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be greatly reduced.

The spin in a rotating frame has attracted a lot of attentions recently, as it deeply relates to both funda-
mental physics such as pseudo-magnetic field and geometric phase, and applications such as gyroscopic
sensors. However, previous studies only focused on adiabatic limit, where the rotating frequency is much
smaller than the spin frequency. Here we propose to use a levitated nano-diamond with a built-in
nitrogen-vacancy (NV) center to study the dynamics and the geometric phase of a rotating electron spin
without adiabatic approximation. We find that the transition between the spin levels appears when the
rotating frequency is comparable to the spin frequency at zero magnetic field. Then we use Floquet theory
to numerically solve the spin energy spectrum, study the spin dynamics and calculate the geometric
phase under a finite magnetic field, where the rotating frequency to induce resonant transition could

© 2019 Science China Press. Published by Elsevier B.V. and Science China Press. All rights reserved.

1. Introduction

The electron and nuclear spins in a rotating frame are deeply
connected to both fundamental physics and applications. The fre-
quencies of the spins will shift in the rotating frame, which can
be explained by an emerged pseudo-magnetic field [1,2]. The
quantum mechanical geometric phase was also predicted to
appear in these systems in adiabatic limit, where the frequency
of rotating frame is much less than the frequencies of the spins
[3-5]. The pseudo-magnetic field has been detected by both
nuclear [6] and electron spins [7,8]. However, the corresponding
geometric phase which is proportional to the rotating frequency
and can be used as a gyroscopic sensor [9], has been too small to
be measured in a traditional mechanical rotor with a maximum
rotation frequency of about 10 kHz [8].

Here we propose to use a levitated nanodiamond that can be
driven to rotate at an ultrahigh speed in vacuum to study the geo-
metric phase of a rotating electron spin. Our proposal is based on
recent breakthroughs in levitated optomechanics [10-24].
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Nanodiamonds with nitrogen-vacancy centers that host electron
spins have been levitated in vacuum with optical tweezers
[25-27], ion traps [28,29], and magneto-gravitational traps [30].
Recently, rotation frequencies larger than 1 GHz have been exper-
imentally observed with optically levitated nanoparticles driven by
circularly-polarized lasers [31,32]. In this way, for the first time,
the frequency of a mechanical rotor approaches the frequency of
the electron spin in the NV center and previous studies based on
adiabatic approximation will no longer be valid [3-5]. A theory
of nonadiabatic spin dynamics and geometric phase in a rotating
frame is needed.

In this paper, we study the electron spin dynamics and calculate
the quantum geometric phase of an NV center in an ultra-fast
rotating levitated nanodiamond without adiabatic approximation.
The Hamiltonian we obtained is similar to a spin-1 molecule in
an external magnetic field [33]. However, in our case the origin
of the geometric phases is purely mechanical. Furthermore, by
using the Floquet analysis, our discussion is not limited to adia-
batic limit which is the case for most of the previous studies in
such systems. In the nonadiabitc regime, Rabi oscillations between
the spin states appear when the angle 0 between the axis of the NV
center and the axis of the rotor is not zero. A selection rule for
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different spin states naturally appears, in accordance with the
angular momentum conservation. Though these Rabi oscillations
are obtained without any external field, we find that the resonant
transitions could be achieved with much lower rotating frequency
with an external magnetic field.

2. The model

We consider a non-spherical nano-diamond optically trapped in
high vacuum. The length of the three axes of the nanodiamond are
different. Therefore, its rotational degrees of freedom could be
manipulated by the driving laser. We adopt the polarization of
the driving laser to be circular. The nano-diamond could be driven
to rotate at a constant angular velocity @ [31,32]. There is a
nitrogen-vacancy center, with electron spin S = 1, in the nanodia-
mond. As shown in Fig. 1a, we choose the direction of @ along
z-axis, and define spherical coordinates 0 and ¢. We denote 0 as
the angle between the rotational axis and the axis of the NV center,
and ¢(t) = wt. For simplicity, we consider the dynamics of the
electron spin without external magnetic field at first. The Hamilto-
nian of the rotating NV center can be obtained by a rotational
transformation R(t) = R,(¢(t))Ry(0) on the stationary Hamiltonian
Hy = DS? (h = 1), which reads H(t) = R(t)HoR! (t). Here the rotation
of spin-1 by the angle « along direction n is given by R(a) = e~ ",

The Hamiltonian H(t) is written in the spin basis in the inertial
(lab) frame. Alternatively, we can rewrite the Hamiltonian in the
basis which rotate with the solid spin and study the dynamics of
a rotating spin. The unitary transformation from the static basis
to the rotating basis is given by W'(t) = R(t)R.(—(t)), which dif-
fers from R(t) by an additional R,(—¢(t)) rotation. The rotational
transformation corresponding to R(t) and W(t) are shown in
Fig. 1b, which are denoted by Ox'y'z and Ox"y"z’, respectively.
The additional term R,(—¢(t)), which cancels the rotation of the
local orthogonal coordinates, moves the geometric phase into the
dynamical phase [34]. To see that, we write down the Hamiltonian
after the unitary transform

H(t) = W(OH(OW! (t) + oW (W' (1)
=Ho + (1 - cos0)S, + ¢ sinf[e @+, +h.cl],

(1)

where S, =S, £iS,. The constant phase ¢, in Eq. (1) arises when
Ox'y'’z and Ox"y"z" in Fig. 1b have a relative rotation R,(—¢y).

In the interaction picture given by the unitary transformation
U = el*%t, the time-independent Hamiltonian reads

A
y

Fig. 1. (Color online) The schematic of the model. (a) A nanodiamond with a build-
in NV center is levitated in an optical trap. A circularly polarized laser drives the
nanodiamond to rotate at angular frequency w. (b) The frames Ox'y’z’ and Ox"y"z"
are defined by the rotational transformations R(t) =R.(¢(t))R,(0) and
Wi (t) = R(t)R,(—¢(t)), respectively. The rotating spin states are defined to be static
in the frame Ox"y"z".

D—wcos Q)2 0
H = Q/2 0 Q2 , )
0 Q/2 D+ wcosd

where we denote Q = v2wei* sin ¢ as the Rabi frequency. In the
rest of this paper, the phase ¢, of the Rabi frequency is eliminated
by redefining the S, states.

Let us solve the Hamiltonian (2) at two limits at first, the adia-
batic limit @ < D and the near resonant limit |D &+ w cos 0] < Q. In
the adiabatic limit, the effect of transitions between spin states is
negligible. We can neglect the off-diagonal terms in Hamiltonian
(1) and get the effective Hamiltonian H, = DS? + (1 — cos6)S,,
where the last term w(1 — cos0)S, is called the rotating induced
level shift (RILS) term [3-5]. When |D+ wcos0| < Q, the off-
diagonal terms in the Hamiltonian (2) could induce transitions
between |0) and | + 1). The resonant condition requires the angular
frequency w. = +D/ cos 0. At resonance, and in the limit sin0 < 1,
we can ignore off-resonant terms and get Rabi oscillation in a two-
dimensional subspace with the Rabi frequency |Q|. For rotating fre-
quency o = w,, the resonant transition between |0) and |+ 1)
happens, while for @ = @w_ the resonant transition between |0)
and | — 1) appears. This driving selectivity comes from the conser-
vation of angular momentum.

For an arbitrary @ and 6, the whole 3 x 3 matrix of the Hamil-
tonian (2) needs to be diagonalized. The quasi-energies are given
by the solution of the cubic equation

)3 _2D)% — <w2 - D2>i +@*Dsin? 0 = 0, 3)

which are 1y and /.;. We denote the Floquet states with quasi-
energies 4, by |4,), with n = 0, £1. Here, |4,) smoothly connects to
[n) at the adiabatic limit @ <« D. The quasi-energy spectrum as a
function of w and 0 is shown in Fig. 2a. The quasi-energy spectrum
/ has a level crossing around w = 4D if 6 = 0. As long as 0 # 0, the
quasi-energy spectrum has an avoided level crossing near the reso-
nant point w., as shown in Fig. 2b. The quasi-energy splitting at the
resonant point gives the Rabi frequency Q. In Fig. 2a, there is also an
avoided level crossing between | + 1) and | — 1) near 0 = 1/2, which
corresponds to Rabi oscillation between these two states with Rabi
frequency w?/D. This oscillation can be explained by calculating the
second order effective Hamiltonian as discussed in Supplementary
data. We plot the dynamics of the electron spin in an NV center
in the rotating frame in Supplementary data.

If the NV center is rotating in the presence of an non-zero exter-
nal magnetic field, as shown in Supplementary data, the total

Hamiltonian reads H(t) = R(t) (Dsf + 8BS - n) Ri(t) = R(t)H R (¢),
where n = (sin0,cos0,0) is the unitary vector along the

magnetic field direction in the rotating frame, and A = —gu;B.
Similar to Eq. (1), we apply the unitary transformation

Hi(t) = W(tH)H, ()W (t) + i0,W ()W (t) and get
H(t) = DS? — Acos 0S, + Asin 65, + w(1 — cos 0)S, +%
x sinf(e™'S, + h.c.). (4)

The presence of the magnetic field change the eigenstates of the
spin, which are no longer the eigenstates of operator S,. When the
spin is rotating, the time-independent eigenstates will be further
changed. Therefore, it is quite difficult to analytically solve the
problem. However, in the limit of 0 < 1, the magnetic field does
not change the eigenstates to the first order of 0. Therefore, for sim-
plicity, we consider 0 <A <D with the small angle limits
0 < 1—A/D, and only consider the nearly resonant situation. The
effective Hamiltonian (to the order of #?) is derived in Supplemen-
tary data, the result is
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Fig. 2. (Color online) The quasi-energies and the spin dynmics. (a) The quasi-energies 4o . as a function of rotating frequency w and 6. When near crossover «» = +D/ cos 0, the
eigenstates of S, will be significantly mixed, which means that there will be Rabi oscillation. The index n = 0,+1, —1 means that at w = 0 the Floquet states reduce to |S, = n).
(b) is the scaled slice with 6 = /100 in (a). The quasi-energy splitting gives the Rabi frequency Q. (c) and (d) are the numerical solution of quasi-energies and time-evolution
in the presence of a static magnetic field with A = 0.803D. The magnetic field satisfies the resonant condition with 0 = /100 and w = 0.2D in (d). The quasi-energies are

obtained by diagonalizing the Floquet Hamiltonian.
o I w —iwt
H(t) = DS; — AS, + 5 0(e 'S, + h.c), (5)

where f):D+2(3D—Az

2 A 1 2 D*A 2
DLA2)9 and A =A—-Jw0 —Z—H.The reso-

(0*-2%)

nant condition is given by D % A = +w. Therefore, the magnetic
field compensate to w and allows us to observe Rabi oscillation at
a lower angular frequency.

When the angle 6 is not approaching zero, the above perturba-
tive analysis becomes invalid, and we adopt the Floquet formalism
[35,36] to numerically solve the evolution of Eq. (4), as shown in
Supplementary data. Since the quasi-energies are determined
uniquely only up to a multiple of w, the branches start at the same
quasi-energy with slopes +nw and represent the same Floquet
states with quasi-energy +nw. For example, an avoided level cross-
ing between |4,) start with slope 0 and |2,4) start with slope —w
means there is strong transition from |0) to |+ 1) by absorbing
one photon. In order to compare with quasi-energies under the zero
magnetic field, as shown in Fig. 2, we choose the three quasi-energy
branches that smoothly connected to the w = 0 eigenvalues with
slopes equal to @,0, and — for |4_1),|40), and |4,1), respectively.

We numerically solve the quasi-energies with external mag-
netic field. As shown in Fig. 2c, there is an avoided level crossing
between |/o) and |/,1) for 6 # 0. The resonant angular frequency
w increases if the angle between the spin and the rotating axis 0
increases. The quasi-energy splitting corresponds to the Rabi fre-

quency Q = v2wsin 0. If there is no magnetic field, for 0 = /100
and w = 0.2D, the Rabi oscillation between |0) and | + 1) is negligi-
ble. By applying a static magnetic field with A = 0.803D to meet
the resonant condition, as shown in Fig. 2d, there is a resonant Rabi
oscillation between |0) and | + 1). In this way, the resonant elec-
tron spin dynamics could be realized with rotating frame fre-
quency o much lower than D.

3. Non-adiabatic geometric phase

Based on the Floquet formalism, as shown in Supplementary
data, we can derive the non-adiabatic geometric phase for the elec-
tron spin of the NV center in an ultra-fast rotating nanodiamond.
The non-adiabatic geometric phases for the cyclic states are
defined as [37-39],

Y = i/0T<ln(t)|%|/1n(t)>dt — On, (6)

where |Z,) is the Floquet state and 6, denotes the dynamical phase.
Let us consider the case without external magnetic field first. In
Supplementary data, we show that the Eq. (6) can be rewritten as

7, :fg<in|IfI,—DS§+wSZ|2n>dt, and plug in the coefficient of
Floquet states, we get

o

=0

(7 = (D= ®)lensa = (D + )len 1), (7)
where c,x, k = 0,21 are the coefficients of |Z,) in the spin basis, i.e.,
[2n) = 3 "k_0.41CnklS; = k). Based on the simplified Hamiltonian in the
limit w < D and w ~ D/ cos 0, we can obtain the geometric phase
using Eq. (7). If the rotation is adiabatic w < D, the Floquet states
|2n) has almost no mixing between the spin states. The quasi-
energies A.1,40,41 =D+ wcosh,0,D — wcos6, with correspond-
ing geometric phases y,;,7y,7_; = 21m(1 — cos0),0, —27(1 — cos 0),
which are consistent with the previous studies [3-5]. Near
resonance where w ~D/cos0 and 0 < 1, there is strong mixing
between spin states. The corresponding Floquet states are
121) = (10) + |+ 1))V2,[do) = (10) = | +1))v2, and |iq)=]|-1)
with quasi-energies 1.1, 4,4 1 = Q/2,-Q/2,2D. The non-adiabatic
geometric phases are 7y.;,7y,Y_; = V2T sin0, —v27 sin0,0. As
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shown in Fig. 3a, a slightly detuning from resonance will reduce the
geometric phase, which means that for small angles 6 the geometric
phase will maximize at resonance. For general situations with arbi-
trary w and 0, we provide numerical results in Fig. 3b. The analysis
for limit cases indicates that there is crossing between the two lim-
its. Also, the peak behavior at resonance @ = D/cos0 is demon-
strated. When 6 increases, the geometric phases become larger,
but the peak is not so apparent due to the break down of two-
level approximation at the large angle. From Fig. 3b, the crossing
at 0 = 1/2 corresponds to the second order Rabi oscillation between
| £1), and the crossing at 6 ~ m and  ~ D corresponds to the Rabi
oscillation similar to the small angle.

From Eq. (7) we can also reveal the relation between quasi-
energy 4, and geometric phase 7,. In adiabatic limit, the geometric
phase is identical to the phase of RILS term accumulating in a sin-
gle period. At the resonance point, the geometric phases for the
two resonant states are given by their Rabi frequency accumulate
in a single period. In this two situations, the measurement of the
geometric phase and the quasi-energy are equivalent.

The adiabatic geometric can be used for measuring rotating fre-
quency in the adiabatic limit [3-5,7,8]. Our analysis shows that this
method still works in the nonadiabatic regime w ~ D, where the
nonadiabatic geometric phase can be measured with spectroscopic
or interference [40-42]. Moreover, as the rotating frequency can be
determined with high precision by measuring the scattering pho-
ton of the nano-diamond [31,32], the angle 6 could be measured
through the Floquet quasi-energy spectrum [43-45]. In the limit
0 < 1, the measurement of quasi-energies is equivalent to the
measuerement of the Rabi frequency Q. The uncertainty of the

angular measurement 60 = 5Q/ (\/iw cos 6) is inversely propor-

tional to rotating frequency w and minimized around 0 = 0.
Under external magnetic field, Eq. (6) for the non-adiabatic
geometric phases still applies, except that the Floquet states are

(@) 5
0.1t#
S 000 — 1D
) —0.1}1 |40
-0.2 ] | 1)
00 05 10 15 20

w/D
(b) EILD ElL) EI4)

Fig. 3. (Color online) The non-adiabatic geometric phases 7, . . (a) Relation between
the y,. and rotating frequency w for the three cyclic states 4o, under the angle
0 =m/10. At adiabatic limit w < D, the geometric phases are given by
aﬂ({)) = +2mn(1 — cos ). At resonance point @ = D/cos0, the geometric phases
are y.4,79,Y_1 = V27 sin 0, —v2mw sin 6,0. (b) Non-adiabatic geometric phases 7,
for the three cyclic states under different rotating frequency w and angle 0.

different from those without external field. For simplicity, we only
analyze the limit case where w ~ 0 and near resonance, and for
small angle 6 where the Hamiltonian is given by Eq. (5). From Eq.
(6), when apply to w~0 case the geometric phases are
271(1 — cos 0)S, which are the same as zero field. This is because
the magnetic field only shifts the energy level therefore only affects
the dynamical phases. At resonance, the geometric phases for the
two resonant states are proportional to the Rabi frequency, given

by +v27 sin 0 which are also the same as zero field.

4. Discussion and conclusion

We briefly discuss the experimental feasibility. As the silica-
based nano-particles have been driven to the GHz rotating fre-
quency regime, we believe that it is also possible to optically drive
the nanodiamond to rotate in GHz. The main obstacle is the optical
heating of the NV center in diamond, which could be resolved by
adopting pure diamond [46] and using nano-refrigerator [47].
The Rabi frequency induced by the GHz rotation is usually in the
order of 1-100 MHz, which is much larger than the dephasing rate
of the NV center in a nanodiamond [48]. In the rotating nanodia-
mond, the NV center could be decoupled from the nuclear spin
bath and has longer dephasing time than in the static frame [49].
Therefore, the dephasing effect of the NV center will not prevent
the observation of these efforts.

Previous experiments have demonstrated initialization and
readout of a rotating NV spin [8,49,50]. In our case, following the
spinning nanodiamond, the position of a NV center rotates within
a radius less than 100 nm, which is much less than the wavelength
of the zero phonon emission of the NV center. So the position of the
NV center will be maintained within the focus of the detection sys-
tem. The standard initialization and readout method for the NV
center could be applied to measure the shifts of energy levels,
observe Rabi oscillation and measure geometric phases. The mea-
surement speed can be slower than the rotating speed because
the Rabi oscillation frequency is much smaller than the rotation
frequency of the NV center.

In conclusion, we study the electrons spin dynamics and geo-
metric phase in a levitated ultra-fast rotating nanodiamond, with-
out adiabatic approximation. The Rabi oscillation appears if the
rotating frequency matches the electron spin levels splitting, even
without an external magnetic field. The nonadiabatic geometric
phase of the electron spin induced by ultra-fast rotation is explored
and could be used to build an angular sensor. The proper external
magnetic field would greatly decrease the rotating frequency for
resonantly transition and makes it easier for experimental realiza-
tion. Similar phenomena may also appear in the nuclear spins in a
rotating frame, with much lower rotating frequency. As recently
being demonstrated in experiment [51], the rotation of the nanodi-
amond could also evolve precession and nutation. Our next step is
to describe the spin dynamics in such general rotating frame.
Another interesting topics is to explore the relativistic quantum
phenomena in the ultra-faster rotating frame.
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