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A B S T R A C T

Crashes present different collision types. There usually exist unobserved risk factors which could jointly affect
crash rates of different types, resulting in correlation and heterogeneity issues across observations. The primary
objective of the study is to propose a novel random parameters multivariate Tobit (RPMV-Tobit) model for
evaluating risk factors on crash rates of different collision types. Crash data from 367 freeway diverge areas in a
three-year period were obtained for modeling. Three major types of collisions including rear-end, sideswipe, and
angle collisions were considered. The RPMV-Tobit model was structured to simultaneously accommodate cor-
relations between crash rates across collision types and unobserved heterogeneity across observations. The
RPMV-Tobit model was compared with a multivariate Tobit (MV-Tobit) model, a random effect multivariate
Tobit (REMV-Tobit) model, and independent univariate Tobit (IU-Tobit) models under the Bayesian framework.
The results showed that MV-Tobit model outperforms the IU-Tobit models on fitting crash rates, indicating that
accounting for the correlation between crash types can improve model fit. The RPMV-Tobit model and REMV-
Tobit model perform better than the MV-Tobit model, suggesting that accounting for the unobserved hetero-
geneous can further improve model fit. The improvement of model performance with the RPMV-Tobit model is
higher than that with the REMV-Tobit model. The impacts of each risk factor on crash rates were estimated and
some differences were found across different collision types. The lane-balanced design, number of lanes on
mainline, speed limit, and speed difference present significant heterogeneous effects on crash rates. Findings
suggest that the RPMV-Tobit model is a superior approach for comprehensive crash rates modeling and traffic
safety evaluation purposes.

1. Introduction

Freeway diverge areas play an important role in diverging the ex-
iting traffic from the through traffic on freeway mainline. However,
they have been considered to be crash-prone locations due to the dis-
turbances caused by the intense lane changes at diverge areas (Chen
et al., 2009; Liu et al., 2009; Li et al., 2015). These disturbances may
result in many traffic conflicts, leading to high potential of traffic cra-
shes. An efficient way to improve the safety of freeway diverge areas is
to understand the risk factors affecting crashes at freeway diverge areas.
As such, analytical tools need to be developed that can aid transpor-
tation safety professionals in mitigation of crashes. Previous studies
have developed several safety performance functions (SPFs) to evaluate
the safety performance of freeway exit ramp areas (Bauer and Harwood,
1998; McCartt et al., 2004; Lord and Bonneson, 2005; Moon and

Hummer, 2009; Chen et al., 2009; Lu et al., 2010; Wu et al., 2014).
Though it is expected that the impact of risk factors on different colli-
sion types are different, previous studies did not distinguish the colli-
sion types during the modeling analyses of crash rates. This study aims
to add to the current literature by proposing a methodological approach
that takes into account crash rates by collision types at freeway diverge
areas. Moreover, this paper seeks to shed light on possible risk factors
related to crash rates of different collision types at freeway diverge
areas.

Crash rates analysis is now advocated as an alternative of crash
frequency prediction models because of several advantages. Crash rates
provide a standardized safety measure of road entities, which is more
understandable and acceptable to the public. Moreover, crash rates are
commonly used in the accident reporting systems (NHTSA, 2012). As
such, the development of crash rates model has many potential
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applications and benefits. For example, the crash rate models were
considered to be a complementary tool for road safety diagnosis in
hotspots identification (Ma et al., 2015a; Xu et al., 2014; Ma et al.,
2018). The traffic safety evaluations in before-after studies could be
enhanced by combining crash count models and crash rates models.

Different from the features of discrete and non-negative for crash
frequency, crash rates are continuous data that is usually left-censored
at zero because no crashes may be reported over a specified time
period. To deal with the censoring problem, the Tobit model was pro-
posed to model crash rates by previous study (Anastasopoulos et al.,
2008). The model has attracted considerable interest in recent traffic
safety studies (Anastasopoulos et al., 2012a; Xu et al., 2013; Chen et al.,
2014; Xu et al., 2014; Ma et al., 2015b; Yu et al., 2015; Caliendo et al.,
2016; Bin Islam and Hernandez, 2016; Anastasopoulos, 2016; Zeng
et al., 2017a, b; Anderson and Hernandez, 2017; Sarwar and
Anastasopoulos, 2017; Zeng et al., 2018).

Crashes present different collision types due to the particular geo-
metric and traffic features at various freeway diverge areas. Compared
with analysis of total crash rates at freeway diverge area, modeling
crash rates by collision types can provide better understanding of the
impact of risk factors on the crash rates with a particular collision type.
However, if crash rates are modeled independently irrespective of
correlations among crash rates across collision types, significant esti-
mation error could be introduced because unobserved effects at freeway
diverge areas are likely to be shared among different types of collisions
(Anastasopoulos et al., 2012a; Anastasopoulos, 2016; Zeng et al.,
2017a; Sarwar and Anastasopoulos, 2017; Zeng et al., 2018). Mean-
while, the effect of risk factors on crash rates may vary across ob-
servations. If such unobserved heterogeneous effect is ignored, the
model fit will be reduced and may result in biased parameter estimation
and erroneous inferences (Anastasopoulos et al., 2012b; Chen et al.,
2014; Yu et al., 2015; Caliendo et al., 2016; Bin Islam and Hernandez,
2016; Zeng et al., 2017b).

The objective of this study is to simultaneously analyze crash rates
by collision types at freeway diverge areas via developing a random
parameters multivariate Tobit (RPMV-Tobit) model, which accom-
modates both correlation between crash rates across collision types and
unobserved heterogeneity across observations. Three-year period
(2004–2006) crash data, including three types of collisions (i.e., rear-
end, sideswipe, and angle), from 367 freeway diverge areas are used for
the analysis. Four types of freeway diverge areas are identified ac-
cording to the arrangement of lanes for traffic to exit. Three candidate
Tobit models, i.e. multivariate Tobit (MV-Tobit) model, random effect
Tobit (REMV-Tobit) model, and independent univariate Tobit (IU-
Tobit) model were also estimated and compared with the RPMV-Tobit
model under the Bayesian framework.

2. Literature review

2.1. Safety analysis of freeway diverge areas

Previously, numerous studies have been conducted to evaluate the
safety performance of freeway diverge areas using the SPFs such as
Poisson and negative binomial (NB) model, Poisson-lognormal model,
zero-inflated count model, negative multinomial model, and general-
ized estimating equation model (Bauer and Harwood, 1998; Bared
et al., 1999; McCartt et al., 2004; Golob et al., 2004; Lord and
Bonneson, 2005; Garcia and Romero, 2006; Moon and Hummer, 2009;
Chen et al., 2009; Liu et al., 2009; Lu et al., 2010; Chen et al., 2011a;
Wu et al., 2014; Li et al., 2015; Papadimitriou and Theofilatos, 2017).
The findings showed that risk factors related to traffic volume (e.g.
mainline AADT, and ramp AADT), traffic operation (e.g. speed limit,
speed difference, and proportion of heavy vehicles), ramp design ele-
ments (e.g. lane-balanced design, arrangement of lanes, ramp config-
uration, and left/right-side off-ramps), geometric design (e.g. right
shoulder width, ramp length, and length of speed-change lane), road

environment (e.g. rural or urban area) have significant impact on crash
counts at freeway diverge areas.

Some studies analyzed the crash injury severity at freeway diverge
areas using discrete choice models and machine learning approaches
(Wang et al., 2009; Chen et al., 2011b; Yang et al., 2011; Wang et al.,
2011; Li et al., 2012, 2015). For example, Wang et al. (2011) and Yang
et al. (2011) applied ordered Probit (OP) regression to relate the se-
verity of crashes to various explanatory variables at freeway exit seg-
ments. Li et al. (2012) compared the support vector machine (SVM)
model and OP model for crash injury severity analysis at freeway di-
verge areas. The findings from previous studies showed that factors
including traffic volume, deceleration lane length, ramp lane length,
number of mainline lane, curve and grade at diverge areas, light and
weather conditions, road surface condition, land type, and crash type
significantly affect the severity of crashes at freeway diverge areas. The
only study on crash analysis by collision type at freeway diverge areas
was by Li et al. (2015). They evaluated the crash risks by collision type
using a multivariate Poisson-lognormal (MVPLN) model. The results
showed that the MVPLN model can capture the correlation of latent
effects among the crash counts of different collision types.

2.2. Crash rates analysis

Compared to the traditional and widely used count-data models for
crash frequency (Lord and Mannering, 2010; Mannering and Bhat,
2014), crash rates analysis is an emerging technique during the past
decade. To date, crash rates data are mainly analyzed using the Tobit
model which is firstly introduced by Anastasopoulos et al. (2008) to
transportation safety field. Since then, various random parameters
Tobit (RP-Tobit) models were proposed to account for the unobserved
heterogeneity across observations (Anastasopoulos et al., 2012b; Chen
et al., 2014; Yu et al., 2015; Ma et al., 2015b; Caliendo et al., 2016; Bin
Islam and Hernandez, 2016; Zeng et al., 2017b; Anderson and
Hernandez, 2017). The findings from these studies showed that the RP-
Tobit models have better model performance than the fix parameters
Tobit model.

Multivariate Tobit models are recently developed to jointly model
crash rates by injury severity (Anastasopoulos et al., 2012a;
Anastasopoulos, 2016; Sarwar and Anastasopoulos, 2017). All the
model estimation results showed that significant correlation exists be-
tween crash rates at various severity levels. Moreover, the hetero-
geneous effects of some risk factors on crash injury-severity rates were
found in the RPMV-Tobit model used by Anastasopoulos (2016) and
Zeng et al. (2017a). Zeng et al. (2018) and Dong et al. (2018) also found
significant temporal effects on crash injury-severity rates using multi-
variate temporal/dynamic Tobit model.

2.3. Unobserved heterogeneity in crash analysis

A growing body of advanced methodologies can be seen in accident
analysis (Sarwar et al., 2017; Alarifi et al., 2018; Lee et al., 2018; Chen
et al., 2018; Hossain et al., 2019; Song and Noyce, 2019), particularly
those focusing on dealing with the unobserved heterogeneity in crash
severity (Fountas and Anastasopoulos, 2017, 2018; Fountas et al.,
2018a, b), crash frequency (Guo et al., 2019a; Xie et al., 2019), crash
rates (Ulak et al., 2018; Zeng et al., 2018), and occurrence of accident
(Fountas et al., 2018c; Guo et al., 2019b).

2018;Fountas and Anastasopoulos (2017,2018) and Fountas et al.
(2018a, b) proposed various random parameters- and latent class- or-
dered probit models to account for the unobserved heterogeneous ef-
fects of explanatory variables and/or unobserved threshold hetero-
geneity in accident injury-severity analysis. Guo et al. (2019a) and Xie
et al. (2019) developed random parameters multivariate Poisson-log-
normal model and random parameters multivariate Poisson-Gamma
model to accommodate the unobserved heterogeneity across observa-
tions in crash frequency analysis by collision types and by injury-
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severity respectively. Zeng et al. (2018) and Ulak et al. (2018) devel-
oped multivariate random parameters Tobit models in crash rates
analysis and found significant heterogeneous effects of predictors as
well as temporal and/or spatial variations across observations. Fountas
et al. (2018c) and Guo et al. (2019b) utilized a grouped random para-
meters- and a random effect- binary logit regression in analyzing the
occurrence of accident and secondary accident respectively.

The body of literature review shows that advanced methodologies
are booming in accident analysis, focusing on specific issues such as
unobserved heterogeneity. In contrast to many studies on crash counts,
no study was conducted to analyze crash rates by collision types at
freeway diverge areas. Previous studies have limited capacity to explain
the risk factors related to crash rates of different collision types at
freeway diverge areas. An evaluation on crash rates by collision types
could enhance and provide a more comprehensive understanding in the
mechanism of different crash risks at freeway diverge areas.

3. Data

Crash data for a three-year period were collected from 367 freeway
diverge areas in the State of Florida, United States. Risk factors in-
cluding the road geometries and traffic exposures were collected as
explanatory variables (See Table 1). The diverge area defined in this
paper covers a deceleration lane and an exit. More specifically, the
diverge contains two influence areas, including an area located within
1500 ft upstream of the painted nose, and an area located within 1000 ft
downstream of the pained nose (See Fig. 1). Thus, the freeway diverge
area has a consistent length of 2500 ft (762m).

The selected freeway diverge areas were classified into four types
based on the arrangement of lanes for the freeway exits as shown in
Fig. 1 (Chen et al., 2009; Li et al., 2015). Type 1 diverge area is installed
with a single lane exit ramp with a tapered design. Type 2 diverge area
is designed as a single lane exit ramp with the outer lane of freeway
becoming a drop lane at the exit gore. Type 3 diverge area is installed
with a two-lane exit with an optional lane. Type 4 diverge area is de-
signed as a two-lane exit with the outer lane of the freeway dropped at
the exit gore. Types 1 and type 3 diverge areas are considered as lane-
balanced designs, while Type 2 and type 4 diverge areas are considered
as lane-unbalanced designs (AASHTO, 2001).

Three major types of collisions are identified in our dataset [i.e.,
rear-end, sideswipe, and angle]. The proportions of other collision types

are less than 5%. Thus, the research reported in this paper focused on
three major collision types. In total, 3315 major crashes were collected
at the selected 367 freeway diverge areas, including 2193 rear-end
crashes (66.2%), 727 sideswipe crashes (21.9%), and 395 angle crashes
(11.9%). Totally, the dataset consisted of 367 observations for each
collision type.

Crash rates by collision type, which is used as the dependent vari-
able in this study, is calculated as crashes per million vehicle kilometers
traveled as follows

=
×

× × × ×
CR

N
T L AADT AADT

10
365i

k i
k

mainline ramp

6

(1)

where CRi
k is the crash rates for collision type k at freeway diverge area

i, Ni
k is the number of crashes for collision type k at freeway diverge

area i, T is the number of years of study period (T=3), L is the length of
the freeway diverge area (L=0.762Km), AADT mainline is the annual
average daily traffic on mainline, and AADTramp is the annual average
daily traffic on exit ramp. According to the definition of crash rate
(Anastasopoulos et al., 2012a; Zeng et al., 2017a), AADT should be
treated as the exposure in calculating crash rate. In this study, the se-
lected freeway diverge area covers both mainline and exit ramp. As
such, both mainline AADT and ramp AADT are contributable to the
crashes and should be considered. To avoid multicollinearity, they are
combined by calculating the square root of the multiplication of
mainline AADT and ramp AADT (Washington et al., 2010; Chen et al.,
2009).

Among the 367 observations for each collision type, the rear-end
crash rates of 121 (34.6%) observations, the sideswipe crash rates of
155 (42.2%) observations, and the angel crash rates of 191 (52%) ob-
servations are 0, indicating that the Tobit model is appropriate in fitting
the data due to its ability to handle the censoring problem (left-cen-
sored at zero). Average crash rates by collision type for different
freeway diverge areas were compared in Fig. 2. Type 4 diverge area has
the highest crash rates among all collision types followed by type 2
diverge area. Type 3 and type 1 diverge areas are found to have the
lowest crash rates. In general, crash rates by collision type for lane-
balanced design diverge areas (type 1 & type 3) vary from 0 to 13.22
with a mean of 0.88, while crash rates for lane-unbalanced design di-
verge areas (type 2 & type 4) vary from 0 to 17.86 with a mean of 1.52.
T-test shows that crash rates between lane-balanced and lane-un-
balanced diverge areas are significantly different at the 95% confidence

Table 1
Variables definition and descriptive statistics summary.

Variables Description Mean SD Min Max Frequency (%)

Dependent variable
Rear-end Rear-end crashes per million vehicle kilometers traveled 2.06 2.86 0 17.86 367
Sideswipe Sideswipe crashes per million vehicle kilometers traveled 0.71 1.01 0 5.58 367
Angle Angle crashes per million vehicle kilometers traveled 0.42 0.67 0 5.24 367
Explanatory variables
Ln(MAADT) Logarithm of mainline AADT 6.93 0.67 4.88 9.47 367
Ln(RAADT) Logarithm of ramp AADT 4.42 0.88 1.39 7.38 367
Mainlane Number of lanes on mainline 3.41 1.02 2 6 367
Ramlane Number of lanes on exit ramp 1.22 0.42 1 2 367
LengRam Exit ramp length (mi) 0.36 0.20 0.10 1.88 367
LengDec Deceleration lanes length (mi) 0.05 0.03 0.01 0.28 367
SpeedLimit Post speed limit on mainline (mi/h) 64.85 6.27 50 70 367
DiffSpeed Difference in speed limit between mainline and exit ramp (mi/h) 28.87 8.51 10 45 367
ShouWidth Right shoulder width (ft) 10.06 0.99 1 15 367
LaneBala Lane-balanced design 367

1, Type 1 or 3 263(71.7%)
0, Type 2 or 4 104(28.3%)

SurfType Road surface type 367
1, blacktop 333(90.7%)
0, others 34(9.3%)

ShouType Right shoulder type 367
1, paved 192(52.3%)
0, unpaved 175(47.7%)
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level, indicating that the lane-balanced ramps are safer than those not
balanced.

4. Methodology

4.1. Tobit model

The Tobit model was first proposed by Tobin (1958) for modeling
the continuous dependent variable which is left-censored, right-cen-
sored, or both. Given that crash rates are usually left-censored at zero,
Anastasopoulos et al. (2008) introduced the Tobit model into road
safety evaluation. The Tobit model for fitting crash rates is given as

= + + + ⋯ + +Y β β X β X β X ε* , ,i i i J iJ i0 1 1 2 2 (2)

=
⎧
⎨
⎩

>

≤
= ⋯Y

Y if Y

if Y
i N

*, * 0

0, * 0
, 1, 2,i

i i

i (3)

where Yi is the dependent variable (observed values of crash rates), Xij

is the jth (j=1, 2, …, J) explanatory variable for observation i, β0 is the
model intercept, β1, β2, …, βJ are the coefficients, Yi

* is a latent variable
observed only when positive, N is the number of observations, and εi
denotes the unstructured error which is assumed to be normally and
independently distributed with zero mean and variance σε

2 as given in

∼ε N σ(0, )i ε
2 (4)

4.2. Multivariate Tobit model

The Tobit model can deal with crash rates for a specific collision
type. However, crash rates may be correlated across various collision
types because unobserved effects at the diverge areas are likely to be
shared among different types of collision. To account for the possible
correlation between crash rates across collision types, a multivariate
Tobit (MV-Tobit) model was developed in our study. The MV-Tobit
model for the joint modeling of crash rates by collision type is expressed
as
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where Yi
k is the dependent variable for the kth collision type for ob-

servation i, Xij is the jth explanatory variable for observation i, β k
0 is the

model intercept, β k
1 , β k

2 , …, βJ
k are the coefficients corresponding to kth

collision type, Y *i
k is a latent variable observed only when positive, N is

the number of observations, K is the number of collision type, and εi
k

denotes the multivariate normal errors distributed as ∼ε ΣN 0( , )ki ,
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where the diagonal element σkk
2 (k=1, 2, …, K) represents the variance

of error term εi
k, the off-diagonal element σk k1, 2

2 (k1 ≠ k2) denotes the
covariance between εi

k1 and εi
k2.

4.3. Random parameters multivariate Tobit model

The MV-Tobit model assumes that the parameters of explanatory
variables are fixed across observations. However, heterogeneous effect
of certain risk factors may exist across observations. To accommodate
the unobserved heterogeneity in the MV-Tobit model, the random
parameters multivariate Tobit (RPMV-Tobit) model is proposed in our
study by setting the coefficients (β k

0 , β k
1 , β k

2 , …, βJ
k) in Eq. (5) to be

random parameters (βi
k
0, βi

k
1, βi

k
2, …, βiJ

k), which is given as

= + + + ⋯ + +Y β β X β X β X ε* , ,i
k

i
k

i
k

i i
k

i iJ
k

iJ i
k

0 1 1 2 2 (8)

The random parameters (βi
k
0, βi

k
1, βi

k
2, …, βiJ

k) are assumed to be multi-

Fig. 1. Illustrations of four types of freeway diverge area.

Fig. 2. Crash rates by collision type between freeway diverge areas.
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normally distributed as ∼β β ΦN ( , )ij
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It should be noted that a random parameter βij
k for collision type k is

used when its posterior estimate variance φkk
j2 is significantly larger than

0; otherwise, the parameter βj
k should be fixed across observations for

collision type k (El-Basyouny and Sayed, 2009a; Anastasopoulos, 2016).

4.4. Random effect multivariate Tobit model

Another way to account for the unobserved heterogeneity in the
MV-Tobit model is to allow only the intercept β k

0 in Eq. (5) to vary
across observations, which leads to the random effect multivariate
Tobit (REMV-Tobit) model. The REMV-Tobit model is given as

= + + + ⋯ + +Y β β X β X β X ε* , ,i
k

i
k k

i
k

i J
k

iJ i
k

0 1 1 2 2 (10

The intercept is set to be random parameter that follows a normal
distribution as following

∼β N β σ( , )i
k k k
0 0 0

2 (11)

4.5. Model transferability

The crash rates models may be different across various divergence
types. Exploring whether separate models by divergence type are
warranted will bring up possible policy implications. In this study, we
adopted the transfer index, which is widely used in previous studies
(Hadayeghi et al., 2006; Sikder et al., 2014; Farid et al., 2016, 2018), to
assess the transferability of models across different types of freeway
diverge areas. The measure is calculated as follows

=
−
−

TI
LL β LL β
LL β LL β

( ) ( )
( ) ( )

j i j j reference

j j j j reference

,

, (12)

where LLj(βi) is the log-likelihood of the SPF, which is developed based
on the data from freeway diverge type i and being applied to data of
freeway diverge type j; LLj(βj) is the log-likelihood of freeway diverge
type j’s SPF; and LLj(βj, reference) is the log-likelihood of freeway diverge
type j’ constant only SPF. The TI has an upper bound, 1.0, and no lower
bound (Hadayeghi et al., 2006). The higher the TI value the better is the
performance relative to the constant only model. The closer TI is to 1,
the SPF developed from data i, is more transferable to freeway diverge
type j. A negative TI indicates that freeway diverge type j’ constant only
model performs better than the SPF of freeway diverge type i applied to
freeway diverge type j.

4.6. Models comparison measure

Two measures, including the Deviance Information Criteria (DIC)
and the Mean Absolute Deviance (MAD) were used for models com-
parison. The full Bayesian estimated models can be compared using
DIC, which is a measure of model complexity as follows

= + = −DIC D p p D D¯ ; ¯ ˆ
D D (13)

where D is the un-standardized deviance of the postulated model, D̄ is
the posterior mean of D, D̂ is the point estimate obtained by substituting
the posterior means of the model’s parameters in D, and pD is a measure
of model complexity estimating the effective number of parameters.
Generally, the model with a smaller DIC outperforms the model with a
larger DIC. According to Spiegelhalter et al. (2002), the models which
DIC values’ difference lower than two are considered equally well,
while models with DIC values’ difference between 2–7 show a

considerably less support to the higher DIC model.
The MAD provides a measure of prediction performance of the

model, which can be calculated as

∑= −
=N

Y YMAD 1 | ˆ |
i

N

i
k

i
k

1 (14)

where Yi
k is the observed crash rate for collision type k at site i, Ŷi is the

predicted crash rate for collision type k at site i. A smaller value of MAD
suggests that on average the model predicts the observed data better.

5. Modeling results and discussion

5.1. Models estimation

Full Bayesian (FB) method has been advocated for model estimation
as it can deal with sophisticated models, particularly for those do not
have closed-form likelihood functions (Lord and Mannering, 2010). The
specification of prior distribution of the model parameters are required
before the FB estimates. To be specifically, the model parameters are
coefficients (β0, βj) and variance σε

2 in the IU-Tobit model; coefficients
(β k

0 , βj
k) and covariance matrix ∑ in the MV-Tobit model; hyper-coeffi-

cients (β k
0 , βj

k) and covariance matrix Φj and ∑ in the RPMV-Tobit

model; hyper-intercept β k
0 and its variance σk

0
2, coefficients βj

k, and
covariance matrix ∑ in the REMV-Tobit model. Because of the absence
of sufficient prior knowledge, non-informative priors were specified for
the parameters. Generally, a diffused normal distribution N(0, 104) is
used as priors for coefficients (El-Basyouny and Sayed, 2009a). A dif-
fused gamma distribution Gamma(0.001, 0.001) is used as the prior of
precision for −σε

2 and −σk
0

2 (El-Basyouny and Sayed, 2009a; Guo et al.,
2018a, b, c). A Wishart poirW(P, r) is used as the priors of precisions for
Φj

−1and ∑−1, where p is the K × K identity matrix, and r = K is the
degree of freedom (El-Basyouny and Sayed, 2009b).

The Markov chain Monte Carlo (MCMC) technique is applied using
WinBUGS software to sample the posterior distribution (i.e., the pos-
terior mean and standard deviation) of the model parameters. MCMC
methods use sampling technique to generate chains of random points,
the distribution of which converge to the target posterior distribution.
The convergence was monitored by several ways (El-Basyouny and
Sayed, 2009a, b; Guo et al., 2018a,b,c). First, two parallel chains with
diverse starting values were tracked so that full coverage of the sample
space is ensured. Brooks–Gelman–Rubin (BGR) statistic was also used,
where convergence occurs if the value of the BGR statistic is less than
1.2. Moreover, convergence was checked by visually inspecting the
MCMC trace plots of the model parameters. As a rule of thumb, con-
vergence occurs when the ratios of the Monte Carlo errors relative to
the respective standard deviations of the estimates are less than 0.05
(El-Basyouny and Sayed, 2009b). In this study, two Marko chains run
for each model for 10,000 iterations. The first 5000 iterations are dis-
carded as burn-in sample. After the first 5000 interactions, the posterior
distributions arrive convergence. As such, the interactions after 5000
iterative were adopted for parameters estimation.

In order to reduce the model estimation bias caused by the multi-
collinearity between explanatory variables, the Pearson correlation
coefficient and the Kendall’s tau-b correlation coefficient between each
pair of variables were estimated before the model estimation. If two
variables were found significantly correlated in the correlation analysis,
they were inputted into the model form one by one while monitoring
the overall model fit and the significance of the variable. The procedure
for selecting model variables is a forward stepwise procedure. The in-
itial variables are added into the model one by one. Whether to keep or
remove a variable from a model is decided based on two conditions.
First, the variable’s parameter needs to be significant. Second, the
variable should exhibit low correlation with other variables that al-
ready exist in the model. Only variables that were significant with a
90% confidence level were kept in the model. The model form with the
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best statistical fit was considered as the final one.

5.2. Models comparison

Table 2 shows the results of DIC, MAD, and a number of hyper-
parameters for models comparison. The MV-Tobit model provides a
superior fit over the IU-Tobit models, indicating that accommodating
correlation between crash rates across collision types can improve the
model fit. The RPMV-Tobit model performs the best with the lowest
MAD and DIC, followed by the REMV-Tobit model and the MV-Tobit
model, suggesting that accommodating unobserved heterogeneity
across observations could further improve statistical fits. Furthermore,
the improvement of model performance with the RPMV-Tobit model is
higher than that with the REMV-Tobit model.

Table 2 shows that the correlation coefficients (ρ12, ρ13, ρ23) in the
MV-Tobit model, RPMV-Tobit model, and REMV-Tobit are significant
and strong in magnitude, demonstrating that correlations exist between
crash rates across collision types. The significant correlations may be
attributable to the common shared factors that affect crash rates across
collision types simultaneously. Those factors could be weather condi-
tions, driver familiarities to exit ramps, or other unobserved factors
which are difficult to obtain and thus are not considered in the model.
The correlation coefficients in the MV-Tobit model vary from 0.343 to
0.442, which is comparable with their respective counterparts that
varies from 0.344 to 0.443 in the RPMV-Tobit model and that varies
from 0.340 to 0.437 in the REMV-Tobit model. The random effects of
rear-end crash rates (σ11

2 ), sideswipe crash rates (σ22
2 ), angle crash rates

(σ33
2 ), and their covariance (σ12

2 , σ13
2 , σ23

2 ) in the RPMV-Tobit model are
comparable with their respective counterparts in the REMV-Tobit
model and the MV-Tobit model. These results are consistent with
(Anastasopoulos, 2016) which shows that the MV-Tobit model has si-
milar value in both correlation coefficients and error term covariance
matrix with the RPMV-Tobit model. However, these results are different
than (Zeng et al., 2017a) which shows that the correlation coefficient is
increased dramatically from the MV-Tobit model to the RPMV-Tobit
model, whereas random effects in the RPMV-Tobit model are lower
than those in the MV-Tobit model.

5.3. Interpretation of parameter estimation

The parameter estimation results in the IU-Tobit models, MV-Tobit
model, RPMV-Tobit model, and REMV-Tobit model are presented in
Tables 3–6 respectively. Variables that are significant with a 90%
confidence level are kept in the model. In general, the variables’ asso-
ciations are consistent in sign across all the models expect for the in-
tercept. Nevertheless, variations in the parameters’ estimates can be
noticed across the models, which confirm the different mechanisms
considered by the investigated models. Considering that the RPMV-
Tobit model outperforms the other models, its risk factors associated
with crash rates at freeway diverge areas are discussed.

According to the estimation results in Table 5, the risk factors as
well as their impacts on different collision types are different. Seven risk
factors [(Ln(MAADT), Ln(RAADT), LaneBala, Mainlane, LengDec, Len-
gRam, and SpeedLimit] are found to have significant effect on rear-end
crash rates. Six risk factors [(Ln(MAADT), Ln(RAADT), LaneBala,
Mainlane, LengRam, and SpeedLimit] are significantly associated with
sideswipe crash rates. Only four risk factors [(Ln(MAADT), Ln(RAADT),
SpeedLimit, and DiffSpeed] are found to be contributed to angle crash
rates. Table 7 shows the distributional effect of the random parameters
of significant risk factors across observations. It is found that lane-ba-
lanced design, number of lanes on mainline, speed limit, and difference
in speed limit present significant heterogeneous effect on crash rates
across observations.

The coefficients of ramp AADT are negative across all collision
types, indicating that crash rates decreased with the increase in ramp
AADT. The result is consistent with previous studies (Anastasopoulos
et al., 2012a; Zeng et al., 2017a, 2018) which showed negative corre-
lations between crash rates and AADT. However, the mainline AADT is
found to be positively related with crash rates. The result agrees with
several studies (Xu, et al., 2014; Anastasopoulos, 2016; Sarwar and
Anastasopoulos, 2017) and can be explained by that the trend of crash
increment is larger than that of the mainline AADT at the freeway di-
verge areas. Chen et al. (2009) pointed out that the high mainline AADT
can increase the weaving conflicts at diverge areas, resulting in a higher
possibility of crash occurrence. These findings indicate the different
mechanisms of impact of ramp traffic volume and mainline traffic vo-
lume on crash rates at freeway diverge areas.

Lane-balanced design (i.e. LaneBala) is negatively related to rear-
end crash rates and sideswipe crash rates, implying that lane-balanced
exits have lower crash rates than those not lane-balanced. The result is
consistent with previous studies (Lu et al., 2010; Li et al., 2015) which
showed safety benefits of lane-balanced design at freeway diverge
areas. However, lane-balanced design is found to be not significantly
associated with angle crash rates. It should be noted that lane-balanced
design has significant heterogeneous effect on sideswipe crash rates.
Table 7 shows that freeway diverge section with lane-balanced design
can decrease sideswipe crash rates for 85.86% of the observations,
whereas for the remaining 14.14% of the observations, the lane-ba-
lanced design can increase sideswipe crash rates.

The number of lanes on mainline (i.e. Mainlane) has a positive
impact on rear-end crash rates and sideswipe crash rates, while it has no
significant impact on angle crash rates. The result is somewhat incon-
sistence with Li et al. (2015) which showed that freeway diverge sec-
tion with more lanes on mainline increased the number of crashes for
all the three collision types. It is worth mentioning that this disparity
may be caused by difference in modeling crash frequency and crash
rates. The impact of this risk factor on rear-end crash rates and side-
swipe crash rates varies across observations. Table 7 shows that the
freeway diverge section with more lanes on mainline can increase rear-
end crash rates for 99.87% observations and sideswipe crash rates for

Table 3
Parameter estimates of the IU-Tobit models.

Rear-end Sideswipe Angle

Variable Mean SD 5.0% 95.0% Mean SD 5.0% 95.0% Mean SD 5.0% 95.0%

Intercept (β0) 4.956 2.651 0.498 9.291 0.861 0.996 −0.814 2.490 2.150 0.652 1.054 3.216
Ln(MAADT) (β1) 0.817 0.264 0.377 1.255 0.240 0.099 0.075 0.405 0.158 0.065 0.049 0.265
Ln(RAADT) (β2) −0.660 0.173 −0.944 −0.376 −0.283 0.065 −0.389 −0.176 −0.255 0.042 −0.325 −0.185
LaneBala (β3) −0.942 0.321 −1.470 −0.412 −0.251 0.121 −0.449 −0.051 – – – –
Mainlane (β4) 0.413 0.169 0.133 0.690 0.190 0.063 0.085 0.293 – – – –
LengDec (β5) 10.240 4.130 3.462 16.940 – – – – – – – –
LengRam (β6) −2.196 0.676 −3.296 −1.063 −0.752 0.254 −1.166 −0.327 – – – –
SpeedLimit (β7) −0.079 0.034 −0.135 −0.023 – – – – −0.032 0.008 −0.046 −0.019
DiffSpeed (β8) – – – – – – – – 0.011 0.006 0.002 0.021

– indicates that this variable was not significant at the 90% confidence level.
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94.65% observations, whereas it can decrease rear-end crash rates for
0.13% observations and sideswipe crash rates for 5.35% observations.

The exit ramp length (i.e. LengRam) is found to be negatively as-
sociated with rear-end crash rates and sideswipe crash rates, suggesting
that crash rates of these two collision types would decrease at longer
ramp length. This is intuitive and reasonable since a longer ramp could
store more vehicles and prevent ramp queue overspreading on the
freeway mainline, resulting in lower crash rates at freeway diverge
areas. The result is supported by previous studies (Chen et al., 2011a; Li
et al., 2015). The positive sign for the deceleration lane length (i.e.
LengDec) indicates that rear-end crash rates increase at exits with
longer deceleration lanes. As pointed out by Garcia and Romero (2006),
a long deceleration lane could encourage drivers to speed up before
they exit the main freeway. As such, it has the potential to increase the
rear-end crash risks.

The coefficients of post speed limit on mainline (i.e. SpeedLimit) are
found to be negative across all collision types, implying that crash rates
decrease with the increase of mainline speed limit. The result is in
agreement with serval studies (Lave and Elias, 1994; Chen et al., 2009;
Liu et al., 2009; Wang et al., 2011). The result is supported by the fact
that freeway sections with a higher speed limit are usually designed
according to higher standards with wider lanes, better signs or pave-
ment marking, and better lighting conditions, which result in low crash
rates. Table 7 shows that high speed limit on mainline can decrease
rear-end crash rates, sideswipe crash rates, and angle crash rates for
most of the observations, whereas it can increase crash rates by all
collision types for a small proportion of observations.

Difference in speed limit (i.e. DiffSpeed) is found to be positively
associated with angel crash rates, but not significantly associated with
rear-end crash rates and sideswipe crash rates. This result is reasonable
in that a larger difference in speed limits reflects disturbance between
exiting traffic and through traffic, which contribute to the high angle
crash rates. The effect of this risk factor is found to be heterogeneous
across observations. Table 7 shows that large difference in speed limit
can decrease angle crash rates for 93.52% observations, while it can
increase angle crash rates for 6.48% observations. Furthermore, the
difference in speed limit is not significant in univariate Tobit models.
This indicates that the RPMV-Tobit model is capturing underlying ef-
fects (possibly those of the variables that are not significant in the
univariate Tobit models) that may be masked in the error terms of the
univariate models, hence explaining more of the variance in the data.

5.4. Models transferability

To test the model transferability across different types of freeway
diverge areas, a RPMV-Tobit model for each type of freeway diverge
area was estimated. The transfer index was calculated to assess the
transferability of the SPF across freeway diverge types. The transfer-
ability assessment result is shown in Table 8.

As shown in Table 8, the application of an SPF of one freeway di-
verge type to itself yields a transfer index of 1 since such SPF is the
representative of its local conditions. Additionally, most of the transfer
indices on both sides of the diagonal are negative, indicating that the
local constant only SPF outperforms the transferred SPF. The only

Table 4
Parameter estimates of the MV-Tobit model.

Rear-end Sideswipe Angle

Variable Mean SD 5.0% 95.0% Mean SD 5.0% 95.0% Mean SD 5.0% 95.0%

Intercept (β0) 4.427 2.112 0.708 7.663 0.298 0.889 −1.207 1.779 1.815 0.540 0.935 2.707
Ln(MAADT) (β1) 0.855 0.232 0.503 1.232 0.288 0.091 0.145 0.440 0.190 0.064 0.083 0.296
Ln(RAADT) (β2) −0.681 0.161 −0.954 −0.430 −0.286 0.061 −0.388 −0.184 −0.261 0.039 −0.326 −0.198
LaneBala (β3) −0.917 0.319 −1.448 −0.386 −0.247 0.122 −0.442 −0.042 – – – –
Mainlane (β4) 0.428 0.165 0.100 0.708 0.184 0.063 0.079 0.294 – – – –
LengDec (β5) 9.983 4.057 3.333 16.650 – – – – – – – –
LengRam (β6) −2.198 0.672 −3.293 −1.068 −0.754 0.251 −1.162 −0.333 – – – –
SpeedLimit (β7) −0.074 0.028 −0.116 −0.024 −0.037 0.011 −0.025 −0.019 −0.030 0.008 −0.044 −0.018
DiffSpeed (β8) – – – – – – – – 0.011 0.006 0.001 0.020

– indicates that this variable was not significant at the 90% confidence level.

Table 5
Parameter estimates of the RPMV-Tobit model.

Rear-end Sideswipe Angle

Variable Mean SD 5.0% 95.0% Mean SD 5.0% 95.0% Mean SD 5.0% 95.0%

Intercept (β0) 0.070 0.651 −0.899 1.188 −1.159 0.449 −2.048 −0.534 1.122 0.511 0.344 1.878
Ln(MAADT) (β1) 1.021 0.242 0.630 1.445 0.304 0.091 0.159 0.455 0.171 0.093 0.011 0.308
Ln(RAADT) (β2) −0.519 0.172 −0.790 −0.224 −0.255 0.075 −0.373 −0.129 −0.242 0.065 −0.329 −0.154
LaneBala (β3) −0.976 0.118 −1.012 −0.812 −0.252 0.068 −0.322 −0.215 – – – –
Mainlane (β4) 0.519 0.183 0.239 0.856 0.217 0.098 0.054 0.373 – – – –
LengDec (β5) 9.575 0.721 8.214 10.433 – – – – – – – –
LengRam (β6) −2.682 0.441 −3.338 −1.889 −0.923 0.247 −1.329 −0.506 – – – –
SpeedLimit (β7) −0.038 0.030 −0.085 −0.025 −0.039 0.017 −0.068 −0.017 −0.024 0.016 −0.049 −0.016
DiffSpeed (β8) – – – – – – – – 0.013 0.005 0.005 0.021
σβ02 0.661 3.906 2.64E-04 3.423 0.208 1.144 2.72E-04 1.085 0.091 0.468 2.57E-04 0.446
σβ12 0.010 0.045 2.50E-04 0.042 0.006 0.020 2.28E-04 0.022 0.007 0.021 2.49E-04 0.027
σβ22 0.006 0.038 2.24E-04 0.021 0.004 0.013 2.23E-04 0.013 0.005 0.028 2.15E-04 0.013
σβ32 0.059 1.289 2.65E-04 0.182 0.055 1.665 2.51E-04 0.107 – – – –
σβ42 0.030 0.154 2.63E-04 0.134 0.018 0.061 2.94E-04 0.082 – – – –
σβ52 0.170 1.916 2.49E-04 0.159 – – – – – – – –
σβ62 0.020 0.152 2.59E-04 0.065 0.021 0.105 2.62E-04 0.087 – – – –
σβ72 0.001 0.003 1.66E-04 0.004 0.001 0.002 1.48E-04 0.002 7.00E-04 1.15E-03 1.35E-04 0.002
σβ82 – – – – – – – – 7.07E-05 1.34E-04 1.34E-04 0.002

– indicates that this variable was not significant at the 90% confidence level.
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exception is the transfer index which reflects the SPF of type 3 being
applied to type 1, but with a value closed to 0 (0.096). The transfer
indices indicate that the SPFs for different types of freeway diverge
areas are not directly transferable. As such, separate SPF for each type
of freeway diverge area is recommended to be developed in safety di-
agnosis and safety evaluation.

6. Conclusions

This study evaluated the impact of various risk factors on crash rates
of three collision types (i.e. rear-end, sideswipe, and angle) at freeway
diverge areas by developing a RPMV-Tobit model. The model can ac-
commodate jointly the correlation between crash rates across collision
types and unobserved heterogeneity across observations, which are
caused by the existence of unobserved risk factors that could jointly
affect crash rates of different collision types. Data from 367 freeway
diverge areas in the State of Florida, United States, were used to esti-
mate the proposed models. Three candidate Tobit models, i.e. MV-Tobit
model, REMV-Tobit model, and IU-Tobit model were also developed
and compared with the RPMV-Tobit model. The models comparison
indicates that the MV-Tobit model outperforms IU-Tobit models on
fitting crash rates, as reflected by lower DIC and MAD values. The result
suggests that accounting for correlation between crash rates across
collision types is able to improve model fit. Moreover, the RPMV-Tobit

model and REMV-Tobit model provide a better performance than the
MV-Tobit model, indicating that accounting for the unobserved het-
erogeneous effect of risk factors can further improve model fit.

The impact of various risk factors on the crash rates across collision
types were evaluated. The results showed that the impact of risk factors
on different collision types were different. The lane-balanced design,
number of lanes on mainline, and ramp length have significant impact
on rear-end crash rate and sideswipe crash rates, but they have no
impact on angle crash rates. The deceleration lane length has positive
impact on rear-end crash rates, however, it is not related to sideswipe
crash rates and angle crash rates. The difference in speed limit has a
positive impact on angle crash rates, whereas it has no impact on rear-
end crash rates and sideswipe crash rates. These findings demonstrate
the varied impact of freeway geometric designs on crash rates of dif-
ferent collision types. As such, collision types need to be distinguished
when developing crash rates models for freeway diverge areas. The
model estimates showed that the mainline AADT has a positive impact
on crash rates while the ramp AADT has a negative on crash rates,
indicating the different mechanisms of the impact of traffic volume on
crash rates at freeway diverge areas. The result showed that lane-ba-
lanced design, number of lanes on mainline, speed limit, and difference
in speed limit present significant heterogeneous effect on crash rates
across observations. The heterogeneity may be caused by unobserved
road characteristics, traffic characteristics, environmental factors,
driver behaviors as well as other omitted collision types across ob-
servations. Additionally, the models transferability analysis showed
that the SPFs for different types of freeway diverge areas are not di-
rectly transferable, suggesting separate SPF should be developed for
each diverge type.

The analysis suggests the considerable potential of the proposed
model in crash rates analysis at freeway diverge areas. Although some
findings regarding collision types were obtained, there are some lim-
itations to this study. First, research efforts still need to be conducted
with crash data collected from other states or areas to validate the re-
sults of this paper before the results can be used to direct the exit ramp

Table 6
Parameter estimates of the REMV-Tobit model.

Rear-end Sideswipe Angle

Variable Mean SD 5.0% 95.0% Mean SD 5.0% 95.0% Mean SD 5.0% 95.0%

Intercept (β0) 4.375 2.732 0.001 8.858 1.260 0.807 0.130 2.851 2.486 0.488 1.728 3.346
σβ02 0.279 0.418 0.033 0.930 0.151 0.242 0.028 0.481 0.149 0.155 0.031 0.403
Ln(MAADT) (β1) 0.898 0.254 0.463 1.323 0.227 0.077 0.089 0.347 0.145 0.054 0.048 0.228
Ln(RAADT) (β2) −0.650 0.188 −0.960 −0.340 −0.281 0.066 −0.393 −0.171 −0.250 0.043 −0.322 −0.183
LaneBala (β3) −0.931 0.504 −1.704 −0.133 −0.296 0.315 −0.713 −0.037 – – – –
Mainlane (β4) 0.420 0.171 0.137 0.693 0.190 0.065 0.081 0.296 – – – –
LengDec (β5) 10.140 4.023 3.553 16.870 – – – – – – – –
LengRam (β6) −2.140 0.683 −3.274 −1.013 −0.733 0.254 −1.150 −0.315 – – – –
SpeedLimit (β7) −0.082 0.035 −0.143 −0.027 −0.014 0.012 −0.035 −0.005 −0.037 0.008 −0.050 −0.024
DiffSpeed (β8) – – – – – – – – 0.014 0.006 0.004 0.023

– indicates that this variable was not significant at the 90% confidence level.

Table 7
Distributional effect of the random parameters across the observations.

Rear-end Sideswipe Angle

Above zero Below zero Above zero Below zero Above zero Below zero

Ln(MAADT) (β1) 100.00% 0.00% 100.00% 0.00% 98.11% 1.89%
Ln(RAADT) (β2) 0.00% 100.00% 0.00% 100.00% 0.04% 99.96%
LaneBala (β3) 0.00% 100.00% 14.14% 85.86% – –
Mainlane (β4) 99.87% 0.13% 94.65% 5.35% – –
LengDec (β5) 100.00% 0.00% – – – –
LengRam (β6) 0.00% 100.00% 0.00% 100.00% – –
SpeedLimit (β7) 13.19% 86.81% 8.82% 91.18% 17.78% 82.22%
DiffSpeed (β8) – – – – 93.52% 6.48%

Table 8
Transfer index of SPFs for different types of freeway diverge areas.

Application data

SPF Type1 Type 2 Type 3 Type 4

Type 1 1 −1.314 −0.262 −0.570
Type 2 −0.611 1 −2.875 −0.598
Type 3 0.096 −1.273 1 −0.792
Type 4 −0.838 −1.335 −2.846 1

Y. Guo, et al. Accident Analysis and Prevention 128 (2019) 164–174

172



designs. Second, this study did not give enough insight into occurrence
mechanism for different crashes. Rear-end crashes could be related to
abrupt deceleration at diverge bottlenecks, and sideswipe/angle crashes
could be caused by intense lane changes. As such, high-resolution traffic
data from loop detectors on freeway mainlines and ramps could be
collected to develop the real time crash risk prediction models in future
study. Third, the insignificant variables that excluded in the final
models can introduce omitted variable bias, which should be con-
sidered by optimizing the statistical modeling frameworks. There are
several areas of further research that can be investigated to improve the
current study. First, due to the limited access to the crash severity, this
paper did not incorporate injury-severity in the developed models. An
extension of the current study can examine the injury-severity rates
across collision types. This will provide new insights regarding the in-
jury-severity mechanism across different collision types. Second, this
study did not consider the temporal and spatial correlation in crash
rates, further study could be conducted to extend the current model to
accommodate the temporal and spatial effect. Moreover, further re-
search efforts could also be made to compare the risk factors with crash
frequency and that with crash rates. Last but not least, future study can
further decompose the Tobit coefficients to the effect of the parameters
on the overall rates, and on the probability of an observation being in
the zero-state. They will help with the model parameters’ inferences.
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