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A B S T R A C T

In this paper, we propose new Bayesian hierarchical representations of lasso, adaptive lasso and elastic net
quantile regression models. We explore these representations by observing that the lasso penalty function cor-
responds to a scale mixture of truncated normal distribution (with exponential mixing densities). We consider
fully Bayesian treatments that lead to new Gibbs sampler methods with tractable full conditional posteriors. The
new methods are then illustrated with both simulated and real data. Results show that the new methods perform
very well under a variety of simulations, such as the presence of a moderately large number of predictors,
collinearity and heterogeneity.

1. Introduction

After its inception in Ref. [1]; quantile regression (QReg) models
have received considerable attention and widely applied method to
investigate the whole conditional distribution of an outcome variable. A
vast number of publications has been widely applied to investigate
QReg in many different areas, such as climate change, geology, medi-
cine, ecology, econometrics, economics, finance, growth chart, micro-
array study and survival analysis. QReg offers a more comprehensive
picture of the underlying relationships of interest that can be especially
useful when the upper or lower quantiles of the response variable de-
pend on the predictors very differently from the center. Compared to
the classical mean regression, QReg models belong to a robust model
family [2]. It does not impose any distributional assumption on the
error term, except that the conditional quantile of the error term is zero.
In addition, classical mean regression limits comparison to mean levels,
while QReg identifies the heterogeneous effects of the predictors at
different quantile levels of the outcome of interest.

Suppose that we have a sample of independent observations , where
yi denote the response variable of interest and =x x x( , , )i i ik1 denote
the corresponding vector of explanatory variables. Given a fixed
quantile level < <p(0 1), the simple linear quantile regression model is

= +xy ,i i i (1)

where = ( , , )k1 and i’s are independent with their pth quantiles
equal to 0. Under model (1), the linear conditional quantile functions
are defined as

=x xG p( | ) ,y i ii (2)

where xG p( | )y ii is the quantile function of yi given xi evaluated at p
< <p(0 1). The quantile coefficient vector can be estimated by sol-

ving

=
x

n
ymin ( ),

i
p i i

1 (3)

where ( )p is the quantile check loss function

=
<

w
pw w

p w w
( )

, if 0,
( 1) , if 0.p

(4)

Nowadays, high-dimensional data becomes very common and fre-
quently collected in many different areas, such as economics, tumor
classification, biomedical imaging and signal processing [3]. Variable
selection plays a crucial role in building a QReg model. Specifically, it is
assumed that only an unknown subset of candidate covariates are active
in the regression, so that the variable selection problem is to select this
unknown subset. Various methods have been proposed over the years
for dealing with variable selection in linear regression models. Among
these, regularization approaches have received considerable attention
in the recent years. The popular regularization approach is lasso [4],
which stands for least absolute shrinkage and selection operator. The
lasso estimate is the solution to += xymin ( ) || || ,i

n
i i1

2
1 where

0 is the tuning parameter and = =|| || | |j
k

j1 1 . Several improve-
ment approaches of the lasso are as follows [5]. proposed the so-called
elastic net to solve the collinearity problems [6]. proposed a group lasso
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method for group selection [7]. introduced adaptive lasso regression
and showed that its oracle properties under some regularity conditions.
Other related approaches include the fused lasso [8], graphical lasso
[6], dantzig selector [9], and matrix completion [10,11]. Noting the
penalty form = | |j

k
j1 [4], suggested that the lasso regression esti-

mates for linear models can be interpreted as a Bayesian posterior mode
estimates when specifying a Laplace prior distribution to each j [12].
provided a Gibbs sampler for Bayesian lasso by putting scale mixture of
normal prior distributions on the parameters and independent ex-
ponential prior distributions on their variances. Recently [13], devel-
oped a Bayesian method to solve the elastic net model using Gibbs
sampler and [14] proposed a new Bayesian method to solve the elastic
net model by utilizing a scale mixture of uniform representation of the
Laplace density [15] in the elastic net prior.

With regard to the QReg, the lasso estimate is the solution to
+= xymin ( ) || ||i

n
p i i1 1 [16]. Several improvement approaches

of this technique are as follows [17]. illustrated the oracle properties of
the SCAD and adaptive lasso QReg. [18] studied the statistical prop-
erties of the group Lasso for high dimensional sparse quantile regression
models [19]. considered a weighted penalized composite QReg
(CQReg) estimator and its oracle properties [20]. proposed a weighted
CQReg estimation method and study model selection for nonlinear
models with a diverging number of parameters and [21] proposed a
general adaptive lasso QReg estimator and its oracle properties. From a
Bayesian perspective [22], proposed Bayesian approaches using the
asymmetric Laplace distribution for the errors to solve the lasso, elastic
net and group lasso QReg models using Gibbs samples, and [23] pro-
posed the Bayesian adaptive lasso QReg by assigning scale mixture of
normal priors on the regression coefficents and independent ex-
ponential priors on their variances [24]. More recently [25], proposed
Bayesian lasso mixed QReg and [26] studied Bayesian lasso and
adaptive lasso composite QReg. In this paper, we propose new Bayesian
QReg models for lasso, adaptive lasso and elastic net penalties. We
explore these models by observing that the lasso penalty function cor-
responds to a scale mixture of truncated normal distribution (with ex-
ponential mixing densities). New Gibbs sampling methods are proposed
for these three types of regularized QReg. Empirical results and real
data analyses show that the new algorithms perform well compared to
other existing regularized Bayesian and non-Bayesian QReg methods in
terms of prediction accuracy.

In Section 2, we describe in detail the new Bayesian QReg models
for lasso, adaptive lasso and elastic net penalties, and derive the cor-
responding Gibbs samplers. In Section 3, we illustrate the performance
of the new proposed methods through a simulation study. Empirical
results show that the new methods perform very well under a variety of
scenarios, including moderate or severe sparsity, full predictor spaces,
collinearity, more predictors than observations and heterogeneous
random errors. Section 4 gives two real data examples. Conclusions are
put in Section 5. An appendix contains a technical proof and full Con-
ditional densities for lasso, adaptive lasso and elastic net QReg.

2. Methods

2.1. Bayesian formulation of the QReg

Since (3) is not differentiable at 0, a closed-form solution is not
available for the unknown quantity [1]. However, the minimization
in (3) can be solved by a linear programming algorithm [27]. A para-
metric method to inference on the QReg coefficients arises if the dis-
tribution of the error term i is specified. A popular choice for the dis-
tribution of the error term i is the asymmetric Laplace distribution
(ALD); see Refs. [28–31]. The density function of an ALD is

=f p p( | ) (1 ) exp{ ( )},i p i (5)

where σ is the scale parameter. Let =y y y( , , )n1 , then the likelihood

corresponding to modeling the pth quantile is

=
=

y X xf p p
n

y( | , , ) (1 ) exp ( ) ,n n n

i
p i i

1 (6)

where X is the ×n k matrix of covariates with ith row x i. Maximizing
the likelihood function (6) is equivalent to minimizing (3). However,
direct use of the likelihood function (6) is rather inconvenient for
Bayesian QReg. Specifically, the conditional distribution for the re-
gression coefficients is not analytically tractable due to the complexity
of the above likelihood function. By Ref. [32]; i can be rewritten by a
scale mixture of normals,

= +v v ,i i i i1 2
1/2 (7)

where = p p p(1 2 )/( )1
2 and = p p2/( )2

2 . Here, vi and i
follow an exponential distribution with rate parameter (σ) and a stan-
dard normal distribution, respectively. Specifically, Model (1) can be
reformulated as,

= + + =xy v v i n, 1, , .i i i i i1 2
1/2 (8)

Since the conditional distribution of yi given vi is normal with mean
+x vi i1 and variance v /i2

2 , the likelihood corresponding to mod-
eling the pth quantile is

=
y X v

x
f

n

v
y v

v
( | , , , ) exp

( )
2

,
i i

i i i

i1

1
2 1

2

2
2 (9)

where =v v v( , , )n1 .

2.2. New bayesian regularized QReg methods

2.2.1. A new bayesian lasso QReg
The lasso regularized QReg [16] is given by

+ >
= =

x
n

y
k

min ( ) | |, 0.
i

p i i
j

j
1 1 (10)

Following [4,22] pointed out that solving the lasso regularized
QReg problem is equivalent to finding the marginal posterior mode of
the regression coefficients when the regression coefficients have in-
dependent Laplace priors,

=
=

k
( | ) ( /2) exp | | ,k

j
j

1 (11)

where = . Similar to Refs. [12,22] provided a Gibbs sampler for
Bayesian lasso QReg by reformulating the Laplace priors as scale mix-
ture of normal priors on the regression coefficients and independent
exponential priors on their variances. In this paper, along the same line
as [22]; we propose a new hierarchical representation of Bayesian lasso
QReg.

Proposition. A Laplace density can be written as a scale mixture of
truncated normal distribution (with exponential mixing densities), i.e.

=

×

>

( ) du ds

exp( | |) exp

exp exp ,

j u s s

u s
j j

2
0

| |
1

2 2

2 8 8

j j j

j
j

j j

2

2

2 2

(12)

A straightforward proof of this result is provided in Appendix A. We
put a Gamma prior on σ with shape parameter a and rate parameter b
and a Gamma prior on 2 with shape parameter c and rate parameter d.
Thus, the reformulation of the Laplace density suggests the following
hierarchical representation of the full model.
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j
2

2

(13)

We sample from the above Bayesian hierarchical formulation using
the following Gibbs sampler. All details are included in Appendix B.

Algorithm 1. (MCMC sampling for the Bayesian lasso QReg).

• Sample <y X v u s N µ I u| , , , , , , , {| | / },j j j j j j
2 2 2

j where

= + =
= =

n x
v s

µ
n y x

v
1 , and

˜
.

i

ij

i j
j

i

i ij

i

2

1

2

2
2

2

1 2
2j j

where = =y y x vĩ i h h j
k

ih h i1, 1 .

•Sample y X v g g| , , , Gamma( , )1 2 , where

= + = + +
=

x
g n a g

y v
v

v b3
2

and
( )

2i

n
i i i

i
i1 2

1

1
2

2
2

•Sample y Xv | , , ,i GIG(0.5, , )i1 2 , where = xy( ) /i i i1
2

2
2,

and = +( / 2).2 1
2

2
2

•Sample y Xs | , , ,j
2 GIG(0.5, , )j1 2 , where =j j1

2, and = /4.2
2

•Sample y Xu | , , ,j j
2 from the left-truncated exponential distribu-

tion >I uExponential(0.5) { | |}j j
2 using inversion method which

can be done by sampling uj
* from an exponential distribution with

rate parameter 0.5 and setting = +u u | |j j j
* 2 .

•Sample from the right-truncated gamma distribution

+ + <=( )c k d s I uGamma , Min / .j
k

j j j j
1
8 1

2 2 2

Although the proposed Gibbs sampler is very different from the old
Gibbs sampler reported in Ref. [22]; the posterior distribution

v y Xp ( , , | , ) is exactly the same for both. Thus, any observed differ-
ences in estimation of the regression coefficients can be contributed to
the features of the different algorithms utilized to get draws from the
corresponding posteriors.

2.3. A new bayesian adaptive lasso QReg

Although lasso has gained a high degree of success in many situa-
tions, it usually either includes a number of inactive predictors to re-
duce the estimation bias or over-shrinks the parameters of the correct
predictors to produce a model with correct size [5]. These drawbacks
are partially addressed by adaptive lasso [5], which extends lasso by
allowing different penalization parameters for different regression
coefficients [23]. considered the following adaptive lasso regularized
QReg from a Bayesian perspective.

+ >
= =

x
n

y
k

min ( ) | |, , , 0.
i

p i i
j

j j k
1 1

1
(14)

Specifically, they proposed Bayesian adaptive lasso QReg using a
conditional Laplace prior distribution of the form

= =( | ) /2 exp{ | |},j
k

j j j1 where =j j. Under this prior, the
posterior of becomes

= =
y X x

n
y

k
( | , , , , , ) exp ( ) | |k

i
p i i

j
j j1

1 1 (15)

Maximizing the posterior (15) is then equivalent to minimizing
(14). From the equality (12), we have

= >

>

( )
( )

du ds

s u s du ds

exp( | |)

exp exp exp ,

N( ; 0, )Exponential ; Exponential ; .

j j

u s s
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j j

u j j j j j j

2

0 | |
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2 2 2 8 8

0 | |
1
2 8

j

j j j j

j
j

j j j j

j j j

j

2

2 2 2

2

2

(16)

We put a Gamma prior on σ with shape parameter a and rate
parameter b. We further put a Gamma prior on j with shape parameter
c and rate parameter d. Thus, the reformulation of the Laplace density
suggests the following hierarchical representation of the full model:
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(17)

where = ( , , ).k
2

1
2 2 All details of the full conditional distributions

are included in Appendix C. We sample from the above Bayesian
hierarchical formulation using the following Gibbs sampler.

Algorithm 2. (MCMC sampling for the Bayesian adaptive lasso QReg).

•The sampling steps of v s, , , ,j i j and uj are the same as those in
Algorithm 1 with 2 replaced with j

2.
•Sample y X u s| , , , ,j j j j

2 from the right-truncated gamma distribu-

tion + + <( )c d s I uGamma 1, / .j j j j
1
8

2 2 2

2.4. A new bayesian elastic net QReg

[5] proposed the elastic net as an improved version of the lasso [4]
for analysing data with much more predictors than observations. Fol-
lowing [5]; the elastic net QReg can be written as

+ + >
= = =

x
n

y
k k

min ( ) | | , , 0.
i

p i i
j

j
j

j
1

1
1

2
1

2
1 2

(18)

[22] introduced the Bayesian elastic net QReg by assigning a con-
ditional prior distribution on j takes the form of

= C( | , ) ( , )2 exp | | ,j j j1 2 1 2
1

1 1 2
2 where =1 1,

=2 2 and C ( , )1 2 is a normalizing constant depending on 1 and 2,
which is given by

=C ( , ) 1/2,
4 4

exp
4

.1 2
1 1

2

2

1
2

2

1/2
1
2

2 (19)

Here, (1/2, /(4 ))1
2

2 is the upper incomplete gamma function. In this
paper, along the same line as [22]; we propose a new hierarchical re-
presentation of Bayesian elastic net QReg. Following the mixture
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representation of the Laplace prior in (12), the prior distribution

= C( | , ) ( , )2 exp | |j j j1 2 1 2
1

1 1 2
2 can be written as

= C( , , ) ( , )
2

exp | |j j j1 2 1 2
1

1 2
2

=
+

>
C

s
s

s
u

( , ) 1
2
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1 2

2
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2u j

j

j
j

j
1 2 0 | |

2 2
j j1

2

×
s

du ds
8

exp
8

.j
j j

1
2

1
2

Letting = +t s1 2j j2 , the prior becomes

=
>

C
t

t t
t

t

( , , )

( , )
2 ( 1)/(2 )

exp 1
2

1
2

j

u
j

j j

j

j
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1 2

1 2 1 | |

1/2

2 2

1
2

j j1
2

×
u

t du dtexp
2 16

exp
16

( 1) .j
j j j

1
2

2

1
2

2

We set = /(4 )1 1
2

2 and put Gamma priors on , ,1 and 2 with
shape parameters a c c, ,1 2 and rate parameters b d d, ,1 2, respectively.

To summarize, our Bayesian hierarchical formulation is provided
below.

= + +xy v v ,i i i i i1 2
1/2

=
v

n
Exponential( ),

i 1
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n
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4

( 1),
j
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1
1

1/2
1
1/2 1

=
u

k
Exponential 1

2
,

j 1

a bGamma( , )

c d˜ Gamma( , ),1 1 1

c dGamma( , ),2 2 2

where =t t t( , , )k1 . All details of the full conditional distributions are
included in Appendix D. We sample from the above Bayesian hier-
archical formulation using the following Gibbs sampler.

Algorithm 3. (MCMC sampling for the Bayesian elastic net QReg).

•Sample <y X v u s N µ I u| , , , , , , , , {| | / 4 ˜ },j j j j j j1 2
2

1 2j
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= + =
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µ
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•Sample y X v g g| , , , Gamma( , )1 2 , where

= + = + +
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x
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•Sample y Xv | , , ,i GIG(0.5, , )i1 2 , where = xy( ) /i i i1
2

2
2,

and = +( / 2).2 1
2

2
2

•Sample y Xt 1| , , , ˜ ,j j 1 2 GIG(0.5, , )j1 2 , where = 2j j1 2
2 and

= ˜ /22 1 .
•Sample y Xu | , , , ˜ ,j j 1 2 from the left-truncated exponential dis-
tribution >I uExponential(0.5) { 4 ˜ | |}j j1 2 using inversion method
which can be done by sampling uj

* from an exponential distribution
with rate parameter 0.5 and setting = +u u 4 ˜ | |j j j

*
1 2 .

•Sample 1̃, which has conditional posterior distribution

+

<

+

=
y X u t d

k
t I

u

( ˜ | , , , , , ) (1/2, ˜ ) ˜ exp ˜

˜ Min / 4

k k c

j
j
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1 2 1 1
/2 1

1 1
1

1
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2

1

Although y X u t( ˜ | , , , , , )1 2 has no closed form, it is log-concave.
Thus we sample 1̃ by Adaptive Rejection Sampling (ARS) [40].

•Sample y X u t| , , , , , ˜2 1 from the right-truncated gamma dis-

tribution + + <=c k d t t I uGamma /2, 1 Min / 4 ˜ .j
k

j j j j j j2 2 1

1
2

2
2

1
2

3. Simulation studies

In this section, we investigate the prediction accuracy of the pro-
posed methods with comparison to some Bayesian and non-Bayesian
methods. The methods in the comparison include:

1. The new Bayesian lasso QReg (NBLQ).
2. The new Bayesian adaptive lasso QReg (NBALQ).
3. The new Bayesian elastic net QReg (NBENQ).
4. The original Bayesian lasso QReg (OBLQ) reported in Ref. [22].
5. The original Bayesian elastic net QReg (OBENQ) reported in Ref.
[22].

6. The lasso QReg (lassoQ).
7. The standard QReg (RQ).
8. The lasso regression (lasso).
9. The elastic net regression (EN).

The data are simulated from the true model

= +xy i n, , , ,i i i (20)

where i’s have the pth quantile equal to 0. Each simulated sample is
partitioned into a training set with 20 observations, a validation set
with 20 observations, and a testing set with 200 observations. Methods
are evaluated based on median of mean absolute deviations (MMAD),
where the median is taken over 100 simulations. In other words,
MMAD=median(mean X X(| ˆ |)true ). The Bayesian estimates ˆ are
posterior means using 10,000 samples of the Gibbs sampler after burn-
in of 1000 iterations. Methods are fitted on the training data set and
MMADs are calculated on the testing data set.

3.1. Simulation 1 (sparse case)

In this simulation study, we simulated data from the true model
(20), where = (3,1.5, 0,0,2,0,0,0,0,0) and the covariates are simulated
independently from N (0, ). The i j( , )th element of is 0. 5 i j| | and the
error term i is restricted to have the pth quantile equal to zero. We
assume that the response variable is centered and the covariates are
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standardized, that is, == y 0i
n

i1 , == x 0i
n

ij1 and
= == x n j k/ 1, 1, ,i

n
ij1
2 . Following [22]; we consider four different

choices for the error distribution i.

1. N µ( , 9),i with μ chosen so that the pth quantile is 0.
2. +N µ N µ0.1 ( , 1) 0.9 ( , 5),i with μ chosen so that the pth quantile
is 0.

3. µLaplace( , 3),i with μ chosen so that the pth quantile is 0.
4. +µ µ0.1Laplace( , 1) 0.9Laplace( , 5 ),i with μ chosen so that the

pth quantile is 0.

Table 2 lists the number of times each method has smallest mean
absolute deviation (SMAD) and the frequency of correctly-fitted models
(FC) over 100 replications. For the Bayesian methods and frequentist
QReg (RQ), variable selection is conducted based on the credible in-
tervals and confidence intervals, respectively. It can be seen that the
results suggest that the new Gibbs sampler for Bayesian lasso perform
better than the other methods in terms of SMAD and FC. Specifically,
we see that the new Gibbs sampler for Bayesian lasso has the smallest
mean absolute deviation in 8 out of 12 simulation setups and has the
highest frequency in identifying the correct model in 7 out of 12 si-
mulation setups.

The inefficiency factors (IFs) were calculated for the regression
coefficients to evaluate the sampling efficiency of the Bayesian
methods. The inefficiency factor (IF) is defined as a ratio of the nu-
merical variance of the sample mean from the MCMC to the variance
from independent draws. The results of the inefficiency factors are
summarized in Table 3. It can be observed that the IFs of the proposed
algorithms are smaller than those of the old algorithms in all three
quantiles under consideration. These results indicate the superiority of
our proposed algorithms. Convergence of the proposed algorithms in

Table 1
MMADs and the standard deviations of the MADs (in the parentheses) obtained by bootstrap resampling 500 times for Simulation 1.

pz Method Error Distribution

normal normal mixture Laplace Laplace mixture

MMAD (SD) MMAD (SD) MMAD (SD) MMAD (SD)

0.50 NBLQ 0.3896 (0.0125) 0.9027 (0.0477) 0.4247 (0.0211) 1.1451 (0.0459)
NBALQ 0.3911 (0.0131) 0.8660 (0.0628) 0.4210 (0.0157) 1.1545 (0.0566)
NBENQ 0.4023 (0.0133) 0.9172 (0.0546) 0.4544 (0.0118) 1.1502 (0.0412)
OBLQ 0.3963 (0.0109) 0.9578 (0.0460) 0.4255 (0.0221) 1.1440 (0.0484)
OBENQ 0.4127 (0.0152) 0.9994 (0.0362) 0.4665 (0.0181) 1.1962 (0.0528)
lassoQ 0.3897 (0.0229) 0.9741 (0.0331) 0.5260 (0.0274) 1.5765 (0.0672)
RQ 0.4856 (0.0151) 1.2782 (0.0359) 0.5620 (0.0136) 1.5601 (0.0496)
lasso 0.3932 (0.0228) 0.9739 (0.0335) 0.5283 (0.0268) 1.5690 (0.0661)
EN 0.4345 (0.0283) 1.0795 (0.0502) 0.6253 (0.0457) 1.5384 (0.0943)

0.75 NBLQ 0.3936 (0.0164) 1.1022 (0.0226) 0.4456 (0.0273) 1.3104 (0.0574)
NBALQ 0.3802 (0.0103) 1.0866 (0.0280) 0.4404 (0.0246) 1.3019 (0.0665)
NBENQ 0.4014 (0.0167) 1.1123 (0.0251) 0.4631 (0.0309) 1.2481 (0.0348)
OBLQ 0.3939 (0.0142) 1.0880 (0.0196) 0.4380 (0.0253) 1.3040 (0.0412)
OBENQ 0.4030 (0.0130) 1.1860 (0.0435) 0.4874 (0.0238) 1.2960 (0.0442)
lassoQ 0.3984 (0.0182) 1.1748 (0.0508) 0.5442 (0.0257) 1.5911 (0.0880)
RQ 0.4994 (0.0104) 1.5137 (0.0356) 0.5644 (0.0240) 1.6425 (0.0718)
lasso 0.3973 (0.0177) 1.1691 (0.0502) 0.5521 (0.0260) 1.5893 (0.0842)

0.95 EN 0.4178 (0.0217) 1.2481 (0.0300) 0.5631 (0.0391) 1.5319 (0.0802)
NBLQ 0.3803 (0.0117) 1.3896 (0.0450) 0.4287 (0.0180) 1.5638 (0.0505)
NBALQ 0.3597 (0.0148) 1.3061 (0.0609) 0.3994 (0.0234) 1.5581 (0.0798)
NBENQ 0.3738 (0.0119) 1.3664 (0.0473) 0.4463 (0.0237) 1.5548 (0.0557)
OBLQ 0.3701 (0.0126) 1.3538 (0.0722) 0.4203 (0.0222) 1.5774 (0.0388)
OBENQ 0.3970 (0.0120) 1.4118 (0.0438) 0.4497 (0.0207) 1.5989 (0.0462)
lassoQ 0.3936 (0.0153) 1.5366 (0.0480) 0.5320 (0.0322) 2.0508 (0.0835)
RQ 0.4823 (0.0207) 1.7885 (0.0547) 0.5477 (0.0179) 2.2735 (0.0684)
lasso 0.3832 (0.0157) 1.5427 (0.0476) 0.5332 (0.0347) 2.0513 (0.0846)
ENS 0.4408 (0.0272) 1.5082 (0.0580) 0.5741 (0.0259) 1.9656 (0.0900)

The results are listed in Table 1 which clearly suggest that the proposed methods outperform the other methods in general across all scenarios of this simulation
study. Most noticeably, the proposed new Bayesian adaptive lasso QReg (NBALQ) performs better than the other methods. It has the smallest MMAD in 8 out of 12
simulation setups. In two situations, the proposed new Bayesian elastic net QReg (NBENQ) performs slightly better than the NBALQ. Overall, the Bayesian approaches
significantly outperform the frequentist approaches in terms of prediction accuracy.

Table 2
Frequency of smallest mean absolute deviation (SMAD) and frequency of cor-
rectly-fitted models (FC) over 100 replications.

p Method Error Distribution

normal normal mixture Laplace Laplace mixture

SMAD (FC) SMAD (FC) SMAD (FC) SMAD (FC)

0.50 NBLQ 14 (26) 20 (23) 21 (19) 22 (31)
NBALQ 12 (14) 17 (19) 12 (22) 13 (28)
NBENQ 13 (17) 09 (12) 11 (17) 10 (23)
OBLQ 09 (12) 10 (16) 14 (10) 13 (20)
OBENQ 08 (10) 08 (16) 12 (10) 09 (20)
lassoQ 19 (04) 13 (20) 17 (02) 17 (12)
RQ 02 (04) 01 (05) 03 (02) 05 (01)
lasso 12 (32) 13 (28) 06 (14) 04 (18)
EN 11 (28) 09 (20) 04 (08) 07 (12)

0.75 NBLQ 11 (22) 19 (18) 16 (31) 16 (22)
NBALQ 13 (16) 10 (13) 11 (19) 10 (20)
NBENQ 11 (13) 12 (15) 10 (10) 11 (11)
OBLQ 09 (14) 13 (12) 11 (16) 11 (14)
OBENQ 07 (12) 11 (10) 12 (10) 14 (12)
lassoQ 23 (04) 10 (08) 12 (04) 11 (06)
RQ 04 (04) 02 (03) 06 (01) 08 (05)
lasso 12 (18) 12 (14) 15 (26) 07 (18)
EN 10 (10) 11 (04) 07 (10) 12 (08)

0.95 NBLQ 18 (29) 15 (13) 15 (21) 23 (18)
NBALQ 10 (18) 19 (14) 13 (27) 14 (16)
NBENQ 12 (20) 16 (11) 13 (23) 14 (16)
OBLQ 09 (16) 15 (06) 16 (18) 17 (14)
OBENQ 12 (16) 13 (00) 09 (16) 14 (12)
lassoQ 11 (01) 01 (00) 02 (04) 02 (00)
RQ 07 (01) 05 (00) 07 (01) 09 (00)
lasso 10 (26) 09 (11) 13 (36) 01 (06)
EN 11 (20) 07 (08) 09 (26) 06 (06)
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the simulations was observed using the multivariate potential scale
reduction factor (MPSRF) [33]. Fig. 1 shows the MPSRF for Simulation
1 when =p 0.50 and N µ( , 9)i . From Fig. 1, it can be seen that the
convergence of the proposed algorithms to the posterior was very fast
and the chain mixing was well compared to the existing algorithms
(OBLQ and OBENQ). Similar patterns are also seen for the situations not
shown here.

3.2. Simulation 2 (very sparse case)

The setup for the second scenario is the same as the first, except we
set = (5,0,0,0,0, 0,0,0,0,0). The results are listed in Table 4 which
clearly suggest that the proposed methods outperform the others.
Again, in general, the proposed NBALQ performs better than the other
methods. It has the smallest MMAD in 10 out of 12 simulation setups.

3.3. Simulation 3 (dense case)

The setup for this simulation study is the same as the first, except we
set = (1.15, 1.00, 0.85, 0.60, 0.45, 1.15, 1.00, 0.85, 0.60, 0.45).

Table 5 summarizes the experimental results for this simulation
study. We can observe that the proposed methods perform better than
the others and all the Bayesian methods outperform their frequentist
counterpart. Again, NBALQ performs better than the other methods. It
has the smallest MMAD in 9 out of 12 simulation setups.

3.4. Simulation 4 (high correlation case)

The setup for this simulation study is the same as the first, except we
simulated the covariates from the multivariate normal distribution with
mean 0, variance 1 and pairwise correlations between xi and xj equal to
0.95.

Table 3
Inefficiency factors are shown.

p Method 1 2 3 4 5 6 7 8

0.50 NBLQ 3.193 3.617 3.185 3.227 3.519 3.662 3.289 3.771
NBALQ 3.662 4.005 3.971 3.667 3.409 3.718 3.919 3.948
NBENQ 4.011 3.892 3.615 3.157 3.472 3.163 3.227 3.227
OBLQ 5.387 5.782 4.892 5.371 5.449 4.817 4.779 5.138
OBENQ 5.104 5.392 5.861 4.992 5.753 4.973 4.819 5.003

0.75 NBLQ 8.916 8.265 8.713 9.360 8.715 8.332 8.419 8.573
NBALQ 8.337 8.618 8.338 8.197 8.119 9.004 8.817 9.113
NBENQ 8.518 9.107 8.819 9.219 8.663 8.916 8.991 9.461
OBLQ 10.471 10.229 11.931 11.945 10.337 9.789 11.119 10.997
OBENQ 11.015 10.873 10.116 11.562 10.452 10.837 10.673 9.661

0.95 NBLQ 12.169 12.883 12.720 12.927 13.201 12.825 10.673 11.660
NBALQ 11.937 12.027 11.893 12.883 11.946 13.617 11.993 12.338
NBENQ 12.993 11.883 13.782 11.927 12.937 12.773 11.827 12.563
OBLQ 14.930 15.662 14.913 15.903 15.663 14.783 14.937 15.787
OBENQ 15.383 16.407 15.689 15.668 14.689 14.839 15.937 15.788

Fig. 1. MPSRF for the Bayesian methods in Simulation 1. The given quantile is =p 0.50.
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Table 4
MMADs and the standard deviations of the MADs (in the parentheses) obtained by bootstrap resampling 500 times for Simulation 2.

p
Method Error Distribution

normal normal mixture Laplace Laplace mixture

MMAD (SD) MMAD (SD) MMAD (SD) MMAD (SD)

0.50 NBLQ 0.3332 (0.0107) 0.7577 (0.0292) 0.3601 (0.0167) 0.8643 (0.0403)
NBALQ 0.3278 (0.0155) 0.6972 (0.0286) 0.3332 (0.0221) 0.7334 (0.0408)
NBENQ 0.3594 (0.0114) 0.8126 (0.0350) 0.3574 (0.0141) 0.9136 (0.0417)
OBLQ 0.3449 (0.0131) 0.7848 (0.0246) 0.3394 (0.0096) 0.8178 (0.0490)
OBENQ 0.3678 (0.0149) 0.8918 (0.0222) 0.3740 (0.0135) 1.0696 (0.0305)
lassoQ 0.4183 (0.0118) 1.1172 (0.0387) 0.4698 (0.0157) 1.3367 (0.0609)
RQ 0.2759 (0.0139) 0.7919 (0.0492) 0.2998 (0.0250) 0.7589 (0.0421)
lasso 0.3755 (0.0297) 0.9323 (0.0569) 0.5422 (0.0402) 1.1302 (0.0710)
EN 0.3783 (0.0224) 0.9492 (0.0486) 0.5378 (0.0349) 1.2080 (0.0667)

0.75 NBLQ 0.3109 (0.0108) 0.8688 (0.0344) 0.3759 (0.0162) 0.9360 (0.0614)
NBALQ 0.2935 (0.0098) 0.7187 (0.0401) 0.3481 (0.0159) 0.8401 (0.0589)
NBENQ 0.3187 (0.0112) 0.8715 (0.0341) 0.3794 (0.0164) 0.9355 (0.0586)
OBLQ 0.3221 (0.0091) 0.8364 (0.0287) 0.3724 (0.0149) 0.9657 (0.0715)
OBENQ 0.3431 (0.0136) 1.0098 (0.0403) 0.3986 (0.0203) 1.1453 (0.0530)
lassoQ 0.4193 (0.0088) 1.2982 (0.0378) 0.4972 (0.0161) 1.4104 (0.0725)
RQ 0.3138 (0.0179) 0.9513 (0.0565) 0.3967 (0.0263) 1.1363 (0.0682)
lasso 0.3641 (0.0243) 0.8612 (0.0710) 0.5380 (0.0362) 1.2197 (0.0716)
EN 0.3585 (0.0234) 1.0356 (0.0904) 0.5473 (0.0458) 1.2520 (0.0585)

0.95 NBLQ 0.3216 (0.0133) 0.9305 (0.0519) 0.3499 (0.0093) 1.1154 (0.0562)
NBALQ 0.3197 (0.0152) 0.7150 (0.0512) 0.3254 (0.0098) 0.8538 (0.0522)
NBENQ 0.3426 (0.0123) 1.1023 (0.0634) 0.3653 (0.0140) 1.1922 (0.0705)
OBLQ 0.3387 (0.0175) 0.9499 (0.0549) 0.3565 (0.0117) 1.1150 (0.0590)
OBENQ 0.3480 (0.0155) 1.2358 (0.0518) 0.3820 (0.0133) 1.3911 (0.0693)
lassoQ 0.4088 (0.0198) 1.5608 (0.0738) 0.4693 (0.0240) 1.9858 (0.0902)
RQ 0.5110 (0.0140) 2.5940 (0.0750) 0.7885 (0.0307) 3.7911 (0.1193)
lasso 0.3617 (0.0340) 1.1120 (0.0810) 0.4344 (0.0341) 1.5986 (0.0777)
EN 0.3950 (0.0269) 1.2068 (0.0659) 0.4845 (0.0530) 1.7321 (0.0912)

Table 5
MMADs and the standard deviations of the MADs (in the parentheses) obtained by bootstrap resampling 500 times for Simulation 3.

p
Method Error Distribution

normal normal mixture Laplace Laplace mixture

MMAD (SD) MMAD (SD) MMAD (SD) MMAD (SD)

0.50 NBLQ 0.7245 (0.0637) 0.5063 (0.0371) 0.6789 (0.0389) 0.5617 (0.0501)
NBALQ 0.7183 (0.0605) 0.4639 (0.0356) 0.6719 (0.0371) 0.5217 (0.0532)
NBENQ 0.7225 (0.0593) 0.4891 (0.0401) 0.7013 (0.0355) 0.5312 (0.0587)
OBLQ 0.7495 (0.0616) 0.5172 (0.0339) 0.7554 (0.0432) 0.5783 (0.0577)
OBENQ 0.7799 (0.0748) 0.4891 (0.0410) 0.6873 (0.0393) 0.5134 (0.0461)
lassoQ 0.7038 (0.0750) 0.5465 (0.0547) 0.7495 (0.1043) 0.7327 (0.0642)
RQ 0.7048 (0.0835) 0.5939 (0.0302) 0.7202 (0.0964) 0.7663 (0.0599)
lasso 0.8658 (0.1019) 0.5092 (0.0335) 0.7901 (0.0513) 0.5852 (0.0771)
EN 0.7078 (0.0741) 0.5447 (0.0588) 0.7791 (0.1178) 0.7693 (0.0701)

0.75 NBLQ 0.6011 (0.0399) 0.6393 (0.0524) 0.5381 (0.0934) 0.5771 (0.0701)
NBALQ 0.6395 (0.0409) 0.5944 (0.0509) 0.5209 (0.0842) 0.5739 (0.0611)
NBENQ 0.6274 (0.0402) 0.6281 (0.0604) 0.5433 (0.0847) 0.7382 (0.0599)
OBLQ 0.6316 (0.0480) 0.7033 (0.0695) 0.6603 (0.1123) 0.6381 (0.0629)
OBENQ 0.6077 (0.0413) 0.6546 (0.0649) 0.5354 (0.0894) 0.5882 (0.0642)
lassoQ 0.6857 (0.0463) 0.5950 (0.1042) 0.7296 (0.1294) 0.7166 (0.0937)
RQ 0.6259 (0.0620) 0.6387 (0.0734) 0.8856 (0.0855) 0.8165 (0.0888)
lasso 0.7049 (0.0585) 0.6972 (0.0417) 0.6337 (0.0787) 0.6308 (0.0553)
EN 0.6857 (0.0463) 0.5951 (0.1042) 0.7296 (0.1294) 0.7166 (0.0937)

0.95 NBLQ 0.5667 (0.0402) 0.7119 (0.0548) 0.6135 (0.0605) 0.8035 (0.0.603)
NBALQ 0.5634 (0.0553) 0.6825 (0.0619) 0.5987 (0.0703) 0.7748 (0.0857)
NBENQ 0.6001 (0.0132) 0.7481 (0.0679) 0.6073 (0.0647) 0.7911 (0.0522)
OBLQ 0.6321 (0.0559) 0.7736 (0.0654) 0.6515 (0.0668) 0.8514 (0.0739)
OBENQ 0.5792 (0.0361) 0.7145 (0.0831) 0.6074 (0.0721) 0.7802 (0.0591)
lassoQ 0.6019 (0.0947) 0.6918 (0.0827) 0.9453 (0.1547) 1.2307 (0.1243)
RQ 0.6428 (0.0919) 0.8092 (0.1911) 0.9441 (0.0762) 1.5213 (0.1427)
lasso 0.7035 (0.0374) 0.8417 (0.1242) 0.6206 (0.0582) 0.8842 (0.0350)
EN 0.6019 (0.0947) 0.6918 (0.0827) 0.9453 (0.1547) 1.2307 (0.1243)
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The results of this simulation study are listed in Table 6. This table
shows that, in terms of the MMAD, the new Bayesian elastic net QReg
(NBENQ) method performs better than the other methods in general,
especially for =p 0.95. In this simulation study, NBENQ has the smal-
lest MMAD in 7 out of 12 simulation setups.

3.5. Simulation 5 (small n large k case)

Here we set = 5, , 5 , 0, , 0 , 5, ,5
5 20 5

, leaving other setups

exactly same as Simulation 1.

Table 6
MMADs for Simulation 4. In the parentheses are standard deviations of the MADs obtained by bootstrap resampling 500 times.

p
Method Error Distribution

normal normal mixture Laplace Laplace mixture

MMAD (SD) MMAD (SD) MMAD (SD) MMAD (SD)

0.50 NBLQ 0.4467 (0.0343) 1.1464 (0.2304) 0.4171 (0.0386) 1.4857 (0.4152)
NBALQ 0.4417 (0.0365) 1.1294 (0.2324) 0.4014 (0.0329) 1.4785 (0.3739)
NBENQ 0.4040 (0.0320) 1.0007 (0.2051) 0.4191 (0.0380) 1.0354 (0.3507)
OBLQ 0.4940 (0.0530) 1.2393 (0.3201) 0.4423 (0.1056) 1.6583 (0.4799)
OBENQ 0.4046 (0.0250) 1.0843 (0.1008) 0.4963 (0.0432) 1.1216 (0.4035)
lassoQ 0.5367 (0.1663) 1.2535 (0.2047) 0.8233 (0.2668) 1.9290 (0.2590)
RQ 0.5190 (0.0259) 1.3615 (0.1048) 0.5021 (0.0401) 1.5493 (0.1198)
lasso 0.5367 (0.1663) 1.2535 (0.2047) 0.8233 (0.2668) 1.9290 (0.2590)
EN 0.6109 (0.0751) 0.9269 (0.1652) 0.6927 (0.0885) 1.1385 (0.2469)

0.75 NBLQ 0.4590 (0.0493) 1.3381 (0.1557) 0.4504 (0.0717) 1.3035 (0.1007)
NBALQ 0.4519 (0.0481) 1.4380 (0.1074) 0.4467 (0.0651) 1.3112 (0.1339)
NBENQ 0.5119 (0.0455) 1.0090 (0.1152) 0.4297 (0.0483) 1.0777 (0.1290)
OBLQ 0.4555 (0.0533) 1.2842 (0.2831) 0.4950 (0.0952) 1.3604 (0.1828)
OBENQ 0.5028 (0.0579) 1.1141 (0.0964) 0.5425 (0.0497) 1.4538 (0.1979)
lassoQ 0.4594 (0.1595) 1.2507 (0.2618) 0.7751 (0.1982) 1.6195 (0.1947)
RQ 0.4410 (0.0225) 1.5006 (0.1219) 0.5623 (0.0678) 1.5808 (0.1573)
lasso 0.4594 (0.1595) 1.2507 (0.2618) 0.7751 (0.1982) 1.6195 (0.1947)
EN 0.4042 (0.0472) 0.7659 (0.0259) 0.5630 (0.0307) 1.2455 (0.2305)

0.95 NBLQ 0.5017 (0.0475) 1.1292 (0.2546) 0.5420 (0.1021) 1.1417 (0.1268)
NBALQ 0.5146 (0.0410) 1.0149 (0.2029) 0.5586 (0.0468) 1.0109 (0.1318)
NBENQ 0.4937 (0.0444) 1.0064 (0.2046) 0.5152 (0.0586) 1.2291 (0.1713)
OBLQ 0.5082 (0.0510) 1.1334 (0.4551) 0.5410 (0.1229) 1.3715 (0.2703)
OBENQ 0.5415 (0.0520) 1.7180 (0.2032) 0.5746 (0.0402) 1.6670 (0.3787)
lassoQ 0.9421 (0.1830) 1.4699 (0.2924) 0.9335 (0.1333) 2.3301 (0.2748)
RQ 0.5375 (0.0278) 1.6958 (0.2202) 0.6015 (0.0449) 2.0663 (0.1671)
lasso 0.9421 (0.1830) 1.4699 (0.2924) 0.9335 (0.1333) 2.3301 (0.2748)
EN 0.5352 (0.0533) 1.1450 (0.1792) 0.6128 (0.0721) 1.5326 (0.2304)

Table 7
MMADs and the standard deviations of the MADs (in the parentheses) obtained by bootstrap resampling 500 times for Simulation 5.

p
Method Error Distribution

normal normal mixture Laplace Laplace mixture

MMAD (SD) MMAD (SD) MMAD (SD) MMAD (SD)

0.50 NBLQ 1.1951 (0.0464) 2.8569 (0.1421) 1.8200 (0.2092) 4.1713 (0.1565)
NBALQ 0.9933 (0.0368) 2.0720 (0.1504) 1.3995 (0.1475) 2.9149 (0.1665)
NBENQ 1.2011 (0.0550) 2.7728 (0.1769) 1.7282 (0.2475) 3.9405 (0.2035)
OBLQ 1.2118 (0.0460) 2.8495 (0.1561) 1.7526 (0.1896) 3.9165 (0.2310)
OBENQ 1.2358 (0.0799) 3.1102 (0.2403) 1.9204 (0.2556) 4.5815 (0.2226)
lassoQ 2.2533 (0.1835) 2.7465 (0.4698) 2.3619 (0.2329) 4.1852 (0.4205)
lasso 2.2533 (0.1835) 2.7465 (0.4698) 2.3619 (0.2329) 4.1852 (0.4205)
EN 3.6174 (0.0557) 4.0387 (0.2501) 3.6752 (0.1378) 4.9782 (0.2205)

0.75 NBLQ 1.2272 (0.1013) 3.3010 (0.2042) 1.5669 (0.0672) 4.2133 (0.3797)
NBALQ 0.9569 (0.0615) 2.4630 (0.1680) 1.2472 (0.0744) 2.8940 (0.1681)
NBENQ 1.2546 (0.1022) 3.5215 (0.2654) 1.6100 (0.0942) 4.4178 (0.4241)
OBLQ 1.2807 (0.0924) 3.3745 (0.2352) 1.6508 (0.1116) 4.0921 (0.6180)
OBENQ 1.3041 (0.0857) 3.7569 (0.2385) 1.6768 (0.1172) 4.6787 (0.5010)
lassoQ 2.0040 (0.1555) 3.5075 (0.1141) 1.9094 (0.2493) 4.7625 (0.4554)
lasso 2.0040 (0.1555) 3.5075 (0.1141) 1.9094 (0.2493) 4.7625 (0.4554)
EN 3.6642 (0.0391) 4.6993 (0.1639) 3.5050 (0.0904) 5.5977 (0.6178)

0.95 NBLQ 1.2809 (0.1273) 4.3376 (0.2565) 1.6888 (0.1241) 5.6210 (0.2540)
NBALQ 1.0338 (0.0915) 2.8228 (0.2304) 1.2378 (0.0796) 5.1112 (0.6638)
NBENQ 1.1544 (0.1290) 4.3812 (0.2352) 1.6130 (0.0997) 5.6035 (0.2977)
OBLQ 1.2653 (0.1575) 4.1757 (0.2515) 1.7394 (0.1539) 5.6021 (0.3020)
OBENQ 1.2133 (0.1568) 4.7279 (0.2294) 1.7221 (0.1249) 5.9260 (0.2192)
lassoQ 1.8536 (0.2030) 4.2865 (1.6664) 1.7546 (0.1564) 6.1333 (0.8765)
lasso 1.8536 (0.2030) 4.2865 (1.6664) 1.7546 (0.1564) 6.1333 (0.8765)
EN 3.5497 (0.0812) 5.2208 (0.4541) 3.5498 (0.1393) 6.9135 (0.3882)
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Table 7 summarizes the experimental results for this simulation
study. It can be sseen that the NBALQ method significantly outperform
the other methods in terms of prediction accuracy. It has the smallest
MMAD in all simulation setups of this example. We can also see that the
Bayesian methods significantly outperform the frequentist counter-
parts. Another comment on Table 7 is that, due to the case >p n, the
design matrix is singular. Thus, the frequentist quantile regression ap-
proach (RQ) fails in this situation, while the other eight methods still
work. This result showing the advantage of the regularization methods
over the non-regularization methods.

3.6. Simulation 6 (heterogeneous random errors)

In this simulation study, we consider the case with non-i.i.d random
errors. The data set were simulated according to the model [17,22,34],

= + + + + +y x x x x1 (1 ) ,i i i i i i1 2 3 3

where x N(0,1)i1 , x uniform[0,1]i3 and = + +x x x wi i i i2 1 3 , where
w N(0,1).i N µ( , 1)i , with μ chosen so that the pth quantile is 0.
Here, x x w, , ,i i i1 3 and i were mutually independent. Five more in-
dependent noise covariates x x( , , N(0,1))4 8 were included to the
model. Each simulated sample is partitioned into a training set with 20
observations, a validation set with 20 observations, and a testing set
with 200 observations. Methods are evaluated based on MMAD and the
test error [17,22]. Here, the test error refers to the median of the
average check loss (MACL) on the independent testing data set, i.e.
MACL=median(mean y X( ( ˆ))p ), where the median is taken over
100 simulations.

The results of this simulation study are listed in Table 8. The si-
mulation results show that, in terms of MMAD and the test error, the
new Bayesian regularized QReg methods still perform well even in the
case of heterogeneity.

4. Real data analyses

Here, we apply the proposed methods to two benchmark datasets
viz. Boston housing data [35] and prostate cancer data [36]. Methods
are evaluated based on median of mean squared errors (MMSE) and the
average check loss (test error) on the independent testing data set
[17,22].

4.1. Boston Housing data

The corrected version of the this data set has 506 rows and 15
columns (one response variable and 15 covariates), and is available in
the mlbench package [37] in R. The outcome of interest is the log-
transformed corrected median value of owner-occupied housing in USD
1000 (LCMEDV). The 15 covariates are the point longitudes in decimal
degrees (x1), point latitudes in decimal degrees (x2), per capita crime
rate (x3), proportion of residential land zoned for lots over 25,000 sq.ft
(x4), proportions of non-retail business acres per town which is constant

for all Boston tracts (x5), Charles River (x6= 1 if tract bounds river; 0
otherwise), nitric oxides concentration per town (x7), average numbers
of rooms per dwelling (x8), proportion of owner-occupied units built
prior to 1940 (x9), the weighted distances to 5 Boston employment
centres (x10), index of accessibility to radial highways (x11), full-value
property-tax rate per 10,000$ (x12), pupil-teacher ratio by town (x13),
1000 (proportion of blacks 0.63) (x14) and the lower status of the
population (x15). We centered the response variable to have mean zero,
while the covariates have been standardized.

We run 10-fold cross-validation to evaluate the performance of the

Table 8
MMADs and test errors for the Simulation 6.

Method =p 0.50 =p 0.75 =p 0.95

MMAD Test Error MMAD Test Error MMAD Test Error

NBLQ 0.5823 0.6660 0.6266 0.5447 0.9273 0.2160
NBALQ 0.5812 0.6652 0.6289 0.5409 0.9004 0.2133
NBENQ 0.5806 0.6610 0.6298 0.5418 0.9010 0.2150
OBLQ 0.6060 0.6728 0.6313 0.5454 0.9373 0.2165
OBENQ 0.5851 0.6677 0.6402 0.5445 0.9027 0.2198
lassoQ 0.6142 0.6782 0.6762 0.5450 1.0556 0.2377
RQ 0.7702 0.7139 0.8526 0.5980 1.2906 0.2987
lasso 1.6413 0.9582 1.7220 0.8935 1.8501 0.4267
EN 1.6686 0.9660 1.6946 0.8605 1.8418 0.4326

Fig. 2. For the Boston Housing data, posterior mean estimates and corre-
sponding 95% equal-tailed credible intervals for the Bayesian methods. The
given quantile is =p 0.95.

Fig. 3. For the prostate cancer data, posterior mean estimates and corre-
sponding 95% equal-tailed credible intervals for the Bayesian methods. The
given quantile is =p 0.95.
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proposed methods. The results are summarized in Table E9 (Appendix
E), which show that the proposed methods peroform better than ex-
isting Bayesian and non-Baysian methods in terms of prediction accu-
racy. Fig. 2 describe the point and 95% equal-tailed credible interval
estimations for the parameters when =p 0.95. We can observe that the
proposed methods give very similar posterior mean estimates compared
to the original Bayesian lasso and elastic net methods. These interval
estimates can be used as a guide for variable selection. From Fig. 2, we
also see that the Bayesian approaches identify the important and un-
important covariates based on the credible intervals and any seen dif-
ferences must be attributed to the properties of the different MCMC
samplers used to obtain draws from the posterior distributions.

4.2. Prostate cancer data

We consider the prostate cancer data [36] to demonstrate the per-
formance of the proposed methods. This data set has 97 rows and 9
columns (one response variable and 8 clinical measures), and is avail-
able in the bayesQR package [38] in R. The response variable is the
level of prostate specic antigen and the eight clinical measures are log
cancer volume (x1), log prostate weight (x2), age (x3), log of the amount
of benign prostatic hyperplasia (x4), seminal vesicle invasion (x5), log of
capsular penetration (x6), Gleason score (x7), and percentage of Gleason
scores 4 or 5 (x8). We centered the response variable to have mean zero,
while the covariates have been standardized.

We run 5-fold cross-validation to evaluate the performance of the
proposed methods. The results are summarized in Table E.10 (Appendix

E), which show that the performance of the proposed methods appear
quite good compared to the other methods. Fig. 3 describe the point and
95% equal-tailed credible interval estimations for the parameters when

=p 0.95. From this figure we can observe that the Bayesian quantile
regression methods tend to behave similarly while the non Bayesian
methods also behave similarly. We can observe that the proposed
methods give very similar posterior mean estimates compared to the
original Bayesian lasso and elastic net methods. The observed differ-
ences in parameter estimates and 95% credible intervals can be con-
tributed to the properties of the different Gibbs samplers used to obtain
samples from the corresponding posteriors.

5. Conclusion

In this paper, we have presented new Bayesian hierarchical re-
presentations of lasso, adaptive lasso and elastic net QReg models. We
explored these representations by observing that the lasso penalty
function corresponds to a scale mixture of truncated normal distribu-
tion (with exponential mixing densities). Simulation studies real data
examples show that the proposed methods are effective in prediction
accuracy under a variety of scenarios. In many situations, the proposed
methods are outperform the other Bayesian and non-Bayesian methods.
This attractive performance of the proposed methods can be con-
tributed (up to Monte Carlo error) to the properties of the different
Gibbs samplers used to obtain samples from the corresponding poster-
iors.

Appendix A. Proof of Proposition

It is well known that [15].
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Appendix B. Conditional densities for the lasso QReg

The derivations below follow the ordering as listed in Algorithm 1.
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The fully conditional posterior of σ is as follows
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Appendix C. Conditional densities for the adaptive lasso QReg

The full conditional distribution of each j, denoted by y X v s u| , , , , , , ,j j j j j
2 , is proportional to y v s u( | , , ) | , ,j j j j
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The full conditional posterior distributions of the latent variable vi and the scale parameter σ are again the same as in the lasso QReg case.

Appendix D. Conditional densities for the elastic net QReg
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Appendix E

Table E.9
MMSEs and test errors based on 10-fold cross-validation results for the Boston Housing data.

p Methods MMSE (SD) Test Error (SD)

0.50 NBLQ 0.0347 (0.0158) 0.0659 (0.0125)
NBALQ 0.0353 (0.0153) 0.0661 (0.0126)
NBENQ 0.0345 (0.0152) 0.0662 (0.0125)
OBLQ 0.0354 (0.0153) 0.0662 (0.0126)
OBENQ 0.0355 (0.0162) 0.0663 (0.0134)
lassoQ 0.0359 (0.0152) 0.0676 (0.0134)
RQ 0.0357 (0.0153) 0.0662 (0.0132)
lasso 0.0355 (0.0162) 0.0682 (0.0132)
EN 0.0389 (0.0168) 0.0679 (0.0133)

0.75 NBLQ 0.0352 (0.0158) 0.0658 (0.0130)
NBALQ 0.0345 (0.0156) 0.0662 (0.0129)
NBENQ 0.0344 (0.0163) 0.0662 (0.0136)
OBLQ 0.0355 (0.0162) 0.0663 (0.0131)
OBENQ 0.0353 (0.0164) 0.0661 (0.0135)
lassoQ 0.0369 (0.0152) 0.0662 (0.0132)
RQ 0.0357 (0.0154) 0.0702 (0.0101)
lasso 0.0355 (0.0162) 0.0682 (0.0135)
EN 0.0415 (0.0130) 0.0677 (0.0133)

0.95 NBLQ 0.0352 (0.0162) 0.0660 (0.0131)
NBALQ 0.0351 (0.0158) 0.0659 (0.0131)
NBENQ 0.0345 (0.0163) 0.0657 (0.0130)
OBLQ 0.0352 (0.0166) 0.0664 (0.0136)
OBENQ 0.0356 (0.0158) 0.0662 (0.0132)
lassoQ 0.0362 (0.0155) 0.0909 (0.0104)
RQ 0.0357 (0.0151) 0.0662 (0.0132)
lasso 0.0355 (0.0162) 0.0681 (0.0136)
EN 0.0582 (0.0162) 0.0678 (0.0133)

Table E.10
MMSEs and test errors based on 5-fold cross-validation results for the prostate cancer data.

p Methods MMSE (SD) Test Error (SD)

0.50 NBLQ 0.4746 (0.1558) 0.2913 (0.0538)
NBALQ 0.4711 (0.1560) 0.2765 (0.0534)
NBENQ 0.4755 (0.1545) 0.2725 (0.0533)
OBLQ 0.5327 (0.1575) 0.2772 (0.0540)
OBENQ 0.4931 (0.1666) 0.2918 (0.0604)
lassoQ 0.6006 (0.2040) 0.3159 (0.0647)
RQ 0.4593 (0.1479) 0.2778 (0.0522)
lasso 0.5793 (0.1819) 0.2928 (0.0600)
EN 0.5732 (0.1963) 0.3065 (0.0661)

0.75 NBLQ 0.4755 (0.1433) 0.2706 (0.0501)
NBALQ 0.4787 (0.1539) 0.2701 (0.0508)
NBENQ 0.4428 (0.1593) 0.2704 (0.0499)
OBLQ 0.4831 (0.1716) 0.2749 (0.0501)
OBENQ 0.4779 (0.1525) 0.2835 (0.0504)
lassoQ 0.6110 (0.1999) 0.3246 (0.0721)
RQ 0.4593 (0.1479) 0.2778 (0.0522)
lasso 0.5756 (0.1984) 0.2928 (0.0714)
EN 0.5756 (0.1965) 0.3065 (0.0655)

0.95 NBLQ 0.4779 (0.1528) 0.2703 (0.0455)
NBALQ 0.4450 (0.1396) 0.2701 (0.0476)
NBENQ 0.4498 (0.1502) 0.2732 (0.0498)
OBLQ 0.5284 (0.1555) 0.2872 (0.0505)
OBENQ 0.5081 (0.1651) 0.2856 (0.0539)
lassoQ 0.6596 (0.2202) 0.3210 (0.0722)
RQ 0.4593 (0.1479) 0.2778 (0.0522)
lasso 0.5756 (0.1880) 0.3010 (0.0604)
EN 0.5829 (0.1951) 0.3003 (0.0664)
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