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Phase-amplitude cross frequency coupling (PAC) is a rather ubiquitous phenomenon that has been observed in a
variety of physical domains; however, the mechanisms underlying the emergence of PAC and its functional sig-
nificance in the context of neural processes are open issues under debate.

In this work we analytically demonstrate that PAC phenomenon naturally emerges in mean-field models of
biologically plausible networks, as a signature of specific bifurcation structures. The proposed analysis, based on
bifurcation theory, allows the identification of the mechanisms underlying oscillatory dynamics that are essen-
tially different in the context of PAC. Specifically, we found that two PAC classes can coexist in the complex
dynamics of the analyzed networks: 1) harmonic PAC which is an epiphenomenon of the nonsinusoidal waveform
shape characterized by the linear superposition of harmonically related spectral components, and 2) nonharmonic
PAC associated with “true” coupled oscillatory dynamics with independent frequencies elicited by a secondary
Hopf bifurcation and mechanisms involving periodic excitation/inhibition (PEI) of a network population.
Importantly, these two PAC types have been experimentally observed in a variety of neural architectures con-
founding traditional parametric and nonparametric PAC metrics, like those based on linear filtering or the
waveform shape analysis, due to the fact that these methods operate on a single one-dimensional projection of an
intrinsically multidimensional system dynamics.

We exploit the proposed tools to study the functional significance of the PAC phenomenon in the context of
Parkinson's disease (PD). Our results show that pathological slow oscillations (e.g. # band) and nonharmonic PAC
patterns emerge from dissimilar underlying mechanisms (bifurcations) and are associated to the competition of
different BG-thalamocortical loops. Thus, this study provides theoretical arguments that demonstrate that
nonharmonic PAC is not an epiphenomenon related to the pathological # band oscillations, thus supporting the
experimental evidence about the relevance of PAC as a potential biomarker of PD.

Neural network
Parkinson's disease

1. Introduction

Cross-Frequency Coupling (CFC) is a useful conceptualization
regarding signal analysis, in which certain characteristics (e.g. ampli-
tude, phase) of a frequency band govern or interact with others in a
different band, either in the same signal or in another related one. This
general phenomenon has been observed in a variety of time series across
very different disciplines, ranging from nonlinear acoustics related to
externally modulated bubble dynamics (Dellavale and Rossell, 2019), to
physiological signals in the endocrine (Walker et al., 2010; Dietrich et al.,
2012; Hoermann et al., 2015) or in the vascular systems (leva et al.,
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2013), dynamic processes with bridge-vehicle interaction (Yang and Lin,
2005), the complex nonlinear coupling between atmospheric variables
(Laskar et al., 2014; Eswaraiah et al., 2018; Palus, 2014), and the number
of sunspots, or related measures, determined from astronomical obser-
vations (Hathaway, 2010; Shapoval et al., 2017), among others. In recent
years, different kinds of CFC analysis have received much attention in
neuroscience, probably boosted by the richness in frequency content of
brain signals, the tight association between cognitive or perceptual
processes to specific frequency bands in different types of electrophysi-
ological signals, and more importantly, because these interactions be-
tween brain oscillations have been hypothesized to have important
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functional roles (Fries, 2005; Jensen and Colgin, 2007; Canolty and
Knight, 2010; Hyafil et al., 2015b). In this regard, CFC processes have
been observed in brain activity across species, including humans, in
connection with various physiological (Bragin et al., 1995; Lakatos et al.,
2005, 2008; Palva et al., 2005; Canolty et al., 2006; Tort et al., 2008; He
et al., 2010; Ray and Maunsell, 2010; Jensen and Mazaheri, 2010;
Scheffer-Teixeira et al., 2012; Lisman and Jensen, 2013; Takeuchi et al.,
2015; Richardson et al., 2017; Vaz et al., 2017; Helfrich et al., 2017,
2018; Gans et al., 2009; Mukamel et al., 2014; Purdon et al., 2013;
Soplata et al., 2017; Voytek et al.,, 2010; Fell and Axmacher, 2011;
Bergmann and Born, 2018) and pathological conditions (Lopez-Azcarate
et al., 2010; de Hemptinne et al., 2013, 2015; Schevon et al., 2013; Amiri
et al., 2016; Cole et al., 2017; Ahnaou et al., 2017). In particular,
Phase-to-Amplitude Coupling (PAC) is an important variant of the CFC
phenomenon, in which the amplitude of a higher frequency band is
modulated by the phase of another band with a lower frequency content.
The PAC phenomenon has been reported to be involved in different
processes between several frequency ranges, using various techniques for
recording neuronal activity (Bragin et al., 1995; Lakatos et al., 2005,
2008; Canolty et al., 2006; Tort et al., 2008; He et al., 2010; Scheffer--
Teixeira et al., 2012; Richardson et al., 2017; Vaz et al., 2017; Helfrich
etal., 2017; Lopez-Azcarate et al., 2010; de Hemptinne et al., 2013, 2015;
Schevon et al., 2013; Amiri et al., 2016; Cole et al., 2017; Ahnaou et al.,
2017) and algorithms for the quantification of the CFC (Kramer et al.,
2008b; Penny et al., 2008; Onslow et al., 2011; Dvorak and Fenton,
2014).

Most of the pioneer works focused on the study of PAC in the context
of neuronal rhythmic activity have been performed implicitly assuming
sinusoidal oscillation, without taking into account the effects of nested
frequency patterns that may emerge from nonsinusoidal or pseudoperi-
odic rhythms (Bragin et al., 1995; Lakatos et al., 2005, 2008; Canolty
et al., 2006; Tort et al., 2008; He et al., 2010). More recently, it has been
reported evidence showing that nested frequency patterns could also
emerge from nonsinusoidal waveform shapes. In this case,
high-frequency oscillations appear in the spectral decomposition as a
consequence of the nonsinusoidality exhibited by the repeated pattern in
the original signal; most importantly, the dependent (harmonically
related) high-frequency oscillations are phase coupled to the slower
rhythm (fundamental frequency) and the resulting spectral signature is
similar to that of the PAC pattern (Kramer et al., 2008b; Aru et al., 2015;
Jones, 2016). This aspect has attracted a lot of attention in the commu-
nity (Vaz et al., 2017; Cole et al., 2017; Kramer et al., 2008b; Aru et al.,
2015; van Driel et al., 2015; Jensen et al., 2016; Gerber et al., 2016;
Lozano-Soldevilla et al., 2016; Cole and Voytek, 2017), as it challenges
the functional interpretation of high-frequency oscillations as processes
communicating relevant independent information; that is, the CFC
observed at the signal level can be elicited by the interaction of two
underlying neural oscillators, or it can be a consequence of the non-
sinusoidal oscillations not necessarily produced by independent neural
processes. Importantly, it has been experimentally shown that sinusoidal
and nonsinusoidal brain activity both produce PAC (see Fig. 1); however,
they reflect two distinct physiological neural mechanisms that are
anatomically segregated in the human brain (Vaz et al., 2017). The re-
ported algorithms specialized for the assessment of PAC can not distin-
guish between the different nested frequency types described above
(Kramer et al., 2008b; Penny et al., 2008; Onslow et al., 2011; Dvorak
and Fenton, 2014; van Driel et al., 2015; Jensen et al., 2016). Therefore,
to elucidate the mechanisms underlying the CFC patterns observed at the
signal level, the spectral characteristics of the associated neural activity
should be considered.

Recent modeling and theoretical works have shown that PAC may be
generated in several brain circuits with different architectures (Hyafil
et al., 2015b; Onslow et al., 2014; Sotero, 2016). A common approach
used in theoretical works is to keep the network topology as simple as
possible in order to disentangle the minimal components of the phe-
nomena under study. However, these topologies may be insufficient to
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properly describe a given anatomical network, the different spectral
components that simultaneously should emerge, and their interaction.
For example, in Parkinson's disease (PD), strong PAC has been observed
in the local field potentials recorded from primary motor cortex. It has
been found that in the parkinsonian state, cortical PAC is exaggerated
compared to that observed in patients without movement disorders (de
Hemptinne et al., 2013; Shimamoto et al., 2013). The reported evidence
suggests that this excessive coupling is probably a manifestation of an
excessive cortico-basal ganglia synchronization and may be related to
motor dysfunction in PD. Although several works support the association
of PAC with the parkinsonian state (de Hemptinne et al., 2013; Shima-
moto et al., 2013; Connolly et al., 2015; van Wijk et al., 2016), the origin
and type of PAC in this context, and the influence of the network ar-
chitecture (Leblois et al., 2006; Schroll and Hamker, 2013; Velarde et al.,
2017) have been insufficiently explored.

In this work, we study and characterize PAC patterns emerging from
several basic architectures previously identified as biologically plausible
neuronal circuits for the generation of nested frequency patterns (Hyafil
etal., 2015b). Besides, we investigate the emergence of PAC in a model of
neuronal populations inspired by previous basal ganglia models for the
generation of pathological oscillations associated with PD. In the general
case, we propose conditions under which PAC emerges in the presented
architectures using tools of dynamical systems theory. In particular, we
characterized CFC in the context of the bifurcation structure of the net-
works. As a consequence, the observed PAC may be considered as fin-
gerprints of these generic bifurcations supported by the interaction
between dynamics and network structure, and such universality stands
independently of the physical nature of the process at hand.

In order to describe and quantify PAC in different conditions, we have
characterized signals emerging from the population dynamics in several
regimes using the Phase Locking Value (PLV) and the Modulation Index
based on the Kullback-Leibler distance (KLMI), which are standard
measures to quantify PAC (intensity and occurring phase). In addition,
we introduce a new metric, the Time Locked Index (TLI), which quan-
tifies the presence of harmonics in the Fourier spectrum of the signal.

Signals

Time

Fig. 1. Waveform shapes emerging from different physiological neural mecha-
nisms wich confound the traditional metrics for the assessment of PAC. (Top)
Amplitude of the fast oscillation is modulated by the phase of a slow oscillation.
Note that in this case the fast and slow oscillatory dynamics are nonsinusoidal
rhythms. (Center) Linear superposition of a nonsinusoidal slow oscillation and a
fast oscillation. (Bottom) Linear superposition of two sinusoidal oscillations with
different frequencies.
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The theoretical analysis presented here makes use of these metrics to
demonstrate that harmonic (aka: “spurious”) and nonharmonic (aka:
“true”) PAC patterns naturally emerge from the interaction between
neural populations in biologically plausible networks, as a signature of
different bifurcation structures. The performance of the proposed method
is shown for a variety of network architectures capable to produce
different types of PAC, including a network model of the parkinsonian
basal ganglia. It is worth noting that the interpretation of the CFC pat-
terns observed at the signal level is a relevant unsolved problem which is
currently under debate in the specialized literature (Aru et al., 2015; Cole
and Voytek, 2017; Cole et al., 2017). In this regard, our results shed light
on this challenging open issue contributing to a better understanding of
the mechanism underlying the PAC patterns. In addition, our approach
also defines a processing toolbox that can be used to investigate and
interpret CFC patterns emerging in experimental data from many other
scientific fields.

2. Network
2.1. Architecture

The dynamics of a network will be able to generate CFC only if it gives
rise to at least two different frequencies that display some kind of
interaction. Depending on the nature of the synaptic connection between
neural oscillators, different CFC classes can be distinguished (Hyafil
et al., 2015b). In the following sections we describe the analysis of CFC
based on bifurcation theory for the BG-thalamocortical neural network
the context of PD (Fig. 2). For the sake of clarity, the results of the pro-
posed analysis corresponding to other four biologically plausible network
architectures are included in Appendix A.

As described in Albin et al. (1989), motor symptoms of Parkinson's
disease arise from basal ganglia dysfunction. The basal ganglia (BG) are a
highly organized network constituted by four main subnuclei: striatum,
globus pallidus (internal and external segments), subthalamic nucleus,
and substantia nigra (compact and reticular). The BG network is critical
for motor planning and action selection. It has several loops, where
cortical and subcortical projections interact with internal reentry loops
forming a complex network which is thought to be intended for selecting
and inhibiting simultaneously occurring events and signals (Lanciego
et al., 2012). Three main pathways (hyperdirect, direct, indirect) have
been proposed for the transmission of signals through the basal ganglia
(Nambu et al., 2002). These pathways have competing effects on
movement and it is often assumed that a balance between them is
involved in establishing and regulating muscle tone (Swenson, 2006).
Indirect and hyperdirect pathways form negative feedback loops, while
direct pathway gives rise a positive feedback loop (Leblois et al., 2006).
In order to examine the dynamics of the BG-thalamocortical network, we
propose a version of the pathophysiology model of PD. The proposed
architecture is based in an alternative approach (Leblois et al., 2006) to
the classical models of motor symptoms of PD (DeLong, 1990).

In Fig. 2, we present a mean-field model of BG-thalamocortical
network whose firing rate dynamics is capable of generating PAC. The
rationale behind the proposed model was based in two main constraints:

N
Hyperdirect‘y \.
H, A:ect k Hy
N1 _—> N3
T /Direct Loop Tire”

Fig. 2. BG-thalamocortical network for the generation of pathological oscilla-
tions associated with the parkinsonian state.
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1) to include the three main loops (Indirect, direct and hyperdirect)
hypothesized to be responsible of the pathophysiology dynamics of the
BG-thalamocortical network (Albin et al., 1989; DeLong, 1990; Leblois
et al., 2006) and 2) to use the minimum number of neuronal populations.
Thus, we started by explicitly considering all the nuclei constituting the
BG-thalamocortical network. Then, we minimize the number of neural
populations by merging adjacent nuclei and adjusting the sign, efficacy,
time constant and delay of the synaptic connections accordingly. As a
result, we end up with a network model composed by three populations
of neurons in which N; can be associated to the motor cortex and the loop
No-Nj3 representing the BG network. Thus, the populations N3 and N3 are
not directly mapped to particular BG nuclei; however, the proposed ar-
chitecture incorporates three loops that can be understood as the direct,
indirect and hyperdirect loops of the BG-thalamocortical network. In
Fig. 2, nodes 1 and 3 are constituted by excitatory neurons, while node 2
is a set of inhibitory neurons.

2.2. Dynamics

The BG-thalamocortical network dynamics is represented by a rate
model (Wilson and Cowan, 1972). A node i is characterized by the
instantaneous activity A; = S(I;), where [; is the total synaptic input to the
population i and S(I;) is the nonlinear input-output transfer function. We
considered threshold linear transfer functions, § = [fj], .

The synaptic interaction from node i to node j is denoted by the
variable m;;, which is a low-pass filtered version of its instantaneous ac-
tivity A; (Shriki et al., 2003) and is described as follows,

Ty = — my + A, €D)

where 7; is the time constant of the synapses and the over-dot indicates
derivative with respect to time.
The total synaptic input I; received by population j is given by

=2 Gymy(t — &y) + Hj, @

i—j

where A; and G denote the synaptic delay and synaptic efficacy of the
interaction i — j, respectively. Each population j receives an external
input given by H;.

In this work, we are mainly interested to study the nonlinear inter-
action between two frequency bands (fast and slow oscillations)
emerging from the biologically plausible models presented in Figs. 2 and
12. For this, the synaptic efficacies G;; can be varied so that the system is
in different dynamical states. Besides, by controlling the time constants
and delays, the resulting oscillatory frequencies can be configured to
belong to the a and y bands or to the $ and y bands if necessary. All the
parameters for the BG-thalamocortical network are summarized in
Table 1.

3. Analysis
3.1. Bifurcations

We first characterized the stability of the solutions near the stationary
state in the nonlinear delayed system. For this, we linearized the system
of equations by proposing the solution m; = a;+ f;exp(it), for the
population i receiving inputs from population k and projecting onto the
population j. We obtain that

@ =S(6"a +H), 3

and

0= (1+21y)8;~

ZS' (Sil (ai))Gki exp(—AAw)Byi» “
k
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where @ = (@), H= (H;), GT = (Gy). The number of equations in
system of equation (3) is equal to the number of populations, whereas in
Eq. (4) itis equal to the number of connections. Eq. (3) allows to calculate
the steady state, while Eq. (4) is used to evaluate the stability of the

stationary state. For fixed parameters (G, 7, A) and inputs ﬁ, the roots 1
computed from Eq. (4) provide information about the solution near the
steady state; it will be stable only if the real part of the roots are negative.

Due to the fact that we are using threshold linear transfer functions,
S =[L],, we can use a linear approximation, justifiable when o; > 0
(activation conditions). For this transfer function, we obtained the factor

1 a>0

S($7 () =

Let us note that a nonlinear transfer function S could significantly
modify the bifurcation curves in the parameters space, since the synaptic
connections in Eq. (4) are multiplied by the derivative of the transfer
function S'.

If S is injective and continuously differentiable, then Gy; = S'(S7(a))
Gy, is a change of variables of Gy; . This implies A = 1(G) is a continuous
function. In other cases, the function A(G) could be discontinuous.

We found that in the general context of dynamical systems, and in
particular for the biologically plausible networks presented in Figs. 2 and
12, several well defined mechanisms can produce the system dynamics to
undergo oscillations with at least two different frequencies. The latter is a
necessary, but not sufficient, condition for the emergence of CFC.

Specifically, we identify three type of transitions by which two
rhythms oscillating at independent frequencies emerge in the system
dynamics. The first mechanism involves the periodic excitation/inhibi-
tion of a network population (PEI) produced by an input received from
another population pertaining to the same network (Figs. 2 and 12b and
c) or by an external input (Fig. 12a). The other two transitions occur in a
bifurcation point. In the second mechanism a system exhibiting an
oscillatory dynamics undergoes a secondary bifurcation with a different
frequency. This is called a Neimark-Sacker bifurcation, torus bifurcation
or secondary Hopf (SH). In the third mechanism, a fixed point loses
stability in connection with two pairs of complex eigenvalues (with
different imaginary part) crossing the axis Re(4 = 0) at the same time.
This is a co-dimension 2 bifurcation called double Hopf or Hopf-Hopf
(HH) (Izhikevich, 2014; Kuznetsov, 1998). To consider in detail the dy-
namics near each one of these bifurcations, let us start by defining the
normal forms.

For the SH we analyzed the behavior of discrete-time systems ob-
tained by using the Poincaré map (Kuznetsov, 1998). Let us consider the
system

x> flx,a)  xeRPaeR (6)

with a smooth function f, which has at @ = 0 the fixed point x = 0 with

simple eigenvalues p;, = (1+ p(a))e™®®, 0<6y <z By the

Table 1
Values of the coupling parameters time constants and delays, for the BG-
thalamocortical network.

Synaptic efficacy Delay Time constant
G A (ms) Toq (MS)

1-1 0.5 35 40

1-2 (0,5) 35 40

1-3 (0,5) 5 20

2-1 —-2.5 35 40

2-3 =1(*)/-0.7(**) 5 0.1

3-2 1.4 5 0.1

We call configuration A when Ga3 = —1 (¥) and B when Ga3 = — 0.7 (**). In both
cases, we use H; = 0.01.
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introduction of a complex variable and a new parameter, the system can
be transformed into

2 p(B)z+ i (B)el’. @

Then, near the fixed point the map (6) is locally conjugate to the
normal form (7).

Following Kuznetsov (1998), to obtain the HH normal form we
considered a smooth system depending on two parameters

iF=flx,a)x €R*, a € R? (8
which has, for @ = 0, the equilibrium x = 0 with eigenvalues

(@) =p (@) £io(a), k=12 ©)

such that 4 (0) = 0,w,(0) > 0.

Let the nondegeneracy conditions be satisfied (Kuznetsov, 1998).
Then, the system is locally smoothly orbitally equivalent near the origin
to the polar system

re=r <ﬂk +puri +pyr] + Skk?) + Oy = (@) + W, k#Aj (10)

where pi, pr, pij and s, depend on a. In addition, &, = O((r? + r%)B) and
¥, = O(1). For more details about both bifurcations (SH and HH), we
refer the reader to sections 4.6, 5.3 and 8.6 of Kuznetsov (1998).

To identify the mechanism eliciting PAC we analyzed the topological
structure of the signals near the SH and HH bifurcations. Let us start by
considering a stable limit cycle X' (t) with fundamental frequency o, . It
can be expressed by a Fourier series

Xo(t)= 27” cos(wnt) + D, sin(w,nt). 11

This expression shows that X is a superposition of harmonic oscil-

lations, each contained in the plane generated by @, and ?,,. Without
loss of generality, we use only the fundamental term n = 1 and T =%,
b, =7.

In each point X (t), it is possible to define a orthonormal basis {y(t),
k(t),n(t)} where y(t) is tangent to the limit cycle and «(t), 7(t) generate
the orthogonal plane to y(t), Poincaré plane (see Fig. 3).

For the proposed casen =1,

y(t) = —sin(w,1)X + cos(w, 1)y
k(t) = ¥ (t) = cos(w;1)X + sin(w, 1)y (12)
z

Given that the limit cycle is stable, the Poincaré map has a stable fixed
point. The secondary Hopf bifurcation changes the stability of the point
and it generates a closed invariant curve with frequency ws,

YSH([) = ?C 1)+ Az([), (13)
Pty (t) = 8(cos(wyt) X o(t) + sin(w,1)7).

where § ~ 0. Note that A, is a sinusoidal oscillation with frequency w»
and its corresponding plane rotates with frequency w;. In a canonical
basis, Eq. (13) is equivalent to

X [L + & cos(¢,)]cos(¢y)

y | = [1+8cos(¢,)lsin(¢y) |,

z & sin(¢h,) as
¢, = o,
¢, = wyt.

Equation (14) indicates that Xgy is contained in a 2-dimensional
torus (Fig. 4 top-left). The projection of X'y onto the plane (x,y) is
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y(t)
n(t)

L — |

X(t)

Poincaré
plane

Fig. 3. Poincaré section for a limit cycle X, (t). In each point of the limit cycle, it
is possible to define a orthonormal basis {y(t), x(t), n(t)} where y(t) is tangent to
the limit cycle and «x(t),7(t) generate the orthogonal plane to y(t) called
Poincaré plane.

shown in Fig. 4 middle-left. We also plot one component (signal x) as a
function of time in Fig. 4 bottom-left.

In contrast to SH, HH is a bifurcation of a fixed point of the dynamical
system. The critical equilibrium has two pairs of purely imaginary ei-
genvalues. Near the bifurcation point of the parameter space, the linear
solution is

Tuu(t) =@, cos(a)12+ b, sin(w 1) as)
+a5 cos(wat) + by sin(wat).
Taking into account that each harmonic component belongs to a

different plane, the Fourier decomposition presented in Eq. (15) can be
written in a canonical basis as follows,

x cos(¢,) cos(¢h,)

v | =] sin(@) | +6| cosigr) |, ser.

z 0 sin(¢,) (16)
P = o,

¢, = w,t.

The first term of the right-hand side of Eq. (16) is contained in the
plane (x,y), while the second term belongs to the plane generated by
(1,1,0) and 2. Eq. (16) is a parametrization of a torus-shaped surface
collapsed at two radially opposite regions (Fig. 4 top-right). This effect
can be understood observing the oscillation planes. In the HH case, both
planes of oscillations, corresponding to w;, and w,, are fixed. The plane
associated to w, is denoted by 7. Since the planes are constant, there are
two regions where r is tangent to the trajectory of the limit cycle cor-
responding to w; (see Fig. 4 middle-right). Conversely, in the SH bifur-
cation the plane r rotates in the direction of the limit cycle (»;), being
always perpendicular to its trajectory (x(t)), as it is shown in Fig. 4
middle-left.

Importantly, our analysis of the system dynamics allows identifying
specific bifurcation structures as the underlying mechanisms that satisfy
the sufficient condition for producing PAC. It was useful in determining
the system behavior (Fig. 4 top) and the structural differences between
the resulting signals shown in Fig. 4 bottom. Specifically, near the SH
bifurcation boundary the solution corresponds to a trajectory on a two-
dimensional invariant torus (Fig. 4 top-left) and the one-dimensional
projection x exhibits the complete structure of the PAC pattern, i.e. the
modulating slow oscillation cos(w;t) superimposed to the amplitude
modulated fast oscillation cos(w;t)cos(wzt) (Fig. 4 bottom-left). On the
other hand, the HH produces a linear superposition of the slow and fast
oscillatory dynamics and no cross-frequency coupling occurs (Fig. 4
bottom-right). In this case, the complete solution is contained in a surface
that is not topologically equivalent to a torus (Fig. 4 top-right).
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Fig. 4. Bifurcation structure. Left and right panels correspond to secondary and
double Hopf bifurcations, respectively. (Top) Representation in phase space (x,y,
z). (Middle) Projection in plane (x,y). (Bottom) Signal x as function of time.

Time

It is worth noting that traditional methods for PAC quantification
(Tort et al., 2010) (see Section III) can not distinguish between these
mechanisms mainly due to the fact that they operate at the signal level,
that is, on a single one-dimensional projection (Fig. 4 bottom) of the
intrinsically multidimensional system dynamics (Fig. 4 top).

Let us note that in this analysis the slow frequency can be either w; or
3. In the case of Fig. 4 the fast oscillatory rhythm correspond to w,. In
the Results section we will also show the opposite case.

3.2. Cross-frequency coupling metrics

In this section, we present two nonparametric estimators to describe
PAC in the different system configurations. While Phase Locking Value
(PLV) specifies the intensity and phase occurrence of PAC, the Time
Locked Index (TLI) is a novel measure we propose to quantify the pres-
ence of harmonics in the Fourier spectrum of signal. Thus, using this
information, we can characterize the PAC pattern observed at the signal
level in connection with the underlying bifurcation structure. An alter-
native PAC metric called Modulation Index based on the Kullback-Leibler
distance (KLMI) is defined and contrasted with the PLV metric in Ap-
pendix B.

3.2.1. Phase Locking Value (PLV)

The Phase Locking Value (PLV) quantifies the phase synchronization
between two narrow-band signals (Aydore et al., 2013). Consider a signal
x(t), which has been band-pass filtered at two frequency bands x;r and
xgr. The PLV estimator is defined as

1 N
PLV = ; exp(iAg(1)) 4

where A¢ = ¢(x1r) — ¢(A(xur)). The functions ¢(x) and A(x) are the
phase and amplitude of a signal x obtained using the Hilbert transform
7 (%),
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A(x)(t) = xz(t) + Wz(x)(t%
‘ (18)
#(x)(1) = arctan {/f x%)) (z>] .

The modulus of PLV takes values on [0,1] with O reflecting the case
where there is no phase lock (for a sufficiently large number of samples
N) and 1 when the relative phase of the two signals x;r and A(xyr) is
constant along time. Thus, high PLV values (JPLV| ~ 1) are obtained in
the cases in which the amplitude of the high frequency time series os-
cillates at the lower frequency (Huelsemann et al., 2018).

3.2.2. Algorithm for the detection of non sinusoidal waveforms: Time Locked
Index (TLI)

We developed a specialized processing tool, called Time Locked Index
(TLI), to efficiently quantify the harmonic content of the signals. The
characterization of the degree of harmonicity is important given that
nested oscillations with independent frequencies and nonsinusoidal
brain activity both can elicit a similar signature in the Fourier spectrum.
In particular, the traditional algorithms for PAC quantification (e.g. PLV,
KLMI) are confounded by harmonically related spectral components
associated to nonsinusoidal brain activity, reporting significant PAC
levels in absence of independent frequency bands. In the TLI algorithm,
time-locked averages are implemented to exploit the phase synchroni-
zation characterizing the band-pass filtered time series constituted by
harmonic spectral components. The following steps describe the pro-
cedure to compute TLI (see Fig. 5).

1. The input signal x is band-pass filtered at the low (LF) and high (HF)
frequency bands under analysis, producing the time series x;r and
Xpyr, respectively. Z-score normalization is applied on x;r and xgr.

2. The time instants corresponding to the maximum amplitude of both
time series, x;r and xpyr, are identified in each period of the low fre-
quency band (Tyr). These time values for the slow and fast oscillation
peaks are recorded in the time vectors t;r (red down-pointing tri-
angles in Fig. 5) and tyr (green up-pointing triangles in Fig. 5),
respectively.

3. Epochs Ef with a length equal to one period of the lower-frequency
band (T.r) and centered at fast oscillation peaks (tyr) are extracted
form the time series xyr. These epochs are averaged to produce a
single epoch < Ef >. Note that the latter is a time-locked averaging
due to the fact that all the epochs Ej; are centered at the time instants
tHF.

4. Epochs Ej# with a length equal to one period of the lower-frequency
band (Tyr) and centered at slow oscillation peaks (t;r) are extracted
form the time series xyr. These epochs are averaged to produce a

I
il
<Efm \ 4,%/\”‘““/\ TLI =

I
i Nl I t
‘\J‘MJ‘M\/\\J‘“ (Efip
I |
Lyr | I
Average of the epochs of x,,,.(t)
| centered at the timeinstants

HF/

Averageof the epochsof () \,‘ |
centered at the timeinstants t ;;

Fig. 5. Schematic representation of the algorithm to compute the TLI (see
description in the text).
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single epoch < Ef. >. Note that the latter is a time-locked averaging
due to the fact that all the epochs Ej;. are centered at the time instants
tir.

5. Finally, the TLI is computed as follows,

_ max(< Ejf; >) —min(< Eff. >)

TLI = :
max( < Ej > ) — min((Ejj > )
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In the case that the time series x;r and xyr are predominantly
constituted by harmonic spectral components, the fast and slow oscilla-
tions in time domain are characterized by a high degree of phase-locking.
As a consequence, the amplitude of < Ej > results comparable to that of
the < Ejif > and so we obtain TLI ~ 1. On the other hand, if the time
series x;r and xyr are constituted by nonharmonic spectral components,
the fast and slow oscillations are non phase-locked. Therefore, the
amplitude of < Ej, > is averaged out to zero and TLI = 0 is obtained for a
sufficiently large number of samples (see Fig. 5). Of note, the phase
synchronization between the band-pass filtered time series (x;r and xyr)
can be assessed using the PLV metric; however, the TLI algorithm has two
significant advantages: 1) The TLI algorithm does not require to know the
harmonic ratio between the two frequency bands of interest. On the other
hand, to compute the PLV you need to know this harmonic ratio, a priori,
to evaluate phase-phase coupling. 2) The TLI is robust against variations
of the bandwidth of the band-pass filters used to obtain the time series x;r
and xz. Thus, by operating in the time-domain the TLI reliably assess the
degree of phase-locking, even in the case in which several spectral har-
monics are included in the bandwidth of the filters used to obtain x;r and
XHF-

An alternative method to characterize the harmonicity of the system
dynamics is to compute the fractal dimension of the invariant set corre-
sponding to the phase space (Guckenheimer and Holmes, 2002). In this
case, the fractal dimension is expected to be lower in the case of oscil-
latory dynamics including harmonically related frequencies than those
constituted by independent frequency bands. However, this method re-
quires processing data in several dimensions and is more computation-
ally expensive than the TLI algorithm.

In all the cases reported in this work, the same configuration for the
band-pass filters was used to compute the PLV, KLMI and TLI metrics.
Besides, additive white Gaussian noise was added to the dynamics ob-
tained from our firing-rate models prior to compute the PLV, KLMI (see
Appendix A) and TLI metrics. The noise amplitude was set to the 10% of
the standard deviation of the simulated time series.

In Appendix C, we present the analysis of simple nonlinear oscillator
to illustrate the behavior of the measures that characterize the cross-
frequency coupling (PLV, KLMI) and harmonicity (TLI). The source
code for TLI computation and a test script example associated to the re-
sults shown in Appendix C are available at https://github.com/damian
-dellavale/Time-Locked-Index/.

4. Results

In this section, we show the results corresponding to the BG-
thalamocortical network model (see Fig. 2). We analyzed the behavior
of the system as a function of the synaptic efficacies of the connections
(Gy). In particular, we study the effect of the indirect (G13) and hyper-
direct (G12) pathways in the parameter space (G12,G13).

First, we calculate the fixed points of the network dynamics using Eq.

©))

a 1 H\(Gs — 1) + H3G3,Gy
a | =— | —Hi(Gn+ Gi3Gx) — Hi(1 — G4)Gx (20)
a —H(Gi3 + G12Gx) — H3(1 — Gy — Gy)

where
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D =(1-Gy)(G,—1)+G,+G;

G;= Gy

G, = GGy (21
G,= GnGsyy

Gi = G13G3Gy;

It is found that for G;; < 1, a3, a2 > O for all (G2,Gi3). Similarly, the
activation condition for the node 3 (a3 > 0) is

H H.
Gi3 > G <F?GZI - Gz3> _Fj(l - Gy). (22)

Eq. (22) defines two half-planes in the parameters space. In both of
them, the stability of the fixed points is controlled by the roots of the
characteristic equation p(1) = 0 where

I (1) — T, (1)Gee™™* —T3(1)Gie™**—
p(4) = { Ty(A)Gre a; >0 (23)
I (ﬂ) — F4(2)G},€7AM, a; <0.

where

Fd(/i) = (1 +/1111 — Gde’A”)7

Fl(i) = Fd(ﬂ)(l +/1T12)(1 +/1T13)(1 +/1721)
(1 + A723) (1 + A732),

[o(A) =Ta(A) (1 + Ar12) (1 + Aoy) (1 + A743),
I}(ﬁ) = Fd(/l)(l -‘r/‘Lle)(l +/‘l‘[23).,

H(ﬂ) = Fd(/l)(l +/1713)(1 +/‘l‘[23)(1 +/‘LT32).

(24

The functions I'; depend only on the time constants z and G,4. Note that
when the population N3 is not active (i.e. a3 < 0), the stability equation
(23) is equivalent to a unique oscillator constituted by the populations Ny
and No.

To illustrate different bifurcation scenarios emerging from the BG-
thalamocortical network dynamics, we use the parameter values pre-
sented in Table 1 to setup the configurations A and B corresponding to
G23 = —1 and Gy3 = — 0.7, respectively.

Fig. 6 shows the bifurcation diagram of the BG-thalamocortical
network for configuration A. For Gi2 > Gi3, the node N3 is not active
(a3 < 0). In this case, if Gi2 is sufficiently small (50.7), the system con-
verges to a steady state. This implies the absence of oscillatory compo-
nents in any signal. When G increases, the network is led to a oscillatory
state through a Hopf bifurcation (arrow b in Fig. 6). The bifurcation curve
and the characteristic frequency wsp ~ 4 Hz were determined by solving
the equation p(27iw) = 0 numerically. Given that the node N3 is inactive,
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the bifurcation curve is independent of the value of G;3.

According to Eq. (5), on the boundary of the half plane G2 = Gi3, the
derivative S'(x) is not defined. As a result, there is a pair conjugated roots
A=Re(1) + 27iwpo such that Re(4) is a discontinuous function of the
synaptic efficacies. In particular, as N3 becomes active (az > 0), Re(4)
changes its sign destabilizing the system (arrow a in Fig. 6). The result of
this transition is the formation of a limit cycle with characteristic fre-
quency wro ~ 50 Hz. It is important to remark that this mechanism for
generating a limit cycle does not imply a Hopf bifurcation.

We analyzed the evolution of the system dynamics using a Poincaré
map (Kuznetsov, 1998). When G;3 increases enough, the limit cycle (wro)
is destabilized by a SH bifurcation (arrow c in Fig. 6). This bifurcation
corresponds to the case when the multipliers associated to the limit cycle
(wro) in the Poincaré map are complex and lie on the unit circle (Kuz-
netsov, 1998). As a consequence, the fixed point in the Poincaré map
gives rise to a closed invariant curve with characteristic frequency wso =~
4 Hz. The formation of the periodic orbit in the Poincaré plane (I; = 0) is
presented in Fig. 7. In Fig. 7 we also show the state of the system (I1,I5,I3)
during the transition. The box (a) in Fig. 7 corresponds to a 50 Hz
oscillation before the bifurcation, (b)-(c) are intermediate regimes and
(d) exhibits the state after the SH bifurcation (see Fig. 6¢). In the phase
space (I1,I>,I3) shown in Fig. 7, the SH generates a trajectory on a
two-dimensional invariant torus with two characteristic frequencies wro
and wgp. Besides, the SH bifurcation is determined by the normal form
coefficients of the restricted Poincaré map at the critical parameter values
(Eq. (7)). The numerical results shown in Figs. 6¢ and 7 reproduce the
characteristics of the SH bifurcation determined analytically in Egs.
(6)—-(14). In particular, near the bifurcation boundary, the temporal
evolution of the components I, I and I3 exhibit the complete structure of
the PAC pattern, that is, the modulating slow oscillation superimposed to
the amplitude modulated fast oscillation. The corresponding spectral
signature was verified through a Fourier analysis (power spectra not
shown).

In Fig. 6, the network displays oscillatory activity (wso) for G2 > 0.7
and Gi3 = 0. For a given G;3 value indicated by the arrow (d) in Fig. 6,
the population N3 is periodically activated around the maximum ampli-
tude of the slow oscillation (wsp). As a consequence, the fast oscillation
(wro) emerges around that particular phase and remains silent in the rest
of the slow oscillation cycle. This mechanism involving the periodic
excitation/inhibition (PEI) of a network population, elicit the complete
structure of the PAC pattern at the signal level and it was also observed in
the network shown in Fig. 12a (See Appendix A.1).

In the case of the configuration B (see Table 1), the activation
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Fig. 6. Bifurcation structure of BG-thalamocortical network in configuration A. (a) Generation of a fast oscillation (wro ~ 50 Hz) via the activation of node N3. (b)
Hopf bifurcation destabilizes the system and a slow oscillation (wso ~ 4 Hz) appears. c) In SH, the limit cycle losses stability and a new oscillation with frequency wso
appears. d) If G,3 increases, in a part of the period of the slow oscillation, there is superposition with a fast oscillation. All boxes show the signal I5 as function of time

in the range from 9000 to 10000 ms.
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(@) (b)

Fig. 7. Secondary Hopf bifurcation corresponding to arrow (c) in Fig. 6. The
behavior of a periodic orbit in the space (I3, I», I3) can be represented in a
Poincaré map (I = 0). (a) Limit cycle and fixed point in the map are stable.
(b)(c) Limit cycle and fixed point change stability. In the Poincaré map, this
bifurcation is a discrete version of Hopf. (d) An invariant torus is formed. The
intersection of the torus with the Poincaré plane corresponds to a closed
invariant curve. All the graphics have the same scale.

condition for the node 3 (a3 > 0, Eq. (22)) is satisfied in the whole
explored range of synaptic efficacies (G12, G13). In Fig. 8, we show the
bifurcation structure corresponding to this configuration. Similarly to the
previous results, when G, increases, a periodic solution (wsp) arises via a
Hopf bifurcation (point b in Fig. 8). Note that, for small values of G2,
increasing Gi3 elicits the formation of a limit cycle (with frequency wro)
without implying the activation of node N3, as in the configuration A, but
via a Hopf bifurcation (point a in Fig. 8).

In Fig. 8, the intersection point between the two Hopf curves de-
termines a new transition called Hopf-Hopf bifurcation (point c in Fig. 8).
The HH bifurcation represents the situation where two pairs of conjugate
eigenvalues cross the imaginary axis at the same time. The truncated
normal form of the HH bifurcation (Eq. (10)), indicates that the ampli-
tude and phases of the two oscillations (wso, wro) are uncoupled. Near
the transition point, we can approximate the solution as a superposition
of two sinusoidal oscillations Ago cos(wsot) + Aro cos(wrot). In general,
for values of the parameters (Gy2, G13) far from the HH bifurcation, the
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nonlinear effects modify the dynamics giving rise to the appearance of a
high harmonic content in the observed signals (point d in Fig. 8).

The PLV estimator computed from the signal I5 is shown, as a function
of the synaptic efficacies (G12, G13), in the colormaps of Fig. 9 for con-
figurations A and B. The pseudocolor scale represents the [PLV| values
ranging from O (blue) to 1 (red). In computing the PLV KLMI and TLI, the
band-pass filters were configured with a null-to-null bandwidth of
1-19 Hz (to obtain x;r) and 20-200 Hz (to obtain xzr) which include the
characteristic frequencies wsp ~ 4 Hz and wro = 50 Hz, respectively. In
Fig. 9, the regions in white color represent undefined PLV values corre-
sponding to the nonoscillatory dynamics (stable steady state regions). On
the other hand, nearby the formation of a limit cycle via the activation of
the node 3 (arrow a in Fig. 9) or Hopf bifurcation (arrow b in Fig. 9), we
obtain small PLV values (|PLV| < 0.2) indicating the absence of signifi-
cant PAC associated with the occurrence of these mechanisms.

In both configurations presented in Fig. 9, the secondary Hopf
bifurcation (SH) gives rise to a discontinuous jump in the |PLV| values.
For example, in the phase space region indicated by the arrow (c), the
[PLV| increases from O to 0.9 when the SH boundary is crossed. In
contrast, the transition associated to the PEI mechanism indicated by the
arrow (d), is characterized by a continuous variation of the [PLV/| values.
The latter is a consequence of the continuous increasing of the amplitude
of the intermittent fast oscillations (wro).

Note that near the HH (see Fig. 9 right), PLV vanishes because the
signal I3 is the sum of uncoupled oscillations without CFC. In Fig. 9, the
region circumscribed above the Hopf bifurcations and below the SH bi-
furcations is characterized by low PLV values (|PLV| < 0.2) and a variety
of waveform shapes like sinusoidal oscillations (Fig. 8a), sum of uncou-
pled oscillations (Fig. 8c) and nonsinusoidal waveforms (Fig. 8d).

In Fig. 9 right, the dashed white lines mark a secondary Hopf bifur-
cation occurring nearby the Hopf bifurcations (HH). This result was
confirmed using a Poincaré map and is consistent with the analysis of the
truncated normal form of the HH bifurcation presented in Kuznetsov
(1998). In Ref. Kuznetsov (1998) it is shown that a generic
four-dimensional system exhibiting a HH also has the corresponding SH
bifurcation curves in its parametric portrait near this codimension 2
point. Crossing these curves elicit the occurrence of limit cycles (Hopf
bifurcations) and invariant two-dimensional tori nearby (secondary
Hopf). For generic parameter values, the orbit structure on a torus de-
pends on the distance to the secondary Hopf curve. The tori exist and
remain smooth only near the bifurcation curves. Otherwise, tori lose
smoothness and are eventually destroyed.
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Fig. 8. Bifurcation structure of BG-thalamocortical network in configuration B. (a) Hopf bifurcation corresponding to a fast oscillations (wro ~ 50 Hz). (b) Hopf
bifurcation corresponding to slow oscillations (wspo =~ 4 Hz). (c) Hopf-Hopf bifurcation occurs at the intersection of the two Hopf branches. The solution is a sum of
uncoupled sinusoidal signals. Away from the bifurcation, the signal changes its shape. (d) Nonlinear effects give rise to the appearance of nonsinusoidal waveforms. In
all boxes. signal I3 is shown as a function of time in the range from 9000 to 10000 ms.
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Fig. 9. Absolute value of PLV as a function of the synaptic efficacies (G12,G13).
Left and right panels correspond to configurations A and B of BG-
thalamocortical network (Fig. 2), respectively. Dashed lines mark secondary
Hopf bifurcation (SH). Arrow (a) and (b) indicate the formation of limit cycle via
activation or Hopf bifurcation, respectively. Arrows (c) and (d) show discon-
tinuous and continuous variations of PLV, respectively. White regions corre-
spond to steady states. In both cases, PLV was computed for the signal I5.

We characterized the degree of harmonicity of the slow oscillations
(fundamental frequency wso) using the TLI algorithm. In Fig. 10, the TLI
is shown as a function of the parameters (G;2,Gi3) for configurations A
and B.

For the configuration A (Fig. 10 left), the region circumscribed above
the activation of the population N3 and below the SH boundary is char-
acterized by the presence of fast oscillation resulting in low TLI values
(TLI<0.4) due to the absence of harmonics of the slow oscillation (wso).
On the other hand, at the right of the Hopf bifurcation (arrow b in Fig. 10)
and above the SH boundary (arrow c in Fig. 10) higher TLI values are
obtained (TLI > 0.5) indicating that both transitions elicit nonsinusoidal
slow oscillations (fundamental frequency: wso) constituted by the su-
perposition of harmonically related spectral components (see corre-
sponding boxes in Fig. 6).

In the configuration B (Fig. 10 right), high TLI values (TLI ~ 0.5) are
observed crossing the Hopf bifurcation at the right due to the fact that it
produces nonsinusoidal slow oscillations (fundamental frequency: wso).
High TLI values (TLI > 0.5) are also observed in some regions above the
SH boundaries for configuration B.

The analysis of the PAC intensity (PLV map in Fig. 9 and KLMI map in
Fig. 17) and the harmonicity of the slow oscillations (TLI map in Fig. 10)
demonstrate that nested oscillations with independent frequencies
(“true” nonharmonic PAC) and nonsinusoidal slow oscillations consti-
tuted by harmonically related spectral components (“spurious” harmonic
PAC) both produce significant PLV and KLMI values and are indistin-
guishable for the traditional PAC algorithms. Importantly, in most of the
phase space regions where the “true” nonharmonic PAC is observed, it
coexist with the presence of harmonics of the slow oscillations

Fig. 10. Time Locked Index as a function of the synaptic efficacies (Gi2, G13).
Left and right panels correspond to configurations A and B of BG-
thalamocortical network (Fig. 2), respectively. Dashed lines mark secondary
Hopf bifurcation (SH). Arrow (a) and (b) indicate the formation of limit cycle via
activation or Hopf bifurcation, respectively. Arrows (c) and (d) show discon-
tinuous and continuous variations of TLI, respectively. White regions correspond
to steady states. In both cases, TLI was computed for the signal I5.
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(“spurious” harmonic PAC).

The connection between the PAC observed at the signal level and the
underlying bifurcation structure for the BG-thalamocortical network
model is shown in Fig. 11 by means of projections of the complete
multidimensional dynamics. Left and right panels correspond to HH and
SH bifurcations, respectively. Top boxes show the solution of system in
the space (I1,I2,I3). In the middle, we project the signal to a plane. In the
bottom graphs, the one-dimensional projection corresponding to the
signals I3 are shown as functions of time.

Supplementary video related to this article can be found at https://d
0i.org/10.1016/j.neuroimage.2019.116031.

We found that nonsinusoidal oscillatory dynamics constituted by the
linear superposition of either uncoupled oscillations (HH bifurcation,
Fig. 4 right-top, Fig. 8c) or harmonically related spectral components
elicited by the action of nonlinear effects (Fig. 11 right, Fig. 8d) share a
common signature in their space state representation: the geometrical
shape of the invariant set is given by a torus-shaped surface collapsed at
two radially opposite regions. This behavior can be understood using Egs.
(11) and (15). That is, the nonsinusoidal signal has at least one harmonic
term @' = win added to the oscillation w; (see Eq. (11)). In this case, the
resulting expression is equivalent to Eq. (15) with wy = o', where each
oscillation belongs to fixed planes. The latter, in turn produces the
invariant torus-shaped surface collapsed at two radially opposite regions.

On the contrary, we found that SH bifurcation and PEI mechanisms
both produce “true” nonharmonic PAC and are characterized by
invariant sets given by a torus (Fig. 4 left-top, Fig. 11 left-top) and a
closed trajectory (limit cycle of the slow oscillation) interleaved with a
“bump” produced by the orbits of the intermittent fast oscillation (data
not shown), respectively.

Hence, our results show that the mechanisms eliciting harmonic and
nonharmonic PAC patterns are associated to invariant sets that are not
topologically equivalent. This suggests that the signatures identified in
the invariant sets could be used as a tool to identify the underlying

Time Time

Fig. 11. Simulation results for configuration B of the network shown in Fig. 2.
Left and right panels correspond to signals near the secondary (SH) and double
Hopf bifurcation (HH), respectively. (Top) Representation in phase space (1,1,
I3). (Center) Projection in a plane (I3,I5). (Bottom) Signal I5 as function of time.
In parameter space (Gi2,G13) (see Figs. 9 and 10), left and right panels are
associated with the points (1.5,2.5) and (1.5,1.5), respectively. A video showing
the formation of these structures is included as Supplementary material.
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mechanisms associated to the PAC phenomenon and to discriminate PAC
patterns observed at the signal level that confound the traditional CFC
algorithms.

5. Discussion

CFC is a rather ubiquitous phenomenon that has been observed in a
variety of physical domains (Dellavale and Rossell, 2019; Walker et al.,
2010; Dietrich et al., 2012; Hoermann et al., 2015; leva et al., 2013; Yang
and Lin, 2005; Laskar et al., 2014; Eswaraiah et al., 2018; Palus, 2014;
Hathaway, 2010; Shapoval et al., 2017). In particular, the PAC variant of
CFC has been reported to play an important role in several neural pro-
cesses (Fries, 2005; Jensen and Colgin, 2007; Canolty and Knight, 2010;
Hyafil et al., 2015b; Bragin et al., 1995; Lakatos et al., 2005, 2008; Palva
et al., 2005; Canolty et al., 2006; Tort et al., 2008; He et al., 2010; Ray
and Maunsell, 2010; Jensen and Mazaheri, 2010; Scheffer-Teixeira et al.,
2012; Lisman and Jensen, 2013; Takeuchi et al., 2015; Richardson et al.,
2017; Vaz et al., 2017; Helfrich et al., 2017, 2018; Gans et al., 2009;
Mukamel et al., 2014; Purdon et al., 2013; Soplata et al., 2017; Voytek
et al., 2010; Fell and Axmacher, 2011; Bergmann and Born, 2018;
Lopez-Azcarate et al., 2010; de Hemptinne et al., 2013, 2015; Schevon
et al., 2013; Amiri et al., 2016; Cole et al., 2017; Ahnaou et al., 2017);
however, the mechanisms underlying the emergence of PAC have been
poorly explored in this context. In addition, nested frequency patterns
could emerge from oscillatory neural activity due to the presence of in-
dependent frequency bands (nonharmonic PAC) or nonsinusoidal
waveform shapes characterized by the presence of dependent, harmon-
ically related, spectral components (harmonic PAC). The traditional al-
gorithms to assess PAC (e.g. PLV, KLMI) (Tort et al., 2010) can not
distinguish between these two different nested frequency types, report-
ing significant PAC levels even in absence of independent frequency
bands (Kramer et al., 2008b; Penny et al., 2008; Onslow et al., 2011;
Dvorak and Fenton, 2014; van Driel et al., 2015; Jensen et al., 2016). The
latter is a major open issue since it has been experimentally shown that
sinusoidal and nonsinusoidal brain activity both produce PAC; however,
they reflect two distinct physiological neural mechanisms that are
anatomically segregated in the human brain (Vaz et al., 2017).

In this work we determine the sufficient conditions under which CFC
emerges in a system dynamics, as a signature of specific bifurcation
structures. For this, we use analytical and numerical tools from the theory
of dynamical systems to analyze the biologically plausible networks
shown in Figs. 2 and 12. The model (12a) has been tested in the context
of visual processing, where the pyramidal-interneuron oscillator re-
sponds to visual activity experimentally recorded in monkey thalamus
(Mazzoni et al., 2008). The network (12b) has been proposed to model
speech perception in auditory cortex using two separate sub-populations
responsible for the generation of independent frequencies (Hyafil et al.,
2015a). The architecture (12c) was used to model coupled -y oscillations
in hippocampus, which featured two interconnected sub-populations
with distinct GABA decay time (White et al., 2000). In other context,
architecture (12c) was also used to interpret the dynamics of local field
potentials recorded from in vitro cortical slices as the interaction of su-
perficial and deep layers (Kramer et al., 2008a). The model (12d) has
been proposed to explain the emergence of 6-y coupled oscillations in
hippocampus, where a common population is coupled to fast-spiking
cells and oriens-lacunosum moleculare cells (Wulff et al., 2009). The
main results obtained through the bifurcation analysis of these networks
are presented in Appendix A. It is worth noting that the proposed
BG-thalamocortical network (Fig. 2) obtained by merging adjacent nuclei
of the complete architecture, results to be a combination of these ca-
nonical structures (Fig. 12a-d).

In the theory of dynamical systems, a bifurcation occurs when a small
smooth change made to the parameter values of a system causes a sudden
topological change in its behavior. In the network architectures shown in
Figs. 2 and 12, we observed three different bifurcations associated to the
emergence of oscillatory dynamics: Hopf (H), double Hopf (HH) and
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secondary Hopf (SH). The Hopf bifurcation causes a fixed point to lose
stability and a limit cycle with small-amplitude is created from the fixed
point. This causes the appearance of a particular oscillation frequency
(see Figs. 6 and 8 and Appendix D). The HH bifurcation corresponds to a
critical point in a two-parameter family of autonomous differential
equations at which two pairs of purely imaginary eigenvalues merge (Eq.
(9)). The bifurcation point in the parameter plane lies at a transversal
intersection of two Hopf bifurcation curves (Fig. 8). In discrete time
systems (maps), Neimark-Sacker (NS) bifurcation is the birth of a closed
invariant curve from a fixed point, when the fixed point changes stability
via a pair of complex eigenvalues with unit modulus. In other words, NS
bifurcation is a discrete version of Hopf bifurcation (Eq. (7)). The
essential feature of a SH bifurcation is the occurrence of a NS bifurcation
in the Poincaré map, and an invariant two-dimensional torus in the full
system (Figs. 4 and 7). Importantly, the SH bifurcation is always present
near a HH bifurcation (right graph in Fig. 9) (Kuznetsov, 1998).

In order to describe PAC in the different conditions, we have char-
acterized the signals emerging from the population dynamics in different
regimes using the Phase Locking Value (PLV) and the Modulation Index
based on the Kullback-Leibler distance (KLMI). In addition, we have
introduced a new metric, the Time Locked Index (TLI), which quantifies
the presence of harmonic components in the power spectrum of the time
series. The theoretical analysis presented here exploits these metrics to
demonstrate that harmonic and nonharmonic PAC patterns naturally
emerge from the interaction between neural populations as a signature of
specific bifurcation structures.

In the context of the biologically plausible networks depicted in
Figs. 2 and 12, we found three mechanisms eliciting co-ocurrent oscil-
lations in the system dynamics, whose spectral power is concentrated in
well-defined independent frequency bands: 1) Hopf-Hopf (HH) bifurca-
tion producing a linear superposition of two uncoupled oscillations (see
Fig. 8c). 2) Secondary Hopf (SH) bifurcation producing two phase-
amplitude coupled oscillatory dynamics (see Fig.. 6¢c and 11 left). 3)
Mechanisms involving periodic excitation/inhibition (PEI) of a network
population (see Fig. 6d). Importantly, of the three aforementioned
transitions occurring in the network dynamics only the SH bifurcation
and the PEI mechanism involve phase-amplitude coupling of indepen-
dent frequencies (i.e. “true” nonharmonic PAC). The SH bifurcation was
observed in the BG-thalamocortical network model shown in Fig. 2 for
both configurations A and B. Of note, the SH bifurcation is always present
near the HH bifurcation (Kuznetsov, 1998), as it was observed in the
configuration B (Fig. 9 right). On the other hand, the PEI mechanism was
observed in network architectures shown in Fig. 2 (see Figs. 6d), 12a (see
Figs. 13), 12b (see Figs. 14) and 12c (see Fig. 15). It is worth noting that
the PEI mechanism elicit a PAC pattern characterized by intermittent fast
oscillations (intermittent PAC).

When considering the linear regime with pure sinusoidal oscillatory
dynamics near the bifurcations (TLI~0), the SH and PEI mechanisms give
rise to phase-amplitude coupled sinusoidal oscillations (nonharmonic
PACQ). In contrast, the HH bifurcation produces the linear superposition of
two uncoupled sinusoidal oscillations with no CFC. In general, far enough
from the boundaries corresponding to the mechanisms HH, SH and PEI,
the non-linear effects can cause the emergence of harmonically related
spectral components superimposed to the original sinusoidal oscillations,
resulting in a system dynamics characterized by nonsinusoidal oscilla-
tions (TLI~1). Under these nonlinear regime, the results shown in Figs. 9
and 10,17, 14 and 16 demonstrate that the traditional PAC algorithms
based on linear filtering (e.g. PLV, KLMI) (Tort et al., 2010) can not
distinguish between the “spurious” harmonic PAC present around the HH
bifurcation and the more complex scenarios corresponding to SH and PEI
mechanisms in which there is a combination of harmonic PAC and “true”
nonharmonic PAC.

These results suggest that similar nonsinusoidal waveform shapes
(Fig. 1) emerging from the oscillatory dynamics of biologically plausible
networks can be associated to essentially different underlying scenarios,
either with the presence of harmonically related spectral components
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generated by a single nonlinear oscillator, or with the presence of inde-
pendent frequency bands that are (phase-amplitude) coupled, or a
combination of both. In addition, we found that a SH bifurcation
involving two oscillations with close frequencies (wro ~ 2wsp) elicit a
periodic waveform shape having essentially the same features of that
obtained from a different underlying mechanism such as the linear su-
perposition of the same two oscillations (data not shown). Although
having evident differences in their Fourier spectra, these two scenarios
are hardly distinguishable in the time domain by analyzing the waveform
shape. Taking together, these results point out that parametric and
nonparametric methods to characterize CFC operating at the signal level,
like those based on linear filtering or the waveform shape analysis, suffer
from rather fundamental limitations to identify the underlying mecha-
nisms of CFC, due to the fact that they operate on a single one-
dimensional projection of an intrinsically multidimensional system
dynamics.

Importantly, the geometrical shape of the invariant sets in the phase
space corresponding to the identified bifurcations (see Figs. 4 and 11: HH
and SH) present essential differences irrespective of the dynamical
regime (sinusoidal or nonsinusoidal oscillations). These topological sig-
natures could be exploited to identify the underlying PAC mechanisms by
reconstructing the invariant sets from multisite neural recordings.
Moreover, we found that this approach could be used to distinguish
among the various types of CFC (Hyafil et al., 2015b) (phase-amplitude,
phase-phase, phase-frequency, amplitude-amplitude, etc) which is
another fundamental issue confounding the traditional CFC algorithms
(data not shown) (Hyafil, 2015). However, robustness of this approach in
noisy experimental data remains to be tested.

It is essential to note that the approach based on the analysis of the
multidimensional invariant sets to characterize the PAC patterns remains
valid irrespective of the particular limitations of a given network model.
For example, the SH bifurcation can lead to a intermittent PAC pattern
via the saddle-node on invariant circle bifurcation (SNIC) (Fontolan
et al., 2013). In particular, the switching between the continuous and the
intermittent PAC patterns through the SNIC bifurcation has been
analyzed from stochastic neural network models with dynamic synapses
(binary-state discrete-time neuron model) (Sase et al., 2017), using a
particular network architecture equivalent to that shown in Fig. 12a.
Moreover, torus canard is a dynamic phenomenon capable of generating
PAC by separating the regimes of spiking and bursting in neural activity
and it is commonly observed in generic slow-fast dynamical systems (i.e.
coexistence of multiple time scales) (Benes et al., 2011; Krupa et al.,
2012; Mitry et al., 2013; Burke et al., 2012).

5.1. PAC as biomarker of Parkinson's disease

Our main motivation to develop the tools involved in this work was to
study the underlying mechanisms of the PAC phenomenon in the context
of PD. The identification and study of biomarkers of PD are relevant tasks
for understanding the pathophysiology and progression of the disease, as
well as for improvement of early clinical diagnosis and treatments. In
particular, § — y PAC observed in the primary motor cortex of patients is
exaggerated in the parkinsonian state and may be related to motor
dysfunction in PD (de Hemptinne et al., 2013, 2015). Moreover, evidence
exist showing a correlation between PAC intensity and severity of motor
symptoms in PD patients (van Wijk et al., 2016; Tsiokos et al., 2017) and
a monkey model of parkinsonism (Sanders et al., 2013). This evidence
supports the hypothesis that PAC is a biomarker of the parkinsonian state
that could improve the DBS therapy by using it as a feedback signal to
develop closed-loop DBS devices capable to deliver adaptive stimulation
patterns (de Hemptinne et al., 2015; Gunduz et al., 2015).

In spite of this evidence supporting the relevance of PAC in PD, the
interpretation and functional significance of the observed PAC patterns
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an important open issues in this context. One hypothesis is that the
overcoupling between independent frequency bands (“true” f—y
nonharmonic PAC) impairs information flow in the BG-thalamocortical
network causing motor dysfunction (de Hemptinne et al., 2013;
Alhourani et al., 2016). On the other hand, the observed PAC might be a
trivial epiphenomenon related to the nonsinusoidal waveform shape
produced by a single nonlinear oscillator in the  band (Cole et al., 2017),
that is, “spurious” harmonic PAC elicited by harmonically related spec-
tral components.

In this context, we analyzed the underlying mechanisms of PAC using
the Wilson-Cowan model shown in Fig. 2, which represents the interac-
tion of the cortex (N;) with the BG network (No-N3). More specifically,
the proposed model is a functional representation of the main loops
conforming the BG-thalamocortical network: direct (N;-N1), hyperdirect
(N7;-Ny) and indirect (N3-N3-N5) loops. In the proposed model, the
competition between the loops was explored by varying the synaptic
efficacy Gy of the connections. Figs. 6 and 8 show the phase space cor-
responding to the competition between the hyperdirect (G;2) and indi-
rect (G13) loops while the direct loop was kept unchanged (G1; constant).
We found that the competition between the hyperdirect and the direct
loops generates slow oscillations (4 Hz) via a Hopf bifurcation. In line
with the results of Leblois et al. (2006) and Velarde et al. (2017), this
dynamics can be interpreted as pathological oscillations in the parkin-
sonian state. On the other hand, the synaptic efficacy G;3 in the indirect
loop favors the formation of fast oscillations (50 Hz) in the BG network
(N2-Nj3), either by activation of the node N3 or by a Hopf bifurcation.
These results are consistent with the experimental observations pre-
sented in West et al. (2018); de Hemptinne et al. (2013) regarding the
origin of oscillations in the BG-thalamocortical network. In Ref. West
et al. (2018), using directed connectivity analysis in the
BG-thalamocortical circuit, the authors propose the following mecha-
nisms: I) Long-loop resonance: pathological $ arises from induction of a
loop formed by feedback between cortex and BG. This mechanisms im-
plies that the dopamine-depleted state is associated with a strengthening
of the hyperdirect loop and subthalamo-cortical feedbacks. II) Subcor-
tical generator: y oscillations arises from subcortical interactions and
local dynamics within BG network. This would imply that external globus
pallidus and striatum are necessary structures for the propagation of y
interactions.

In our model, the motor cortex (N;) acts as a slow oscillator projec-
ting, via the indirect loop, over a fast oscillator given by the BG network
(N2-N3). This architecture gives rise to the emergence of “true”
nonharmonic PAC via the SH bifurcation (Fig. 9) or the PEI mechanism
(arrow d in Fig. 6), depending on the gain of the hyperdirect (G;2) and
indirect (Ga3) loops. The role of the direct loop is also relevant in order to
account for possible effects of dopamine depletion (Leblois et al., 2006;
Velarde et al., 2017). Therefore, in Appendix E we analyzed the effect of
the change in the gain of the direct loop (G;11). We found that the PAC
intensity, as measured by the PLV metric, is sightly reduced as the Gy is
increased. This behavior was observed for the two nonharmonic PAC
mechanisms: the SH bifurcation (Left graphs in Figs. 20 and 21) and PEI
mechanism (Right graph in Fig. 20). Preliminarily, these results are
compatible with the hypothesis suggesting that exaggerated PAC
emerges in the parkinsonian state under dopamine depletion de Hemp-
tinne et al. (2013).

It is worth noting that the exact frequency of the oscillations can be
changed, irrespective of the underlying mechanisms, by tuning the time
constants and delays of the connections (Eq. (2) and Table 1). More
important, the results described above show that the pathological slow
oscillations (e.g. § band) and the “true” nonharmonic PAC emerge from
dissimilar underlying mechanisms and are associated to the competition
of different BG-thalamocortical loops. This observation supports the
relevance of PAC as a biomarker of PD, suggesting that it is not an
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epiphenomenon related to the pathological g band oscillations.
6. Conclusion

In this work, we study and characterize PAC patterns emerging from
several basic architectures previously identified as biologically plausible
neuronal circuits for the generation of nested frequency patterns. In
addition, we investigate the emergence of PAC in a model of BG-
thalamocortical network associated with PD.

We found that two PAC classes can coexist in the dynamics of the
analyzed networks: 1) harmonic PAC which is an epiphenomenon of the
nonsinusoidal waveform shape, and 2) nonharmonic PAC associated with
true coupled oscillatory dynamics with independent frequencies elicited
by a secondary Hopf bifurcation and mechanisms involving periodic
excitation/inhibition of a network population. The analysis we propose,
based on bifurcation theory and the topological properties of the

Appendix A. Biologically plausible neural networks.
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invariant sets, allows the identification of the underlying mechanisms of
different oscillatory dynamics that have been experimentally observed in
a variety of neural architectures, which challenge and confound tradi-
tional signal processing algorithms aimed to assess PAC.

Finally, we use the proposed tools to study the functional significance
of the PAC phenomenon in the context of PD. Our results provide theo-
retical arguments that demonstrate that nonharmonic PAC is not an
epiphenomenon related to the pathological g band oscillations, thus
supporting the experimental evidence about the relevance of PAC as a
potential biomarker of PD.
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Fig. 12 shows four types of biologically plausible neural networks analyzed in Hyafil et al. (2015b). Architecture a) (Fig. 12a) corresponds to the case
where the slow oscillation (SO) is not internally generated but introduced by an oscillatory input which modulates the intrinsic fast oscillation (FO)
produced by the network. The modulatory effect of the external oscillatory input elicits the PAC pattern observed in architecture a). Architectures b), c),
d) and e) are independent CFC networks, that is, they do not require oscillatory input to produce CFC. In these architectures, distinct populations are
implicated in the generation of the SO and the FO. In architectures b) and c), two oscillatory populations are unidirectionally and reciprocally coupled,
respectively (Fig. 12b and c). Architecture d) is a intermingled network where the circuits generating individual oscillations share a common sub-
population (Fig. 12d). In architecture b), PAC arises due to the modulatory effect of the efferent population onto the rhythm produced by the afferent
population. A more complex dynamics was found in architectures c) and d) in which the PAC patterns are elicited by specific bifurcation structures
emerging from the system dynamics, besides the modulatory effect of one oscillatory population onto the rhythm produced by another modulated

population.
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Fig. 12. Biologically plausible networks for emerging cross-frequency neural coupling: a) Sensory entrainment. b) Unidirectional coupling. c) Bidirectional coupling.

d) Intertwined oscillators.

In the following subsections, we will show the results associated with each architecture. All the parameters for networks are summarized in Table 2.

Table 2

Values of the coupling parameters, time constants and delays for networks a) to d).

Synaptic efficacy Delay Time constant
G A (ms) Toq (MS)
Architecture a)
1-2 1.4 5 0.1
2-1 -1 5 0.1
Architecture b)
1-2 0,3) 35 40
2-1 -1 35 40
354 0,2) 5 0.1
4-3 -1 5 0.1
1-3 1 5 20

(continued on next column)
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Table 2 (continued)

Synaptic efficacy Delay Time constant

G A (ms) Taq (MS)
Architecture c)
1-2 2.5 35 40
2-1 -1 35 40
3-4 1.4 5 10
43 -1 5 10
1-3 0,2) 5 20
4-2 (-2,0) 5 20
Architecture d)
1-2 (0,6) 35 40
2-1 -1 35 40
1-3 0,2) 5 0.1
3-1 -1 5 0.1

Notation (x,y) indicates x < G; < y. The values of inputs H; are specified in Appendix.
Sensory entrainment: Oscillator with time-dependent external inputs

Consider an oscillator with period i and composed of two nodes where the external inputs are H; = hicos(wat + ¢;) + d; (i = 1,2) (see Fig. 12a).

Here the frequency w; can be determined using the characteristic equation p(27iw;) = 0, where

p(A) = (1+7)(1 4+ 473) — G exp(—24A) = 0

—2w,T
tan(2w;A) = ———,
- L= (@) (a1)
Gl =1+ (@)

and G = G12G2; is the parameter that controls the Hopf bifurcation. Based on the linear analysis of the system and using the conditions of activation of
nodes (a; > 0), we determine two regions in the constant input space (H;, Hz) (see Fig. 13): (R;) both active nodes, (Ry) at least one node inactive. In
region Rj, an oscillatory dynamics with characteristic frequency w, is generated and this corresponds to the linear regime of the system.

On the other hand, the oscillatory external stimulations of the system describe an ellipse ﬁ(t) in the space (H;,Hz). The parameters ¢;, h; and d;
determine the center, angle of rotation and axis of the ellipse (see Fig. 13).

Different scenarios may exist depending on the geometrical characteristics of ﬁ(t). First, if the ellipse is totally contained in (R;), there is a
coexistence of oscillations w; and w» during the entire cycle of the ellipse (Fig. 13a). The other limit is when the ellipse does not intersect with region Ry
(Fig. 13b). In this case, the external inputs do not affect the system dynamics which oscillates at a single frequency w,.

The intermediate situation is when there is only one part of the cycle with a superposition of oscillations (Fig. 13c). This scenario gives rise to
intermittent PAC through the PEI mechanism. The mathematical condition for this situation can be derived from the intersection between the ellipse
and a straight line (condition of activation):

12+ (Ahy)* — 24k, hy cos(d) > (d — Ady) . (A2)

where A is the slope of the straight line. In Fig. 13, A is a combination of G2 and Gz; that defines the border of R;.

In conclusion, if the architecture presented in Fig. 12a is configured with parameters that verify the conditions A1 and A2, then the system gives rise
to intermittent PAC through the PEI mechanism. These conditions are valid in the adiabatic limit w; << w1, although in practice they are roughly valid
whenever a mild temporal scale separability is present.

External Inputs — N, — N,
0.1} @
0.4
R
1 ol
0.2 Jg 0.2 (b)
e @ | g
T (a) 3 0 N N
®) £ 02l
0 =
| 0.3 1(e)
R, f !
N ‘ -0.3
i
04 02 g 02 04 9000 Time (ms) 10000

Fig. 13. Results corresponding to the architecture of Fig. 12a. States of the system presented in Fig. 12a as function of external inputs. R; is the region where both
nodes are active. (a) External inputs are enough to active both nodes, then two frequencies coexist (w1 = 50 Hz, w2 = 4 Hz). (b) When some node is inactive, then
there is only one oscillatory component w, = 4 Hz. (c) Intermittent PAC is generated by partial intersection of ellipse (Hi,H>) with R;. The configuration of the
network is presented in Table 2.2
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Unidirectional coupling

Consider a network composed of four interconnected nodes as shown in Fig. 12b. Note that this is equivalent to two oscillators N;—N3 and N3-Ny,
where the second receives the output of the first one. The dynamics can be expressed by the equations

(W12, 1121) = F(mya, myy, Hy ()
(W34, a3) = F(mag, mys, Gizmiz(t — Ay3)) (A3)
Tishyy = —my3 + A

where the function F denotes the dynamics of a unique oscillator (see Eq. (A1)).

The external input to the system Hj is not oscillatory. When the subsystem N;-Nj is active, it is responsible for generating and sending an oscillatory
signal (with frequency w;) to subsystem N3-N4 that is oscillating with frequency ;. Therefore, it is equivalent to case 'Sensory entrainment’.
Furthermore, the input of subsystem N3-Ny4 is always positive and has the frequency of subsystem N;—No.

The connection between nodes 1 and 3 represents the transmission of oscillations with frequency w,. Using the Fourier transform, the spectral
component received by subsystem N3-Ny4 can be calculated

G
|Hs (3)] = ——2]A) (2)- A4

1 + (0)2713)2

In this work, we consider Gi3 = 1, 715 = 20 ms obtaining |[Hs| ~ 0.99|A,|. In Fig. 14, we plot the PLV as a function of (G12, Gs4) (left panel). When
either of the two subsystems is not in an oscillatory state, the PLV is zero. In Fig. 14 right, we show the signal I; with intermittent PAC (top) generated by
the oscillator N3-N4 with oscillatory external input Hy = Gy3m;3 (i.e. PEI mechanism). This external input is marked with the solid vertical line in (Hy,
H;)-plane (bottom) and it is contained in the region where the subsystem N3Ny is active (shaded area). These results correspond to the configuration
G12 = 25, G34 =1.5and Hl = 0.01.
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Fig. 14. Results corresponding to the architecture of Fig. 12b. (Left) PLV as function of (G12,G34). There are two independent Hopf bifurcations, G12 ~ 1.8 and Gs4 ~
1.1. (Right Top) Total input in node 3. As in the architecture *Sensory entrainment’, the intermittent PAC in the subnetwork N3-N4 emerges as consequence the input
proportional to the oscillatory signal m;3 generated by N1—-Ns. (Right Bottom) H3 = Gi3m;3 is marked with the solid vertical line in (H4,Hs)-plane. The shaded region
corresponds to where the subsystem N3-Njy is active. In this case, the configuration is G2 = 2.5 and Gs4 = 1.5.

Bidirectional coupling

Consider a network composed of two interconnected oscillators as shown in Fig. 12c. We analyzed the competition between connections G13 and Gaz
as a mechanism of generation of PAC.

First, when G4 — 0, the dynamics corresponds to the unidirectional coupling described in the previous section (Fig. 12b). When G;3 — 0, the
oscillator N1-Ny is stimulated by a high frequency oscillation (w1 > w3) with negative polarity (G42 < 0). In this situation, the network has three
possible states: 1) inactive system, 2) synchronization with frequency w;, 3) coexistence of two frequencies.

In Fig. 15, the PLV is shown as a function of the efficacy G42. Note that the curve of the PLV as a function of Gy is shifted, with little changes in its
shape, as the synaptic efficacy Gi3 is varied. The index was calculated for I, (top) and I3 (bottom). For each node, the input signal was plotted in three
cases (right panel): G4 < —0.5 (top), G4z = —0.5 (center), G42 > —0.5 (bottom). It is worth noting that the waveform shape of the PAC patterns and the
PLV values obtained in nodes 2 and 3 are different. These results correspond to the configuration presented in Table 2 and H; = 0.1.
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Fig. 15. Results corresponding to the architecture of Fig. 12c. (Left) PLV in nodes 2 and 3 as a function of G4, for two values of Gi3. (Right) There are three
characteristic points. 1) When G4, — 0, there is only transmission of information from slow oscillator (N1-N>) to fast oscillator (N3—Ny4). Activity of node 2 is 4 Hz
oscillation; while in node 3, intermittent PAC emerges(see the top boxes of node 2 and 3). 2) The competition between gains causes PAC. The phase of slow oscillator
determines if node 3 is active or not. When node 3 generates 50 Hz oscillation, intermittent PAC in node 2 is observed (see middle boxes of node 2 and 3). 3) For
sufficiently large values of Gy, the fast oscillator manages to synchronize the system dynamics (see bottom boxes of node 2 and 3).

Intermingled network

Consider three nodes interconnected as shown in Fig. 12d. In this case, the oscillators share a common population. We represented the variation of
PLV in the space (G12,G13) in the color map shown in Fig. 16. We observed the existence of two independent Hopf bifurcations, whose boundaries are
indicated with dashed lines in the map. The intersection of the boundaries define a double Hopf point where two frequencies coexist. Given that the BG-
thalamocortical network presented in Fig. 2 is composed by a intermingled network, this bifurcation structure is similar to the one shown in Fig. 8. In
Fig. 16, the high PLV values observed after the HH bifurcation are produced by a nonsinusoidal slow oscillation (“spurious” harmonic PAC). In this
network, the SH bifurcations occurring nearby the HH bifurcations elicit “true” nonharmonic PAC similarly to what was observed in Fig. 9 (right) and 17
(right) for the configuration B of the network shown in Fig. 2. These results correspond to the configuration presented in Table 1-2 and H; = 0.1.
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Fig. 16. Results corresponding to the architecture of Fig. 12d. PLV as function of (Gi2, G13). The dashed white lines indicate the Hopf bifurcations.

Appendix B. Modulation Index

The Modulation Index based on the Kullback-Leibler distance (KLMI) is a previously reported nonparametric PAC metrics aimed to assess phase-
amplitude cross frequency coupling between two frequency bands of interest (Tort et al., 2008, 2009, 2010). Following Tort et al. (2010), we show
here the steps required for the computation of the KLMIL

The existence of phase-amplitude coupling is characterized by a deviation of the amplitude distribution P from uniformity in a phase-amplitude
histogram. This was achieved by an adaptation of the KullbackLeibler (KL) distance, a metric that is widely used in statistics and in information
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theory to quantify the difference between two distributions (Kullback and Leibler, 1951).
KLMI is defined as

Dy, (P,U) 14 Z;VZIP(/')log(P(j))

KLMI=
log(N) log N

(B1)

where U is the uniform distribution. Let us notice that log N is the maximal possible value of the entropy, corresponding to the uniform distribution. For
that reason, the KLMI is defined by dividing the KL distance of the observed amplitude distribution from the uniform distribution by log N.

Therefore if the mean amplitude of the high frequency signal is uniformly distributed over the phases of the low frequency signal, we have KLMI ~0;
KLMI increases as P deviates from U corresponding to a higher KL distance.

Fig. 17 shows the KLMI as function of parameters G5 and Gi3 corresponding to the phase space of the BG-thalamocortical network (Fig. 2) for both
configurations A and B.

Let us note that although PLV and KLMI metrics are both aimed to assess PAC, yet they measure different characteristics of the processed time series.
Specifically, the PLV quantifies the degree of phase synchronization between the slow oscillation and the amplitude envelope of the fast oscillation (Egs.
(17) and (18)). On the other hand, the KLMI quantifies the non-uniformity distribution of the fast oscillation amplitudes over the phase bins of the slow
oscillation (Eq. (B1)). As a consequence, differences are observed when these PAC metrics are used to characterize the same dynamics, which is
illustrated in Figs. 9 and 17 for the dynamics of the network shown in Fig. 2. Although both metrics correctly report significant PAC intensity above the
SH bifurcations where “true” nonharmonic PAC exists, they also indicate high PAC intensity in phase space regions characterized by nonsinusoidal slow
oscillations with no CFC (“spurious” harmonic PAC): (0.5 < G12 < 2 and 0 < G;3 < 0.5) in Fig. 7 left for PLV and (1 < G2 < 3 and 0 < Gy3 < 2) in
Fig. 17 right for KLMI. Importantly, the presence of the harmonically related spectral components in these two regions of the phase space is revealed by
the TLI metric as shown in Fig. 10. It is worth noting that, the differences between the results obtained with the PLV and KLMI metrics also depends on
the bandwidth of the band-pass filters used to extract the slow and fast rhythms.

Fig. 17. Normalized Modulation Index (KLMI) as a function of the synaptic efficacies (G2, G13). Left and right panels correspond to configurations A and B of BG-
thalamocortical network (Fig. 2), respectively. Dashed lines mark secondary Hopf bifurcation (SH). Arrow (a) and (b) indicate the formation of limit cycle via
activation or Hopf bifurcation, respectively. Arrows (c¢) and (d) show discontinuous and continuous variations of KLMI, respectively. In both cases, KLMI was computed
for the signal Is. Compare with Fig. 9.6

Appendix C. Applications of TLI in the Van der Pol oscillator.

Any non-linear oscillator can be used as a model that generates spurious PAC via separation of time scales due to nonlinear effects. As example, we
consider a Van der Pol oscillator whose equation is given by

F—p(l-2)i+o’x=0 (cn

where y is a scalar parameter controlling the nonlinearity and w = 2xzf is the angular frequency of oscillation when y = 0. We fixed f = 10 Hz. Fig. 18
shows the indexes characterizing the cross-frequency coupling in the Van der Pol oscillator as functions of £.

For the evaluation of the indexes, the band-pass filters were configured with a null-to-null bandwidth of 1-15 Hz (to obtain x;r) and 20-100 Hz (to
obtain xgr). The former includes the fundamental frequency of the oscillator for all the explored of the parameter p, and the latter contains several
harmonics of the fundamental frequency. Besides, additive white Gaussian noise was added to the dynamics obtained from the oscillator prior to
compute the PLV, KLMI and TLI metrics.

It is essential to note that, though the TLI metric is bounded in the range [0,1] and it is robust against variations of the bandwidth of the band-pass
filters used to extract x;r and xyr time series, the absolute minimum TLI value obtained in absence of harmonic oscillations does depend on the noise
level of the processed signal and on the epoch length, i.e. the number of periods of the low-frequency oscillation taken to implement the time-locked
average. Therefore, the key point indicating the presence of harmonic PAC is given by the concurrent increasing of the TLI with PAC metrics (PLV and
KLMI) as the parameter y is increased as it is shown in Fig. 18, rather than by the absolute TLI value. From the insets of Fig. 18 it is clear the presence of
harmonics associated to the nonsinusoidal waveform shapes as a consequence of the nonlinear effects (). It is worth noting that the nonsinusoidal
waveform shapes produced by the Van der Pol oscillator give rise to bimodal phase distribution with two local maxima in opposite phase angles.
Accordingly, we compute the PLV using Eq. (17) with A¢ = 2¢(x;r) — ¢(A(xnr)). For a detailed discussion about the performance of the PLV and KLMI
metrics in the case of multimodal phase distribution the reader is referred to Tort et al. (2010) and Cohen (2014) (Sec. 19.8, p. 257).
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Fig. 18. Characterization of cross-frequency coupling in the Van der Pol oscillator. PLV, KLMI and TLI as function of £. All indexes increase concurrently. This shows
that we are observing harmonic PAC. In the inset plots, the solution of Eq. (C1) for three values of y is shown.7

Appendix D. Dynamics of BG-thalamocortical network.
In Fig. 19, we plot the temporal evolution of I; (j = 1,2, 3) in the different dynamical states of the BG-thalamocortical network. Each column is
associated with a node, while each row corresponds to a dynamical state. From top to bottom, we show: 1) Slow oscillation as a consequence of the Hopf

bifurcation (see Fig. 6b). 2) Fast oscillation as a consequence of the activation of node 3 (see Fig. 6a). 3) Secondary Hopf bifurcation (see Fig. 6¢). 4)
Mechanism of periodic excitation/inhibition (see Fig. 6d). 5) Hopf-Hopf bifurcation (see Fig. 8c).
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Fig. 19. Temporal evolution of inputs I; for each node and different dynamical states corresponding to the BG-thalamocortical network shown in Fig. 2.8

Appendix E. Effect of the direct loop in the dynamics of BG-thalamocortical network.

In Figs. 20 and 21, we plot PLV as function of G;; (direct loop) and G;3 (indirect loop) in configuration A and B, respectively. Each figure shows two
situations: left panel) G1; = 0.5. right panel) G2 = 1.5.

1 2 1
0.8 1.6 0.8
(d)
WA ..... 0.6 1.2 0.6
2
é |
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0 0 1 2 0 0 0 1 2 0
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Fig. 20. Effect of G1;. Absolute value of PLV as a function of the synaptic efficacies (G11,G3) in configuration A of BG-thalamocortical network. Left) For G2 = 0.5,
PLV is independent to Gy; Right) For Gi» = 1.5, PLV depends of G171, however, the bifurcation structure does not change. Compare with Fig. 9 left.9
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Fig. 21. Effect of G1;. Absolute value of PLV as a function of the synaptic efficacies (G11,G13) in configuration B of BG-thalamocortical network. Left) For G2 = 0.5,
PLV is independent to Gy; Right) For Gi2 = 1.5, PLV depends on G;1, however, the bifurcation structure does not change. Compare with Fig. 9 right.10

In the case G12 = 0.5 (left panel in Figs. 20 and 21), G1;1 does not significantly modify the curves of the SH bifurcation and activation of node 3 (see
arrows (a), (c) and SH in Fig. 9). When Gy, = 1.5 (right panel in Figs. 20 and 21), PLV is a decreasing function of G;1, however the structure of the

bifurcations is not modified (see arrows (d) and SH in Fig. 9).

As we emphasize in the Discussion section, the slow oscillations are generated as a consequence of the competition between direct (G; = Gi1) and
hyperdirect (Gy) loops, while the fast oscillations emerge from the No—N3 interaction. In the first case (G2 = 0.5), the system cannot generate slow
oscillations via a Hopf bifurcation and the dynamics of the fast oscillations is independent of Gy;. In the second case (Gi2 = 1.5), the system generates
slow oscillations via Hopf bifurcation and its interaction with the fast oscillations (reflected in the PLV) will depend on the value of Gy; although it does

not modify the structure of the discussed mechanisms.

Appendix F. Supplementary data

Supplementary data to this article can be found online at https://doi.org/10.1016/j.neuroimage.2019.116031.
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