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Using exact quantum Monte Carlo method, we examine the recent novel electronic states seen in magic-
angle graphene superlattices. From the Hubbard model on a double-layer honeycomb lattice with a rota-
tion angle h ¼ 1:08�, we reveal that an antiferromagnetically ordered Mott insulator emerges beyond a
critical Uc at half filling, and with a small doping, the pairing with dþ id symmetry dominates over other
pairings at low temperature. The effective dþ id pairing interaction strongly increases as the on-site
Coulomb interaction increases, indicating that the superconductivity is driven by electron-electron cor-
relation. Our non-biased numerical results demonstrate that the twisted bilayer graphene shares the sim-
ilar superconducting mechanism of high temperature superconductors, which is a new and ideal
platform for further investigating the strongly correlated phenomena.

� 2019 Science China Press. Published by Elsevier B.V. and Science China Press. All rights reserved.
1. Introduction

In past decades, studies on the exotic correlated electronic
phases in graphene open up a new frontier in condensed matter
physics [1–4]. Among these exciting research fields, enormous the-
oretical proposals have been made on engineering possible novel
superconductivity (SC) in graphene [5–19]. Previous studies sug-
gest that it is a very challenging problem to induce SC near the
charge neutrality point in graphene as the density of state (DOS)
is rather low due to its Dirac-cone band, and if heavily doped,
unconventional SC with different pairing symmetry is proposed,
while the doping level is beyond current experimental capacity
[10–12]. Most recently, a series of breakthrough experiments on
magic-angle graphene superlattices have triggered great excite-
ment [20,21]. By arranging two layers of graphenes twisted at a
narrow range of particular magic angle, the band structure of such
twisted bilayer graphene (TBG) becomes nearly flat, and the Fermi
velocity drops to zero in the vicinity of the Fermi energy. Intrigu-
ingly, this system is interpreted as a correlated Mott insulator at
half filling [20], and when a few extra charge carriers are doped
in, the insulator turns into a superconductor at 1.7 K with charge
carriers density � 1011 cm�2 [21].

Regarding this ultra low doping density, the transition temper-
ature of 1.7 K is remarkably high, and the SC is suggested to be
Elsevier B.V. and Science China Pr
originated from electron correlation, which has a striking similar
trend as that in doped cuprates [22], heavy-fermion [23], iron-
based [24] and organic superconductors [25]. Thus, the realization
of unconventional SC in TBG provides a relatively simple and more
importantly, highly tunable and realistic platform for studying cor-
related electron physics, especially, which holds promise for sev-
eral long standing problems, for example, the understanding of
unconventional SC, and also may prove to be a significant step in
the searching for room-temperature superconductors [20,21].
Moreover, the vicinity between various magnetic orders and SC
in high temperature superconductors is one of the most notorious
issues. These problems, are the biggest challenge of condensed
matter physics [26], and the TBG, may provide an intriguing route
to study the largely unknown physics.

However, the nature of the superconducting and the correlated
insulating states in TBG are under very active debate [20,21]. Espe-
cially, to establish the mechanism and the paring symmetry for the
observed SC are among the central theoretical challenges, and dif-
ferent pairing symmetries by various theoretical methods have
been proposed [21,27–31]. To win these great challenges, using
unbiased numerical techniques is believed to be the only opportu-
nity as Hartree-Fork-type approaches are biased if the electronic
correlation dominates in the system. In current work, we aim to
identify theMott physics and the pairing symmetry in TBG by using
exact quantum Monte Carlo (QMC) method. Here, our non-biased
numerical results almost recover all the novel electronic states seen
in TBG where the existence of SC close to an antiferromagnetically
ess. All rights reserved.
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ordered Mott insulator [20,21], which is a hallmark of doped cup-
rates and other unconventional superconductors [26]. Our study
marks the first step in dealing with similar fundamental issues for
vertically twist stacked correlated materials, which may open a
new direction for the investigation of strongly correlated phases
of matter.
2. Model and method

The sketches for TBG with rotation angle h ¼ 1:08� and
h ¼ 9:43� between the layers have been shown in Fig. 1a and b
respectively, and h, which are related to m;nð Þ by
cos h ¼ m2þn2þ4mn

2 m2þn2þmnð Þ, coincide with the value of (31,30) and (4,3) for

the fully optimized geometries of TBG in Ref. [32]. The parameters
m;nð Þ correspond to the basis vector v1 ¼ ma1 þ na2 of the first
layer and v2 ¼ na1 þma2 of the second layer for the non-rotating
bilayer graphene, and they merge after one layer rotates the angle
h. Here, a1 and a2 are the lattice vectors of each sublattice. In that
geometry, each lattice consists of two layers, and each layer
includes two interpenetrating triangular sublattices with hexago-
nal shape such that it preserves most geometric symmetries of gra-
phene [10,12,33]. In each sublattice, the total number of unit cells
is 3L2 and the total number of lattice sites is Ns ¼ 2� 2� 3L2.
According to Ref. [32], there is a critical angle hc ¼ 5�, and below
which the Fermi velocity decreases dramatically toward zero to
cause flat bands at the Fermi level. In Fig. 1c, it is clear to see that
there is a Van Hove singularity (VHS) around half filling in the DOS
calculated from the tight-binding model (U ¼ 0) for Ns ¼ 192
(L ¼ 4) with h ¼ 1:08�. Our model begins with all of the hoppings
in the interlayer, and it includes both the AA and AB-region due
to the periodic boundary condition for each layer. Thus, the inter-
play of those two regions leads to the VHS around the Dirac point,
and its behavior is very similar to that calculated on the lattice
with Ns ¼ 11;164 sites, which is the actual number of atoms in
the superlattice unit cell. For comparation, the DOS at h ¼ 9:43�

is also shown in Fig. 1d, which has a splitting of VHS in higher
energy.

Including the electronic correlation, the Hamiltonian for TBG
reads [34–36]
Fig. 1. (Color online) Sketch of TBG with Ns ¼ 192 sites is shown for (a) h ¼ 1:08�

and (b) h ¼ 9:43� , and not all interlayer hoppings are depicted due to their complex;
The DOS is shown for (c) h ¼ 1:08� and (d) h ¼ 9:43� .
H ¼ �t
X
l i;jh ir

aylirbljr þ by
liraljr

� �
�P

i;j;l–l0rtij ayliral0 jr þ aylirbl0 jr þ by
liral0 jr þ by

lirbl0 ir

� �
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where alir (ay
lir) annihilates (creates) electrons at site Ra

li of l layer

with spin r (r="; #) on sublattice A, nlair ¼ ayliralir, and blir (nlbir) acts
similar but on sublattice B. t � 2:7eV is the nearest-neighbor (NN)
hopping integral, which will be taken as the unit in the following.
l is the chemical potential and U denotes the on-site Hubbard
interaction. The interlayer hopping between sites R1i and R2j is

tij ¼ tce
� jRd

1i�Rd0
2j j

� �
�d0

� �
=n; ð2Þ

where tc ¼ �0:17;d0 ¼ 0:335 nm, and n ¼ 0:0453 nm [35]. tij is con-
sidered over all sites in the geometry which decreases exponentially

with the distance jRd
1i � Rd0

2jj, and tends to be zero as the distance is
larger than 3:0a, indicating that the lattice size used in current study
is large enough to distinguish the TBG from themonolayer graphene

and the normal bilayer graphene. Rd0
2j ¼ Rd

2jx cos h;R
d
2jy sin h

� �
is the

rotated position of Rd
2j, and a is the length of carbon-carbon bond.

Particularly, t is related to ppr term of Slater-Koster hopping param-
eters, and tc is related to ppp term.

Our simulations are mostly performed on lattice of L = 4 with
periodic boundary conditions. To make the finite-size scaling anal-
ysis, lattices with L = 2, 3, 4, 5, 6 are also simulated. The basic strat-
egy of the finite temperature determinant quantum Monte Carlo
(DQMC) method is to express the partition function as a high-
dimensional integral over a set of random auxiliary fields. The inte-
gral is then accomplished by Monte Carlo techniques. In our simu-
lations, 8,000 sweeps were used to equilibrate the system, and an
additional 10,000�200,000 sweeps were then made, each of which
generated a measurement. These measurements were split into ten
bins which provide the basis of coarse-grain averages and errors
were estimated based on standard deviations from the average.
In order to assess our results and their accuracy with respect to
the infamous sign problem as the particle-hole symmetry is bro-
ken, a very careful analysis on the average of sign is illustrated,
and results by constrained-path quantum Monte Carlo (CPQMC)
method are also presented, where the sign problem is eliminated
by the constrained-path approximation [37,38].

3. Results and discussion

As magnetic order plays a key role in the superconducting
mechanism of electronic correlated systems, we first study the
antiferromagnetic (AFM) spin structure factor

SAFM ¼ 1
Ns

X
lr

bS z
lar � bS z

lbr

� �" #2* +
; ð3Þ

which indicates the onset of long-range AFM order if

limNs!1 SAFM=Nsð Þ >0. Here, bS z
lar(bS z

lbr) is the z component spin opera-
tor on A (B) sublattice of layer l. SAFM for different interactions are
calculated on lattices with L ¼ 2;3;4;5;6, and are extrapolated to
the thermodynamic limit using polynomial functions in 1=

ffiffiffiffiffiffi
Ns

p
. As

that shown in Fig. 2a, one can deduce that the critical Uc, where
the AFM long range order develops, is around 3:8. Here, we choose
b ¼ 12 as the zero temperature limit. The average sign, signh i, with



Fig. 2. (Color online) Antiferromagnetic structure factor. (a) Scaling behavior of
SAFM=Ns for U at b ¼ 12. Dash lines are fit of the third-order polynomial in 1=

ffiffiffiffiffiffi
Ns

p
. (b)

The corresponding signh i at b ¼ 12.
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10,000 runs is shown in Fig. 2b, which is larger than 0.92 at U up to
4:5 and Ns up to 432 for the lowest temperature we reached. In
order to obtain the same quality of data as signh i ’ 1, much longer
runs are necessary to compensate the fluctuations. Indeed, we can
estimate that the runs need to be stretched [39–41] by a factor on

the order of signi�2
D

. In our simulations, especially in the following

simulation results where the sign problem is much worse, we have
increased measurement from 10,000 to 200,000 times to compen-
sate the fluctuations, and thus the results for current parameters
are reliable.

One electronic state of high interest is the Mott-like insulator
[20], which could be determined by examining the behavior of
charge compressibility j lð Þ ¼ d n lð Þh i=dl at the Fermi level. After
analyzing the effect of finite T in the noninteracting limit, we take
j � 0:04 as an appropriate threshold to distinguish between
gapped (j < 0:04) and gapless (j > 0:04) system [42]. Results for
j lð Þ evaluated at b ¼ 10 are depicted in Fig. 3a with various U.
Fig. 3a suggests that the system becomes incompressible at
Uc � 3:8, and we can also tell this from Fig. 3b while n lð Þh i con-
verges faster than j vanishes. Combining results shown in Fig. 2,
we identify that the state at half filling with U > Uc is an antiferro-
magneticlly ordered Mott insulating state. The critical value Uc is
slightly smaller than that in monolayer graphene [43], and there
Fig. 3. (Color online) Charge compressibility. (a) j and (b) nh i versus l at b ¼ 10 for
several interaction strengths. The dependence of L for j at (c) U ¼ 3:5 and (d)
U ¼ 4:0. Inset: the corresponding signh i for different U and L at b ¼ 10.
is no potential for spin liquid phase in magic TBG. The signh i shown
in the insert of Fig. 3a, is mostly larger than 0.75 for j at b ¼ 10
with L ¼ 4;5;6 and U 6 4:0. We further consider the finite lattice
sizes effect on j and nh i in the metallic and insulating region,
respectively. Our calculations show that, in the metallic region,
Fig. 3c, it shows a stronger size dependence, while in the insulating
region, Fig. 3d, it is nearly free of finite size effect.

To investigate the superconducting property of TBG, we com-
pute the pairing susceptibility

Pa ¼ 1
Ns

X
l;i;j

Z b

0
ds Dy

la i; sð ÞDla j;0ð Þ	 

; ð4Þ

where a stands for the pairing symmetry. Due to the constraint of
on-site Hubbard interaction in Eq. (1), pairing between two sublat-
tices is favored and the corresponding order parameter

Dy
la ið Þ ¼

X
l

f ya dlð Þ ali"bliþdl# � ali#bliþdl"
� �y

; ð5Þ

with f a dlð Þ being the form factor of pairing function. In order to
extract the intrinsic pairing interaction in finite system, one should

subtract from Pa its uncorrelated single-particle contribution ePa,

which is achieved by replacing ay
li#alj#b

y
iþdl"bjþdl0 "

D E
in Eq. (5) with

ay
i#aj#

D E
by
iþdl"bjþdl0 "

D E
, and we have the intrinsic pairing interaction

Pa ¼ Pa � ePa.
In Eq. (5), the vectors dl l ¼ 1;2;3ð Þ denote the NN inter sublat-

tice connections sketched in Fig. 4. Considering the special struc-
ture of honeycomb lattice, the possible pairing symmetries are
given by (a) extended S (ES) (b) dþ id and (c) pþ ip wave
[10,12,44]. These different pairing symmetries are distinguished
by different phase shifts upon p=3 or 2p=3 rotations. The singlet
ES wave and NN-bond dþ id pairing has the form factor

f ES dlð Þ ¼ 1; l ¼ 1;2;3; ð6Þ
f dþid dlð Þ ¼ ei l�1ð Þ2p3 ; l ¼ 1;2;3; ð7Þ

for whatever sublattice A and B, while the NN-bond f pþip is different
for A and B sublattice, where

f pþip dalð Þ ¼ ei l�1ð Þ2p3 ; l ¼ 1;2;3; ð8Þ

for A, and accordingly the phase on the same link for B, there is a p

phase shift, f pþip dblð Þ ¼ ei l�1ð Þ2p3 þp½ �. We also studied longer range
pairings by adding next nearest neighbour (NNN) bond pairing for
dþ id wave symmetry, which have the following form factors

f dþid dlð Þ ¼ ei l�1ð Þ2p3 l ¼ 1;2;3 . . .6: ð9Þ
As it is expected that fermion systems with strong on-site

repulsion may exhibit SC induced by AFM spin fluctuations, and
from the behavior of magnetic correlation shown in Fig. 2, it seems
that the pair formation is possible through a similar mechanism in
Fig. 4. (Color online) Phases of the pairing symmetries of (a) ES (b) dþ id (c) pþ ip
and (d) dþ id wave with next nearest neighbour.



Fig. 5. (Color online) Pa as a function of temperature at (a) nh i ¼ 0:97 and (b)
nh i ¼ 0:95 for U ¼ 3:0. Inset: the temperature-dependent signh i at nh i ¼ 0:95;0:97
with the corresponding L for U ¼ 3:0.

Fig. 6. (Color online) Pdþid as a function of temperature at (a) nh i ¼ 0:97 and (b)
nh i ¼ 0:95 with different U. Inset: the temperature-dependent signh i at
nh i ¼ 0:95;0:97 with the corresponding L for U ¼ 4:0.
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TBG. In the following, we discuss the behavior of the effective pair-
ing interaction in a very low doped region, which is what the
experiment has been performed [21].

Fig. 5 shows the temperature dependent Pa for different pairing
symmetries at (a) nh i ¼ 0:97 and (b) nh i ¼ 0:95 with U ¼ 3:0. It is
clearly to see that, the effective pairing interaction with dþ id sym-
metry is always positive and increases with the lowering of tem-
perature, and it is almost independent on lattice size in high
temperature region, and the dependence on lattice size is very
weak in low temperature region. Such a temperature dependence
of Pdþid suggests effective attractions generated between electrons
and the instability toward SC in the system at low temperatures for
both nh i ¼ 0:97 and nh i ¼ 0:95. As for the other two pairing sym-
metries, pþ ip wave and dþ id NNN shown, our DQMC results
yield negative effective pairing interactions, reflecting the fact that
the realization of the dþ id symmetry at low temperatures will
suppress other competing pairing channels.

Moreover, Fig. 6a and b show that Pdþid enhances with larger U.
Especially, Pdþid tends to diverge in low temperature region as
U > 3:0, and the increasing U tends to promote such diverge. This
demonstrates that the dþ id pairing SC is driven by strong elec-
tronic correlation, which is different from those that electronic cor-
relation suppresses the dþ id pairing SC in single layer graphene
[10]. In addition, the sign problem only tends to be worse for
U ¼ 4:0 as b > 8:0, while which is not important as the dominant
pairing symmetry is robust on the temperature.

In general, to determine which pairing symmetry is dominant
by numerical calculation for finite size models, we had better to
look at the long-range part of the ground state pair-correlation
function [10,38,45], which could be achieved by the CPQMC
method. In Fig. 7a, the distance dependent pairing-pairing correla-
tion at zero temperature, Ca rð Þ ¼ Rl D

y
la ið ÞDla jð Þ	 


,is shown for
nh i ¼ 145=150 ’ 0:97. It is clear to see that the Cdþid rð Þ is larger
than CES rð Þ and Cpþip rð Þ for all long-range distances between elec-
tron pairs. This reenforces our finding that the dþ id pairing sym-
metry dominates other pairing symmetries. We also examined the

vertex contributions Va ¼ Ca � eCa in Fig. 7b, which increase as the
interactions increase, indicating the importance of electronic cor-
relation in enhancing SC.
Fig. 7. (Color online) Ca as a function of r for (a) different pairing symmetries with
U ¼ 3:0, (b) the vertex contributions of dþ id-wave with different U at nh i ’ 0:97
and L ¼ 5.
4. Summary

In summary, we study the spin correlation, the charge com-
pressibility and the superconducting pairing symmetry in TBG
by using exact QMC method. From a double-layer honeycomb
lattice with a rotation angle h ¼ 1:08�, we almost recover all
the recent experimentally observed novel electronic states in
TBG. At half filling, an antiferromagnetically ordered Mott insula-
tor emerges beyond a critical Uc � 3:8. With a finite doping, the
pairing with dþ id symmetry dominates over other pairing sym-
metries, and it increases fast as the interaction increases, indicat-
ing that the SC is driven by strong electronic correlations. Our
exact numerical results demonstrate that the TBG holds a very
similar interaction driven phase diagram of doped cuprates and
other high temperature superconductors, which may provide a
new and ideal platform to the unified understanding of the
superconducting mechanism in electronic correlated system.
Moreover, our results are obtained with a system of original
geometry which is smaller than the actual Moiré unit cell by
one order of magnitude. To justify that our simulation does cap-
ture the true physics of magic TBG, we also compare our results
with the simulation on one effective model [46], and it is highly
significant to see that the simulation on the effective model
agrees with our data on the original geometry. This might be
even more interesting, which may open a new perspective
regarding applications of QMC which might interest an even
broader community.
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