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We investigate two-photon transitions to the electron-hole scattering continuum in monolayer
transition-metal dichalcogenides, and identify two contributions to this nonlinear optical process with
opposite circularly polarized valley selection rules. In the non-interacting limit, the competition between
the two contributions leads to a crossover of the selection rule with the increase of the two-photon
energy. With the strong Coulomb interaction between the electron and hole, the two contributions excite
electron-hole scattering states in orthogonal angular momentum channels, while the strength of the
transition can be substantially enhanced by the interaction. Based on this picture of the two-photon tran-
sition, the second harmonic generation (SHG) in the electron-hole continuum is analyzed, where the
Coulomb interaction is shown to greatly alter the relative strength of different cross-circular polarized
SHG processes. Valley current injection by the quantum interference of one-photon and two-photon tran-
sition is also investigated in the presence of the strong Coulomb interaction, which significantly enhances
the injection rate.

� 2019 Science China Press. Published by Elsevier B.V. and Science China Press. All rights reserved.
1. Introduction

Monolayer transition-metal dichalcogenides (TMDs) have
emerged as a new class of semiconductors in the atomically thin
two-dimensional limit [1–4]. They feature a direct band gap in
the visible frequency range, with the band edges located at the
degenerate but inequivalent K and –K corners of the hexagonal
Brillouin zone [5–7]. The degenerate band edges at K and –K are
characterized by an extra quantum degree of freedom known as
valley. The low energy electrons and holes are described by a mas-
sive Dirac Fermion model, where the interband optical transitions
feature a valley-dependent selection rule that allows the selective
excitation of K and –K valleys by absorbing a circular polarized
photon [8–10]. Generation and detection of valley polarization
and coherence can therefore be realized through the light-matter
interaction [11–14], allowing access to various valley related phe-
nomena using linear optical processes [15–20]. With the excep-
tionally strong Coulomb interaction in monolayer TMDs because
of its two-dimensional (2D) geometry and the large effective mass,
a pair of optically excited electron and hole can form tightly bound
Elsevier B.V. and Science China Pr
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hydrogen-like state known as exciton [21–28]. The exciton Bohr
radius is in the order of a few nanometer, still much larger com-
pared to the lattice constant. Therefore, in the momentum space,
the exciton wavefunction is well localized at the K and –K valleys,
which inherits the valley optical selection rules of the interband
transitions. The various excitonic ground and excited states at
the K and –K valleys can then be selectively accessed through
the one-photon process [29].

Two-photon transition is a fundamental nonlinear optical pro-
cess which follows different selection rules from the one-photon
process [30–33]. Monolayer TMDs as the direct-gap semiconductor
provide a new platform for nonlinear optical studies in the ulti-
mate 2D limit [34]. Two-photon measurements in monolayer
TMDs have been implemented to measure the resonances of exci-
tonic excited states that are dark in one-photon process, for a
determination of the exciton Rydberg series and the detail of the
Coulomb binding [35–39]. For the excitonic bound states, selection
rules for the two-photon process can be similarly determined from
rotational symmetry [40–42], just like the one-photon optical
selection rules. Second-harmonic generation (SHG) is another
nonlinear optical process of fundamental importance, which is
possible in materials lacking of inversion symmetry [43,44].
Second-harmonic signals have been used for revealing the symme-
try and crystalline orientation of 2D TMDs [45–53]. It has been
shown that excitonic bound states can significantly enhance the
ess. All rights reserved.
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SHG when they are in resonance with the two-photon energy
[38,39,54–56]. Based on such resonance enhancement, remarkable
electrical tunability of SHG has been demonstrated in monolayer
TMD transistor [57].

While most existing studies have focused on the excitonic
bound states, nonlinear optical transitions into the electron-hole
continuum (i.e., the continuum of scattering states with energies
above the single-particle band) are also of interest. A prominent
example is the optical injection of spin and charge currents
through the interference of two-photon and one-photon transi-
tions in the electron-hole continuum, which has been extensively
studied in bulk and quantum well structures of semiconductors
[58–64]. The scheme has been experimentally implemented in
generating ballistic charge current in 2D materials as well
[65,66]. In a non-interacting picture, the quantum interferences
of one- and two-photon excitation by two light beams lead to
unbalanced interband transitions at a pair of momentum space
points of opposite band velocities, which then correspond to a cur-
rent of the photo-carriers that can be controlled by the relative
phases of the two light fields [58]. Theoretical studies in the non-
interacting limit have also generalized this two-color quantum
interference scheme for valley current injection in monolayer
TMDs [67]. With the strong Coulomb interaction in monolayer
TMDs, however, the one-photon and the two-photon transition
cannot be described by interband transitions at individual momen-
tum space points. The continuum of scattering states under the
strong Coulomb interaction between the electron and hole need
to be used instead. The excitonic effect in the continuum can sig-
nificantly change the current generation efficiency, as well as the
physical description of the current injection [63].

In this paper, we investigate two-photon nonlinear optical tran-
sitions to the electron-hole continuum in monolayer TMDs, and
identify two contributions with opposite circularly polarized valley
optical selection rules. The first contribution consists of two inter-
band transitions mediated by a remote band. It has a valley optical
selection rule opposite to that of the one-photon transition, and the
magnitude is insensitive to the two-photon energy. The second is a
contribution within the massive Dirac cone, consisting of an inter-
band transition and an intraband one, and the selection rule is the
same as the one-photon transition. In the non-interacting limit, the
second contribution is proportional to the band velocity which
vanishes at the band edge and grows fast with the increase in
two-photon energy, and consequently there is a crossover in
strength between the two contributions, accompanied by a rever-
sal in the valley optical selection rule. Going beyond the non-
interacting picture, the strong Coulomb interaction between elec-
tron and hole is taken into account through a 2D hydrogen model
with modified Bohr radius for describing the electronic states
involved in the optical transition. The two contributions excite
electron-hole scattering states in orthogonal channels respectively.
And we find the Coulomb interaction can substantially enhance the
two-photon transition strength from the second contribution
(within the massive Dirac cone), which becomes finite at the edge
of the electron-hole continuum. Based on these results on two-
photon transition matrix elements, the SHG in the electron-hole
continuum is analyzed, and Coulomb interaction is shown to
greatly alter the relative strength of different cross-circular polar-
ized SHG process. Moreover, the quantum interference of one-
photon and two-photon transition is also investigated in the pres-
ence of the strong Coulomb interaction, where the interference of
the s-wave and p-wave electron-hole scattering states excited
respectively by light fields of the two colors lead to the ballistic
current injection. Under the co-circular polarized two-color excita-
tions, we show the valley current injection controlled by the polar-
ization, where Coulomb interaction significantly enhances the
injection rate.
2. Non-interacting limit: polarization reversal in two-photon
transition

We consider two-photon transition from the valance band to
conduction band. We begin with the non-interacting case in which
the Coulomb interaction of electrons is neglected. The two-photon
transition rate is given by

W ¼ 2p
�h

X
k

M kð Þj j2d Ec kð Þ � Ev kð Þ � 2�hxð Þ; ð1Þ

where the two-photon matrix element is

M kð Þ ¼ e2E2
x

m2
0x2

X
i

f j� � p̂jih i ij� � p̂j0h i
Ei kð Þ � Ev kð Þ � �hx

; ð2Þ

where Ex ¼ Exe�ixt�þ c:c: is the light field in frequency x with the
polarization vector � of the field. The initial state is the ground state
j0iwith completely filled valence band and empty conduction band.

In non-interacting case, the final state jf i ¼ ay
c;kav;kj0

E
is a free

electron-hole pair state formed by conduction (c) and valence (v)
bands at the wave vector k ¼ k cos h; sin hð Þ, which is the relative
wave vector measured from�K point. The e andm0 are the free elec-
tron charge and mass, respectively. The sum of intermediate state
ji kð Þi runs over different electronic band indexes i ¼ c; v; � � �, and
thebandenergyEi kð Þ atk. As valley index is conserved inoptical tran-
sitions, here we focus on the transitions in one (K) valley, and the
results of�K valley can be obtained from the time reversal operation.

In monolayer TMDs, the material displays valley-dependent
optical selection rules for r� (right- and left-handed) circular
polarized light [9]. At K point, the one-photon interband transition
is excited by r� light. For two-photon transition, we also consider
the excitation of rþ light denoted by the polarization vector
�� ¼ bx � iby. The two-photon excitation frequency satisfies
2�hx � Eg where Eg is the band gap. In calculations of this paper,
we take Eg ¼ 2:5 eV which is at typical range of band gap for
monolayer TMDs. We divide the two-photon matrix element into
two parts according to the contributions from different intermedi-
ate band states, M� kð Þ ¼ M�

r kð Þ þM�
cv kð Þ, where

M�
r kð Þ ¼ e2E2

x

m2
0x2

X
i–c;v

p�
ci kð Þp�

iv kð Þ
Ei kð Þ � Ev kð Þ � �hx

; ð3Þ

M�
cv kð Þ ¼ e2E2

x

m2
0x2

p�
cv kð Þ p�

cc kð Þ � p�
vv kð Þ� �

�hx

� �
: ð4Þ

Here M�
cv kð Þ is the contribution by intermediate sates from the con-

duction and valence bands, M�
r kð Þ represents the contribution from

the bands other than conduction and valence bands referred as
remote (r) bands. Here p�

ij kð Þ ¼ px
ij kð Þ � ipy

ij kð Þ, with

paij kð Þ ¼ ui;kj m0
�h

oH0
oka

juj;k

D E
the interband (intraband) momentum

matrix element near �K point for i–j (i ¼ j), H0 is the single-
particle Hamiltonian of the monolayer and ui;k is the Bloch periodic
part of band state. The momentum matrix elements p�

ij kð Þ can be
calculated by perturbation expansion [29]. Due to the discrete
three-fold rotation symmetry of the material, at �K point (k ¼ 0)
the electronic state for band i has a three-fold rotation quantum
number mi. For band indexes i, j; there is
Dmij � mi �mj ¼ 3N;�1þ 3N where N is an integer [3]. If
Dmij ¼ �1þ 3N, the interband one-photon transition by r� (r�)
excitation will be dipole-allowed (dipole-forbidden), which refers
to finite (zero) transition strength at the band extrema K point.
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The corresponding interband momentum matrix elements p�
ij kð Þ

(p�
ij kð Þ) in K valley [29] are

p�
ij kð Þ ¼ aij þ bijk

2 þ O k3
� �

; ð5Þ
p�
ij kð Þ ¼ cijke

�ihk þ nijk
2e�2ihk þ O k3

� �
; ð6Þ

where aij, bij, cij, nij are the parameters depending on band combina-
tions. hk is the polar angle at k space. For Dmi

0
j
0 ¼ 3N, with r� one-

photon excitation we have

p�
i
0
j
0 kð Þ ¼ bi

0
j
0 ke�ihk þ ci0 j0 k

2e�2ihk þ O k3
� �

; ð7Þ

as in such case at K point the optical transition is forbidden with
p�
i
0
j
0 0ð Þ ¼ 0, only at k–0 where the three-fold rotation is not con-

served that p�
i
0
j
0 kð Þ is finite. Specifically, for the intraband momen-

tum matrix elements for c and v bands p�
cc kð Þ, p�

vv kð Þ appearing at

M�
cv kð Þ, there is p�

cc kð Þ � p�
vv kð Þ ¼ �h

lcv
ke�ihk þ O k2

� �
with the reduced

mass lcv defined as 1=lcv ¼ 1=mc þ 1=mv by the convention that
the conduction (valence) band electron mass mc vð Þ > 0.

The values of p�
ij kð Þ are obtained by fitting first-principle calcu-

lation results for monolayer WS2. In Table 1 the values at K point
p�
ij 0ð Þ with innegligible contributions are listed for different band

index combinations. Behavior of M�
cv kð Þ�� ��2 and M�

r kð Þ�� ��2 is dis-
played in Fig. 1a. At K point, as the intraband momentum matrix
elements is zero, the two-photon r� transition contributed by c
and v bands vanishes, and M�

cv kð Þ increases as k becomes finite
and larger. While for the contribution from the r bands, M�

r kð Þ is
non-zero at K point, and the magnitude M�

r kð Þ�� �� is merely depen-
dent on k. The behavior of Mþ

cv kð Þ�� �� and M�
r kð Þ�� �� is consistent with

the discrete three-fold rotation symmetry of the material. At K
point the one-photon-allowed excitation is by rþ polarized light,
the two-photon transition is by r— light, as Dmcv þmph ¼ 3N for
mph ¼ —2 þ1ð Þ for two r— (one rþ) photons. Away from K point,
with the increase of k the two-photon transition displays reversal
of circular polarization (Fig. 1a). At smaller k, the two-photon tran-
sition is dominated by two r— process, as k increases the circular
polarization of two-photon transition reverses to the two rþ tran-
sition due to the increase of Mþ

cv kð Þ�� ��. We have illustrated such
polarization reversal by the degree of two-photon polarization

h kð Þ ¼ Mþ kð Þ�� ��2 � M� kð Þj j2
h i

Mþ kð Þ�� ��2 þ M� kð Þj j2
h i.

in Fig. 1b as

M� kð Þ ¼ M�
cv kð Þ þM�

r kð Þ. At K point, h 0ð Þ ¼ �1 and as the increase
of k, h kð Þ changes from �1 to h kð Þ 1 at larger k, the two-photon
polarization changing from r� to rþ.
Table 1
The pþ

ij values at K point from the first-principle calculations. For up to 11 bands
where there are 4 upper bands (c; c þ 1; � � � c þ 3) above the band gap and 7 lower
bands (v ;v � 1; � � �v � 6) below the gap, the pþ

ij 0ð Þ values with non-negligible
contributions > 1� 10�3pþ

cv 0ð Þ are listed.

Band indexes pþij 0ð Þ=pþcv 0ð Þ p�ij 0ð Þ=pþcv 0ð Þ
i j

c v 1 0
c v � 4 0.42 0
c v � 3 0 0.82
c þ 2 v 0 0.30
v � 3 v 0 0.20
v � 5 v 0.085 0
3. Two-photon transition to electron-hole scattering
continuum under strong Coulomb interaction

In the previous section, we study two-photon transition with-
out electron-hole Coulomb interaction. While such interaction
has been demonstrated to play important role in 2D TMDs, in this
section we include electron-hole interaction to the problem. With
the interaction of the electron-hole pair states at different k as

ayc;kav ;kj0
E

is coupled, the state of interest becomes

jcvXi ¼ P
k
uX kð Þay

c;kav ;kj0
	
, where uX kð Þ is the envelope function

for the relative motion of electron and hole. The matrix element
of two-photon transition is

MX ¼ e2E2
x

m2
0x2

X
c0v 0X0

cvXj� � p̂jc0v 0X0
 	
c0v 0X 0j� � p̂j0
 	

EX0
c0v 0 � �hx

: ð8Þ

The intermediate states jc0v 0X0	 with energy EX
0

c0 v 0 are the states
with attractive Coulomb interaction by c0 band electron and v 0

band hole. The sum of intermediate states runs for all the band
indexes with all possible configurations of uX

0 . For the envelope
function uX , we take the 2D hydrogen model [68] as a tentative
description. There are two kinds of solutions of the model: bound
states known as excitons in discrete energy levels located within
the band gap, and scattering states above the band edge which
are also known as electron-hole continuum states. For the two-
photon transition above the band edge, the scattering electron-
hole continuum solution shall be the final state of interest. In the
2D hydrogen wavefunction the scattering continuum can be
denoted as wg;m

cv rð Þ ¼ P
ku

g;m
cv kð Þeik�r [68,69], with the energy

Egcv ¼ �h2g2
2lcv

þ Eg
cv where g is the wave number for continuum state

and m ¼ 0;�1;�2 � � � is the angular momentum quantum number
for s; p; d; � � � scattering waves. Such state is denoted by X � g;mð Þ.

In our previous work, excitons in monolayer TMDs are shown to
possess discrete three-fold rotation invariance [29], allowing s-
state exciton to be one-photon bright with circularly polarized
light. It has been demonstrated in recent works that the excitons
which are two-photon bright are p-states [36–39]. The electron-
hole scattering continuum states possess the same symmetry as
the bound excitons, we consider the two-photon transition to such
continuum states with circularly polarized light. At K valley the
two-photon matrix elements of rþ (r�) polarized excitation are
(see Supplementary Data online).

M 2ð Þ;þ
g;1 ¼ �e2E2

x

ffiffiffi
S

p

m2
0x2

X
c0 v 0

dv ;v 0 bc;c0 � dc;c0 bv ;v 0
� �

pþ
c0 v 0 0ð Þ

�
Z

wg;1
cv rð Þ� 
	

�þ � rrð ÞGc0 v 0 r;0; Eg
c0 v 0 =�h�x

� �
d2r; ð9Þ

M 2ð Þ;�
g;0 ¼ �e2E2

x

ffiffiffi
S

p

m2
0x2

X
c0 v 0

dv ;v 0 p�
cc0 0ð Þ � dc;c0 p

�
vv 0 0ð Þ

� �
p�
c0 v 0 0ð Þ

�
Z

wg;0
cv rð Þ� 
	

Gc0 v 0 r;0; Eg
c0 v 0 =�h�x

� �
d2r: ð10Þ

Here M 2ð Þ;þ
g;1 (M 2ð Þ;�

g;0 ) denotes matrix elements for the two rþ (r�)
transitions at K valley with the selection rules to p-state (s-state)
with m ¼ 1 (m ¼ 0) and S is the area of the material. These two
terms are consistent with the symmetry analysis on the optical
selection rules of excitonic states with rotational symmetry
[29,38,39]. Such two orthogonal angular momentum channels of
two-photon transitions for circularly polarized light play the key

role in our paper. The channel of p-state by rþ light M 2ð Þ;þ
g;1 is mainly

from the contribution of c and v bands, while the channel of s-state



Fig. 1. (Color online) (a) Strengths of two-photon transition matrix elements at K valley with circular-polarized excitation. The matrix elements are divided into two
contributions according to the band indexes in intermediate states, in which M�

cv kð Þ is the contribution from c and v bands and M�
r kð Þ is by remote (r) bands respectively. (b)

Polarization reversal of two-photon transition at K valley. The colored disk illustrated is the degree of two-photon circular polarization h kð Þwhich reversed from�1 at K point
to 1 at larger k.
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by r� light M 2ð Þ;�
g;0 is mainly contributed by r bands. Here

Gc0 v 0 r; r0
;x

� � ¼ P
X wX

c0 v 0 rð ÞwX	
c0 v 0 r0� �� 


EX
c0 v 0 � �hx

� �.
is the Coulomb

Green function [70] including all the bound and scattering interme-
diate states. In Fig. 2b, we demonstrate the two-photon transition
matrix elements for rþ (r�) light of frequency x with excess
two-photon energy 2�hx� Eg � 0 satisfy 2�hx Egcv > Eg. For mono-
layer TMDs we take acv ¼ 1:5 nm, the value of Bohr radius from
first-principle calculations on WS2 [36]. We have compared the
matrix elements with electron-hole interaction to the non-
interacting case. In Fig. 2b, by including the interaction, the
strengths of two rþ processes are greatly enhanced and became
the dominant process for two-photon transition of electron-hole
continuum. The polarization reversal discussed in non-interacting
case has been indicated by the intersect of the two dash curves in
Fig. 2b and is ‘‘submerged” by the two rþ process. The strength of
Fig. 2. (Color online) Selection rules for two-photon transition to electron-hole cont
Magnitudes of two-photon matrix elements MXj j with/without the attractive Coulomb in
interaction, the polarization reversal behavior discussed in last section is displayed. Gia
(denoted by the dash up-arrow).
two r� process contributed by the s-state, which is originated from
the remote band contributions, does not change much after includ-
ing attractive interaction.

We can understand the enhancement in two-photon transition
for rþ channel from two aspects: (1) The final state is the electron-
hole continuum jcvXi ¼ P

k
uX kð Þay

c;kav ;kj0
	

whose two-photon

transition strength is the weighted average of the k-point two-
photon matrix element MX kð Þ. In the non-interacting case, the
summation only includes those k with the magnitudes
k / ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2�hx� Eg

p
. The rþ polarized two-photon absorption of these

states is zero at k ¼ 0 and increases with the increasing of k (the
solid line in Fig. 1a), while the r� polarized two-photon absorption
is nearly a constant (dashed line in Fig. 1a). When the Coulomb
interaction is included, states with k > 0 are mixed in jcvXi, which
significantly contributes to the rþ polarized two-photon
inuum. Two-photon transition for rþ (r�) light excites the p-state (s-state). (b)
teraction. The two rþ process is stronger than the two r� one. In the case without
nt enhancement of two-photon transition strength in the rþ process is illustrated
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absorption but not to the r� polarized case. (2) The two-photon
transition matrix element MX involves the factors 1

EX
0

c0 v0
��hx

with

EX
0

c0 v 0 the intermediate state energy (Eq. (8)). Intermediate states
of rþ channel include the bound exciton states formed between
c and v bands. Due to the strong Coulomb effects of such exciton
states, the energies of such excitons EX

cv are relatively closer to
the one-photon energy �hx, giving rise to larger contributions to
the factor 1

EX
cv��hx

compared to the non-interacting case (
 1
Eg��hx).

While for the r� channel, as the contributed bands are remote
bands, due to the much larger mismatch of remote band exciton
energies with one-photon energy, inclusion of Coulomb effects
for remote bands have limited modification to the factor 1

EX
0

c0 v 0
��hx

,

hence limited enhancement in r� channel.

4. Second-harmonic generation above the band edge

After the two-photon transition, we turn to the second-
harmonic generation (SHG) above the band edge from electron-
hole continuum states. The matrix element describing SHG is

SX ¼ eE	
2x

2m0x

0j �2x � p̂ð ÞyjcvX
D E
EX
cv � 2�hxþ iCX

� �MX ; ð11Þ

where CX is the decay rate of the emission state with EX
cv 2�hx > Eg

and E	
2x is the complex conjugate amplitude of light field of fre-

quency 2x. The SHG is a two-photon excitation to jcvXi state char-
acterized by MX in Eq. (8) followed by a one-photon emission from
the same state. For circularly polarized excitation, symmetry analy-
sis [71] indicates that the SHG is a cross-circular polarized process
for three-fold rotation invariant materials. Hence the SHG processes
of interest are rþ

x þ rþ
x ! r�

2x and r�
x þ r�

x ! rþ
2x given by (see

Supplementary Data online).

Sþþ;�
g;1 ¼

M 1ð Þ;�
g;1

h i	
M 2ð Þ;þ

g;1

Egcv � 2�hxþ iCX
� � ; ð12Þ

S��;þ
g;0 ¼

M 1ð Þ;þ
g;0

h i	
M 2ð Þ;�

g;0

Egcv � 2�hxþ iCX
� � ; ð13Þ
Fig. 3. (Color online) (a) Magnitudes of SHG elements from the excitation energy 2�hx �
stronger than the r�

x þ r�
x ! rþ

2x process. The non-interacting cases (dash lines) are also
(dash up-arrows) in both processes. (b) Coulomb interaction effects for SHG from remot
r�
x þ r�

x ! rþ
2x process. The case with the interaction (dash line) of ac0 v 0 ! a0 display

interaction ac0 v 0 ! 1 (in the figure Dx ¼ E2xE
2
x=CÞ.
where M 2ð Þ;þ
g;1 , M 2ð Þ;�

g;0 are two-photon transition matrix elements to
p-state (s-state) by rþ (r�) light discussed in last section. The two
orthogonal angular momentum channels for p- and s-state transi-
tions correspond to the rþ

x þ rþ
x ! r�

2x and r�
x þ r�

x ! rþ
2x SHG

process respectively. The one-photon emission matrix elements in

SHG are given by M 1ð Þ;�	
g;1 ¼ �ieE	2x

ffiffi
S

p

2m0x
0j �� � p̂ð Þyjcv;g;1

D E
and

M 1ð Þ;þ	
g;0 ¼ �ieE	2x

ffiffi
S

p

2m0x
0j �þ � p̂ð Þyjcv ;g; 0

D E
for p-state and s-state respec-

tively, with M 1ð Þ;þ
g;0

��� ��� > M 1ð Þ;�
g;1

��� ���. We assume the decay rates of p-

and s-state formed by the c and v band electron-hole pairs are both
C as the states are energetically degenerate. In Fig. 3a, we plot the
strength of matrix elements for the two cross-polarized cases.
Without the electron-hole interaction, the process r�

x þ r�
x ! rþ

2x
is qualitatively stronger. With the interaction, the process
rþ
x þ rþ

x ! r�
2x is enhanced and becomes a larger one due to the

increase in M 2ð Þ;þ
g;1 for two rþ photon excitation. The attractive Cou-

lomb interaction qualitatively alters the relative strength of the SHG
process of the two orthogonal channels in electron-hole continuum
regime. The two-photon excitation processes for such two cross-
circular SHG channels are the two-photon channels as we discussed
in above section. As the frequency doubling emission matrix ele-

ments are with M 1ð Þ;þ
g;0

��� ��� M 1ð Þ;�
g;1

��� ���, together with the behavior of

M 2ð Þ;þ
g;1 and M 2ð Þ;�

g;0 , the relative strength of the two cross-circular
SHG channels rþ

x þ rþ
x ! r�

2x(r�
x þ r�

x ! rþ
2x) will be qualitatively

as in two-photon rþ (r�) channels.
As discussed in last section, the two photon r� transition is con-

tributed by the remote band states, such band states also con-
tribute to r�

x þ r�
x ! rþ

2x SHG process. We can discuss the
influence of the remote bands’ electron-hole interaction to SHG.
We vary the Bohr radius ac0 v 0 of the remote band excitonic states
to simulate different strengths of remote band electron-hole inter-
action. We set ac0 v 0 ! a0 for strong interaction limit, as the lower
bound of ac0 v 0 shall not be smaller than the lattice constant a0,
while ac0 v 0 ! 1 is for free electron-hole pair limit of remote bands.
In Fig. 3b, for free remote band electron-hole pairs, rþ

x þ rþ
x ! r�

2x
is stronger, while with strong remote band Coulomb effects,
r�
x þ r�

x ! rþ
2x process is greatly enhanced. Such analysis reveals

that, unlike the two-photon r� transition in which the electron-
hole interaction of remote bands has limited influence, the
Eg at K valley. rþ
x þ rþ

x ! r�
2x process with the electron-hole Coulomb interaction is

showed for comparison. Enhancement by the electron-hole interaction is denoted
e-band intermediate states. The interaction in remote bands mainly influences the
s a stronger strength (the dash up-arrow) when compared with the case without
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Coulomb interaction of remote band electron and hole may quali-
tatively change the SHG process in continuum regime.

Compared with Fig. 3a in which the significant enhancement of
the SHG process rþ

x þ rþ
x ! r�

2x comes from the increased two-
photon absorption of rþ

x þ rþ
x, in Fig. 3b the two-photon absorp-

tion r�
x þ r�

x mainly involves the remote band intermediate state.
Thus an increase to the remote band Coulomb interaction can
enhance the SHG process r�

x þ r�
x ! rþ

2x. On the other hand, the
remote band Coulomb interaction barely affects the two-photon
absorption of rþ

x þ rþ
x, so the SHG process rþ

x þ rþ
x ! r�

2x is not
affected.
5. Valley current injection by one- and two-photon interference

In this section, we consider applying one- and two-photon tran-
sitions together for valley current injection. For the two-color light
field E tð Þ ¼ E2xei u2x�2xtð Þ�2x þ Exei ux�xtð Þ�x þ c:c: with
2�hx > Eg > �hx, the field induces one-photon transition with fre-
quency 2x and two-photon transition with x both at the same
energy above the band gap. In non-interacting case, the quantum
interference of the two-color field creates carrier population imbal-
ance k and �k (Fig. 4a), with different polarization combinations of
the two fields, generation of various types of currents were demon-
strated in literatures [58–64]. However, in monolayer TMDs the
Coulomb interaction of electron and hole is significant, which leads
to pronounced effects in nonlinear optical process as we display in
previous sections. We shall consider the interacting case for two-
color quantum interference in electron-hole scattering continuum.

Here we consider the excitation scheme of two co-circularly
polarized rþ beams at K valley, by including the electron-hole
interaction the two-photon rþ process will excite the p-state
channel in the continuum while the one-photon process will
Fig. 4. (Color online) (a) Current injection by one- and two-photon interference scheme
beams interference creates imbalance carrier population at �k in a valley. Right: two c
inducing valley-polarized current. (b) For two rþ circularly polarized excitation in int
continuum together with one-photon transition to s-state (p�-state). The rþ

2x and rþ
x de

Current injection rate at K valley from rþ co-circularly two-color field with (without) elec
�K valley from the same co-circular polarization. Here G ¼ e4

�h2
E2xE

2
x , p�-state has angula
excite s-state channel (Fig. 4b) [63]. In the continuum the excited
p- and s-state are energetically degenerate, the instantaneous
excited state fþ;þ

g rð Þ under the two-color excitation is a superposi-
tion of s-state and p-state given by

fþ;þ
g rð Þ ¼ M 1ð Þ;þ

g;0

Nþ
g

wg;0
cv rð Þ þM 2ð Þ;þ

g;1

Nþ
g

wg;1
cv rð Þ; ð14Þ

where Nþ
g ¼ M 1ð Þ;þ

g;0 þM 2ð Þ;þ
g;1

��� ���. The current injection rate at K valley

for the two-color rþ polarized beam is

d
dt

Jþ;þ
K ¼ e

Z
v̂h iKg0d Egcv=�h� 2x

� �
dg0 ¼ RK

X xð Þmþ; ð15Þ

where v̂h iKg is the expectation value of velocity operator

bv ¼ bp=m0 ¼ �i�hrr=m0 and v̂K
g ¼ fþ;þ

g jv̂jfþ;þ
g

D E
¼ M 1ð Þ;þ

g;0 M 2ð Þ;þ
g;1

h i	
wg;1

cv jv̂jwg;0
cv


 	þ c:c. The quantum interference of s- and p-state chan-
nels excited by one- and two-photon rþ process respectively, gives
a finite expectation value of velocity operator, which gives rise to

current. Here RK
X ¼ elcv

�h v̂h iKg
��� ���, with the direction of current

mþ ¼ sin 2ux �u2xð Þbx þ cos 2ux �u2xð Þby.
The current injection rate at �K valley for two rþ beams can

also be obtained in similar analysis as illustrated in Fig. 4b, with
d
dt J

þ;þ
�K ¼ R�K

X xð Þm� where m� ¼ sin 2ux �u2xð Þbx � cos 2ux�ð
u2xÞby. The valley-polarized current injection rate is
d
dt J

þ;þ
V ¼ d

dt Jþ;þ
K � Jþ;þ

�K

� �
. In Fig. 4c the current injection rate with

respect to the excess photon energy 2�hx� Eg in K=� K valley is
demonstrated. For such excitation scheme, the current at K valley
is much stronger than in �K valley, the valley-polarized current
is mainly contributed by the K valley carriers under the two rþ
. Left: excitation with two linear polarized beams in non-interacting case. The two
ircularly polarized beams generate different magnitudes of currents from K valley
eracting case, at K �Kð Þ valley the two-photon beam will excite pþ-state (s-state)
note the circular polarization for one- and two-photon transitions respectively. (c)
tron-hole interaction displayed in solid (dash) curves. Inset: current injection rate at
r momentum quantum number m ¼ �1.
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beams. Comparing the injection rate in both interacting (solid
curves) and non-interacting case (dash curves), we show that the
electron-hole interaction significantly enhances the injection rate.
6. Discussion

Although the monolayer TMDs discussed in this work is natu-
rally a material family with strong electron-hole Coulomb interac-
tion, it is still meaningful to discuss from the non-interacting case,
which is due to the following reasons. (1) In the non-interacting
case, the discussion of two-photon transition in Section 2 allows
to reveal the meaningful two-photon polarization reversal picture
in k space. Such a reversal is microscopically described by the com-
petition between the rþ contribution from conduction and valence
band Mþ

cv kð Þ and the r� contribution from remote bands M�
r kð Þ.

While in the interacting case, the two contributions can only be
distinguished in the view of rotational symmetry (s- or p-state)
of electron-hole continuum states. Although in layered TMDs the
Coulomb interaction is indeed strong, the microscopic picture to
distinguish the two contributions is general, which can be peda-
gogical and also potentially useful in other systems. Specifically,
in the topic of optical current injection schemes, most of the avail-
able literatures discuss it from the k space point of view, and the
understanding in non-interacting case shall be helpful in studying
the current injection scheme involving two-photon process. (2)
From non-interacting to interacting case, we have tried to provide
a pedestrian approach to understand the system, from a relatively
straight forward band picture to a more complicated version that
attractive Coulomb interaction is included. Such a consideration
of arranging the manuscript is also for the completeness of discus-
sions of the material. (3) In experiment design, when performing
the nonlinear optical measurements we may put materials with
large dielectric constants on both top and bottom of the monolayer
TMDC. It can create a sandwiched structure to reduce the effective
Coulomb interaction of the TMDC, which resembles the weak
interaction limit of the material, e.g., Ref. [72]. Such design pro-
vides the possibility to study the system in the weak interacting
limit.

As discussed in above sections, both the two-color quantum
interference and SHG process involve one- and two-photon transi-
tions from orthogonal angular momentum channels by circularly
polarized beams. In Table 2, we summarize the relevant processes
in electron-hole continuum regime that are involved. We provide a
pedestrian approach to connect the related optical phenomena
together as we have discussed through this work.
Table 2
Optical processes of one-photon and two-photon transition, SHG, and two-color
quantum interference of electron-hole continuum at K valley. r�

2x and r�
x denote the

circular polarization for one- and two-photon transitions. Optical selection rules are
given when combined the excitation scheme for circular polarized light at the second
column with the continuum states for orthogonal angular momentum channels at
third column.

Circular
polarization

e-h continuum
states

Remark
(K Valley)

One-photon rþ
2x s M 1ð Þ;þ

g;0

��� ��� > M 1ð Þ;�
g;1

��� ���
r�
2x p

Two-photon r�
x p M 2ð Þ;þ

g;1

��� ��� � M 2ð Þ;�
g;0

��� ���
rþ
x s

SHG rþ
x þ rþ

x ! r�
2x p Sþþ;�

g;1

��� ��� > S��;þ
g;1

��� ���
r�
x þ r�

x ! rþ
2x s

Two-color
interference

rþ
2x þ rþ

x sþ p Valley current
generation
7. Conclusion

In this work, we study the two-photon transition and second-
harmonic generation process in electron-hole continuum regime
in monolayer 2D semiconductors. We demonstrate a two-photon
selection rule reversal of circularly polarized light by the competi-
tion of two contributions from different bands. By including the
electron-hole interaction, this work shows that the interaction
qualitatively changes selection rules via the two orthogonal angu-
lar momentum channels of excitation, with significant enhance-
ment effect. We also discuss the valley-polarized current
injection by the one- and two-photon quantum interference with
the interaction. Our study provides a coherent and comprehensive
view for understanding the relevant nonlinear optical processes in
electron-hole continuum regime in monolayer 2D semiconductors.
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