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A B S T R A C T

Stripline high frequency resonators or transmission line resonators (TLRs) manufactured as concentric RF coils at
the opposite sides of a dielectric sheet serve as wireless self-resonant transmitters-receivers in MRI. Owing to
their high quality factor relative to traditional RF coils composed of bulk inductor and capacitors, frequency
selectivity of TLRs is high, making them promising elements for single-nucleus MRI. However, the computation
of their resonance frequencies is cumbersome, and numerous mathematical mistakes and typos in publications
lead to incorrect results. The present publication is the first to summarize the corrected formulas for compu-
tations and presents comparison of such computations to real measurements.

1. Introduction

Single-nucleus magnetic resonance imaging (MRI) requires the use
of radiofrequency (RF) coils with high frequency selectivity that is
determined by the quality factor, or Q factor, of the RF coil [1]. The
quality factor Q, in turn, is determined by losses in resonating circuit
and by absorption in the surrounding medium. When a standard, not
isolated RF coil composed of bulk inductance and capacitors is placed
over a patient body, the body tissues behave as a dielectric layer inside
the virtual capacitor between the coil and the ground, leading to ad-
ditional dielectric losses and a decrease of Q. It could be possible to
solve this problem only if the body is isolated from the RF coil. How-
ever, it is impractical due to design limitations.

Zabel et al. [2] proposed an elegant solution to this problem, using
coaxial line resonator with short circuit at its end. In this case, dielectric
losses in the body of a patient decrease, since displacement currents,
created by the central wire, are shielded by grounded braids. This
feature allowed increased frequency selectivity of the coil. This idea
soon evolved into a new type of the RF coils in MRI - resonant trans-
mission line coils or transmission line resonators (TLRs), which are
under discussion in the present work.

Another advantage of such coils is their simple and compact design,
which makes them available for virtually any resonance frequency and

size. However, computation of the resonance frequency for a specific
design typically requires complex and time-consuming simulations.
Formulas for approximate computation of the resonance frequencies
have been proposed in earlier papers [3–7], but contained numerous
misprints and errors, making them hard to implement. The current
work presents corrected version of these formulas, and tests them in
practice on several TLRs.

2. Theory

2.1. Transmission line resonator

It is well known that a transmission line, such as a coaxial cable, for
instance, displays resonant performance when it is short-circuited
(Fig. 1). Its input impedance Z is at maximum and equals infinity when
the length of the line l is equal to the quarter of the wavelength [8]. Due
to electromagnetic field being localized entirely inside the shield, such a
line does not radiate.

Now, consider such a resonator turned into a loop (Fig. 2a). Since
currents along the central wire (Iw) and the shield (Ish) are equal to each
other and directed oppositely, such a loop neither produces an external
magnetic field, nor does the external magnetic field induce a current in
the central wire. But if the shield is disrupted (Fig. 2b), the magnetic
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fields induced by the shield and central wire do not compensate each
other anymore, and such a loop works both as a transmitter and a re-
ceiver of magnetic field.

Better technological flexibility and reproducibility in manufacturing
may be achieved with ring resonators formed by circular striplines
placed on both sides of a dielectric - like printed circuit boards (Fig. 3).
The dielectric may be either fiberglass or polyimide film.

Such resonators are also named TLRs. In the paper of Frass-Kriegl
et al. [6] the main types of them were presented. In this paper, we are
demonstrated them in Fig. 4.

Among the TLRs, the MTMG-TLRs (Multi-turn multi-gap transmis-
sion line resonators) are of particular interest because of a large set of
parameters that can be changed for obtaining a different resonance
frequency: outer coil diameter, turn radii, width of the conducting
strips, width of the spaces between the turns, number of turns, number
of gaps, thickness of the dielectric, dielectric permittivity [6].

2.2. Mathematical form of the problem

The key factor in designing the TLRs is the computation of its re-
sonance frequency f0, at which the produced magnetic field is at a
maximum. Such an attempt was first undertaken by Gonord et al. [3],
considering the stripline resonator shown in Fig. 3. Within the
equivalent circuit of dubious applicability, the formula for the com-
putation of ω0= 2πf0 was obtained as an equation with the parameters
being the inductance of a single coil L, characteristic impedance of the
stripline Z0, and lengths l1 and l2 of the left and right parts of the split
bottom layer of the coil, counting from the grounding point (Eq. (1) in
[3]).

However, that formula produced lower values of the resonance
frequency ω0 than expected. Therefore, in their next publication, the
same authors developed a different theory for the condition of re-
sonance [4]. According to it, the resonance occurs not when the im-
pedance tends to infinity, as they suggested originally in [3], but when
all the partial currents in both the upper and lower strip sections are in
the same direction. If such a condition exists, then, evidently, the
magnetic field in the center of the coil will maximize since both the
lower and upper coils generate magnetic field in the same direction at
the center of the coil. Regretfully, even with this better model gen-
eralized to n symmetrical gaps in each strip (total 2n gaps), the authors
gave an incorrect formula again (Eq. (20) in [4]).

The mistake was identified later by Serfaty et al. [5] and announced
in a footnote on the very first page. However, inexplicably, the footnote
itself and the final formula (Eq. (1) in [5]) were both given with errors.

Eventually, the errors were weeded out over the course of multiple
publications until a correct formula was finally given by Frass-Kriegl
et al. [6] in the following way (Eq. (1) in [6]):
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In Eq. (1) ω0 is the resonance frequency of the coil, L and Z0 – the
coil's inductivity and impedance, respectively, n – the number of gaps in
the stripline on one side of the coil, l – the total length of loops on one
side of the coil, ε – the dielectric permittivity and c – the speed of light.
The Eq. (1) was also published by Megherbi et al. [7]. Regretfully, in
that work a series of other mistakes marred credibility: in the formulas

for resonance condition and characteristic impedance Z0, and some
other discrepancies that will be outlined in the next sections.

2.3. Computation of the resonance frequency

Today, analytical formulas for characteristic impedance of a stri-
pline are available only for the case of a straight isolated stripline,
whereas in our case the striplines have a curved shape and cannot be
considered exactly isolated, being surrounded by the adjacent turns.
Nonetheless, lacking exact analytical solutions for circular striplines,
we are bound to use the original Wheeler formulas for straight isolated
striplines, having in mind that some obvious corrections should be
made in order to compensate for circularity. Original formulas for
characteristic impedance Z0 of a straight isolated line with the strip
width w, dielectric permittivity ε and height h are [9]:
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The inductance of the coil is computed as the sum of inductances of
the upper L1 and lower L2 coils and their mutual inductance M12 with
the following formula:

= + +L L L M21 2 12 (4)

The inductance of the two flat coils L1= L2 is equal to the sum of
inductances of each turn they are composed of Li plus their inter-coil
inductance Mij:
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The second sum in this formula is composed only of terms above the
diagonal of the matrix Mij.

Now, it is necessary to choose the most accurate formula for com-
puting inductances of each flat turn Li, because there are a big variety of
formulas in the literature, describing various specific peculiarities of
coils and their features, leading to numerous different analytical ap-
proximations [10]. Such a variety often leads to confusion and use of
the formulas that are not applicable to a certain specific case. In par-
ticular, Megherbi et al. [7] claims the use of the Coffin formula in the
form:

⎜ ⎟= ⎛
⎝

− + ⎡
⎣

+ ⎤
⎦

⎞
⎠

L μ r r
w

w
r

r
w

ln 8 1
2 96

ln 8 43
12i i

i

i

i
0

2

2 (6)

with μ0= 4π · 10−7H/m being magnetic constant of vacuum (vacuum
permeability). In fact, the Coffin formulas are not applicable to coils
confined in a single plane. They were introduced in the beginning of the
20th century as an approximate expansion of inductance of single-layer
multi-turn coils into a series over powers of b/r, with the length of the
coil b being greater than zero [11]. Identification of the stripline width
w with the coil length b is an obvious mistake.

While choosing the proper formula for Li, it is necessary to realize
that even the simplest approximations produce quite good results with
a relative error of ~1/500. For instance, the historically first Kirchhoff
formula for inductance of a flat turn of radius ri made by a wire of a

Fig. 1. Short-circuited coaxial cable.
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round cross section with the radius a (Eq. (59) in [10]) may be used:
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We shall be using the even more accurate Maxwell formula (Eq. (60)
in [10]):
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in which R - the so called geometrical mean distance. It is convenient
because it makes it possible to take into account the geometrical shape
of the wire, computing R for a given specific shape of its cross section.
Namely, for the rectangular lead of the cross section a× b (Eq. (124) in
[10]):
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This symmetrical formula can be easily simplified for an infinitely
thin lead with b→ 0, which is the case of a copper layer on a printed-
circuit board. The result, computed in the Appendix, is as follows:

= ⋅ ≈−R a e a0.2233/2 (10)

As a result, substituting a for w, the Eq. (8) takes the form:
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From the point of view of practical accuracy, quadratic terms in Eq.
(11) may be neglected.

Inter-turn mutual inductance Mij is computed with a well-known
Maxwell formula [12]:
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and K and E - are the Legendre elliptic integrals:
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Mutual inductance between the upper and lower coils M12 is com-
puted according to the same principle as the second sum in Eq. (5), with

Fig. 2. Coaxial ring resonator. Arrows show direction of currents along the central wire (Iw) and the shield (Ish).

Fig. 3. Circular stripline resonator.

Fig. 4. The types of TLRs (front conductor). (a) Single-turn single-gap (STSG). (b) Single-turn multi-gap (STMG). (c) Mutli-turn single-gap (MTSG). (d) Mutli-turn
multi-gap (MTMG). α – the so called an open angle.
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the only difference being that now, it is necessary to take into account
mutual inductance of turns placed one over another. Therefore, it is
necessary to sum over the entire upper triangle of the matrix of inter-
turn inductances Mpq, including diagonal elements.
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and K and E - are the Legendre elliptic integrals as it was indicated
above.

Another important thing to note is the computation of the coil
length l. There is some ambiguity about whether l should be taken as
the length of the coil on just one side or both sides. In this paper, l is
used as the length of one side of the coil and computed with the fol-
lowing formulas:

With N turns of radii ri the length of the line is equal to:
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where N is the number of turns of radii ri, n – the number of gaps in the
turns, α – the open angle, as indicated in Fig. 4c, w – the width of the
conducting strips, wl – the width of the spaces between the turns and wg

– the width of the gaps in the strips. It should be noted, that the radii ri
mentioned in the formulas are the outer radii of each turn.

3. Material and methods

All mathematical computations were performed using a custom
program coded in MatLab R2016a (Mathworks, Natick, USA). The re-
sonance frequency was computed according to the formulas presented
in Section 2.3 by plotting the following function
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and locating the value closest to 1 and its corresponding f0=ω0/2π.
For this paper, twelve TLRs with different configurations were or-

dered from the company «SEPcoRus» (St. Petersburg, Russia). The coils
differed by the following parameters: outer diameter ∅, number of
turns N, number of gaps n, width of the conducting strips w, width of
the spaces between the turns wl, open angle α, width of the gaps in the
strips wg, dielectric permittivity ε, thickness of the dielectric h. The
main specifications of the TLRs are shown in Table 1. The photograph
of the experimental coils is presented in Fig. 5.

To prove the correctness of the formulas presented in this paper, we
estimated the uncertainties for the calculated and measured fre-
quencies.

For this each TLR was photographed together with a metal ruler
(GOST 427-75 – Russian Federation national standard) using a high-
resolution Nikon D3500 digital camera. The mean values and the tol-
erance of all geometric parameters of the TLRs were determined from
the photos in the program ImageJ [13]. The measured parameters were:
turn radii ri, width of the conducting strips w, width of the spaces

between the turns wl, width of the gaps in the strips wg, open angle α.
Results were processed with the aid of the GUM Workbench program
[14] and the formula (19) to estimate the type of measured value dis-
tributions:

= ⋅V N S
N
V

S (19)

where V is the measured value, NV – the distance of the measured value
in the image, S – the known length (for example, 10mm), NS – the
distance in the image corresponding to the known length S. For ri the
normal distribution was proposed. For w, wl, wg and α, the trapezoidal
[0.3] distribution was suggested.

The calculations also took into account the dielectric permittivity ε
and thickness of the dielectric h. For all TLRs, the manufacturing tol-
erance (0.02) was chosen as the tolerance for ε. The thickness of the
dielectric was measured using a digital micrometer Micromar Mahr 40
EWR with the accuracy of 0.002mm. For ε and h, as no additional in-
formation was given, the distribution was proposed as uniform.

Due to the high complexity of the computational uncertainty cal-
culation by the analytical method, the simulation for the resonance
frequency was carried out using the Monte Carlo method according to
the recommendations of JCGM 101: 2008 [15]. To do this, 10,000
values for each measured parameter were generated with a proposed
distribution type, mean value and tolerances. Then, the resonance fre-
quency was computed for each set of value. The results of the calcu-
lations were plotted as a histogram and fitted by a normal distribution.
The expanded uncertainty of the calculated frequency with 95% cov-
erage was determined as the standard deviation of the simulated dis-
tribution multiplied by the coverage factor k for the normal distribution
(k=2).

The calculation of the experimental uncertainty was performed
using the following formula (20):

= +u f k u f u f( ) ( ) ( )meas A meas B meas
2 2

(20)

where k is a coverage factor, uA(fmeas) – type A uncertainty, uB(fmeas) –
type B uncertainty. In our case k equals 2, because it was found that the
measured value has normal distribution (as a result of Monte Carlo si-
mulation according to the following model: f= fmeas+ df, where fmeas is
the measured frequency, df – the tolerance of the measured frequency).

To calculate the uA(fmeas) for each TLR we made 10 measurements of
the resonance frequency using a Network Analyzer Rohde & Schwarz
ZVH4 1309.6800.24 by means of a single-probe loop method [16].
Then, type A uncertainty was calculated using the following formula
(21):

∑=
−

−
=

u
N N

N N1
( 1)

( )A
i

N

i mean
1

2

(21)

where N is the number of measurements (Eq. (10)), Ni – the value of the
i-th measurement, Nmean – the mean value of all measurements for the
one coil.

Type B uncertainty was estimated from the manufacturer's specifi-
cation for the Network Analyzer. According to the specification, the
accuracy of the frequency reading was calculated by the following
formula (22):

⎜ ⎟= ±⎛
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f f

p
[ ] 0.1 0.5

1
1rel meas

stop start
0

(22)

where f0 is the marker frequency (measured frequency, MHz), Δfrel – the
reference accuracy (1 · 10−6), bmeas – the measurement bandwidth
(10 kHz), fstart and fstop – the beginning and the end of the measurement
range (20MHz), respectively, p – the data points (201).

We assumed that these limits cover at least 95% of the normally
distributed measured value. So, the recalculation of the measurement
accuracy into the experimental uncertainty was performed by the use of
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formula (23) in accordance with GUM recommendations [15]:

=u f
Δf

( )
1.98B meas (23)

4. Results

Verification of the proposed algorithm was conducted, comparing
computed data with the experimental measurements. Specifications of
the obtained values are presented in Table 1 along with computational
and experimental results. Fig. 6 presents a graph showing the overlap of

the calculated and measured frequencies for each coil.
As shown in Table 1, the resonance frequencies computed using the

method outlined in this paper are in very good agreement with ex-
perimental results. Note that a rather large computational uncertainty
was obtained only for TLR №12. For this coil, the width of the con-
ducting strips w and the width of the spaces between the turns wl are too
small to be reliably measured using our equipment. As a result, the
tolerance for w was 25%, and for wl – 18%, what was the result of
increasing the uncertainty.

The deviations of the computed values from the measured values
are less than 3%, which is a good result. Such deviations may be

Table 1
Specifications of coils and results.

Geometrical parameters Dielectric Resonance frequency f0
(MHz)

№ N n ∅
(mm)

w
(mm)

wl

(mm)
wg

(mm)
α
(deg)

ε h
(mm)

Computation Measurement Deviation (%)

1 6 6 50 1.64 ± 0.10 1.03 ± 0.06 4.00 ± 0.10 – 2.20 ± 0.02 0.960 ± 0.002 262.69 ± 5.48 263.14 ± 0.09 −0.17
2 6 6 50 1.60 ± 0.10 1.38 ± 0.08 4.00 ± 0.10 – 2.20 ± 0.02 0.960 ± 0.002 282.15 ± 5.24 283.09 ± 0.09 −0.33
3 5 4 40 1.34 ± 0.08 1.10 ± 0.06 3.00 ± 0.10 – 2.20 ± 0.02 0.960 ± 0.002 290.92 ± 5.04 286.14 ± 0.09 +1.64
4 5 4 40 1.28 ± 0.08 1.54 ± 0.08 3.00 ± 0.10 – 2.20 ± 0.02 0.960 ± 0.002 318.21 ± 5.60 314.48 ± 0.09 +1.17
5 4 2 30 1.32 ± 0.08 0.88 ± 0.06 2.00 ± 0.10 – 2.20 ± 0.02 0.960 ± 0.002 259.63 ± 4.90 258.75 ± 0.09 +0.34
6 4 2 30 1.34 ± 0.08 1.18 ± 0.05 2.00 ± 0.10 – 2.20 ± 0.02 0.960 ± 0.002 275.65 ± 5.16 278.02 ± 0.09 −0.86
7 3 1 20 1.01 ± 0.06 0.63 ± 0.05 – 15.0 ± 0.3 2.20 ± 0.02 0.960 ± 0.002 290.74 ± 7.32 295.16 ± 0.09 −1.52
8 3 1 20 1.00 ± 0.06 0.80 ± 0.06 – 15.0 ± 0.3 2.20 ± 0.02 0.960 ± 0.002 301.84 ± 7.26 306.24 ± 0.09 −1.46
9 5 6 30 1.06 ± 0.06 0.54 ± 0.05 2.00 ± 0.10 – 2.20 ± 0.02 0.125 ± 0.002 259.42 ± 6.48 257.80 ± 0.09 +0.62
10 5 6 30 1.03 ± 0.06 0.76 ± 0.06 2.00 ± 0.10 – 2.20 ± 0.02 0.125 ± 0.002 275.81 ± 6.96 276.72 ± 0.09 −0.33
11 6 4 20 0.62 ± 0.05 0.60 ± 0.05 1.50 ± 0.10 – 2.20 ± 0.02 0.125 ± 0.002 307.39 ± 9.86 299.44 ± 0.09 +2.59
12 6 2 10 0.16 ± 0.04 0.22 ± 0.04 0.50 ± 0.10 – 2.20 ± 0.02 0.125 ± 0.002 394.37 ± 26.96 386.16 ± 0.09 +2.08

Fig. 5. Photograph of the experimental TLRs. All coils are on the same scale.
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attributed to the approximate nature of the impedance formula,
meaning that the computed value will be slightly below the real one,
which results in the resonance frequency being underestimated. This,
however, seems to have only a marginal effect on the deviation of the
resonance frequency, since the experiment clearly shows both positive
and negative deviations.

It was of interest to compare the results obtained using our cor-
rection formulas with the ones presented in literature, for example in
the paper of Megherbi et al. [7]. In this work, the resonance frequencies
f0 were computed for the five-turn circular coil with one gap, with the
outer diameter ∅=14.6mm, various strip widths w, width of the
spaces between the turns wl=0.3mm and various thicknesses h and
dielectric permittivity ε. In Figs. 7 and 8 the dependency graphs of the
resonance frequency of the mentioned above coil on the dielectric
permittivity ε and the width of the conducting strips w, respectively,
obtained by Megherbi et al. [7] and by using the proposed technique
are presented.

Analysis of these results shows a good agreement between the

results presented in the current work and by Megherbi et al. [7].
Another work with which we compared the use of our correction

formulas for computation of the resonance frequency is the paper of
Serfaty et al. [5]. By specifying the outer diameter ∅, the number of
turns N, the number of gaps n, the width of the conducting strips w, the
width of the spaces between the turns wl, the dielectric permittivity ε
and the thickness of the dielectric h, we computed the resonance fre-
quency of the TLRs and compared the values of f0 with the ones ob-
tained in his work. In Table 2, the corresponding specifications of the
coils and results are presented.

As shown in Table 2, the resonance frequencies of the TLRs com-
puted using our correction formulas coincide with the ones measured
by Serfaty et al. [6] within the margin of error (up to 3%). Only for coil
number 5, the values of f0 are very different. This may be because one
of the parameters of this coil presented in Table 1 in the paper of Serfaty
et al. [6] has a typo. This may also be indicated by deviations obtained
for all TLRs made specifically for this work, which were no more than

Fig. 6. The computational and experimental frequencies for each coil.

Fig. 7. Resonance frequency as a function of dielectric permittivity ε with
w=0.4mm. Lines - results from Megherbi et al. [7], dots - computations ac-
cording to the proposed technique. Solid line: h=0.5mm; dashed line:
h=0.25mm; dotted line: h=0.1mm. The proposed technique gave the results
shown by triangles, open and solid circles, respectively.

Fig. 8. Resonance frequency as a function of the strip width w with ε=23.6.
Lines - results from Megherbi et al. [7], dots - computations according to the
proposed technique. Dotted line: h=0.25mm; dash-dotted line: h=0.1mm.
The proposed technique gave the results shown by rhomboids and solid circles,
respectively.
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3%.
It should also be noted that our formulas give overestimated values

of the resonance frequencies in comparison with the ones computed by
Serfaty et al. [6]. Such deviations may be explained by subtle differ-
ences in the methods used to compute the frequencies. For instance, the
formula for computing the impedance Z0 was taken from the paper of
Grover et al. [17], which is different from formulas (2) and (3) used in
the current work. Nevertheless, the small magnitude of these deviations
indicates that both methods are valid for the purpose of obtaining the
resonance frequencies of TLRs.

5. Conclusion

For the first time, fundamental mistakes in formulas for computing
resonance frequency of the TLRs used in MRI, which can be found in the
literature, are summarized and analyzed. Corrected formulas are pre-
sented and a numeric technique for computations is outlined.

Note that the coils presented in this work are meant to be implanted
into the studied tissue. This means, that in order to reduce the effects of
implant rejection they are coated in a silicon-based compound, which,
according to previous studies [18], tends to reduce the resonance fre-
quency by approximately 8%, which is several times larger than the
deviations observed in the experiment. This means that while the de-
viations between the computed and measured resonance frequencies
are regrettable, they are significantly smaller than the deviations
caused by other factors. Therefore, the proposed technique for com-
puting resonance frequency of the TLRs is indeed practical.
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Appendix A

Computation of the limit of R when b→ 0. Firstly, resolve indeterminate forms. At small b in Eq. (9) use the Maclaurin series of the first order for
the components:

+ ≈ ≈b
a

b
a

b
a

b
a

ln 1 1
2

arctg
2

2 (A.1)

Indeterminate form of the type ( )x ln x
1 at x→ 0 tends to zero, because the logarithm always changes slower than x. The rest of the terms in Eq. (9)

are all of determinate forms at b→ 0: arctg(∞)= π/2. We have then:

≈ − + + − → −R a π b
a

aln ln 1
12

2
3 3

25
12

ln 3
2 (A.2)

And eventually:

= ⋅ ≈−R a e a0.2233/2 (A.3)
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