This assumption means that we can model the conditional distribution of the treat-
ment assignment given the covariates without having to condition on the outcome. Fur-
thermore, if this assumption holds, then the treatment assignment is weakly unconfounded 
given the generalized propensity score (Imbens 2000), i.e.

This assumption indicates that instead of conditioning on the covariates X, it is sufficient to 
condition on the generalized propensity score p(t|X).

Assumption 3  The sufficient overlap or positivity assumption states that there is a non-
zero probability of being assigned to each treatment (Rosenbaum and Rubin 1983; McCaf-
frey et al. 2013), i.e.,

This assumption means that for each subject, it is possible that there is at least one com-
parable person in the population in each of the treatment groups. With this assumption we 
can estimate the ATE without relying on extrapolation. However, Assumption 3 is harder 
to satisfy compared to a binary treatment setting, especially as the number of treatment 
gets large and the dimension of X is large. If this assumption does not hold, one can modify 
the study population of interest to ensure sufficient overlap (e.g., Crump et al. (2009)) or 
find a linear combination of X, X′� , which often has a much lower dimension than X, such 
that 0 < p(t|X�𝛽) < 1 (Luo et al. 2017).

Given this framework and a correct generalized propensity score model, we can 
obtain a theoretically unbiased estimate of the average potential outcome for each treat-
ment group by adjusting for the propensity score.

3 � Generalized propensity score estimation

In this paper we will focus on four methods for modeling the generalized propensity score 
p(t|X): multinomial logistic regression (MLR), generalized boosted models (GBM), ran-
dom forests (RF) and data-adaptive matching score (DAMS). A brief review of these meth-
ods can be found in Zhu and Lin (2016). We wish to model the probability of assignment to 
each of the M treatment levels, conditional on the covariates X. The methods of propensity 
score estimation differ slightly when estimating the ATE versus the ATT. This is because 
when estimating the ATE, we need to consider the whole population, whereas when esti-
mating the ATT, we only need to consider the subpopulation consisting of the relevant 
treatment groups.

A(t) ⟂ Y(t)|X.

A(t) ⟂ Y(t)|p(t|X).

0 < p(t|X) < 1 for all t,X.
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3.1 � Generalized propensity scores for ATE estimation

In this subsection we will discuss the methods listed above with a focus on ATE estima-
tion. Multinomial logistic regression (MLR) is an extension of logistic regression to cases 
where the number of classes is larger than two (McFadden 1973) . Instead of assuming 
an underlying binomial distribution for the treatment conditional on the covariates as in 
logistic regression, we now assume an underlying multinomial distribution. We assume the 
generalized propensity score for each treatment level follows:

where �s = (1, �s1,… , �sp) for s = 2,… ,M and p is the number of covariates. Then � ’s are 
estimated by maximizing the likelihood function:

In MLR, it assumes a parametric model for the propensity score and therefore, the con-
sistency of the subsequent causal effect estimator relies on the correct specification of the 
model. However, when the dimension of the covariates is large, it is a challenging task 
and one also needs to consider the possible nonlinear and interaction terms among the 
covariates.

As an alternative to parametric regression, we now consider two machine learning tech-
niques for propensity score estimation: GBM and RF. The GBM algorithm for the binary 
treatment case have been outlined in McCaffrey et al. (2004). GBM is built on an ensemble 
of regression trees and each regression tree iteratively fits the residuals from the previous 
tree to approximate the propensity score function. The number of trees to be generated is 
determined by achieving the maximum balance in covariate distribution among different 
treatment groups. The algorithm automatically includes interaction and nonlinear terms as 
the regression tree allows for multi-level splits. Zhu et  al. (2015) discusses the variable 
selection issue in GBM.

In the multi-level treatment case, since the ATE defines on the entire population, we 
are interested in the probability that each subject is assigned to a particular treatment t 
as opposed to any other treatment (McCaffrey et al. 2013). It is suggested we should fit a 
GBM that balance the covariates between the treatment t group and the entire sample as in 
the binary case (McCaffrey et al. 2013). One can repeat the same procedure for each of the 
M treatments to obtain the generalized propensity scores p̂(t|x) for t = 1,… ,M.

The third method we will consider is random forests, which is a very popular regression/
classification method in machine learning (Breiman 2001). A random forest (RF) is the 
aggregation of a collection of regression or classification trees fitted on bootstrap samples 
of the original dataset with the original sample size. Different from GBM in estimating the 
generalized propensity scores, RF uses a collection of classification trees as opposed to 

p(t�x)MLR =
1

1 +
∑M

s=2
e�

�
s
x
for t = 1,

p(t�x)MLR =
e�

�
t
x

1 +
∑M

s=2
e�

�
s
x
for t = 2,… ,M,

L(�) =

n∏

i=1

M∏

t=1

pi(t|x)Ai(t).
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regression trees. A key feature of RF lies in that each tree in the tree ensemble is built on 
a random subset of the original covariates on a bootstrap sample of the original dataset to 
avoid overfitting. Given a vector of covariates, each tree votes for one class label. Then the 
generalized propensity score for treatment t can be estimated as the fraction of trees that 
classify/predict the given subject into treatment group t out of the entire collection of trees.

In RF, if none of the trees predict a particular treatment level, then the RF estimator of 
the propensity score for that treatment will be zero. This is in violation of the positivity 
assumption and may lead to infinite weight while employing inverse probability weighting 
method to estimate causal effects. A common way to deal with this issue is to trim extreme 
or infinite weights to smaller values. However, such a trimming strategy is somewhat arbi-
trary and according to a simulation study in Lee et  al. (2011), trimming RF propensity 
scores does not significantly reduce bias and standard error of the causal estimates.

Another data-adaptive approach to deal with extreme values without ad-hoc adjustment 
is called the data-adaptive matching score (DAMS), which is a weighted average of the 
propensity score estimates from a parametric model (such as a MLR model) and a nonpara-
metic model (such as a RF model) (Zhu et al. 2014). This DAMS estimator can be denoted 
as

According to Zhu et  al. (2014), the form of � has a Bayesian interpretation. If MLR is 
employed as the parametric model, the combined estimator (1) will never produce a value 
of 0 or 1. By a series of simulation studies performed in Zhu et al. (2014), the authors in 
that paper found that by model averaging, the bias and the variance of the treatment effect 
estimates can always be reduced, compared to LR or RF models alone.

It is obvious that MLR and RF model would produce estimated propensity scores that 
sum to 1 across all treatments. However, for GBM and DAMS, this is not necessarily the 
case. In McCaffrey et al. (2013), the authors argue that it is not a problem as long as the 
weights produced by the estimates can achieve balance between the treatment group of 
interest and the entire sample. In fact, the important tuning parameter, the number of trees 
generated by GBM, is suggested to be selected by achieving the best balance between the 
treatment group of interest and the entire sample.

3.2 � Generalized propensity scores for ATT estimation

Recall that when estimating the ATT, we only need to consider the subpopulation consist-
ing of the relevant treatment groups. For example, if we were interested in the ATT of t rel-
ative to s, we would only use the subpopulation of treatment group t and treatment group s. 
Hence, estimating propensity scores in this case is equivalent to the binary treatment case.

Instead of MLR, we can simply use logistic regression on the subpopulation to model 
p(t|x) by considering treatment t as the treatment and treatment s as the control in the 
binary case. Similarly, the GBM algorithm for the binary treatment case can be used to 
estimate p(t|x). Lastly, the RF algorithm is also similar, except now we only classify the 

(1)p̂(t|x)DAMS = 𝜆p̂(t|x)MLR + (1 − 𝜆)p̂(t|x)RF,

where 𝜆 =
p̂(t|x)MLR

A(t)[1 − p̂(t|x)MLR]
1−A(t)

p̂(t|x)MLR
A(t)[1 − p̂(t|x)MLR]

1−A(t) + p̂(t|x)RFA(t)[1 − p̂(t|x)RF]1−A(t)
.
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subpopulation into treatment group t and treatment group s. Once we obtain the estimates 
from LR and RF, we can calculate the DAMS estimator of the propensity score as in (1).

4 � Treatment effect estimation

There are various propensity score-based methods to estimate an ATE or an ATT includ-
ing matching, stratification, IPTW, regression adjustment, and doubly robust estimation 
(Rosenbaum and Rubin 1983; Rubin 1974). In this paper, we focus on IPTW method.

IPTW works on the principle that observations in any treatment group can be reweighted 
so that the covariate distribution in that treatment group matches those of any other treatment 
group provided that the causal inference assumptions hold. This reweighting procedure makes 
the two groups comparable so that the difference in outcomes between the two groups is not 
attributed to the differences in covariates between the two groups. Specifically, if we use the 
inverse of the probability of being in a particular treatment group t (i.e. the inverse of the pro-
pensity score) as the weight for an observation in treatment group t, then we can balance treat-
ment group t with other treatment groups (Frölich 2004). The weighting is slightly different 
when estimating ATEs versus when estimating ATTs.

When estimating ATEs, we are interested in the population average outcome, so the 
weights need to balance treatment groups of interest with the entire population. Since the pro-
pensity score p(t|x) for estimating ATE is the probability of being assigned to treatment t out 
of all the possible treatments, the propensity score is the inclusion probability of the treatment 
t group. Then each subject i in the treatment t group represents 1

pi(t|x)
 people in the population, 

so the weight for observation i is

Hence, the estimate for the population average outcome for treatment t is the weighted 
average of the outcomes in the treatment group t:

The estimated ATE is then the difference in the estimated population average outcomes:

On the other hand, estimating the ATT of treatment t relative to treatment s focuses on the 
subpopulation of the treatment t group. To estimate the ATT, we need to estimate the aver-
age outcome for treatment t for those actually treated with t as well as the average outcome 
for treatment s for those actually treated with t. To estimate the former, we simply use the 
unweighted average of the outcomes from the sample treatment t group:

wi(t) =
1

p̂i(t|x)
.

𝜇̂t =

∑n

i=1
Ai(t)wi(t)Yi∑n

i=1
Ai(t)wi(t)

.

�ATEts = 𝜇̂t − 𝜇̂s.

𝜇̂t,t =

∑n

i=1
Ai(t)Yi∑n

i=1
Ai(t)

,
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since our sample treatment t group is assumed to be representative of the population treat-
ment t group.

To estimate the latter, we use a weighted average of the outcomes from the sample treat-
ment s group, weighted so that the covariate distribution in the s group matches that of the t 
group. Each subject i in the treatment s group represents 1

pi(s|x)
 people in the population, but 

each similar person in the population has a pi(t|x) probability of being in treatment group t, so 
the weight of observation i in group s if he/she were to be in group t is

Note that since estimating the propensity scores for estimating the ATT is equivalent to the 
binary case, then p̂i(s|x) = 1 − p̂i(t|x) , so the weight in (2) can be rewritten as

Another explanation for this weighting scheme is that subjects in treatment group s with 
covariate values that are much more common in their own treatment group than in treat-
ment group t (i.e. pi(s|x) is very large relative to pi(t|x) so that pi(t|x)

pi(s|x)
 is small) will have 

small weights since they are relatively common in group s but not in group t (McCaffrey 
et al. 2013). On the other hand, subjects with covariate values that are much more common 
in group t than in group s (i.e. pi(s|x) is very small relative to pi(t|x) so that pi(t|x)

pi(s|x)
 is large) 

will have large weights since they represent group t better and there are few of them in 
group s (McCaffrey et al. 2013).

Then, the estimated average outcome for treatment s for those actually treated with t is

The estimate of the ATT of treatment t relative to treatment s is then the difference between 
two average outcomes:

5 � Simulation studies

In our simulation study, we investigate the performance of the various propensity score 
estimation methods described in Sect. 3 along with the IPTW estimator in estimating ATEs 
and ATTs. The propensity score estimation methods are MLR, GBM and RF. In addition, 
we compare the performance of the model-averaged estimator, DAMS, with MLR and RF 
as the parametric and nonparametric components.

(2)wi(t, s) =
p̂i(t|x)
p̂i(s|x)

.

wi(t, s) =
p̂i(t|x)

1 − p̂i(t|x)
.

𝜇̂t,s =

∑n

i=1
Ai(s)wi(t, s)Yi∑n

i=1
Ai(s)wi(t, s)

.

�ATTt,ts = 𝜇̂t,t − 𝜇̂t,s.
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5.1 � Setup

The simulation structure is adapted from the binary treatment case in Lee et al. (2010). For 
each simulated dataset, we have the following variables:

(1)	 Four confounding variables associated with both the treatment assignment and the 
outcome, X1,X2,X3, and X4 . Here, X1 and X3 are binary, while X2 and X4 are continuous.

(2)	 Three covariates associated with the treatment assignment only, X5,X6, and X7 . Here, 
X5 and X6 are binary, and X7 is continuous.

(3)	 Three covariates associated with the outcome only, X8,X9, and X10 . Here, X8 and X9 are 
binary, while X10 is continuous. Let X = (X1,… ,X10) be the vector of all ten covariates.

(4)	 The three-level treatment variable A with levels 0, 1, and 2. The true generalized pro-
pensity scores (probability of assignment into each treatment level) are: 

 where X is the vector of the covariates and f1(X) and f2(X) are functions of X.
(5)	 The continuous outcome variable Y with 

 so we have the following true ATEs: ATE10 = −0.4 , ATE20 = −0.7 , and 
ATE21 = −0.3.

The covariates X1,X2,X3,X4,X7, and X10 are generated through independent normal distri-
butions with mean 0 and standard deviation 1. The rest of the covariates, X5 , X6 , X8 , X9 are 
generated from normal distributions and have a correlation structure as follows:

Then, X1,X3,X5,X6,X8 and X9 are dichtomized at the sample average (1 if the observation 
is greater than the sample average, 0 otherwise).

We consider several scenarios (Lee et  al. 2010) where the treatment assignment is 
related to the covariates with various degrees of non-linearity. The complexity of the rela-
tionships range from a simple scenario such as having additivity and linearity with the 
main effects only in the functions f1(X) and f2(X) (scenario A), to a complicated scenario 
such as having moderate non-additivity and non-linearity with ten two-way interaction 
terms and three quadratic terms in f1(X) and f2(X) (scenario G). The exact forms of f1(X) 
and f2(X) in each scenario are listed below and 1000 datasets were generated under each 
scenario with each dataset containing n = 1000 observations.

P(A = 0|X) = 1

1 + ef1(X) + ef2(X)
,

P(A = 1|X) = ef1(X)

1 + ef1(X) + ef2(X)
,

P(A = 2|X) = ef2(X)

1 + ef1(X) + ef2(X)
,

E[Y|X] = − 3.85 + 0.3X1 − 0.36X2 − 0.73X3 − 0.2X4 + 0.71X8 − 0.19X9 + 0.26X10

− 0.4I(A = 1) − 0.7I(A = 2)

corr(X1,X5) = 0.2, corr(X2,X6) = 0.9, corr(X3,X8) = 0.2, corr(X4,X9) = 0.9.
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Scenario A

f1(X) = 0.8X1 − 0.25X2 + 0.6X3 − 0.4X4 − 0.8X5 − 0.5X6 + 0.7X7

f2(X) = − 0.4X1 − 0.1X2 + 0.45X3 + 0.7X4 + 0.2X5 − 0.9X6 − 0.35X7

Scenario B

f1(X) = 0.8X1 − 0.25X2 + 0.6X3 − 0.4X4 − 0.8X5 − 0.5X6 + 0.7X7 − 0.25X2

2

f2(X) = − 0.4X1 − 0.1X2 + 0.45X3 + 0.7X4 + 0.2X5 − 0.9X6 − 0.35X7 − 0.1X2

2

Scenario C

f1(X) = 0.8X1 − 0.25X2 + 0.6X3 − 0.4X4 − 0.8X5 − 0.5X6 + 0.7X7 − 0.25X2

2
− 0.4X2

4
+ 0.7X2

7

f2(X) = − 0.4X1 − 0.1X2 + 0.45X3 + 0.7X4 + 0.2X5 − 0.9X6 − 0.35X7

− 0.1X2

2
+ 0.7X2

4
− 0.35X2

7

Scenario D

f1(X) =0.8X1 − 0.25X2 + 0.6X3 − 0.4X4 − 0.8X5 − 0.5X6 + 0.7X7

+ 0.4X1 × X3 − 0.175X2 × X4 − 0.2X4 × X5 − 0.4X5 × X6

f2(X) = − 0.4X1 − 0.1X2 + 0.45X3 + 0.7X4 + 0.2X5 − 0.9X6 − 0.35X7

− 0.2X1 × X3 − 0.07X2 × X4 + 0.35X4 × X5 − 0.1X5 × X6

Scenario E

f1(X) = 0.8X1 − 0.25X2 + 0.6X3 − 0.4X4 − 0.8X5 − 0.5X6 + 0.7X7 − 0.25X2

2

+ 0.4X1 × X3 − 0.175X2 × X4 − 0.2X4 × X5 − 0.4X5 × X6

f2(X) = − 0.4X1 − 0.1X2 + 0.45X3 + 0.7X4 + 0.2X5 − 0.9X6 − 0.35X7

− 0.1X2

2
− 0.2X1 × X3 − 0.07X2 × X4 + 0.35X4 × X5 − 0.1X5 × X6

Scenario F

f1(X) = 0.8X1 − 0.25X2 + 0.6X3 − 0.4X4 − 0.8X5 − 0.5X6 + 0.7X7

+ 0.4X1 × X3 + 0.4X1 × X6 − 0.175X2 × X4 + 0.175X2 × X3

+ 0.3X3 × X4 + 0.3X3 × X5 − 0.2X4 × X5 − 0.28X4 × X6 − 0.4X5 × X6

− 0.4X5 × X7

f2(X) = − 0.4X1 − 0.1X2 + 0.45X3 + 0.7X4 + 0.2X5 − 0.9X6 − 0.35X7

− 0.2X1 × X3 − 0.2X1 × X6 − 0.07X2 × X4 − 0.07X2 × X3

+ 0.225X3 × X4 + 0.225X3 × X5 + 0.49X4 × X5 + 0.49X4 × X6

+ 0.1X5 × X6 + 0.1X5 × X7

Scenario G

f1(X) = 0.8X1 − 0.25X2 + 0.6X3 − 0.4X4 − 0.8X5 − 0.5X6 + 0.7X7 − 0.25X2

2

− 0.4X2

4
+ 0.7X2

7
+ 0.4X1 × X3 + 0.4X1 × X6 − 0.175X2 × X4

+ 0.175X2 × X3 + 0.3X3 × X4 + 0.3X3 × X5 − 0.2X4 × X5

− 0.28X4 × X6 − 0.4X5 × X6 − 0.4X5 × X7

f2(X) = − 0.4X1 − 0.1X2 + 0.45X3 + 0.7X4 + 0.2X5 − 0.9X6 − 0.35X7

− 0.1X2

2
+ 0.7X2

4
− 0.35X2

7
− 0.2X1 × X3 − 0.2X1 × X6 − 0.07X2 × X4

− 0.07X2 × X3 + 0.225X3 × X4 + 0.225X3 × X5 + 0.49X4 × X5

+ 0.49X4 × X6 + 0.1X5 × X6 + 0.1X5 × X7
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5.2 � Simulation comparison

We used R version 3.1.2 for the simulation and used the following packages/methods to 
analyze each dataset. MLR propensity scores were fitted using the nnet package (Vena-
bles and Ripley 2002). While we fit the MLR model, we include only main effects with 
all the available covariates ( X1 − X10 ). RF propensity scores were fitted using the ran-
domForest package (Liaw and Wiener 2002) with default setting. That is, we generate 
500 trees ( ntree = 500 ) and at each node, a best split will be selected from 3 randomly 
selected covariates. No trimming will be performed for the estimated propensity scores. 
GBM for propensity score estimation was fitted using the gbm package (Ridgeway 2012) 
with the shrinkage parameter set to 0.01 ( shrinkage = 0.01 ), allowing for two-way inter-
actions ( interaction.depth = 2 ), and to fit a maximum of 3000 trees ( n.trees = 3000 ). The 
optimal number of trees by GBM is found by optimizing the average standardized abso-
lute mean difference (ASAM) (McCaffrey et  al. 2013). The DAMS propensity scores 
were then calculated by the method described in Sect.  3.1 using the MLR propensity 
scores and the RF propensity scores. For reference, we also include an oracle estimator 
which builds on the true MLR model, although the true model is unknown in reality. 
IPTW for estimating ATEs was implemented as described in Section  4.1. Lastly, the 
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Fig. 1   Performance plots of bias for estimating ATEs
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theoretical standard error estimates of the IPTW ATEs for each dataset are calculated 
using the survey package in R.

To evaluate the performance of each of the propensity score estimation methods for 
IPTW estimator, we consider several metrics. First, we consider the bias, which is the dif-
ference between the average of the ATE estimates from the 1000 datasets and the respec-
tive true ATE. i.e.,

where ÂTE =
1

1000

∑1000

j=1
ÂTEj.

We also consider the empirical standard error, which is the sample standard deviation of 
the 1000 ATE estimates. i.e.,

Another measurement of the standard error we consider is the average standard error, 
which is the average of the 1000 theoretical standard errors of a particular ATE. i.e.,

where ŜEj is the theoretical standard error from the jth dataset calculated by the sandwich 
standard error formula using the survey package.

Another metric we consider is the 95% confidence interval coverage. We calculate 95% 
confidence intervals based on theoretical standard error estimates:

The coverage is calculated as the percentage of the 95% confidence intervals that contains 
the true value of the ATE.

Lastly, we consider the root mean squared error (RMSE), which is the average of the 
squared difference between the ATE estimates and the true ATE. i.e.,

Bias = ÂTE − ATE

empirical SE =

√√√√ 1

999

1000∑

j=1

(ÂTEj − ÂTE)2.

averageSE =
1

1000

1000∑

j=1

ŜEj,

95% CIj = (ÂTEj − 1.96 × ŜEj, ÂTEj + 1.96 × ŜEj).

RMSE =

√√√√ 1

1000

1000∑

j=1

(ÂTEj − ATE)2.

Fig. 2   Box plots of MLR weights in each group
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5.3 � Simulation results for estimating ATEs

We present the results from the simulations for each of the seven scenarios. Plots for each 
metric are given for each of the three ATE estimates: ÂTE10, ÂTE20 , and ÂTE21.

Bias Looking at Fig.  1, estimating generalized propensity scores by GBM seems to 
result in the most biased ÂTE10,IPTW in all seven scenarios, and this method seems to con-
sistently overestimate the ATE. On the other hand, MLR and RF seem to result in lower 
bias in ÂTE10,IPTW . The bias of ÂTE10,IPTW seems to be small and similar across different 
propensity score estimation methods.
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Fig. 3   Performance plots of empirical standard error for estimating ATEs

Table 1   Comparison of empirical 
standard error and average 
standard error of ÂTE10,IPTW in 
scenario A

Method Empirical standard error Average 
standard 
error

MLR 0.052 0.078
RF 0.053 0.076
GBM 0.040 0.068
DAMS 0.041 0.071
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The bias of ÂTE20,IPTW and ÂTE21,IPTW seem to be similar for each propensity score 
estimation method across all scenarios. In contrast to ÂTE10,IPTW , GBM now results in con-
sistently negatively biased estimates. In scenarios C and G where there is moderate non-
linearity, MLR seems to result in a higher bias whereas the bias of the other three methods 
remain consistent across the different scenarios. In fact, all methods except for MLR tend 
to under-estimate the ATE. Additionally, DAMS and RF perform very similarly and tend to 
result in low bias.

Note that MLR results in lower bias for ÂTE10,IPTW in scenario G compared to the 
other two ATEs. If we look at the distribution of MLR weights in scenario G for each 
of the treatment groups in a random dataset, there is a subject with an extreme weight of 
around 250 in group 2, whereas the weights in groups 0 and 1 do not exceed 50 (Fig. 2). 
Since extreme weights in IPTW can lead to large bias and variance of the estimated causal 
effects, this is likely the reason for the higher bias in ÂTE20 and ÂTE21 as these two ATEs 
involve treatment group 2.

Since there is considerable non-linearity and non-additivity in scenario G, the simple 
MLR model with linear terms only did not do an adequate job in estimating the propensity 
scores, hence resulting in extreme weights. On the other hand, the machine learning meth-
ods were able to better account for complexity in the propensity score model.
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Empirical standard error From Fig.  3, the empirical SEs for ÂTE10,IPTW are similar 
between all methods and generally are constant across all scenarios. In scenarios C and G 
with non-linearity, RF seems to yield slightly higher empirical SEs.

As was the case for bias, the empirical SE performance patterns for ÂTE20,IPTW and 
ÂTE21,IPTW are very similar. As the complexity of the scenarios increases, MLR yields 
higher empirical SEs compared to the other three methods. GBM and DAMS tend to result 
in similar levels of empirical SE that are lower compared to the other two methods.

95% confidence interval coverage In Fig.  4 we see that the 95% confidence interval 
coverage for ÂTE10,IPTW is consistently above 95% for all four methods. This is because 
the theoretical standard errors were overestimated, so the average SE was higher than 
the empirical SE, as shown in Table 1. The reason is that the sandwich formula does not 
account for the variability in estimating the propensity scores, which leads to a smaller 
number of estimating equations while constructing the variance estimator and therefore 
enlarge the variance. This is theoretically proved by Lunceford and Davidian (2004) and 
widely noted in some other simulation studies, such as Lee et  al. (2010) and Xie et  al. 
(2017).

The 95% confidence interval coverage for ÂTE20,IPTW is similarly high for GBM, 
DAMS, and RF, but for MLR the coverage is very low in scenario G with moderate non-
additivity and non-linearity. This is because MLR yields a much higher bias in scenario G.
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The 95% confidence interval coverage for ÂTE21,IPTW for MLR, DAMS, and RF follow 
the same pattern as for ÂTE20,IPTW . However, for GBM, we see that the 95% confidence 
interval coverage is consistently below 95% due to the relatively large bias in estimating 
ATE21 . Overall, DAMS and RF yield the most consistent 95% confidence interval coverage 
above 95% for all three ATEs.

Root mean squared error Looking at Fig. 5, the RMSE for ÂTE10,IPTW is consistently 
low for all four methods and all seven scenarios. For ÂTE20,IPTW and ÂTE21,IPTW , GBM, 
DAMS, and RF yield similarly low MSEs in all scenarios, but the MSE for MLR is higher 
in scenario G. This is likely related to the high bias of ÂTE20,IPTW and ÂTE21,IPTW in sce-
nario G when using MLR.

Overall, DAMS and RF result in the lowest bias in all scenarios and for each ATE. GBM 
and DAMS result in the lowest empirical SEs. DAMS and RF result in the most consistent 
95% confidence interval coverage above 95%. Lastly, all methods except for MLR perform 
similarly well in terms of having lower and consistent MSEs across all seven scenarios.

Interestingly, the oracle model, which builds on the true propensity score model, does 
not provide the best estimation of the causal estimator in most of the scenarios. Especially, 
the oracle model yields the largest standard errors compared to the rest of the methods in 
almost all the scenarios. The reason is in the oracle model, we only include the covariates 
related to the treatment ( X1–X7 ). We ignore the covariates that are only related to the out-
come ( X8-X10 ), which results in the larger standard error of the oracle model. This phenom-
enon is also noted in Brookhart and Laan (2006) and Zhu et al. (2015).

5.4 � Simulation results for estimating ATEs when sample size is small

The simulation results with a sample size of 200 are displayed in Figures 1–4 in the Elec-
tronic Supplementary Material. The relative performance of different propensity score 
methods are similar to the results with n = 1000 . The small bias shown in Fig. 1 of the 
Electronic Supplementary Material indicates that all four methods generally perform well 
with a small sample size.

5.5 � Simulation results for estimating ATTs

We also examine the performance of IPTW for estimating ATT using different propensity 
score estimation methods. Figures 5, Figure 6 and Figure 7 in the Electronic Supplemen-
tary Material show the bias, standard error and the root mean squared error of the esti-
mated treatment effects, respectively. The sample size is 1000. Again, the nonparametric 
algorithms, RF, DAMS and GBM lead to less biased estimates compared to MLR, when 
the MLR model is misspecified. In addition, MLR and RF leads to larger variance due to 
the fact that they are more likely to produce extreme weights (plots not shown). Overall, 
DAMS and GBM perform the best.

6 � Data application

For an illustration, we apply the proposed methodology to the Taobao dataset collected 
from Taobao.com, China’s largest e-commerce platform. Taobao commands 96.5% of the 
market share of C2C e-commerce in China. Consumers can buy almost everything they 
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need online, often times at prices much lower than what traditional retailers offer. Despite 
its success, Taobao has been criticized for contributing to trade in counterfeit goods. Lack 
of trust has been one of the most formidable barriers to people for engaging in e-com-
merce. Unlike in the offline world, buyers do not have the opportunity to verify the legiti-
macy of the product. Taobao introduced the “Alipay” online payment service in 2004 and 
offers a feedback system to reduce the likelihood of fraud and encourage trust based upon 
reputation.
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Fig. 6   The boxplot of generalized propensity scores estimated by each method

Table 2   Seller’s reputation and 
average sales

Score Grade Reputation Number of sellers Mean sales

<=250 0–5 Low (0) 5587 2.64 × 104

251–10,000 6–10 Medium (1) 3881 1.47 × 105

>= 10, 001 11–20 High (2) 532 4.75 × 105

Table 3   Causal effect estimates of reputation on sales

GPS method MLR RF GBM DAMS

ÂTE10,IPTW (“medium” vs. “low”) 9.56 × 104 3.76 × 104 8.58 × 104 8.68 × 104

ÂTE20,IPTW (“high” vs. “low”) 3.95 × 105 2.90 × 105 3.41 × 105 3.93 × 105

ÂTE21,IPTW (“high” vs. “medium”) 3.00 × 105 2.52 × 105 2.55 × 105 3.06 × 105
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In this analysis, we are interested in examining the causal effect of a seller’s rating (rep-
utation) on sales. The data are at the seller level in the electronic sector aggregated from 
millions of transactions on Taobao.com from June 2011 to December 2011. The dataset 
we get is a simple random sample from the original database with a sample size of ten 
thousand. In this analysis, the outcome variable is sales, which is the gross revenue (unit: 
CN yuan; 1 CN yuan≈ 0.16 US dollar) for each seller from June 2011 to December 2011. 
The treatment we are interested in is reputation: the rating of the seller. There are 13 poten-
tial confounders related to seller’s characteristics: seller’s age, seller’s gender, whether the 
seller provides free return within 7 days of purchase, whether the seller provides fast ship-
ping, whether the seller offers bundle discount, whether the seller offers “second kill” (a 
promotion program), whether the seller participates in Taobao’s ad auction, whether the 
seller has a premium store, whether the seller offers the social referral promotion, whether 
the seller allows payment upon delivery, whether the seller agrees to pay 10 times more if 
the product is found to be fake, whether the seller provides 30 day free repair and whether 
the products provided by the seller are exactly as described on the website.

Regarding the treatment variable, the website adopts a similar reputation rating system 
as on eBay. For each transaction, the buyer can choose to rate the seller by leaving feed-
back. The seller earns +1 point for each positive rating, no points for each neutral rating, 
and -1 point for each negative rating. If the buyer does not submit feedback in 15 days upon 
completion of the transaction, the seller obtains a positive rating. The cumulative rating 
score is then categorized into twenty grades from 0 to 20 (Fan et al. 2016). The variable 
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reputation represents the grade of each seller at the end of December 2011. Our data shows 
that 94.68% of all the sellers have a reputation grade between 0 and 10. Taobao.com divide 
reputation grade into 4 categories and each is characterized by a system of symbols: 0-5 
(hearts), 6-10 (diamonds), 11-15 (crowns), 16-20 (golden crowns). Sellers symbolized by 
hearts and diamonds are usually new online startups and small business sellers. On the 
other hand, sellers symbolized by crowns and golden crowns are usually established sell-
ers and run by companies. Based on this, we redefine the reputation variable as “low (0)” 
with a reputation grade between 0 and 5, “medium (1)” with a reputation grade between 6 
and 10, and “high (2)” with a reputation grade between 11 and 20. Table 2 shows the rat-
ing score, the corresponding grade and the reputation level. It also reports the frequency 
of each reputation level in our dataset. The last column shows the average value of sales 
for each reputation level. Overall, there is an increasing trend in the sales when reputation 
increases.

To estimate the generalized propensity score, we employ MLR, RF, GBM and DAMS 
with the same parameter setting as described in the simulation study. Figure  6 shows 
the boxplot of the estimated generalized propensity scores for three different treatment 
groups. From the figure, we may doubt that RF is not very reliable in this analysis since 
its estimates are quite different from the other three methods. We observe that the propen-
sity of having a “high” reputation is noticeably lower than the other two groups, which is 
reasonable.

We then apply IPTW to estimate ATE. The results based on different propensity score 
models are displayed in Table  3. Again, RF seems to work quite differently and the rest 
of the three methods yield similar results. For example, we can conclude that sellers with 
“medium” reputation has an increase of around 9 ×104 CN Yuan in half-year sales, com-
pared to “low” reputation.

We also use the sandwich formula to obtain the standard error and the 95% confidence 
interval for each causal effect. The results are displayed in Fig. 7. Again, the confidence 
interval based on different algorithms are quite similar with an exception of RF. Based on 
DAMS, at � = 0.05 , the casual effect of “medium” reputation versus “low” reputation as 
well as “high” reputation versus “low” reputation are significantly larger than 0, while the 
causal effect of “high” reputation versus “medium” reputation is not significantly different 
from 0.

7 � Discussion

From our simulation studies, we found that using MLR to estimate the generalized propen-
sity scores can result in extreme weights that in turn result in more bias, higher empirical 
standard errors, poor 95% confidence interval coverage, and higher mean squared errors 
when the relationship between the treatment assignment and the covariates is non-linear 
and non-additive. On the other hand, GBM, DAMS, and RF tend to be more stable across 
different levels of complexity in the relationship between the treatment assignment and the 
covariates. Considering all metrics listed in Sect. 5.2, DAMS performed the best out of the 
four propensity score estimation methods in combination with IPTW. In conclusion, we 
recommend machine learning methods for propensity score estimation in multi-level treat-
ment settings.

In real applications, the true propensity score model is never known for observational 
studies. Researchers may apply different algorithms and see how different the results are. If 
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one algorithm produces results that are quite different from the rest, it is probably not very 
reliable. Boxplot of the propensity score estimates or inverse weights should be checked to 
detect outliers. Balance in the covariates should be evaluated before and after the propen-
sity score based adjustment. In general, we believe a model-averaging estimator, such as 
DAMS or super learner (Laan et al. 2007) is usually superior compared to a single model.
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