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Precisely and efficiently designing control pulses for the preparation of quantum states and quantum
gates are the fundamental tasks for quantum computation. Gradient-based optimal control methods
are the routine to design such pulses. However, the gradient information is often difficult to calculate
or measure, especially when the system is not well calibrated or in the presence of various uncertainties.
Gradient-free evolutionary algorithm is an alternative choice to accomplish this task but usually with
low-efficiency. Here, we design an efficient mutation rule by using the information of the current and
the former individuals together. This leads to our improved differential evolution algorithm, called
daDE. To demonstrate its performance, we numerically benchmark the pulse optimization for quantum
states and quantum gates preparations on small-scale NMR system. Further numerical comparisons with
conventional differential evolution algorithms show that daDE has great advantages on the convergence
speed and robustness to several uncertainties including pulse imperfections and measurement errors.

� 2019 Science China Press. Published by Elsevier B.V. and Science China Press. All rights reserved.
1. Introduction

Quantum control is valuable for almost all areas of quantum
technologies [1,2]. It plays a significant role in diverse quantum
experimental platforms, such as magnetic resonance systems
[3,4], superconducting qubits [5,6] and trapped ions [7,8]. A funda-
mental task in quantum control is to find appropriate control fields
that can achieve target quantum operations. This is particularly
important for the practical realization of quantum computation,
due to the existence of noises and uncertainties unavoidable in
realistic physical systems [9]. Quantum control searching is most
often solved via a numerical optimization algorithm. In the past
decades, researchers have devoted great efforts to designing fast,
reliable, and robust quantum control algorithms [10]. Recently,
there emerged great interests in developing learning-based
quantum control algorithms. Broadly speaking, learning control
algorithms can be divided into two classes, i.e., gradient-based
and gradient-free. For example, the known gradient ascent pulse
engineering (GRAPE) [11] is gradient-based, and has found sub-
stantial applications, both numerically [12,13] and experimentally
[3,4,14]. However, in many cases, and especially for high
dimensional quantum control tasks, computing or measuring the
gradient information can be very hard, because it requires good
knowledge of the controlled system or large amount of experimen-
tal measurements. This difficulty is further exacerbated when
taking into account of control uncertainties. One can employ
machine learning methods [15–21] to deal with this problem.
Another promising approach to tackle this problem is to apply
gradient-free algorithms, for example, Nelder-Mead algorithm
(NM) [22,23] and differential evolution algorithm (DE) [5,6,24–26].

DE is a simple but competitive algorithm for real-parameter
optimization problems. Since it was proposed [27], various vari-
ants and applications have appeared [28,29]. Belonging to the evo-
lutionary algorithm family motivated by Darwin’s theory of
evolution, DE functions through simulating the natural evolution
process by performing mutation, crossover and selection opera-
tions in the population space which consists of a set of individuals.
Each individual is routinely represented by a real-valued vector
containing the to-be-optimized parameters that relate to the set-
tled quantum control problems. These individuals are then evalu-
ated by setting a fitness function induced by the control target
and iteratively renewed according to the algorithm procedures.
The mutation strategy is very crucial for the efficiency of DE. Apart
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from the frequently used DE variants, such as ‘‘DE/rand/1”, ‘‘DE/
rand/2”, ‘‘DE/best/1”, ‘‘DE/best/2”, ‘‘DE/current-to-best/1” [29]
and their combinations, researchers have proposed new mutation
strategies in recent years [30–32]. However, for most of these
strategies, algorithm designers need to tune their parameters,
often manually (a tedious and time-consuming task) and can only
achieve limited improvement. Here, we use the ‘‘direction” infor-
mation related to some individuals in the former and current gen-
erations to design new mutation strategies, referred to as direction
averaged Differential Evolution (daDE). We then apply our daDE
algorithm to the tasks of quantum state preparation and quantum
gate implementation, and find that it shows several remarkable
features including simplicity and robustness, as expected.
2. Direction averaged differential evolution algorithm

In this section, we introduce the proposed algorithm daDE in
details. The standard DE algorithm can be improved in a number
of different ways, and our work is mainly about how to modify
the mutation rule. By convention, we use P ¼ fX1; . . . ;XNPg to rep-
resent the population with Xi ¼ ðXi;1; . . . ;Xi;DÞ being the i-th indi-
vidual, where D is the dimension of the optimization problem
and NP is the population size. Here, each individual that repre-
sented by a vector Xi relates to the problem parameters to-be-
optimized, and the population P contains NP candidate individuals
for implementing the DE algorithm procedures.

2.1. Algorithm initialization

The algorithm starts by randomly generating an initial popula-
tion P ¼ fX0

1; . . . ;X
0
NPg. As the search space is always constrained by

some maximum bounds Xmax ¼ ðXmax;1; . . . ;Xmax;DÞ and minimum
bounds Xmin ¼ ðXmin;1; . . . ;Xmin;DÞ, the initial population can be gen-
erated as the following way:

X0
i;j ¼ Xmin;j þ randi;j½0;1�ðXmax;j � Xmin;jÞ; ð1Þ

where randi;j½0;1� is a uniformly distributed random number in the
range ½0;1�.

2.2. Mutation rule: direction average strategy

After initialization, for each individual in the G-th generation
XG

i , a donor/mutant vector VG
i is generated according to some

mutation rule.
The mutation rule is crucial for the efficiency (convergence

speed) of a DE algorithm. A good mutation rule should make the
algorithm converge fast while avoiding getting trapped in any local
extrema, depending on the balancing between the stochastic and
deterministic nature of the algorithm. The known mutation rules
contain three basic ingredients: (1) a current individual in the pop-
ulation of the G-th generation XG

i ; (2) the best individual in the pop-

ulation of the G-th generation XG
b ; (3) a randomly chosen individual

in the population of the G-th generation XG
r . The former two ingredi-

ents aredeterministicwhile the last one is stochastic.Mutation rules
are hence constructed via balancing the above three ingredients.

Here, we introduce a new ingredient: a current individual in the
population of the ðG� 1Þ-th generation XG�1

i . We use this ingredi-
ent in combination with the average of some chosen individuals
in the G-th generation to form our new mutation rule. As well
known from the DE procedure, the surviving individuals in the G-
th generation have better or at least comparable fitness than the
individuals in the ðG� 1Þ-th generation. Therefore, the ‘‘direction”
information is embedded in this mutation rule, which provides a
more definite and efficient determinism. Now we introduce the
devised direction averaged mutation rule:

VG
i ¼ XG

i þ F1 � ðXG
avg � XG�1

i Þ þ F2 � ðXG
ri
1
� XG

ri
2
Þ; ð2Þ

where G > 1 and XG
avg represents the best first S individuals in the

G-th generation, namely XG
avg ¼ 1

S

PS
j¼1X

G
j . When G ¼ 1 we use a basic

mutation rule:

VG
i ¼ XG

ri3
þ F0 � ðXG

ri4
� XG

ri5
Þ þ F0 � ðXG

ri6
� XG

ri7
Þ: ð3Þ

The subscripts ri1; . . . ; r
i
7 represent some mutually exclusive random

integers selected from 0;1; . . . ;NPf g, such that
ri1; . . . r

i
7 ¼ randni½0;NP�. Theparameters F0; F1; F2 are somefixednum-

bers during thewhole algorithm in the range ½0:5;1� and the suggested
S is set to be in the range ½0:1� NP; 0:4� NP� according to our tests.

2.3. Crossover

After generating the mutant vector VG
i ¼ ðVG

i;1; . . . ;V
G
i;DÞ, we use it

to crossover with XG
i ¼ ðXG

i;1; . . . ;X
G
i;DÞ to produce the trial vector

UG
i ¼ ðUG

i;1; . . . ;U
G
i;DÞ by the binomial crossover strategy:

UG
i;j ¼

VG
i;j; if randi;j½0;1� 6 CR or j ¼ jrand;

XG
i;j; otherwise;

(
ð4Þ

where jrand 2 ½1;2; . . . ;D� is a randomly chosen index and CR is a
fixed number in the range ½0:8;1�.
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2.4. Selection
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After all the trial vectors are generated, we decide the survivors
for the next generation by a greedy selection strategy:

XGþ1
i ¼ UG

i ; if f ðUG
i Þ 6 f ðXG

i Þ;
XG

i ; otherwise;

(
ð5Þ

where f ð�Þ is the fitness function to be minimized. With all these
procedures defined, the pesudo-code of daDE is given in Algorithm
1.

3. Problem setup

An n-qubit quantum system with transverse time-varying
magnetic control fields can be described by

H ¼ HS þ
Pn

j¼1ðuj
xðtÞrj

x þ uj
yðtÞrj

yÞ, whereHS is the system Hamilto-

nian, rj
x;rj

y are the Pauli operators on the j-th qubit, and
j ¼ 1;2; . . . ;n; t 2 ½0; T�. These controls will generate an evolution
operator UðTÞ, which can be optimized to achieve the target quan-
tum states or gates. In the following, we formalize the quantum
states and gates preparation problems.
Fig. 1. (Color online) The numerical results of searching the control pulses for the Bell
number for searching the Bell state. The control pulses are all divided into M ¼ D=4 ¼ 50
the range ½�50;50�. Each algorithm runs 100 times and stops when the iteration number
corresponding box and whisker plot of the infidelity distribution for the best run among t
10; 25 and 50. The algorithm parameters are set as follows (1) for ‘‘DE/rand/2”: NP ¼ 20;
(3) for daDE: NP ¼ 20;D ¼ 200; F0 ¼ 0:9; F1 ¼ 0:9; F2 ¼ 0:4;CR ¼ 0:95; S ¼ 0:25NP ¼ 5.
3.1. Quantum states preparation

The target is to prepare a quantum state qt from a specific quan-
tum state q0. The controls induced evolution operator UðTÞ can
transform the initial state to qf ¼ UðTÞq0UðTÞy. A performance
metric is then used to judge the distance between qf and qt [9],
namely the state fidelity Fðqf ;qtÞ ¼ TrðqfqtÞ, where we suppose
both qt and qf are pure states. Thus, the state preparation problem
can be formalized as

max Fðqf ;qtÞ ¼ TrðUðTÞq0UðTÞyqtÞ; ð6Þ

s:t: _UðtÞ ¼ �i HS þ
Xn
j¼1

ðuj
xðtÞrj

x þ uj
yðtÞrj

y

 !
UðtÞ:
3.2. Quantum gates preparation

Similarly, to prepare a target quantum gate Ut , the controls will
generate an evolution operator Uf ¼ UðTÞ. It is judged by the per-

formance metric [9] FðUt ;Uf Þ ¼ jTrðUfU
y
tÞj=4n. Therefore, the gate

preparation problem can be formalized as
state preparation. (a) The state infidelity (i.e., 1� F) with respect to the iteration
slices with Dt ¼ 10�4 s and the initial control pulses are all randomly generated in
reaches 50. The thick lines represent the averaged value over the 100 runs. (b) The
he 100 runs. (c) The corresponding sliced control fields when the iteration number is
D ¼ 200; F ¼ 0:3;CR ¼ 0:9. (2) for ‘‘DE/best/2”: NP ¼ 20;D ¼ 200; F ¼ 0:5;CR ¼ 0:95.
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max FðUf ;UtÞ ¼ jTrðUðTÞUy
tÞj=4n; ð7Þ

s:t: _UðtÞ ¼ �i HS þ
Xn
j¼1

ðuj
xðtÞrj

x þ uj
yðtÞrj

y

 !
UðtÞ:
4. Numerical simulations

To solve the above state and gate optimization problems, itera-
tive algorithms are always used, here we consider daDE and two
traditional DE algorithms ‘‘DE/rand/2” and ‘‘DE/best/2” [29]. Firstly,
we divide the total controls period T into M equal slices, and in
each slice (Dt ¼ T=M) the control amplitude is a constant. There-
fore, the evolution operator for m-th slice can be expressed as

Um ¼ exp �iDt HS þ
Xn
j¼1

ðuj
x½m�rj

x þ uj
y½m�rj

yÞ
" #( )

: ð8Þ

The total evolution operator can then be calculated as
UðTÞ ¼QM

m¼1Um. Secondly, the DE algorithms are used to optimize

the piece-wise constant controls u ¼ ðuj
x½m�; uj

y½m�Þ, where
j ¼ 1; . . . ;n;m ¼ 1; . . . ;M. Thus, the optimization problem is to max-
imize the state or gate fidelity over u.
Fig. 2. (Color online) The numerical results of searching the control pulses for the CNO
number for searching the CNOT gate. The control pulses are all divided into M ¼ D=4 ¼ 6
the range ½�50;50�. Each algorithm runs 100 times and stops when the iteration number
corresponding box and whisker plot of the infidelity distribution for the best run among t
10; 50 and 100. The algorithm parameters are set as follows (1) for ‘‘DE/rand/2”: NP ¼ 20
(3) for daDE: NP ¼ 20;D ¼ 240; F0 ¼ 0:9; F1 ¼ 0:9; F2 ¼ 0:4;CR ¼ 0:95; S ¼ 0:25NP ¼ 5.
We conduct numerical simulations on a two-qubit nuclear
magnetic resonance (NMR) system. The sample chloroform we
use consists of two nuclear spins 1H and 13C. Label the spins 1, 2,

the internal Hamiltonian can be described as HS ¼
P2

i¼1

Dxi
0ri

z=2þ pJ12r1
zr2

z=2, where Dxi
0 represents the offset of the

i-th spin in the rotating frame, and J12 ¼ 217:4 Hz is the scalar
coupling strength between the spins 1 and 2.
4.1. Direct benchmarking

For the state preparation problem, we choose the Bell state
qt ¼ jþihþj as our target state, where jþi ¼ ðj0i þ 1iÞ=

ffiffiffi
2

p
. As

shown in Fig. 1a, each DE algorithm is run 100 times and the stop-
ping criterion is that the iteration number exceeds 50. The total
time length of the control pulses is set as T ¼ 5 ms, which is much
larger than the minimum time needed [33] (about 2:3 ms) so that
all these three DE algorithms are capable of accomplishing this task
in an acceptable running time with limited resource. It should be
noted that all the algorithm parameters are tuned carefully to
make sure each of them is in its nearly best performance. The
results show that daDE converges fastest and the infidelity will
continue to decrease sharply when applying more iterations, while
T gate preparation. (a) The gate infidelity (i.e., 1� F) with respect to the iteration
0 slices with Dt ¼ 10�4 s and the initial control pulses are all randomly generated in
reaches 100. The thick lines represent the averaged value over the 100 runs. (b) The
he 100 runs. (c) The corresponding sliced control fields when the iteration number is
;D ¼ 240; F ¼ 0:3;CR ¼ 0:9. (2) for ‘‘DE/best/2”: NP ¼ 20;D ¼ 240; F ¼ 0:5;CR ¼ 0:95.
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‘‘DE/rand/2” and ‘‘DE/best/2” converge slower and the infidelity
decrement with respect to the number of iterations will become
smaller and smaller. To further characterize the evolution of the
population distribution of these DE algorithms, we demonstrate
the box and whisker plot (a five-number summary contain the
maximum, the minimum, the lower and upper quartiles, and the
median in the data set) using the best run among their 100 runs
in Fig. 1b. One can clearly see that the populations in the beginning
are all very tightly grouped, this is because the initial individuals in
the populations are generated randomly in the same small range.
However, when the iteration number increases, the populations
in ‘‘DE/rand/2” and ‘‘DE/best/2” become disperse gradually, while
the population in daDE does not disperse much. This indicates that
the individuals with better performance in daDE are selected and
maintained more efficiently, thus demonstrating the effectiveness
of our proposed mutation rule. What’s more, we show the sliced
control fields of the current best individual when the iteration
number equals to 10; 25 and 50 for each DE algorithm in Fig. 1c.
From these comparisons, we can not tell that there exist significant
difference for the final sliced control fields, but one can find that for
‘‘DE/rand/2”, roughly speaking, the amplitudes are a little smaller.
In addition, the control fields in the 25-th iteration for ‘‘DE/best/2”,
especially for daDE, are very close to that in the 50-th iteration.
This indicates that these two algorithms have very fast searching
speed towards the final optimal control fields in the first half of
the optimization process.

For the quantum gate preparation problem, the results are sim-
ilar, as shown in Fig. 2. We directly run these three DE Algorithms
100 times for searching the CNOT gate and stop them when the
iteration number exceeds 100, see the results in Fig. 2a. We also
show the corresponding box and whisker plot of the infidelity dis-
tribution for the best run among the 100 runs in Fig. 2b, and the
sliced control fields for the best individual when the iteration num-
ber is 10;50 and 100 in Fig. 2c. Again, we can conclude that daDE
converges fastest and its best run has very concentrate population
Fig. 3. (Color online) The numerical results of searching the control pulses for the Bell sta
respect to the pulse imperfections tr=Dt for searching the Bell state. The stopping criterion
runs and give the corresponding success rates at the bottom. Each algorithm runs 1
NP ¼ 20;D ¼ 200; F ¼ 0:3;CR ¼ 0:9. (2) For ‘‘DE/best/2”: NP ¼ 20;D ¼ 200; F ¼ 0:5
0:95; S ¼ 0:25NP ¼ 5. (b) The iteration number with respect to the pulse imperfectio
reaches 0.999 within 300 iterations, thus we exclude the failure runs and give the corresp
parameters are set as follows. (1) For ‘‘DE/rand/2”: NP ¼ 20;D ¼ 240; F ¼ 0:3;CR
NP ¼ 20;D ¼ 240; F0 ¼ 0:9; F1 ¼ 0:9; F2 ¼ 0:4;CR ¼ 0:95; S ¼ 0:25NP ¼ 5.
distributions. The amplitudes of the control fields of the best
individual for ‘‘DE/rand/2” are much smaller than that for ‘‘DE/
best/2” and daDE, while the control fields in 50-th iteration for
daDE is very close to that in 100-th iteration.
4.2. Under uncertainties

In the following, we consider several uncertainties to compare
the performance of daDE and the other two basic DE algorithms
‘‘DE/rand/2” and ‘‘DE/best/2”. In real quantum control processes,
there exist many kinds of uncertainties that distort the perfor-
mance of control pulses, such as model and parameter errors, con-
trol imperfections and measurement errors [34]. Here, we first
consider the control imperfections, which are induced by hardware
limitations, the field inhomogeneity and some other factors. For
simplicity, we model this pulse distortion by a linear filter [13],

i.e., u0ðtÞ ¼ D½uðtÞ� ¼ R1
0 hðt � sÞuðtÞds, where hðtÞ ¼ 1

tr
e�

1
tr ; t P 0 is

the impulse function. The pulse distortion degree is characterized
by the time constant tr , the heavier of the distortion, the bigger
of tr . In Fig. 3, we set the stopping criterion as the final state or gate
fidelity reaches 0.999 and display the iteration number with
respect to the pulse distortion tr=Dt. Here, we only consider the
runs that the final fidelity reaches 0.999 within 200 iterations for
the Bell state and 300 iterations for the CNOT gate. Therefore, the
runs not satisfying this condition will not be included and we give
the corresponding success rates at the bottom. From these two fig-
ures, we can find that for this kind of uncertainty, ‘‘DE/rand” has
very low success rates and the biggest iteration number variances,
daDE owns the smallest iteration number dispersion and almost
100% success probabilities. This indicates that daDE is the most
robust to the assumed control imperfections.

Secondly,we considermeasurement errors that inducedby tech-
nical limitations, the statistic properties of themeasurement strate-
gies and some other factors. They can be further classified into
te and the CNOT gate when pulse imperfections exist. (a) The iteration number with
is the state fidelity reaches 0.999 within 200 iterations, thus we exclude the failure

00 times and the algorithm parameters are set as follows. (1) For ‘‘DE/rand/2”:
;CR ¼ 0:95. (3) For daDE: NP ¼ 20;D ¼ 200; F0 ¼ 0:9; F1 ¼ 0:9; F2 ¼ 0:4;CR ¼
ns tr=Dt for searching the CNOT gate. The stopping criterion is the gate fidelity
onding success rates at the bottom. Each algorithm runs 100 times and the algorithm
¼ 0:9. (2) For ‘‘DE/best/2”: NP ¼ 20;D ¼ 240; F ¼ 0:5;CR ¼ 0:95. (3) For daDE:
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systematic and randommeasurement errors. Here, we only include
an additive randommeasurement errorwhich can be described by a
normal distribution with the mean 0 and variance c2, i.e.,
F 0ðqf ;qtÞ ¼ Fðqf ;qtÞ þ Nð0; c2Þ or F 0ðUf ;UtÞ ¼ FðUf ;UtÞ þ Nð0; c2Þ.
As shown in Fig. 4, we run each Algorithm 50 times and stop when
the gate fidelity reaches 0.999 or the maximum iteration number
exceeds 200 for Bell state and 300 for CNOT gate. Similarly, we
exclude the failed runs that can not reach the gate fidelity 0.999
and plot the corresponding success rates at the bottom. From these
two figures, we can find that this kind of uncertainty influences the
performance of these DE algorithms a lot, for ‘‘DE/rand/2” and ‘‘DE/
best/2”, the success rates are very low for both the Bell state and the
CNOT gate preparations, while daDE shows sufficient high success
rates and relatively small iterationnumber variances, thus generally
speaking, daDE is the most robust in this case.
5. Discussions and conclusions

High-fidelity quantum control has great significance for quan-
tum computation and quantum engineering. In this work, we pro-
posed an improved differential evolution algorithm, namely daDE,
to solve the quantum state and gate preparation problems instead
of the frequently-used gradient based optimal control methods.
Compared with two basic DE variants ‘‘DE/rand/2” and ‘‘DE/
best/2”, we consider the Bell state and the CNOT gate preparation
tasks on a two-qubit NMR system. Numerical simulations show
that daDE has fastest convergence speed for these tasks. What’s
more, we consider the control imperfections and randommeasure-
ment errors in the control process to further characterize the per-
formance of daDE. Numerical comparisons reveal that daDE owns
strongest robustness against these two uncertainties and high suc-
cess rates with the limited resource.

Differential evolution algorithms are representative and com-
petitive gradient-free methods to solve many real-valued opti-
mization problems, including quantum states/gate preparation
Fig. 4. (Color online) The numerical results of searching the control pulses for the Bell
with respect to the measurement errors c for searching the Bell state. The stopping c
the failure runs and give the corresponding success rates at the bottom. Each algor
‘‘DE/rand/2”: NP ¼ 20;D ¼ 200; F ¼ 0:3;CR ¼ 0:9. (2) For ‘‘DE/best/2”: NP ¼
F1 ¼ 0:9; F2 ¼ 0:4;CR ¼ 0:95; S ¼ 0:25NP ¼ 5. (b) The iteration number with respect to
the gate fidelity reaches 0.999 within 300 iterations, thus we exclude the failure runs an
and the algorithm parameters are set as follows. (1) For ‘‘DE/rand/2”: NP ¼ 20;D ¼ 240
daDE: NP ¼ 20;D ¼ 240; F0 ¼ 0:9; F1 ¼ 0:9; F2 ¼ 0:6; CR ¼ 0:95; S ¼ 0:25NP ¼ 5.
tasks or some other optimization tasks in quantum computation.
The avoid of calculating or measuring the gradient information
greatly saves the resource needed and hence makes it easier to
implement experimentally. However, the low convergence speed
of the traditional DE algorithms often makes the performance of
their real applications below our expectations. This can be miti-
gated by designing more efficient algorithmic procedures and
parameter tuning strategies. What’s more, some powerful meth-
ods, such as machine learning [5], have been combined to improve
the DE algorithm efficiency further. Our proposed daDE optimizes
the algorithmic procedure itself to achieve higher convergence
speed and stronger robustness.

Future researches can be conducted on applying daDE to large
quantum systems or other optimization problems in quantum
computation to investigate its abilities and properties. Advanced
DE variant can also be designed by combing daDE with many other
strategies. In addition, these gradient-free DE algorithms can be
easily modified to closed-loop versions to further improve the con-
trol precision experimentally.
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