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The recent discovery of an unconventional insulating phase and
an adjacent superconducting (SC) phase in the twisted bilayer gra-
phene (TBG) [1,2] has triggered great excitement [3-11]. The two
layers of graphene are rotated relatively by an angle 6. The bilayer
forms a moiré pattern (see Fig. 1), i.e., a superstructure with a large
superlattice constant 1 = ap/2sin(6/2), in which q, is the lattice
constant of the monolayer graphene. The bilayer has a spatially
modulated stacking patter, varying from AB, BA, to AA stacking
within each supercell. The rotation angle 6 ~ 1.08° in the experi-
ments [1,2] is the largest one of a discrete set of “magic angles”,
at which the Fermi velocity of the massless Dirac cone in graphene
is suppressed to zero and the low-energy band becomes nearly flat
[12-14]. An insulating phase sets in at low temperatures in the
TBG samples electrically gated away from the charge neutral point
with £2 excess electrons per supercell, and an SC phase emerges in
samples slightly doped away from this insulating phase. The max-
imum SC transition temperature is 1.7 K.

The key to understanding these unconventional phases in TBG
is to first identify the lowest-energy electronic states around the
charge neutral point in the moiré superstructure. Some recent the-
oretical works studied effective models taken either from phe-
nomenological arguments or based on global symmetry analysis
[6]; however, microscopic approaches are more desirable (cf. e.g.,
Refs. [3,5,7,15]). This is the main goal of this work.

The microscopic model of the moiré band has been studied
intensively with tight-binding models [13] and continuum models
[12,14]. Based on the microscopic modeling of the interlayer hop-
ping in the moiré superstructure, it has been shown [12,14] that
the Dirac cone band structure of the monolayer graphene survives
in the TBG, but the Dirac velocity vr is strongly suppressed at small
twist angles due to the interlayer hopping. Moreover, it has been
shown [13,14] that the renormalized Dirac velocity #¢ ' vanishes
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at the magic angles, and the low-energy band becomes nearly flat.
The nearly flat band at magic angles has been confirmed in experi-
ments [1,16-18].

In this work, I take the continuum model of the moiré band [14]
as the starting point. I first show that a term in the interlayer hop-
ping Hamiltonian, which has been overlooked so far due to the
small twist angle, turns out to be a spatially modulated Dirac mass
term. This mass term has vortex (antivortex) structures in AB (BA)
stacking regions, respectively, which form an emergent honey-
comb lattice in the moiré superstructure (see Fig. 1). Each vortex
(antivortex) traps a Dirac zero mode with chirality +1 (—1) for
topological reason, which becomes extremely localized around
the vortex center when the Dirac velocity #r vanishes at the magic
angles. There are eight zero modes in each supercell if the spin and
the valley degeneracies are taken into account. These Dirac zero
modes should be responsible for the unconventional phases at
low temperatures discovered in experiments.

The spatial overlap of these zero modes leads to a low-energy
band around the charge neutral point. The effective Hamiltonian
is an SU(4)-symmetric Hubbard model on the emergent honey-
comb lattice, where the four flavors come from the spin and the
valley degeneracies. At 1/4 or 3/4 filling, which corresponds to
+2 electrons per supercell away from the charge neutral point in
TBG, the SU(4) Hubbard model on the honeycomb lattice forms a
quantum disordered Mott insulating phase at the ground state
[19], which may account for the insulating phase in experiments.
This model should be a good starting point for further theoretical
study.

Let us start by recapitulating the moiré band theory of TBG in
the continuum limit [12,14]. The electron hopping within each
layer leads to the well-known massless Dirac cone band structure.
In the continuum limit, the intralayer hopping Hamiltonian
expanded around one of the Dirac cones at momentum

—

K = (4m/3ao,0) is given by
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Fig. 1. (Color online) Illustration of the moiré superstructure in the twisted bilayer
graphene. The two layers are rotated relatively by a small angle, and show a
spatially modulated stacking pattern with AB, BA and AA stacking regions
appearing in each supercell. The Dirac mass term H' in Eq. (7) induced by interlayer
hopping has a vortex (antivortex) structure around each AB (BA) stacking region,
which hosts a Dirac zero mode with chirality +1 (—1). These regions form an
emergent honeycomb lattice.
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in which ¥, = (,, ¥;)", and Y12k is the two-component Dirac
spinor in the top (bottom) layer. An AB stacking pattern is assumed
at the origin for convenience, and the energy spectrum does not

depend on this choice [14]. The momentum k is measured from K.
The Dirac Hamiltonian h;(+6/2) is given by

I 0 i(0F0/2)
—UrK .
o\ e-iror2) 0 2)

_ 7UFe¥iOJZ/4E . Gre*itoz/4,

hy(£0/2) =

in which +0/2 are the rotation angles of the two layers. k and 0y are
the magnitude and the polar angle of K, respectively. ¢ = (oy, 0y)
are the Pauli matrices acting on the Dirac spinors, and 6* denotes
the complex conjugate.

The momentum transfer induced by the interlayer hopping is
small due to the large interlayer distance and the smooth inter-
layer hopping amplitude [14], thus the interlayer hopping predom-
inantly takes place between the same valleys of the two layers,
thus the valley degeneracy is approximately maintained. There-

fore, we only focus on the K valley, and similar results can be easily

derived for the other valley at K = (—4m/3a,0).

The interlayer hopping Hamiltonian projected onto the K valley
states is spatially modulated due to the moiré superstructure [14],

Ho =3 0T (s +he. (3)

Here the real-space representation is adopted for later convenience.
The hopping matrix

3
T(F)=w) e 07T, 4)
j=1

in which the interlayer hopping strength w ~ 110 meV. gj’s are the
interlayer momentum transfers. They have the same magnitude

ko = |q;| = 87sin (0/2)/3ap, and are along (0,-1), (\/§/2,1/2),
and (7\/§ /2,1 /2) directions, respectively. The T; matrices are

11 . fed 1
Tl:(l 1)’ T2_T3_<ei4> ei‘/’>’ G)

in which ¢ =2m/3.

It has been shown [14] that if the 6 dependence in h(+6/2) is
neglected, the interlayer hopping does not change the form of
the Dirac Hamiltonian in Eq. (1), but the Dirac velocity uf is
strongly renormalized to ¢ at small twist angles. More remark-
ably, 7r vanishes at the magic angles, which results into a nearly
flat band around the charge neutral point.

In this work, I shall show that the 0 dependence in h(+0/2) has a
significant impact on the low-energy electronic states. Let us first
absorb the 6 dependence of h(+6/2) into the electron operators
by the following unitary transformation,

L Ty (L e—i()62/4l/127)'r7 (6)

in which the Pauli matrix 7, acts on the bilayer index. Then the
interlayer hopping term H, is transformed into

Hi —H, +) Yo, o t(f)¥;=H, +H, 7
F
in which

T(F) = %wf)[(sin Gi-T+sin(qy - T+ ¢) +sin(gs - 7 — ¢)) T«
— (cos Gy - T+ cos(Ga - T+ ¢) 4+ cos(qs - T — $))Ty]. (8)

The first term H, in Eq. (7) leads to the renormalization of the Dirac
velocity [12,14]. Therefore, Hy and H, can be combined to produce
ﬁo, which has the same form as Hy but with the renormalized veloc-
ity ¥¢. The second term H' in Eq. (7) captures the 0 dependence in
h(+6/2), which has been neglected in previous studies.

The key observation in this work is that H' is a spatially modu-
lated Dirac mass term. It is periodic in the moiré superlattice and
vanishes at two points in each supercell, which correspond to the
AB and BA stacking regions. These regions form an emergent hon-
eycomb lattice (see Fig. 1). Moreover, there is a vortex or an
antivortex structure around each zero point. For example, around
7o = (0,0) with an AB stacking pattern,

T(F) ~ %ng() (XTy —yTx). 9)

Therefore, as a mapping from the real space to the space of Dirac
mass terms, 7(¥) has a vortex structure with vorticity +1 around

7o. Similarly, around r; = (4\/§n/9k0,0) with a BA stacking pat-

tern, r(?) ~— %wé)ko((x - 4\/§n/9k0) Ty +yrx), thus there is an

antivortex with vorticity —1.

Because these vortices are well separated in space, they can be
treated independently at the first step. The Dirac Hamiltonian has a
bound state solution with zero energy around each vortex. This is a
general consequence of the celebrated index theorem of Dirac
operators [20-22]. Here I give an explicit construction of the Dirac
zero modes in the vortex background.

Let us first consider the vortex at 7, = (0,0). Denote
T(7) = 2wokf (r)(ty cos 6, — T, sin6;), in which (r,6,) are the polar
coordinates. The radial function f(r) ~ r as r — 0, and is assumed

to approach a constant (denoted by f ) of order O(1/ky) as r — oo °.

Let us find a zero-energy solution to the Dirac Hamiltonian I:IO +H.

2 The precise asymptotic form of f{r) is not significant because, as shown in the
main text, the zero mode wavefunction at long distance is exponentially suppressed
as 7 vanishes at the magic angles.
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Define the chirality operator y = ¢, ® 7. It anticommutes with
the Hamiltonian, hence all nonzero-energy eigenstates are paired
up, i.e., an eigenstate W(7) with a nonzero energy € # 0 implies that
¥ (7) is an eigenstate with energy —¢, and vice versa. However, the
Atiyah-Singer index theorem guarantees that there is a unique
unpaired normalizable zero-energy state with chirality +1 (—1)
around a (anti) vortex with vorticity +1 (—1). Therefore, let us seek
a zero-energy solution Wy (7) of the Dirac Hamiltonian in the form

of Wo(F) = (¥ (1), 0,0,y4(F)",
Dpid - GV (F) + 0, @ T(F)Po(F) = 0. (10)

The explicit solution is given by v, () = y,(F) = y(r), in which

3wy (T e
Y(r) = Ce i Jo T (11)

and C is the normalization constant.
Similarly, there is a unique unpaired zero mode with chirality

—1 around the antivortex at r; = (4\/§n/9k070), which is given

by W1 (F) = (0, (|7 — F1|), w(|F — F1|),0)". There are eight zero modes
in each moiré supercell if the spin and the valley degeneracies are
taken into account.

The zero mode wavefunctions are exponentially localized
around the vortex centers, y(r) ~Ce /¢ as r— oo, in which

¢ :% is the localization length. Remarkably, as zr vanishes
at the magic angle, ¢ also vanishes and these zero modes are fully
localized and separated from each other. Moreover, other eigen-
states with nonzero energy are energetically separated from these
zero modes due to the mass term by a characteristic energy scale
w6 ~ 2 meV, which might be further enhanced due to the Coulomb
interaction. Therefore, these zero modes are the most relevant
degrees of freedom at low energy closest to the Fermi energy at
the magic angle, and should be responsible for the unconventional
insulating and SC phases in TBG.

The zero mode wavefunctions slightly overlap with each other
in the vortex lattice. This induces effective hopping between zero
modes on the emergent honeycomb lattice and leads to a moiré
band structure. The effective Hamiltonian of this moiré band can

be derived by projecting the Dirac Hamiltonian Ho + H' into the
subspace of zero modes. The result is a tight-binding model on
the emergent honeycomb lattice,

Heer = =) t;¥]¥;, (12)

i
in which the hopping parameter t; = <Ti|ﬁ0|Tj>. tj is exactly zero

between any two zero modes with the same chirality because H,
anticommutes with y, thus the effective hopping only takes place
between zero modes with opposite chirality residing in different
sublattices,

tj ~ 2ie“’ff'\/4n?m//(\7j - Fi|), (13)

if y =+1 atsite i and —1 at site j, in which 0j is the polar angle of
7j — 7. This constraint of bipartite hopping originates from the
particle-hole symmetry of the linearized massless Dirac fermions
in the continuum approximation and should be relaxed in real
material. t; decays exponentially with |f; —7|, thus only the
nearest-neighbor hopping will be retained. The total phase of the
hopping t; accumulated around each hexagonal plaquatte is zero,
thus the phase factors in t; can be eliminated by a gauge transfor-
mation. Therefore, this moiré band is described by a zero-flux
tight-binding model on the honeycomb lattice. The upper edge of
this moiré band may merge into the high-energy states if the hop-
ping amplitude is comparable to the Dirac mass wo. Furthermore,

the amplitude of t; is exponentially suppressed as 7y vanishes at
the magic angle due to the 7 dependence in the y(r) factor, thus
this low-energy moiré band becomes extremely flat and strongly
correlated at the magic angle.

Retrieving the spin and the valley degrees of freedom and
including the electron Coulomb interaction, the full effective
Hamiltonian of the low-energy moiré band is the following Hub-
bard model,

4
. 1
Her = —t) > WLWj, +hc + 5 U mi(ni - 1), (14)

=1 ([

in which o denotes the combined spin and valley index.
n = Z;I’jx‘l’m is the total electron number at site i. The onsite Cou-
lomb repulsion is estimated by U ~ e?/4megel ~ 30 meV, in which
&~ 3 is the relative dielectric constant of the hexagonal BN sub-
strate [1,23].

This Hubbard model has an emergent SU(4) symmetry in the
combined spin-valley space. At 1/4 or 3/4 filling, i.e., £2 excess
electrons per supercell away from the charge neutral point, the
strong Coulomb repulsion, U >> t, leads to a Mott insulating phase.
The Hubbard interaction favors spin-valley singlet states. This is
captured by the following spin-valley exchange interaction, which
is also called the Kugel-Khomskii model [24],

H, :]%;(3--§,+1/4)(Ti.Tj+1/4), (15)

with J = 8t2/U. S; and T; are the SU(2) generators acting on the spin
and the valley spaces, respectively.

The spin-valley exchange interaction Eq. (15) has been shown
to lead to a quantum spin-orbital (valley) liquid at 1/4 filling,
i.e.,, a quantum disordered phase without any spontaneous symme-
try breaking [19]. Slightly doped away from 1/4 or 3/4 filling, the
system is captured by the SU(4)-symmetric t-] model, and may
become superconducting at the ground state. The quantum spin-
orbital liquid phase and its adjacent SC phase will be explored in
detail in future works.

In summary, I have shown that the interlayer hopping in the
twisted bilayer graphene gives rise to a spatially modulated Dirac
mass term in the continuum model. There are two Dirac zero
modes localized in each moiré supercell due to the vortex lattice
structure of the mass term. These zero modes form a moiré band
in this emergent honeycomb vortex lattice. This band becomes
extremely flat at the magic angle in particular, thus the Coulomb
interaction predominates and leads to a quantum disordered Mott
insulating phase at 1/4 or 3/4 filling, which may account for the
unconventional insulating phases discovered in experiments.

This model is justified by the fact that the localization length of
the zero modes and the moiré band width are exponentially sup-
pressed as the Dirac velocity vanishes at the magic angle. There-
fore, this moiré band constitutes the lowest-energy electronic
states and should be responsible for the unconventional phases
in magic-angle twisted bilayer graphene.

Both the spin and the valley degeneracies are maintained in this
effective model because the valley-mixing term in the interlayer
hopping has been neglected due to the small momentum transfer
[14]. However, if this effect is taken into account, which might
be further enhanced by the strong correlation, the valley degener-
acy can be lifted at low energy. This may account for the twofold
(instead of fourfold) degeneracy extracted from the quantum oscil-
lations [2]. A detailed analysis of the valley-mixing effect and espe-
cially its impact on the unconventional superconductivity is left for
future works.
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