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We investigate the para-ferro magnetic transition of the repulsive SU(N) Hubbard model on a type of one-
and two-dimensional decorated cubic lattices, referred as Tasaki lattices, which feature massive single-
particle ground state degeneracy. Under certain restrictions for constructing localized many-particle
ground states of flat-band ferromagnetism, the quantum model of strongly correlated electrons is
mapped to a classical statistical geometric site-percolation problem, where the nontrivial weights of dif-
ferent configurations must be considered. We prove rigorously the existence of para-ferro transition for
the SU(N) Hubbard model on one-dimensional Tasaki lattice and determine the critical density by the
transfer-matrix method. In two dimensions, we numerically investigate the phase transition of SU(3),
SU(4) and SU(10) Hubbard models by Metropolis Monte Carlo simulation. We find that the critical den-
sity exceeds that of standard percolation, and increases with spin degrees of freedom, implying that the
effective repulsive interaction becomes stronger for larger N. We further rigorously prove the existence of
flat-band ferromagnetism of the SUðNÞ Hubbard model when the number of particles equals to the
degeneracy of the lowest band in the single-particle energy spectrum.

� 2019 Science China Press. Published by Elsevier B.V. and Science China Press. All rights reserved.
1. Introduction

In condensed matter physics, the interplay of the Coulomb
interaction with Pauli principle is a fundamental problem, from
where many intriguing phases can appear. One important problem
is the emergence of ferromagnetism in two or higher dimensions,
which can date back to the early age of quantum theory and reveal
the importance of many-body effect. After more than one century
of investigation, a few special cases have been solved by either
exact results [1–9] or sign-problem-free quantum Monte Carlo
simulation [10]. However, a general solution to this problem is still
lack, partly due to the notorious sign problem of fermions [11,12].
As an interesting and important limiting case, a system with a flat
band in the single-electron energy spectrum may favor the stabi-
lization of ferromagnetism as it reduces the kinetic energy cost
for spin polarization to zero due to the band flatness. For instance,
Mielke and Tasaki [3–6] proved flat-band ferromagnetism in a
class of lattices, based on a systematic route called ‘‘cell construc-
tion”. After that, flat-band ferromagnetism has attracted a lot of
attention and has been connected with the discussion of topologi-
cal and magnetic phases [13–21].
The previous investigation on flat-band ferromagnetism mainly
focused on fermionic systems possessing the SU(2) spin-rotational
symmetry. The SU(N > 2) generalization of flat-band ferromag-
netism is not only of theoretical interests [22–30], but also of
experimental relevance in the context of cold atomic gases
[31–34], where the high degrees of freedom of nuclear spin
provide a fascinating playground to simulate the SU(N) fermionic
Hubbard model [35–38]. By loading ultracold alkaline-earth-
metal(-like) atoms in different optical lattices, the quantum
simulation of various models has been theoretically proposed
and further experimentally realized [31,32,39,40], where the spin
symmetries can be as high as SU(6) for 173Yb [32,33,41,42] and
SU(10) for 87Sr [39,43].

In this paper, we investigate the para-ferro magnetic transition
and flat-band ferromagnetism of the SU(N) Hubbard model on a
special class of decorated cubic lattices in one and two dimensions,
which are illustrated in Fig. 1. The existence of ferromagnetism
with SU(2) spin symmetry on this lattice, later referred as Tasaki
lattice for short, is first considered by Mielke and Tasaki [3–6],
and further by Maksymenko et al. [44], who introduced a mapping
from the quantum Hubbard model to a classical statistical geomet-
ric site-percolation problem. Here, we first prove a generalized ver-
sion of this mapping from the SU(N) Hubbard model to an N-state
Pauli-correlated percolation (PCP) problem, where an SU(N)
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Fig. 1. (Color online) An illustration of the decorated cubic lattices designed by
Tasaki in 1D and 2D: blue sites denote the undecorated hypercubic lattice, and the
red ones denote the decorated sites. A trapping cell indicated by dashed-line area
contains three (five) sites for 1D (2D) Tasaki lattice. The shaded area in grey shows
an example of cluster of length two, with the overlapping of two adjacent trapping
cells.

Fig. 2. (Color online) An illustration of the mapping between (a) the ferromagnetic
states and (b) the configuration of linked clusters of percolation of 2-color particles.
The shaded areas in grey show examples of ferromagnetic clusters in (a) and linked
occupied trapping cells in the perspective of percolation in (b). A trapping cell is
illustrated by the area enclosed by the dashed-lines.
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correlated weight for each configuration is considered. Then we
obtain the exact results in one-dimensional (1D) Tasaki lattice for
the SU(N) Hubbard model, and further verify the para-ferro mag-
netic transition numerically. For the two-dimensional (2D) case,
we implement importance samplings by Metropolis Monte Carlo
simulation and determine the para-ferro magnetic transition
numerically. Moreover, we prove rigorously the existence of flat-
band ferromagnetism of the SUðNÞ Hubbard model, when the num-
ber of particles n equals to the degeneracy N of the lowest band in
the single-particle energy spectrum.

2. Mapping from the SU(N) Hubbard model to an N-state Pauli-
correlated percolation problem

We start with the SUðNÞ Hubbard model with repulsive interac-
tion U > 0 on a Tasaki lattice K,

H ¼
X
i;j2K

ti;j cyi;rcj;r þH:c:
� �

þ U
X
i

X
r–r0

ni;rni;r0 ; ð1Þ

where r ¼ f1; � � � ;Ng labels the spin (or equivalently flavor or
color) of a fermion. The operator ci;r and its adjoint cyi;r satisfy

the fermionic anticommutation relations fcyi;r; cj;r0 g ¼ dijdrr0 and

fci;r; cj;rg ¼ fcyi;r; cyj;rg ¼ 0, and the number operator ni;r � cyi;rci;r.
The Tasaki lattice K is a d-dimensional hypercubic lattice with dec-
orated sites located at the middle of the nearest links of the hyper-
cubic lattice [7]. The hopping pattern, therefore, is composed by the
nearest-neighbor ones (t1) on the original hypercubic lattice and the
nearest-neighbor ones (t2) after the decoration, as shown in Fig. 1.

The lowest band of single-particle energy spectrum of the
Tasaki lattice is completely dispersionless as long as
t2 ¼ ffiffiffi

c
p

t1 > 0, in which c is the coordination number of the corre-
sponding undecorated lattice (c ¼ 2 and c ¼ 4 for 1D and 2D lat-
tices, respectively). The existence of flat band is due to
destructive interferences of particle hoppings, implying that we
can construct the localized single-particle eigenstate in each trap-
ping cell [45–48], whose wave function only overlaps with that of
particles in adjacent cells, as shown by dark grey areas in Fig. 1.
When non-interacting particles are filled into the flat band, the
ground states are highly degenerate respective to the spin of indi-
vidual particles. The ferromagnetic state with all particles possess
the same spin is obviously one of these degenerate ground states.

Since the repulsive interaction is positive semidefinite, the
ground state energy may not decrease as one turns on U > 0. In
the limit of low particle density, each trapping cell is occupied by
at most one particle to avoid energy penalty. When the density
increases, the wave function of a trapping cell can not avoid over-
lapping with that of adjacent one. But the energy penalty can be
avoided as well if the particles in neighboring trapping cells are
in the same symmetric spin state [44]. By doing so, particles on
these linked trapping cells are aligned in spin, and form a polarized
‘‘cluster” as shown in Fig. 2a. Namely, the minimization of energy
requires all spins of particles belonging to the same cluster to be
aligned, and this is the origin of ferromagnetism.

We then establish a one-to-one correspondence between the
states composed of ferromagnetic clusters and the geometric con-
figurations of n ð6 NÞ particles distributed over N traps. In com-
parison to the standard percolation [49,50], the ferromagnetic state
of a cluster C of size jCj (or the number of particles in cluster C)
acquires an additional spin degeneracy, which is given by the
dimension of the irreducible representation of the SUðNÞ group
[51,52],

dSUðNÞðjCjÞ ¼ ðN þ jCj � 1Þ!=ðjCj!ðN � 1Þ!Þ: ð2Þ
For example, the degeneracy of the ferromagnetic state in the

SU(2) Hubbard model is 2Sþ 1, where S is the total spin of this
cluster. Therefore, for a ferromagnetic cluster of length three and
with total spin S ¼ 3=2 as shown on the left side of Fig. 2a, we need
to assign a factor of 4 to the geometric configuration of the cluster
composed by three linked trapping cells depicted on the left of
Fig. 2b. Note that the irreducible representation is the ‘‘permuta-
tion symmetric” representation of the SUðNÞ group. As the ferro-
magnetic cluster carries the fully symmetric representation of
the SU(N) group, the electron wave function is fully antisymmetric
in the spatial space, thereby avoiding the interaction energy pen-
alty. Thus, for a given configuration q composed by a set of linked
clusters, a nontrivial weight WðqÞ must be assigned by taking into
account the spin degeneracy of each cluster

WðqÞ ¼
YMq

i¼1

eljCi jdSUðNÞðjCijÞ; ð3Þ

where el is the fugacity to tune the number of particles in a grand-
canonical ensemble. Further analysis shows that for a given number
of particles, the relative probability for them to decompose into
smaller clusters is higher than forming larger clusters, which
implies that this nontrivial weight gives rise to an effective repul-
sive interaction, tending to break up large clusters [44]. In the fol-
lowing model calculation, it will be shown that the repulsive
effect becomes stronger with N, such that the formation of clusters
with size proportional to the system size, i.e., the percolation tran-
sition, becomes more difficult in systems with higher SUðNÞ spin
symmetry.

The key theorem then needs to be proved is that the ground
states of the SUðNÞ Hubbard model when the flat band is partially
filled can be represented by the states of ferromagnetic clusters,
which can further be mapped into geometric configurations (see
the Supplementary material). Then the quantum many-body sys-
tem of SUðNÞ flat-band ferromagnetism is reduced to a classical
site-percolation problem with a nontrivial weight. The expectation
value of an operator O is the average over all degenerate ground
states,



Fig. 3. (Color online) (a) Cluster distributions and (b) macroscopic magnetic
moments in 1D Tasaki lattice for the Hubbard model with SUð3Þ, SUð4Þ and SUð10Þ
symmetries. The particle density p ¼ 0:99 and the number of trapping cells
N ¼ 105 are chosen for calculation in all cases. The macroscopic magnetic
moments S2max is determined by arranging all particles within one single cluster.
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hOi ¼
P

qOqWðqÞP
qWðqÞ : ð4Þ

For the sake of magnetism, we consider the total spin operator S
and focus on the expectation value hS2i ¼ P

qS
2
qWðqÞ=PqWðqÞ,

where S2 is the quadratic Casimir operator of the SUðNÞ group.
Because the particles belonging to the same cluster are aligned in
the ferromagnetic state, the eigenvalue of S2 for a cluster with size
jCj is [53]

S2ðjCjÞ ¼ ðN � 1ÞðN þ jCjÞjCj
2N

: ð5Þ

The total spin S2
q for a given geometric configuration q can be

calculated in two equivalent ways

S2q ¼
XMq

i¼1

S2ðjCijÞ

¼
Xn
l¼1

NqðlÞS2ðlÞ ¼ N
Xn

l¼1

nqðlÞS2ðlÞ;
ð6Þ

where NqðlÞ is the number of clusters of size l, and nqðlÞ � NqðlÞ=N is
the normalized fraction with respect to the number of traps N. The
average value of the fraction nðlÞ ¼ P

qnqðlÞWðqÞ=PqWðqÞ is a char-
acteristic quantity in percolation as it signals the information of
cluster size distribution [49,50].

3. Exact results in one dimension

As we have discussed in the previous section, the many-body
ground states of the SUðNÞ Hubbard model on flat bands can be
mapped to a geometric site-percolation problem with a nontrivial
weight. In this section, we consider the 1D Tasaki lattice as an
example, and present some exact results obtained by the
transfer-matrix method [44]. The most important step is to con-
struct a one-to-one mapping between the enumeration of all
ground states of the Hubbard model and the counting of configura-
tions when populating n particles with spin component
1; 2; � � � ; N into N trapping cells. Here, we establish such a map-
ping by introducing the following rules to populate particles with
spin component r ¼ 1;2; � � � ;N to the trapping cells [54]:

(1) Each trap j can be either empty or occupied by only one par-
ticle with spin component r. In other words, for each trap
j ¼ 0;1; � � � ;N� 1, there are N þ 1 trap states
rj ¼ 0;1; � � � ;N, where 0 indicates the trap is empty. Then a
ground state of the chain is presented as a sequence of the
trap states.

(2) We take the convention ri 6 riþ1 to avoid over counting,
because only one sequence of two trap states corresponding
to the neighboring cells occupied by different spin-
component particles is allowed when moving along adjacent
traps.

After employing the two rules above, we can construct a trans-
fer matrix T to represent the percolation problem, where the grand
partition function is given by Nðz;NÞ ¼ TrTN (see the Supplemen-
tary material). Fig. 3 shows the cluster distribution nðlÞ and the
macroscopic magnetic moment S2=S2max of the Hubbard model with
SU(3), SU(4) and SU(10) symmetries for instances, at the particle
density p � n=N ¼ 0:99. For the cluster distribution nðlÞ depicted
in Fig. 3a, a non-monotonic behavior with a peak structure at some
finite l and vanishing value for large enough cluster is observed for
all cases. With increasing N, the peak becomes higher and nar-
rower, with the central position shifted to a larger value of l. This
tendency indicates that the effective repulsion induced by the non-
trivial weight is more prominent for cases of higher spin symme-
try. From Fig. 3b, we find that the macroscopic magnetic
moment scales to zero for all cases, implying that the ground state
is still paramagnetic when the flat band is nearly 1=N filled.
Besides, the macroscopic magnetic moment for SUð10Þ is smaller
than that of SUð3Þ at the same concentration. This observation sug-
gests that the formation of large enough clusters is more difficult in
SUð10Þ system than the SUð3Þ case, as can also be inferred from the
tails on the right side of Fig. 3a. We will find these results consis-
tent with following analytic discussions.

In the thermodynamic limit (N ! 1 with n=N finite), we
obtain the cluster distribution

nðl; SUðNÞÞ ¼ f SUðNÞðzÞ
ðlþ N � 1Þ!

l!
z

kmaxðzÞ
� �l

; ð7Þ

where z ¼ el is the fugacity, f SUðNÞðzÞ is a function depends only on z
and N, and kmaxðzÞ is the eigenvalue with maximal modulus of the T-
matrix. The exact expression of f SUðNÞðzÞ is in general complicated,
but fortunately we can treat it as a coefficient function such that
some important properties of the system, including the shape of
the cluster distribution nðlÞ, can be obtained qualitatively. From
Eq. (7), one can easily conclude that as long as z=kmaxðzÞ < 1, clusters
of large enough size must vanish. The percolation transition thus
occurs when the condition zc=kmaxðzcÞ ¼ 1 is satisfied, which results
in zc ! þ1 (see the Supplementary material).

For the macroscopic magnetic moment, we have

S2

N2 ¼
Xn
l¼1

S2l
N

f SUðNÞðzÞ
ðlþ N � 1Þ!

l!
z

kmax

� �l

; ð8Þ

which also proves the ground state is paramagnetic for finite z. Fur-
ther calculation shows that in the thermodynamic limit, the particle
densityp indeedapproachesunity as z ! þ1. Hence theground state
is paramagnetic at any particle density p < 1 for arbitrary N, with an
onset of ferromagnetism at p ¼ 1. These results are consistent with
our rigorous proof of flat band ferromagnetism for SUðNÞ Hubbard
model on the Tasaki lattice at filling p ¼ 1 (see the Supplementary
material). One should remind that the conclusions stated above does
not contradict with the Lieb-Mattis theorem [55], which proves the
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absence of ferromagnetism of 1D Hubbard model on lattices without
loops. However, here we consider a special type of latticeswith loops
composed by nearest t1 and next-nearest neighbor hoppings t2 as
depicted in Fig. 1. In fact, as the existence of loop is crucial to validate
the construction of the many-body ground states [7,56,57], the Lieb-
Mattis theorem does not apply in this circumstance.

4. Para-ferro magnetic transition in two dimensions

For 2D Tasaki lattice, the transfer matrix formalism employed
above can not be directly applied [58]. For instead, we make use
of the Metropolis Monte Carlo method with importance samplings
Fig. 4. (Color online) Particle density p versus fugacity z in 2D Tasaki lattice fo

Fig. 5. (Color online) Macroscopic magnetic moment S2=S2max for 2D Tasaki lattice. For t
L ¼ 270 at particle densities (a) p ¼ 0:64, (b) p ¼ 0:74, (c) p ¼ 0:83. For the SUð4Þ case, latt
For the SUð10Þ case, lattice size is up to L ¼ 200 and the particle densities are chosen
calculated by arranging all particles in one single cluster. The insets show cluster distribu
for the nontrivial weights to simulate the percolation problem on
2D L� L Tasaki lattices with periodic boundary conditions. A new
configuration is accepted with the Metropolis probability
min½1;Wðq0Þ=WðqÞ�, in which q denotes the old configuration and
q0 denotes a new configuration. Specifically, to obtain the density
of particles versus fugacity z ¼ el, we perform grand-canonical
simulations with exchange Monte Carlo. We randomly choose a
site and change its occupying status, i.e., if it is (not) occupied,
we (populate) remove one particle.

The percolation transition can be identified as a first order
jump between concentrations p� and pþ shown in Fig. 4. For fill-
ings below p�, the possibility to find a cluster of the same color
r the Hubbard model with (a) SUð3Þ, (b) SUð4Þ and (c) SUð10Þ symmetries.

he SUð3Þ case, numerical results (green circles) are depicted for system size up to
ice size is up to L ¼ 210 with particle densities (d) p ¼ 0:65, (e) p ¼ 0:77, (f) p ¼ 0:88.
as (g) p ¼ 0:69, (h) p ¼ 0:82, (i) p ¼ 0:95. The maximal magnetic moment S2max is
tions with L ¼ 200 for SUð3Þ; L ¼ 170 for SUð4Þ, and L ¼ 150 for SUð10Þ, respectively.
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is vanishingly small in the thermodynamic limit, suggesting a
paramagnetic state in the original Hubbard model. When
p > pþ, the clusters of the same color can be linked together to
reach a macroscopic size. In the SU(N) Hubbard model, this
regime corresponds to a system with a macroscopic ferromag-
netic domain.

In order to determine the para-ferro magnetic transition point,
we perform canonical simulations with fixed density of particles
for various lattice sizes L to obtain the macroscopic magnetic
moments, and extrapolate the results to the thermodynamic
limit. Numerically, we generate a new configuration q0 from the
old one q by randomly permuting the occupied status of two sites
to guarantee the constraint that the number of particles is fixed.
As shown in Fig. 5a, d and g, the macroscopic magnetic moments
scale to zero at p ¼ 0:64 for the SUð3Þ Hubbard model, at p ¼ 0:65
for the SUð4Þ model, and at p ¼ 0:69 for the SUð10Þ case. This
implies that the corresponding ground states are paramagnetic
below such fillings. In Fig. 5b, e and h, the particle densities are
increased to p ¼ 0:74;0:77, and 0:82 for the SUð3Þ, SUð4Þ, and
SUð10Þ models, respectively. The macroscopic magnetic moments
in all cases scale to a finite values in the thermodynamic limit,
indicating the emergence of ferromagnetism. In this regime, the
snapshot (see the Supplementary material) shows the concomi-
tant phase-separated states, where macroscopic ferromagnetic
domains can be observed. In Fig. 5c, f and i, the particle density
is further enhanced to p ¼ 0:83;0:88, and 0:95 for the SUð3Þ,
SUð4Þ, and SUð10Þ cases, respectively. The macroscopic magnetic
moments scale to finite values with S2=S2max � 1 in the thermody-
namic limit, and are independent of the system size. In this
regime, the snapshot shows the ferromagnetic phase spans across
the entire system.

Based on the numerical results in both grand canonical and
canonical ensembles, we obtain the phase diagrams for SUðNÞ
Hubbard models on 2D Tasaki lattice. By increasing particle den-
sity p, the para-ferro transition as a first order jump is found to
lay between concentrations p�and pþ, whose exact values are
both enhanced with N. When p < p�, the ground state is param-
agnetic with zero macroscopic magnetic moment. When
p� < p < pþ, the ground state falls into the phase-separation
regime of ferromagnetic domains. As pþ < p < 1, the ground state
is of unsaturated ferromagnetism, where the ferromagnetic phase
spans across the entire system. The dependence of the exact val-
ues of p� and pþ on the value of N is rooted from the stronger
effective repulsion in systems with larger N. Finally, as the flat
band is 1=N filled with p ¼ 1, the ground state for arbitrary N is
rigorously proved to be the ferromagnetic state (see the Supple-
mentary material).

It is interesting to consider the limit N ! 1, where a numerical
calculation becomes difficult by directly using the method dis-
cussed above due to the largely extended space of spin degrees
of freedom. This difficulty may be overcome by employing the very
large symmetry of the system and mapping to other more tractable
models. From our Monte Carlo simulation results and in the view
that the effective repulsive interaction that leads to the breakup
of the large clusters increases with larger N, the para-ferro transi-
tion is expected to occur only at p ¼ 1 when N goes to infinity. The
conjecture coincides with the rigorous proof that the ground state
at p ¼ 1 is of saturated flat-band ferromagnetism (see the
Supplementary material). In this limit N ! 1, the ground state is
paramagnetic as long as p < 1 for both 1D and 2D cases.
5. Conclusions

We study the Hubbard models with SUðNÞ spin symmetry and
repulsive interaction on a type of decorated cubic lattices in one
and two dimensions, where flat bands are present at the bottom
of the band structures. When the filling density p � n=N � 1 with
n the number of particles and N the single particle flat band
degeneracy, we prove that the ground states of the SUðNÞ Hubbard
model can be mapped to the geometrical configuration of an N-
state Pauli-correlated percolation problem with a nontrivial
weight. Based on this exact mapping, we solve for the ground
states for 1D Tasaki lattice by a transfer-matrix method, and con-
clude that the system is paramagnetic at density p < 1 for arbitrary
N. For 2D cases, we consider the SUðN ¼ 3;4;10Þ symmetries as
typical examples, and use the Metropolis Monte Carlo method to
obtain the ground states numerically. The para-ferro magnetic
transition point pc is estimated to lay between p� < pc < pþ with
p�ðN ¼ 3Þ ¼ 0:64ð1Þ; pþðN ¼ 3Þ ¼ 0:83ð0Þ; p�ðN ¼ 4Þ ¼ 0:65ð1Þ;
pþðN ¼ 4Þ ¼ 0:87ð7Þ; p�ðN ¼ 10Þ ¼ 0:69ð4Þ; pþðN ¼ 10Þ ¼ 0:94ð5Þ.
We also prove rigorously the existence of flat-band ferromag-
netism for all values of N P 2 in arbitrary dimension, provided that
the number of particles equals to the degeneracy of the flat band in
the single-particle energy spectrum. The present problem reduces
to the standard site percolation problem by taking N ¼ 1.
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