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A B S T R A C T   

Atrial fibrillation (AF) is the most prevalent form of cardiac arrhythmia. The atrial wall thickness (AWT) can 
potentially improve our understanding of the mechanism underlying atrial structure that drives AF and provides 
important clinical information. However, most existing studies for estimating AWT rely on ruler-based mea
surements performed on only a few selected locations in 2D or 3D using digital calipers. Only a few studies have 
developed automatic approaches to estimate the AWT in the left atrium, and there are currently no methods to 
robustly estimate the AWT of both atrial chambers. Therefore, we have developed a computational pipeline to 
automatically calculate the 3D AWT across bi-atrial chambers and extensively validated our pipeline on both ex 
vivo and in vivo human atria data. The atrial geometry was first obtained by segmenting the atrial wall from the 
MRIs using a novel machine learning approach. The epicardial and endocardial surfaces were then separated 
using a multi-planar convex hull approach to define boundary conditions, from which, a Laplace equation was 
solved numerically to automatically separate bi-atrial chambers. To robustly estimate the AWT in each atrial 
chamber, coupled partial differential equations by coupling the Laplace solution with two surface trajectory 
functions were formulated and solved. Our pipeline enabled the reconstruction and visualization of the 3D AWT 
for bi-atrial chambers with a relative error of 8% and outperformed existing algorithms by >7%. Our approach 
can potentially lead to improved clinical diagnosis, patient stratification, and clinical guidance during ablation 
treatment for patients with AF.   

1. Introduction 

A trial fibrillation (AF), leading to an irregular and rapid heart rate, is 
the most common sustained heart rhythm disturbance [1]. AF is asso
ciated with substantial morbidity and mortality, causing 1 out of 5 
strokes in people aged over 60 years. The current overall prevalence of 
AF is ~2% in industrialized countries and is projected to more than 
double in the following decades [1,2]. Current clinical treatments for AF 
[3–5] perform poorly due to a lack of basic understanding of the un
derlying atrial anatomical structures which directly sustain AF. 

AF, and especially persistent AF, is driven by complex substrates, 
which are widely distributed throughout both atrial chambers [3,6,7]. 

Repeated episodes of AF produce further changes in the structural 
properties of the atria, i.e., atrial structural remodeling (dilatation, 
myofiber changes, and fibrosis) [5,6]. Atrial wall thickness (AWT) 
variation is demonstrated to have an important role in AF arrhythmo
genesis as it influences the electrical activation patterns during episodes 
of AF, particularly in the right atrium (RA) [6,8–12]. AWT can also play 
an important role in aiding the selection of regions to target and in 
planning radiofrequency power safety during ablation [13–15]. As a 
result, direct study of the atrial structure in patients with AF is vital, and 
accurate 3D AWT maps which visualize and characterize alternations 
caused by remodeling can potentially aid the understanding and treat
ment of AF. 
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Measuring AWT is a challenging task due to the high variability in 
the atrial morphology and regional wall thicknesses (0.4–11.7 mm), as 
well as the low resolution of current imaging methodologies, i.e., 
~0.16 mm for ex vivo and ~0.625 mm for in vivo MRIs [6]. Most existing 
studies for estimating AWT rely on ruler-based measurements using 
digital calipers on 2D image slices, limiting the estimation to a few 
selected locations [8]. There are some existing studies developing 
different methods of automatic thickness estimation in various research 
fields [13–16]. These mostly involve surface-based methods such as 
measuring the nearest distance between the epicardial and endocardial 
surfaces [16–18] or using the lengths of the vectors normal to the 
epicardial surface which extends to the adjacent endocardium. More 
robust algorithms have been proposed, such as the center surface 
method which measures the distance between the epicardial and 
endocardial surfaces from a calculated center surface. However, the 
measurements of these surface-based approaches are still heavily reliant 
on the atrial surface geometry [19–21]. More recently, a few studies 
have proposed advance image-based approaches for estimating the left 
atrial (LA) wall thickness [8,9,18,22,23]. Laplace-based solutions [9] 
generate a smooth set of non-intersecting field lines between two 
boundaries in space and are ideal for modeling the non-constant and 
highly variable epicardial and endocardial surfaces of the atria. The 
AWT can be estimated by the length of the trajectories along the di
rection of the gradient field between the two surfaces. When compared 
with the methods above, this approach is more robust as it accounts for 
the variation in geometry throughout the atrial walls. However, this 
approach still requires explicitly calculating gradient and distance tra
jectories which are time-consuming and error-prone. More importantly, 
to date, there are no studies or approaches for robust estimation of the 
AWT in both atrial chambers since AF is a bi-atrial chamber disease [8]. 

In this paper, we propose and evaluate a novel pipeline for auto
matically calculating 3D AWT in both atrial chambers from clinical 
images using a coupled partial differential equation (PDE) approach by 
coupling the Laplace solution with two surface trajectory functions. Our 
method is validated against several algorithms previously proposed for 
AWT in LA. This development is a very important step towards patient- 
specific diagnostics and treatment of AF, and could potentially improve 
our understanding of the atrial structures that sustain AF. 

2. Methods 

This section outlines the data and methods used in this study. The 
acquisition of the human atria data and the extraction of the atrial ge
ometry are first described. A convex hull method for separating the atrial 
epicardial and endocardial surfaces from the atrial walls is then 
described, followed by the automatic separation of the LA and RA 
chambers by solving the Laplace equation. Various AWT estimation al
gorithms are then outlined, along with the proposed coupled PDE 
approach. A visualization of our proposed pipeline for calculating the 3D 
AWT from raw medical images is shown in Fig. 1. 

2.1. Image acquisition and atrial geometry segmentation 

One ex vivo post-mortem and two in vivo human atrial data were used 
in this study. The ex vivo data were obtained from a 59-year-old female 
patient using cryosection (the Visible Female dataset) with an isotropic 
resolution of 0.33 � 0.33 � 0.33 mm3. It was segmented manually based 
on the anatomical features defined in previous studies (Fig. 2A) [24,25]. 
The two in vivo data (#1, 74 years old male, and #2, 59 years old female) 
with a spatial resolution of 0.625 � 0.625 � 1.25 mm3 were late gado
linium enhanced (LGE)-MRIs from patients with AF before ablation from 
The University of Utah [26]. The LGE-MRIs were obtained by using 
either a 1.5 T Avanto or a 3.0 T Verio clinical scanner (Siemens Medical 
Solutions, Erlangen, Germany). The whole atrial anatomical geometry 
was obtained automatically via a deep learning method [27] by seg
menting the atrial walls of each LGE-MRI in a slice-by-slice manner to 
reconstruct the overall 3D atrial geometry (Fig. 2B). The deep learning 
method consisted of a multi-scaled, dual pathway convolutional neural 
network that captured both the local atrial tissue geometry and the 
global positional information of atria simultaneously. The approach was 
trained and validated on 154 LGE-MRIs, and was shown to produce 
high-quality 3D segmentation of the atrial geometries. 

2.2. Atrial epicardial and endocardial surface extraction 

Based on the segmented atrial anatomy, the separation of the 
epicardial and endocardial surfaces from the atrial wall was required to 
define boundary conditions for solving the Laplace equation [9]. We 
have developed a convex hull algorithm to obtain the two surfaces. The 

Fig. 1. Outline of framework for the computation of 3D atrial wall thickness (AWT) from 3D clinical image data. PDE, partial differential equation.  
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convex hull in this context was defined as the smallest convex volume 
that contained all the atrial wall tissue (Fig. 3). The algorithm is an 
adaptation of the quickhull method [28], which uses the divide and 
conquer approach. The convex hull approach was initialized by 
choosing two points of the atrial wall, the maximum and minimum 
values of x coordinates, based on the principle that these extreme points 
were always a part of the convex hull. The two points were then con
nected by a straight line which partitioned the atrial wall into two sets. A 
point on the atrial tissue with the maximum Euclidean distance from the 
partitioning line in one set was then added to the convex hull to form a 
triangle, introducing two additional lines. The furthest points from each 
of the two new lines were subsequently added, repeating the progress 
recursively until the entire atrial wall was inside the convex hull within 
one partitioned set. This procedure was repeated for the other parti
tioned set until the atria was completely enclosed by the resultant 
convex hull. 

Although the convex hull could be calculated directly in 3D, the 
resultant 3D convex hull would be severely overestimated, It may lead to 
the connected non-tissue regions (gray) even outside the atria (Fig. 3B). 
Hence, calculating the convex hull slice-by-slice in each 2D plane and 
then combining all 2D results to form a 3D convex hull would produce a 
smaller convex hull containing the 3D atria than that generated using a 
3D convex hull. Furthermore, we have taken the intersection of the three 
individual convex hulls computed separately along each of the three 
imaging planes XY, YZ and XZ, minimizing the non-tissue volume (gray) 
captured outside the atrial wall (Fig. 3C). A 2D connectivity filter was 
then applied on each XY plane to remove overflows of the convex hull 
(gray) outside the atrial chambers. The atrial epicardial surface was 
identified by separating the outer atrial surface using the final 3D convex 

hull (Fig. 3D) and a region growing method was used to obtain both the 
LA and RA cavity. Finally, the LA/RA endocardial surface was obtained 
by separating the surface of the atrial cavity (Figs. 3D and 4A). 

2.3. Automatic atrial chamber separation 

Separation of the bi-atrial chambers into LA and RA was a crucial 
step in simplifying 3D AWT estimations since the bi-atrial anatomy was 
complex. Computing the wall thicknesses for the LA and the RA sepa
rately produced more accurate estimates. Here we propose a robust 
method based on the Laplace equation to automatically define the 
separating boundary surface between the LA and the RA in 3D. 

The Laplace equation is a second-order PDE: 

∂2φ
∂x2 þ

∂2φ
∂y2 þ

∂2φ
∂z2 ¼ 0; (1)  

where φ(x, y, z) is a function of the independent variables x, y and z. The 
solutions of the Laplace equation can be estimated numerically by using 
e.g. the central difference scheme [29]. Concerning the x variable, this 
can be written as 

∂2φ
∂x2

�
�
�

i
¼

φiþ1;j;k � 2φi;j;k; þ φi� 1;j;k

h2 ; (2)  

where (i,j,k) are the indices of a point along the coordinate directions x, 
y, and z, and φi, φi-1 and φiþ1 indicate function values at different points 
with a constant distance h apart along the x-direction. By substituting 
the approximation in Equation (2) for y and z, and assuming h ¼ 1 for 
simplicity, Equation (1) is rearranged as 

Fig. 2. The 3D human atria used in this study. A) 
The posterior and anterior view of the ex vivo 
post-mortem 3D human atria. Distinguished 
atrial anatomical regions are highlighted in 
different colors. B) The posterior and anterior 
views of the in vivo 3D atria #1 from the LGE- 
MRI of a patient with AF. Here AF, Atrial fibril
lation; LGE-MRI, Late gadolinium-enhanced MRI; 
CT, crista terminalis; IVC/SVC, inferior/superior 
vena cava; LA/RA, left/right atrium; LAA/RAA, 
left/right atrial appendage; LS/LI/RS/RI PV, left 
superior/left inferior/right superior/right infe
rior pulmonary vein; PLA, posterior left atrium; 
PMs, pectinate muscles.   
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Fig. 3. Separation of the epicardial and endo
cardial surfaces using the convex hull of the 3D 
human atria. The ex vivo data was used for 
illustration. A) A 2D section of the tissue mask 
(blue)) for the atrial wall. B) The convex hull 
(gray) obtained from the 2D tissue mask. C) 
Intersection of the 2D individual convex hulls 
along the three orthogonal planes. D) The 
reconstruction of the epicardial (blue) and 
endocardial (red)) surfaces obtained using a re
gion growth method based on the final convex 
hull. For abbreviations, see Fig. 2.   

Fig. 4. The automatic separation of the LA and RA 
chambers by solving the Laplace equation. A) The 
epicardial (blue) and endocardial (red) surfaces of the 
atria were highlighted in 2D. B) Numerically obtained 
Laplace solution with fixed values at epicardial (200) 
and endocardial (300 for RA and 100 for LA) surfaces. 
The dashed rectangular box region is enlarged and 
displayed in C). The dashed line separated the RA and 
LA where the Laplace solution equaled 200 (the mid- 
value). D) The resultant LA and RA chambers were 
reconstructed in 3D. For abbreviations, see Fig. 2.   
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φi;j;k ¼
φiþ1;j;k þ φi� 1;j;k þ φi;jþ1;k þ φi;j� 1;k þ φi;j;kþ1 þ φi;j;k� 1

6
(3) 

The successive over-relaxation method [29] was used to numerically 
solve the discrete Laplace Equation (3) by linearly combining the new 
solution with the solution obtained from the previous iteration such that 

φiteration
i;j;k ¼ð1 � ωÞφiteration� 1

i;j;k þ ωφi;j;k (4)  

with a relative error for each point of 

εi;j;k ¼

�
�
�
�
�

φiteration� 1
i;j;k � φiteration

i;j;k

φiteration� 1
i;j;k

�
�
�
�
�

(5) 

The most common relaxation factor ω ¼ 1.4 was used [29]. A 
Dirichlet boundary condition was imposed to produce a unique solution 
to Equation (3) with different values at the surfaces. In our study, we set 
300 at the LA endocardium and 100 at the RA endocardium, and 200 for 
the bi-atrial epicardial surface (Fig. 4B). This resulted in the Laplacian 
solution between 100 and 300 within the atrial wall, and the value of 
200 in the solution space could be used to determine the boundary for 
separating the LA and the RA (Fig. 4C). Hence the LA was the region 
where the values of the Laplace solutions were >200 and the RA was the 
region where the values were �200 (Fig. 4D). 

2.4. Atrial wall thickness estimation 

Many approaches currently exist for calculating 3D wall thickness. 
Three of the most widely used methods: the nearest distance, the surface 
normal and Laplace solution, are briefly outlined in this sub-section, 
followed by our proposed coupled PDEs approach for calculating the 
3D AWT. 

The Nearest Distance – The nearest distance method was the 
simplest and most intuitive approach for estimating the wall thickness. 
For the 3D atrial wall, the thickness was estimated by determining the 
shortest distance from a point of interest on a reference surface, e.g., the 
endocardial surface, to an opposite surface of interest, e.g., the epicar
dial surface. This often led to inaccurate measurement where atrial 
anatomy was complex with large variation in the thickness. 

The Surface Normal – The surface normal method was another 
simple approach for estimating the AWT by using vectors normal to a 

surface. Given the endocardial surface, a line perpendicular to a refer
ence point on the surface was constructed from the local tangent plane. 
The line could then be extended to the epicardial surface, and the 
thickness was determined as the length of the resultant line segment that 
lay between the epicardial and endocardial surfaces. This method was 
effective in most regions of the atrial wall but failed to produce accurate 
measurement at areas with drastic changes in the tissue thickness or 
shape. 

The Laplace Solution – The Laplace solution for estimating the AWT 
(Equation (3) & Fig. 4B) used the Laplace solution as described in the 
previous sub-section to generate the gradient vector field throughout the 
walls [9]. Trajectories were then traced from the point of interest on the 
endocardial surface along the direction of the gradient field to the 
epicardium. The AWT was then approximated by the length of the tra
jectories. Compared with the two aforementioned methods, this 
approach was more robust as it accounted for the variation in geometry 

throughout the atrial walls. 
The Coupled PDEs – The proposed PDE method yielded the most 

accurate AWT estimates and was more robust than the methods above. It 
used the Laplace solution (Equation (3)) but differed from the previous 
approach as in addition, two first-order linear PDEs were solved to 
calculate wall thickness between the atrial surfaces instead of explicitly 
calculating the trajectories from the gradient field. Here, we describe 
how the couple PDEs are derived, as well as a numerical approach for 
solving these. 

The normalized gradient field, T, of the Laplace solution φ is 

T ¼
rφ
rφ

(6)  

where r is the gradient function. According to co-ordinate geometry 
and the definition of T, the trajectory functions must satisfy the first- 
order linear PDEs 

rDepi ⋅ T ¼ 1; with DepijΓepi ¼ 0 (7)  

� rDendo⋅T ¼ 1; with DendojΓendo ¼ 0 (8)  

where Depi(l) is the trajectory function of the distance from the epicardial 
surface Γepi, and Dendo(l) is the trajectory function of the distance from 
the endocardial surface Γendo. The AWT can therefore be obtained by 
combining the two trajectory functions such that 

ThicknessðxÞ¼DepiðlÞ þ DendoðlÞ (9) 

Solving the coupled PDE Equations (1), (7), and (8) numerically is 
not straightforward. The Laplace solution was first obtained as described 
in the previous sub-section IIC and an upwind scheme was used to dis
cretize the two first-order linear PDEs (Equations (7) and (8)) [30]. By 
assuming rφ is a unit vector, Equation (7) can be expanded into 

∂φ
∂x

∂Depi

∂x
þ

∂φ
∂y

∂Depi

∂y
þ

∂φ
∂z

∂Depi

∂z
¼ 1 (10) 

At each grid point (xi, yj, zk), the partial derivative of the distance 
function was approximated differently depending on the direction of the 
gradient field. By following the first-order upwind scheme, conditional 
terms were introduced such that Equation (10) becomes   

Note the characteristics of the first-order PDEs are exactly the cor
respondence trajectories which never intersect. Therefore, we do not 
need to worry about shocks, in contrast to many first-order boundary 
value PDEs. Due to this, we do not need to be concerned with entropy 
conditions in the numerical schemes to solve these PDEs. The upwind 
conditioning scheme is necessary here [30]. Assuming that 
hx ¼ hy ¼ hz ¼ 1, Equation (11) can be simplified and re-arranged to 
formulate the trajectory function of the distance from the epicardial 
surface: 

Depi ði;j;kÞ ¼
1 þ ∂u

∂xDepi ði�1;j;kÞ þ
∂u
∂yDepi ði;j�1;kÞ þ

∂u
∂zDepi ði;j;k�1Þ

∂φ
∂x þ

∂φ
∂y þ

∂φ
∂z  

where 

∂φ
∂x

8
>>><

>>>:

Depiði;j;kÞ � Depiði� 1;j;kÞ

hx
; if

∂φ
∂x
> 0

Depiðiþ1;j;kÞ � Depiði;j;kÞ

hx
; otherwise

9
>>>=

>>>;

þ
∂φ
∂y

8
>>><

>>>:

Depiði;j;kÞ � Depiði;j� 1;kÞ

hy
; if

∂φ
∂y
> 0

Depiði;jþ1;kÞ � Depiði;j;kÞ

hy
; otherwise

9
>>>=

>>>;

þ
∂φ
∂z

8
>>><

>>>:

Depiði;j;kÞ � Depiði;j;k� 1Þ

hz
; if

∂φ
∂z
> 0

Depiði;j;kþ1Þ � Depiði;j;kÞ

hz
; otherwise

9
>>>=

>>>;

¼ 1 (11)   
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�1 ¼

8
>><

>>:

i � 1;
∂φ
∂x
> 0

iþ 1;
∂φ
∂x
< 0

; j� 1 ¼

8
>>><

>>>:

j � 1;
∂φ
∂y
> 0

jþ 1;
∂φ
∂y
< 0

; and k � 1

¼

8
>><

>>:

k � 1;
∂φ
∂z
> 0

k þ 1;
∂φ
∂z
< 0

(12) 

Similarly, the trajectory function of the distance from the endocar
dial surface, Dendo(l), can be substituted through Equations (10) and (11) 
such that Equation (8) becomes 

Dendoði;j;kÞ ¼
1þ ∂u

∂xDendoði�1;j;kÞ þ
∂u
∂yDendoði;j�1;kÞ þ

∂u
∂zDendoði;j;k�1Þ

∂φ
∂x þ

∂φ
∂y þ

∂φ
∂z  

where 

i� 1 ¼

8
>><

>>:

iþ 1;
∂φ
∂x
> 0

i � 1;
∂φ
∂x
< 0

; j� 1 ¼

8
>>><

>>>:

jþ 1;
∂φ
∂y
> 0

j � 1;
∂φ
∂y
< 0

; and k � 1

¼

8
>><

>>:

k þ 1;
∂φ
∂z
> 0

k � 1;
∂φ
∂z
< 0

(13) 

The discrete schemes (Equations (12) and (13)) were solved 
numerically and the two trajectory functions from the epicardial and 
endocardial surfaces were obtained for all grid points inside the atrial 
wall (Figs. 5C and 6C). The solutions of trajectory functions Depi(l) and 
Dendo(l) smoothly increased from 0 to 8.25 mm towards the opposite 
surface, and the sum of the two yielded the 3D AWT map for each atrial 
chamber (left panel in Figs. 5D and 6D). 

3. Results 

We first validated the AWT estimation from the proposed automatic 
algorithms by comparing with manually identified ground truth mea
surements. The ex vivo human atria and the in vivo data were used to 
demonstrate the accuracy of our proposed method, as well as to visualize 
the distribution of the wall thicknesses across the atrial walls. Finally, 
the AWT summary statistics for the three data are shown and analyzed. 

3.1. Validation of wall thickness estimation 

To validate the AWT calculations from the automated methods 
aforementioned, the ground truth measurements at multiple locations 
along the atrial wall were obtained by an independent researcher, blind 
to the automatic approaches and results, manually counting the number 
of pixels in the region that defined the thickness and multiplying the 
count by the spatial resolution. These AWT values were then compared 
with the results obtained from the automated methods at the same lo
cations, and the errors were evaluated. Examples of manual AWT cal
culations are shown on the right-side panel in Figs. 5D and 6D, with the 
50 points chosen for evaluation shown in Fig. S1. The average of the 
relative errors of the proposed algorithms along the 3D atrial wall of ex 
vivo human atria and in vivo data #1 are shown in Fig. 7 and 8. The 
proposed coupled PDEs approach was the most accurate with a relative 
error of 8% for the ex vivo data and 21% for the in vivo data and 
significantly outperformed the other algorithms. The nearest distance 
method was the least accurate with an average error of 34% for both 
human atria data while the Laplace solution methods had error rates of 
15% for the ex vivo data and 25% for the in vivo data (Fig. 7). 

3.2. Comparison of wall thickness estimation algorithms 

The 3D AWT maps generated from the four different algorithms are 
shown in Fig. 9 & 10 for the ex vivo data and in vivo data #1 respectively 
and in Fig. S2 for the in vivo data #2. The red color key indicates thick 
atrial tissue while the blue regions indicate thin atrial tissue. Since the 
coupled PDEs approach was shown to be accurate within 8% of the 

Fig. 5. The coupled PDEs method to calculate the atrial wall thickness and its 
validation on the ex vivo data. A) Epicardial (blue) and endocardial (red) sur
faces obtained by using the convex hull approach. B) Laplace solutions for the 
RA solved with fixed boundary values (300 for endocardium and 100 for 
epicardium). C) The distances calculated using the two trajectory functions by 
solving coupled PDEs. D) The estimated wall thickness calculated by the 
coupled PDE approach displayed in the three orthogonal planes and validated 
by comparing with the manually measured values (solid black line). 
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ground truth, the 3D maps produced from this approach (Figs. 9D and 
10D) can be an indication of the true AWT distribution of the patient 
data, and was used to compare the efficacy of the other approaches. 
Compared to the ground truth measurements, the nearest neighbor 
method tended to underestimate the wall thickness, while the surface 
normal and the Laplace solution methods tended to overestimate the 
wall thickness. It can be seen from Fig. 9 that all four AWT estimation 
approaches resulted in a higher AWT value around the crista terminalis 

(CT). The nearest neighbor approach (Fig. 9A) heavily underestimated 
the AWT around the CT area and other areas with larger wall thick
nesses. The overestimation by the surface normal approach (Fig. 9B) 
could be seen by the high AWT values in areas of complex geometry such 
as the posterior left atrial wall and around the CT and pectinate muscles. 
The Laplace solution approach (Fig. 9C) was observed to overestimate 
the AWT around the CT, and posterior left atrial region, but captured the 
AWT variation patterns similar to that of the coupled PDEs approach 
(Fig. 9D). Similar AWT patterns could be observed from the in vivo 
human atria #1 where the nearest neighbor approach (Fig. 10A) slightly 
underestimated the wall thickness, and the surface normal approach and 
Laplace solution approach (Fig. 10B&C) heavily overestimated the AWT 
in the right atrium close to the septum area with high variation in wall 
thickness. Overall, the four methods captured similar characteristics 
about the AWT distribution across the atrial walls; however, the actual 
thickness values computed differed significantly. Comparisons of the 
difference in 3D AWT distributions computed by each method are shown 
in the Supplemental Fig. S3 and Table S1. As we can that see the dif
ference between Laplace and coupled PDE approaches is quite small, 
except the regions in distal pulmonary veins. 

3.3. Atrial wall thickness 

The summary statistics of the wall thicknesses of the three human 
atria (1 ex vivo and 2 in vivo hearts) using the coupled PDE approach are 
shown in Fig. 11, and the other three methods in Fig. S4. Overall, the 

Fig. 6. The coupled PDEs method to calculate the atrial wall thickness and its 
validation on the in vivo data #1. A) Epicardial (blue) and endocardial (red) 
surfaces obtained by using the convex hull approach. B) Laplace solutions for 
the RA solved with fixed boundary values (300 for endocardium and 100 for 
epicardium). C) The distances calculated by the two trajectory functions. D) 
The estimated wall thickness calculated by the coupled PDE approach displayed 
in the three orthogonal planes and validated by comparing with the manually 
measured values (solid black line). 

Fig. 7. The relative errors for atrial wall thickness estimation using different 
algorithms compared to the manual measurements on the ex vivo human atria 
data. The bar represents the median and errors represent the 1st/3rd quantiles. 

Fig. 8. The relative errors for atrial wall thickness estimation using different 
algorithms compared to the manual measurements on the in vivo human atria 
#1. The bar represents the median and errors represent the 1st/3rd quantiles. 
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median thickness was approximately 2.5 mm for the RA and 1.9 mm for 
the LA. For all three patients, the RA wall was on average 0.7 mm thicker 
than the LA wall. While the maximum thickness of the RA wall was 
significantly higher than the maximum thickness of the LA wall, the 
minimum thicknesses for both were approximately the same across all 
patients (~0.7 mm). The average wall thicknesses for the three patients 
were consistent for the LA and RA; however, there were large variations 
among human hearts in the maximum thicknesses for the RA 
(6.7 mm–10.0 mm) and LA (4.5 mm–8.9 mm) walls. It could also be seen 
that there was a slightly greater variation of thickness in the RA wall 
(standard deviation of 1.3 mm) compared to the LA wall (standard de
viation of 1.0 mm). The maximum AWT measurements in the ex vivo 
patient data for both atria were significantly higher than the two in vivo 
patient data, which were fairly consistent. 

4. Discussion 

AF is the most common sustained heart rhythm disturbance and is 
associated with substantial morbidity and mortality. It has been known 
that AF is driven by complex substrates which are distributed widely 
throughout both atrial chambers [31], and the atrial structure plays an 
important role in physiological and pathophysiological conditions [32, 
33]. AWT variation is demonstrated to have an important role in AF 
arrhythmogenesis and has an influence on activation patterns during 
arrhythmias due to source-sink relationship in the conduction of the 
activation waves [34,35]. Furthermore, AWT is a very important factor 
that is required to select an appropriate radiofrequency energy level in 
order to achieve safe and reliable transmural lesions during a clinical 
ablation procedure [36]. To the best of our knowledge, for the first time, 
we have developed and validated a robust computational framework for 
the calculation of 3D bi-atrial wall thickness distribution. 

4.1. Automatic epicardial and endocardial surface extraction 

The complex structure of the bi-atrial chambers makes the automatic 
separation of epicardial and endocardial surfaces, which define the 
boundaries that enclose the atrial wall difficult. This is mainly due to 
multiple openings in its 3D structure such as the four pulmonary veins 
and mitral valve of the LA and the tricuspid valve of the RA. A region 
growing approach was developed in a study of the ventricular structure 
by Golds and Beg [37] to detect the endocardium surface, which was 
then subtracted from the continuous ventricle wall surface to obtain the 
epicardium surface. However, due to the multi-openings of the atrial 
anatomy, this approach is not feasible. Manually closing the openings of 
the atria before the application of a region growing method is also 
feasible, but is labor intensive and prone to bias. The efficiency of our 
framework lies in the automatic separation of the epicardial and endo
cardial surfaces using a novel implementation of a convex hull based 
method. This allows the entire pipeline to be completely automated 
from the raw 3D atrial anatomy to the 3D AWT map. Furthermore, the 
separation of the LA and RA chambers using the Laplace solution is 
effective in our study for robust AWT estimation. 

4.2. Automatic wall thickness estimation 

In the past, many approaches have been proposed to estimate the 
tissue thickness, but these results vary greatly due to the nature of these 
methods utilized across different studies [6–9,18,22,38]. The nearest 
neighbor approach is simple and efficient to implement and has shown 
promising results when it was used to estimate cortical thickness in the 
brain [39]. However, when this method was applied for the human atria, 
the AWT estimation was significantly underestimated compared with 
the ground truth measurement. Similarly, the surface normal approach 

Fig. 9. The 3D atrial wall thickness was visualized on the ex vivo human atria using different algorithms. The coupled PDE approach yielded the most accu
rate estimation. 
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is also intuitive to implement but is error-prone in areas where there are 
large geometrical variations in the AWT [16–18]. Results of wall 
thickness using the surface normal approach are also dependent on the 
reference surface, i.e., the endocardial surface or epicardial surface. This 
is because this method only considers one boundary condition when 
formulating the normal vectors spanning across the atrial wall and 
ignoring the opposite boundary. The Laplace solution approach is a 
more robust approach for tissue thickness estimation as it considers the 

varying geometry of both tissue surfaces. The accuracy of the Laplace 
solution approach has been proven in many cortical and ventricular wall 
thickness studies [9,40] but it requires a time-consuming streamline 
tracing approach to calculate the tissue thickness from the gradient field 
of the resultant Laplace solutions. Furthermore, the results from our 
numerical experiments on the atrial wall show that this approach tends 
to overestimate AWT similarly to the surface normal method. 

The most recent benchmarking study for LA segmentation and 
thickness comprehensively explored three algorithms for CT and MRI 
image database respectively and validated on ten 3D subjects each [8]. 
However, the thickness was determined as the shortest Euclidean dis
tance from the outer to the inner boundary of the atrial wall, which leads 
to spurious lengths in some regions. In our proposed framework, a 
coupled PDEs method was used to estimate the bi-atrial chamber wall 
thickness. Of all the approaches tested in this study, the coupled PDEs 
approach produced the most accurate AWT estimate when validated 
against manual measurements. Its superior accuracy can be attributed to 
the fact that the coupled PDE method implicitly solves the distant tra
jectories mapping the epicardial and endocardial surfaces instead of 
explicitly defining them as in other methods. The formulation of the 
coupled PDEs by incorporating the Laplace equation also increases its 
effectiveness as the varying geometries of both epicardial and endo
cardial surfaces are integrated into the system. This leads to a more 
realistic representation of the AWT at each solution grid along the atrial 
wall. Our numerical results show the superior accuracy across the entire 
bi-atrial chambers, especially where other methods perform poorly due 
to a sudden change in regional wall thickness. 

4.3. Human atrial wall thickness 

In the past, human AWT estimated using various approaches was 

Fig. 10. The 3D atrial wall thickness was visualized on the in vivo human atria #1 using different algorithms. The coupled PDE approach yielded the most accu
rate estimation. 

Fig. 11. A box plot of the wall thicknesses for the three human hearts used in 
this study, grouped by the left and right atrial walls. 
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reported widely for LA due to its importance in AF. In a study of 26 
explanted human hearts by manual measurement, Ho et al. [38] re
ported a range of 1.5 mm–4.8 mm for the LA anterior wall and 
S�anchez-Quintana et al. [41] reported a range of 2.8 mm–12 mm at the 
inferior-posterior wall, centrally between the junction of LA and the 
left/right pulmonary vein. In the first computer model of human atria, 
Harrild and Henriquez [42] modeled the LA wall thickness varying from 
0.3 to 4.1 mm. In our recent study of explanted human atria [6] imaged 
using high-resolution contrast-enhanced MRIs, we reported the LA wall 
with a median value of 3.4 mm varying from 1.1 to 8.6 mm. Unlike ex 
vivo AWT, in vivo AWT values are difficult to measure and validate 
directly. In contrast, LA wall thickness reported relatively lower values 
from the studies of human atria in vivo. For an example, Karim et al. [8] 
reported 1.16 � 0.88 mm in the anterior section of LA wall and 
1.23 � 1.10 mm for posterior LA by averaging over all ten human atria. 

The discrepancy in human AWT between ex vivo and in vivo hearts is 
observed in RA as well. In our contrast-enhanced MRI study of explanted 
human atria [6], we reported the RA AWT with a median value of 
3.8 mm varying from 0.4 to 11.7 mm. Ginami et al. have developed the 
approach of black-blood quantification for estimating AWT and reported 
2.54 � 0.87 mm for RA in 11 healthy subjects. 

Most of the studies above are based on one atrial chamber only. In 
this study, our AWT estimation results in a range from 0.7 to 9.9 mm in 
bi-atrial chambers, which is consistent with the direct measurement on 
the ex vivo studies. Interestingly, we also found the wall thickness values 
measured from human atria in vivo are consistently lower than the 
values measured in ex vivo studies. This difference is possibly due to the 
limitations in the spatial resolution of different imaging modalities. 
Overall, the AWTs estimated from our framework coincide with those 
presented in existing literature, validating its potential to provide ac
curate 3D atrial analysis. 

4.4. Limitations 

Like any study, this study has several limitations. Firstly, during the 
division of the atrial septum to separate the LA and RA chambers, as
sumptions had to be made for the splitting ratio. In this study, the 
septum was divided evenly between the LA and RA. Anatomically, this 
may not be the case as the sizes of the LA and RA differ slightly. If the 
interatrial septal thickness is needed, additional post-processing will be 
needed to stitch the LA and RA septum into one component. Secondly, 
our estimated errors among the benchmarked approaches are limited 
due to only a small number of locations used for comparisons. Ideally, an 
atrial phantom is needed to comprehensively to validate AWT across the 
atrial chambers. However, our calculated errors are consistent across 
different data for each evaluated approach, which may indicate the 
selected locations to be representative. Finally, our utilized image data 
size (n ¼ 3) is small. The focus of this study is to explain and validate our 
method in detail. In the near future, we will conduct another large scale 
study to include more human hearts both in vivo and ex vivo for clinical 
insights, as well as extensive comparisons with other existing wall dis
tance methods [43,44]. 

Although the proposed approach is robust, we have to be aware that 
AWT varies from 0.4 to 11.7 mm. Therefore, it will lead to inherited 
errors due to the low resolution of image data. A robust finite element 
mesh approach may be a better representation of atrial surfaces and lead 
to further improvements in the AWT estimate for the proposed PDE 
approach. 

5. Conclusion 

In this study, we have developed and evaluated a robust computa
tional framework for automatically measuring the AWT from clinically 
obtained medical images. Multiple algorithms were introduced in the 
framework which resulted in the elimination of all manual processes 
used in previous studies. Our framework enables the reconstruction and 

visualization of the 3D wall thickness for the bi-atrial chambers with a 
relative error of 8%, and outperforms existing algorithms by over 7%. 
The methods proposed in our study can potentially be used to improved 
clinical diagnosis, patient stratification, and clinical guidance during 
ablation treatment for patients with abnormal heart rhythms. 
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