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Abstract

In response to environmental changes, cells often adapt by up-regulating genes to synthesize proteins that
generate a benefit in the new environment. Several such cases of gene induction have been reported where
the timing was heterogeneous, with some cells responding early and others responding late, although the
microbial population was genetically homogeneous and the environment was well mixed. Here, we explore
under which conditions heterogeneous timing of gene induction could be advantageous for the population as a
whole. We base our study on a mathematical model that accounts for the cost of protein synthesis in terms of
resources, which cells must provide immediately, whereas the associated benefit accumulates only slowly
over the protein lifetime. Due to this delayed benefit, gene induction can be a risky investment, if resources are
scarce and the environment fluctuates rapidly and unpredictably. Unprofitable gene induction then depletes
the remaining limiting resource needed for maintenance of cell viability. We show that whenever gene
induction is associated with a transient risk but beneficial in the long run, the stochastic timing of gene
induction maximizes the reproductive success of a population. In particular, in an environment of stochastic
periods of famine and feast, an optimum emerges from a trade-off between short-term growth, favoring rapid
and homogeneous responses, and long-term survival, favoring a broadly heterogeneous response. Our
analysis suggests that the optimal variability of induction times is just as large as the time required for the
amortization of the initial investment into protein synthesis.

© 2019 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
Introduction

It has long been known that colonies of genetically
identical microbes in homogeneous environments can
display substantial cell-to-cell variability in gene
expression states [1,2]. Such phenotypic heterogene-
ity has been characterized with modern single-cell
methods in a range of microbial systems [3–5]. While
noise is omnipresent in gene regulatory circuits [6],
such that phenotypic heterogeneity is easy to produce,
the intriguing question arises whether noise is only a
necessary evil or also plays a functional role [7–11].
One expects phenotypic heterogeneity to be useful
as a diversification strategy in risky environments
(“bet-hedging”) [5,12–15] or as a division-of-labor
strategy in bacterial communities [16–18]. An example
Author. Published by Elsevier Ltd. Th
/licenses/by/4.0/).
for microbial bet-hedging is bacterial persistence,
where a clonal population of Escherichia coli copes
with unpredictable exposures to antibiotics by sto-
chastically switching between a slow-growing resistant
and a fast-growing non-resistant phenotype [12]. More
generally, a strategy of stochastic switching between
phenotypes is beneficial for genetic systems that
alleviate sudden severe stresses [19,20].
However, most gene regulatory systems inmicrobes

appear to implement a responsive switching strategy.
Typically, a signaling system senses an environmental
cue and elicits a gene-regulatory response, for
example, up-regulation of a set of genes. A paradig-
matic example of responsive switching is the induction
of carbonutilizationsystems for sugars suchas lactose,
arabinose, or galactose [1,4,21–23]. There are several
is is an open access article under the CC BY license
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4761Heterogeneous timing as gene regulation strategy
reports of a specific type of phenotypic heterogeneity
that occurs during responsive switching: cells that
responsively switch do so at different points in time,
although they are genetically identical and in the same
well-mixed environment (see Fig. 1). We refer to this
type of phenotypic heterogeneity as “heterogeneous
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Fig. 1. Heterogeneous timing and amortization of gene
induction. (A) Environment that offers limited amounts of
resources in unpredictable pulses. (B) Observed single-cell
behavior: different cells induce genes to adapt to new
environment at different points in time. (C) Intracellular carbon
balance after gene induction, as described by Eq. (2), reveals
a finite amortization time τa for varying substrate concentra-
tions. The amortization time τa is marked for 0.2 mM external
sugar.The parameter values are adapted to the arabinose
utilization system of E. coli [24], including a cost factor of α =
5000 resource molecules per functional unit and a benefit
from arabinose uptake at rate vS = vmaxS/(Km + S), with
vmax = 2000 resource molecules/min, Km = 2 mM and kp =
100 copies/min.
timing.” Examples of heterogeneous timing include the
induction of the arabinose uptake system in E. coli
[3,24,25], the kinetics of genetic switching into the state
of bacterial competence [26], and the timing of
sporulation after starvation in Bacillus subtilis [27].
Heterogeneous timing is also observed in growth
resumption after stationary phase (see Ref. [28] and
references therein). The time delay between early and
late responders varies from case to case, but can be
several tens of minutes or even hours. The phenom-
enon of heterogeneous timing is clear-cut only if the
spread in the switching time points is larger than
the time required for the switching process in a single
cell. For instance, in the case of the arabinose uptake
system, this is true only at low concentrations of
external arabinose [24,25].
It is currently unknown whether heterogeneous

timing is a regulation strategy, that is, whether it confers
a selective advantage to microbes. The purpose of this
paper is to point out that heterogeneous timing can be
advantageous under certain conditions, whichwewant
to clarify. The costs associated with gene induction
[29–33] play an important role in our analysis. Our
approach is based on a coarse-grained mathematical
model for microbial growth in unpredictable fluctuating
environments, which takes these costs into account.
Intuitively, the advantage of heterogeneous timing
arises as follows within this model.
First, consider environmental conditions in which

the cost of protein synthesis in terms of resources is
significant. For instance, after all carbon sources
have been depleted, both energy and amino acids
will be scarce. Under such conditions, any protein
synthesis constitutes a resource investment for the
cell. Now, consider a change in the environmental
conditions to a state, in which the induction of a set of
genes is beneficial for the cell. For instance, a new
carbon source becomes suddenly available, for the
usage of which the associated carbon utilization
system needs to be expressed. Or, a new stress
arises, under which the induction of a stress
response system reduces the rate of cell death.
Importantly, the cell can sense the change in the
environment, but it cannot know, a priori, how long
the new carbon source or the stress factor will be
around (Fig. 1A). Furthermore, protein synthesis will
incur an immediate cost in terms of the limiting
resources, while the associated enzymatic benefit
will be obtained after a delay, and only gradually over
the lifetime of the proteins. What matters for the cell
is the net resource balance, that is, the total benefit
obtained from the enzymatic activity minus the
resource cost for protein synthesis. After gene
induction, this net resource balance will be time
dependent. In particular, the balance will transiently
be negative due to the delayed and gradual benefit.
In case the environment remains in the new state for
a sufficiently long period, the net balance will
ultimately become positive for the cell, such that

Image of Fig. 1


4762 Heterogeneous timing as gene regulation strategy
the investment in protein synthesis pays off. If,
however, the environment changes again before the
balance becomes positive, gene induction was
unprofitable for the cell and effectively depletes its
remaining resources needed for maintenance of
viability. In this case, heterogeneous timing of gene
induction works as a bet-hedging strategy that
maximizes the reproductive success of a population
of cells, as the analysis of our model will show.
This paper is organized as follows. We first take

the qualitative cost–benefit consideration above to a
quantitative level. This will lead us to the definition of
an amortization time for the production of enzymes,
a central concept for our interpretation of heteroge-
neous timing as a regulation strategy. Based on the
amortization time concept, we then formulate two
different coarse-grained models for microbial growth
and survival in fluctuating environments. First, we
consider a model that is minimal, in the sense that it
reduces the broad spectrum of delay times of cells
into only two classes of behavior, “quick response”
versus “slow response,” and it considers only two
classes of environmental fluctuations, ‘short pulse’
versus “long pulse.” This minimal description makes
the bet-hedging mechanism implemented by het-
erogeneous timing transparent, by capturing the
trade-off between short-term growth, favoring rapid
and homogeneous responses, and long-term sur-
vival. As the model of Kussell and Leibler [20] for the
case of stochastic switching, our minimal model is
analytically solvable and serves the purpose of
elucidating the essence of the phenomenon. Our
second model then stays closer to the observed
phenomenology, by allowing for a continuous range
of delay times, as well as a continuous range of
environmental fluctuations. The analysis of this
model explicitly demonstrates that the optimal
variability of induction times is just as large as the
amortization time. Finally, we discuss a mechanism
producing heterogeneous timing in gene induction,
which is inferred from the regulatory design and
behavior of the arabinose uptake system of E. coli.
The underlying regulatory scheme is simple and
could be implemented in different ways in synthetic
and other natural systems.
Results

Amortization time for the production of enzymes

According to the intuitive argument given in the
introduction, the adaptation to a changed environ-
ment by inducing a set of genes can lead to a
transient period of negative resource balance
associated with this set of genes. We will now put
this argument on a more systematic basis to address
four pertinent questions: (i) Under which conditions,
if any, will such a transient negative resource
balance indeed emerge? (ii) If it does emerge, how
long can we expect this transient period to be? (iii)
How severe could this effect be; that is, what is the
maximal resource loss? (iv) What are the key
parameters that determine these two characteristics,
that is, the duration and the maximal loss?
For our analysis, we consider a scenario where

prior to the environmental change, cells are in a non-
growing state, in which they only have access to a
limited pool of building blocks and energy carriers.
We will characterize the average size of this pool by
a single time-dependent quantity, C(t), measuring
the number of available resource molecules per cell
(see below). We assume that the environment
changes to a state, in which the expression of a
previously repressed set of genes produces a
benefit. To be concrete, we will consider the case
where a new carbon source becomes suddenly
available, and the set of genes encodes the
corresponding carbon utilization system. Note that
our model and analysis are by no means limited to
this case, as discussed further below. The point in
time when the environmental change occurs is
random and unpredictable for cells, as is the duration
for which the new carbon source remains available
(Fig. 1A). We are interested in the dynamic resource
balance associated with the new carbon utilization
system, that is, the time-dependent difference ΔC(t)
between the benefits and the costs produced by this
system. It will be convenient to measure ΔC(t) in
terms of the number of carbon carrying nutrient
molecules, which this system imports and catabo-
lizes. For the calculation of ΔC(t), we choose the
time of the environmental change as the reference
point, t = 0, and denote the time delay after which
the set of genes is induced by τ ≥ 0. Hence,
heterogeneous timing within our model means that
different cells display different τ values, resulting in a
distribution P(τ) over the population of cells (Fig. 1B).
To obtain ΔC(t), we separately consider the costs

and benefits produced by the induction of the carbon
utilization system, similar to previous studies [30,31].
After induction at time t = τ, the associated proteins
are synthesized at rate kp. A cell then has on
average (t − τ) kp uptake proteins at time t, each of
which imports carbon substrate molecules at an
uptake rate vS, thereby increasing ΔC(t) at rate
(t − τ) kp·vS. In parallel, nutrient molecules are
consumed for protein synthesis. Denoting by α the
number of nutrient molecules required to synthesize
one functional unit of the carbon utilization system,
we obtain

d
dt

ΔC tð Þ ¼ t − τð Þ kp � vS − kp α ð1Þ

for t N τ. In this dynamic equation for the resource
balance ΔC(t), the first term on the right hand side
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corresponds to the benefit generated by the en-
zymes of the carbon utilization system, while the
second term represents the metabolic cost of protein
expression. In principle, further costs arise from
gene expression, in particular for mRNA synthesis
[33]. However, since these costs are also propor-
tional to the gene expression rate, we will simply
absorb them into the effective cost parameter α.
In addition, enzymes can have significant costs
incurred by their activity [32]. We will assume that
any such costs are accounted for by a reduction of
the benefit, which is also coupled to the activity of the
enzymes. Hence, vS will be an effective parameter
quantifying the net benefit from enzymatic activity.
From Eq. (1), we obtain a parabolic from for the
dynamics of the resource balance ΔC(t) after gene
induction (t N τ),

ΔC tð Þ ¼ kpvS

2
t − τð Þ2− kp α � t − τð Þ: ð2Þ

Figure 1C shows exemplary ΔC(t) curves, with
parameter values that we will discuss further below.
Equation (2) predicts that there is always a transient
period during which cells invest more resources for
gene induction than they gain from the expressed
proteins, that is, ΔC(t) b 0. We refer to the duration of
this period,

τa ¼ 2 α
vS

; ð3Þ

as the amortization time for the production of
enzymes, since after this time, the enzymes have
catabolized as many resource molecules as are
required to build them.
The notion of an amortization time for the produc-

tion of enzymes is more general than suggested by
our example of the carbon utilization system. In other
cases where the expression of a functional set of
genes produces a benefit, quantified by the effective
benefit parameter vS, while incurring a cost mea-
sured by α, the amortization time takes on the same
form as Eq. (3), provided that vS and α are expressed
in appropriate units (otherwise an additional conver-
sion factor appears). On an intuitive level, the form of
Eq. (3) arises simply by dividing the cost by the
effective speed of recovering it, where the factor two
stems from the fact that the enzymes have been
gradually produced over the entire period and have,
on average, only worked for half that period.
In going forwardwith our analysis, it will be important

to have an estimate of the absolute timescales that we
can expect for the amortization time τa. For this
estimate, we again use the example of a carbon
utilization system. What is the metabolic cost α for the
synthesis of such a system? It was previously
estimated that for each amino acid in a protein,
E. coli consumes on average 1.2 to 4.5 carbon
carrying resource molecules (for growth on glucose
and acetate, respectively) [34]. This estimate includes
all the different metabolic costs, for material as well as
energy. Using this estimate, the total cost for
synthesizing a protein of the average size of 360
amino acids [35] is 430 to 1620 resource molecules.
We will therefore use 1000molecules per protein as a
typical value. Carbon utilization systems typically
comprise a number of specific proteins for the uptake
of the carbon source and its initial degradation before
central metabolic pathways can process the resulting
products. For instance, L-arabinoseutilization inE. coli
involves seven specific proteins, the arabinose-proton
symporter AraE, an ABC transporter consisting of
AraF, AraG and AraH, the arabinose–isomerase
AraA, the ribulokinase AraB, and the ribulose-5-
phosphate-epimerase AraD. The end product of this
functional unit is D-xylulose 5-phosphate, which can
be processed in the pentose phosphate pathway. To
obtain a conservative estimate for the total cost α, we
assume five proteins of typical size per functional unit,
which yields α ∼ 5000 resource molecules.
Next, we seek the typical range of vS, the rate at

which a functional unit of the carbon utilization system
takes upandprocesses resourcemolecules.We focus
on the uptake, since flux balance requires that the
downstream processing flux matches the uptake flux.
The latter depends on the external carbon substrate
concentration S via a Michaelis–Menten relation,

vS ¼ vmax
S

Km þ S
; ð4Þ

with the maximal uptake rate vmax and the Michaelis
constantKm. Using the arabinose and lactose systems
as exemplary cases, the maximal uptake rates per
transporter are in the range vmax = 1000 to 3000
molecules per minute [36–38]. At saturating substrate
levels,S ≫ Km, Eq. (3) then predicts amortization times
in the range of 3 to 10 min. However, carbon utilization
systems are typically induced at much lower external
concentrations S. For instance, the arabinose and
lactose systems are induced already when their
transporters operate at ∼10% of their vmax values. At
these sub-saturating substrate levels, Eq. (3) predicts
substantial amortization times τa in the range of 30 to
100 min. The resource balance curves ΔC(t) shown in
Fig. 1C plot Eq. (2) with parameters adapted for the
arabinose utilization system (see caption), for different
concentrations S of external arabinose. These curves
illustrate how the amortization time scale grows with
decreasing external arabinoseconcentration (and thus
decreasing uptake rate).

Maximal resource loss due to unprofitable gene
induction

The other important characteristic of the resource
balance curves ΔC(t) is the minimum that is reached
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after half of the amortization time has passed (see
Fig. 1C). This minimum represents the maximal loss
of resources for a cell, in case the environment
changes again, to a state where the newly induced
set of genes is no longer beneficial. From Eq. (2), we
obtain an expression for the minimum of ΔC(t) in
terms of our model parameters,

ΔCmin ¼ −
kp α2

2 vS
: ð5Þ

Clearly, for the economics of a cell, it is relevant
how this maximal deficit relates to the total amount of
resources that remain available to the cell. If ΔCmin is
only a tiny fraction of the resource reserves, then a
cell can tolerate many unprofitable gene inductions,
whereas the maximal deficit constitutes a consider-
able risk, if it is a large fraction of those reserves.
Themaximal deficit,ΔCmin, depends on the external

substrate concentration via vS according to Eq. (4).
Typically, cells also adjust the induction level kp as a
function of the substrate concentrationS. In the caseof
the arabinose utilization system (Fig. 1C), themaximal
induction level is reached already atSmuch below the
Km of the uptake system [25], such that the maximal
deficit increases with decreasing substrate concentra-
tion. For instance, at 0.4 mMof external sugar, Fig. 1C
predicts a maximal deficit of roughly 4 × 106 sugar
molecules. When converted to ATP, this amount is
comparable to the internal ATP pool, assuming a
conservative estimate of 1–2 ATP per sugar molecule,
an intracellular ATP level of 10 mM and an E. coli cell
volume of 0.5–1 μm3. While cells have other reserves
as well, for example, glycogen and unneeded proteins
that can be degraded, the comparison to the ATP pool
already indicates that the maximal deficit is very
significant for a cell that is deprived of nutrients. In
particular, our estimate suggests that a few unprofit-
able gene inductions triggered by successive environ-
mental changes at unfortunate time points could
exhaust all of the remaining resources needed for
maintenance of cell viability.

Heterogeneous timing as a bet-hedging strategy

In environments that change in a predictable
manner, anticipatory regulation is a beneficial strategy
[39,40]. However, in unpredictably fluctuating envi-
ronments, a cell cannot prevent unprofitable gene
induction. Even if, after the environmental change, the
cell delays gene induction, it is always possible that
the environment changes again shortly afterwards, to
a state where the newly induced genes are of no
benefit. However, a clonal population of cells can
prevent that unprofitable gene induction occurs for all
cells, by making sure that different cells choose
different delays. The simplest way to achieve this is
by having individual cells choose their delay time
randomly, froma probability distributionwith a suitable
width. Such random delays require no communication
between cells, only a regulation scheme that exploits
gene expression noise. We will discuss a specific
mechanism at the end of this paper. First, we examine
whether this bet-hedging strategy indeed produces a
long-term advantage for a population of cells.
A priori, it is not clear whether heterogeneous timing

of gene induction indeed produces a net advantage
for cells. A negative consequence of heterogeneous
timing is that a fraction of cells is always maladapted
for some time after the environmental change. Can
this disadvantage be outweighed by the riskreduction
mediated by heterogeneous timing? We address this
central question by studying heterogeneous timing
within an explicit model for the growth and survival of a
population of cells in a fluctuating environment. We
will see that a trade-off arises between short-term
growth, favoring rapid and homogeneous responses,
and long-term survival, favoring a heterogeneous
response. Toward this end, we first employ a coarse-
grained mathematical model that focuses on the
essence of this trade-off.
We consider a scenario in which cells experience

a series of nutrient pulses interrupted by periods of
starvation (Fig. 2A). For simplicity, we assume that
the type of nutrient is always different from the one in
the previous pulse and can only be accessed
through induction of a specialized utilization system.
Cells then have to respond to each nutrient pulse to
benefit from it, and do not profit from previous
inductions in the current pulse [41,42]. We classify
nutrient pulses into two types, short (S) and long (L)
pulses, which occur with probability p and 1 − p,
respectively (Fig. 2B). S-pulses are too short to yield
a net benefit for cells, whereas L-pulses permit cell
growth. We also classify the phenotypic response of
cells to a pulse into two types of behavior, quick
response and delayed response. In each pulse, cells
randomly choose their phenotype anew, with q
denoting the probability for a cell to respond quickly,
such that 1-q is the probability to respond with a
significant delay (Fig. 2B).
The effect of a nutrient pulse on a cell depends on

both, the type of pulse and the type of cellular
response. In Fig. 2C, this dependence is summarized
in a “payoff matrix,” similar to game theoretical
models. However, our model additionally accounts
for the internal state of a cell, represented for simplicity
by a single variable, the internal “energy level” E,
which has a maximal value Emax for an unstressed
cell. This energy level changes according to the
resource balance of the cell (Fig. 1C).Weassume that
the duration of an S-pulse falls within the amortization
period of the quickly responding cells, whereas it falls
within the delay period of the slowly responding cells.
The quickly responding cells then suffer an energy
deficit, denoted ε b 0, from an S-pulse. By contrast,
slowly responding cells effectively never respond to
an S-pulse, such that their internal energy level does
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not change (ΔE = 0). L-pulses are sufficiently long to
replenish the internal energy levels of quick and slow
responders alike, and also support growth. Due to the
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keep their internal energy level between nutrient
pulses, but when the internal energy of a cell is
completely depleted, it is no longer viable. The ratio of
the maximal internal energy level Emax to the deficit ε
controls the number of possible internal energy
levels, M, within our model: A cell can be in the M
different viable levels Emax, Emax − ε, Emax − 2ε, …,
Emax − (M − 1)ε N 0. When it is in the lowest level,
another unprofitable gene induction will kill the cell,
Emax − Mε ≤ 0 The number of energy levels M
will effectively be a function of the external nutrient
concentration, which affects the magnitude of ε
(see Fig. 2C).
Figure 2D illustrates the dynamics of a cell

population within this model, by displaying how the
cell counts in each energy level evolve over a
series of five pulses. Starting from a homogeneous
population in the state of maximal energy, hetero-
geneous timing in the cellular responses generates
phenotypic heterogeneity. In the example of Fig. 2D,
cells experience three consecutive S-pulses,
followed by two L-pulses. We have assumed two
intermediate energy states (M = 2), denoted E2 and
E1, in addition to the maximal energy state Emax.
During the first S-pulse, an average fraction q of cells
displays a quick response, consequently suffers an
energy deficit, and ends up in state E2 after the
pulse, while the fraction of cells that displays a
delayed response remains in the initial state. After
the third S-pulse, the fraction of cells that displayed a
quick response in each case has entirely depleted its
internal energy and is no longer viable. All other cells
replenish their internal energy during the following
L-pulse and start growing.
It is clear from the example in Fig. 2D that the

dynamics of the cell population sensitively depends
on the parameter q, which characterizes the regu-
lation strategy of cells. Within the range 0 b q b 1,
cells exhibit a mixed strategy of heterogeneous
timing, while the cases of q = 0 and q = 1 corre-
spond to pure strategies of delayed response
and quick response, respectively. The performance
of a strategy can be evaluated by calculating the
average long-term population growth rate λ, as
described in Box 1. This rate quantifies the asymp-
totic growth of the total number NT of viable cells
Fig. 2. Coarse-grained model for growth and survival in an u
periods of famine (no nutrient) are interrupted by periods of feas
essential features of the famine and feast scenario. (C) The p
combinations of nutrient pulse durations and cell responses: U
μ = γ (for cells that quickly induce gene expression) or by a fac
The energy deficit of a cell responding quickly in a short sugar p
that cells do not suffer immediately from short sugar pulses. H
respond quickly in a short sugar pulse. (D) In a mixed strategy, o
energy upon short sugar pulses (S), whereas the energy lev
unchanged. Cells reaching the lowest energy level cannot resu
energy levels do grow upon long sugar pulses and reach the hig
hand cause population growth by a factor (1 − q)δ + qγ.
with the number T of nutrient pulses (see Eq. (6)
in Box 1).
For an environment with a given statistics of

nutrient pulses, that is, a fixed probability p for
short pulses, the average long-term population
growth rate is a function of the cellular response
strategy. The analytical calculation of this function
λ(q) is shown in Box 1 for the case of M = 2
intermediate internal energy levels. Here, the main
complication in evaluating λ(q) stems from the
memory that cells have of their recent nutrient
history, reflected by their internal energy level.
Therefore, the effect of a given nutrient pulse on
the population depends on the stochastic sequence
of previous pulse durations. The resulting λ(q) in
Eq. (10), is therefore an average over all possible
such sequences.
As Fig. 3A shows, the average long-term growth

rate λ(q) is a concave function and displays a
maximum at intermediate values of q for a given
environmental statistics p. This maximum reflects a
trade-off between short-term growth and long-term
survival. If all cells play the delayed response
strategy (q = 0), the population grows at a basal
rate λð0Þ ¼ ð1−pÞ log2δ . For small q, the growth
advantage of quickly responding cells always
outweighs a small risk of cell death, such that λ(q)
increases with q. At higher q, however, the loss due
to cell death eventually becomes dominant, such
that the population growth rate decreases and even
becomes negative (which would result in the
extinction of the whole population in the long run).
This behavior is qualitatively the same, regardless of
the probability p of short pulses. Clearly, the higher p,
the more dangerous is the environment for the
population, thus driving the optimal strategy toward a
more conservative response of low q (red line).
Conversely, the more likely long sugar pulses
become (low p), the more beneficial it is to have
a large fraction of quickly responding cells in the
population (green line).
Figure 3B shows how the optimal response

strategy, that is, the probability qopt that maximizes
the long-term population growth rate, depends on
the probability p of a short pulse and the ratio γ/a of
growth factors (again for two internal energy states).
npredictable environment. (A) In a natural growth scenario,
t (nutrient available). (B) Simple binary model capturing the
ayoff matrix relates the growth factors μ (cf. Eq. (7)) to all
pon long nutrient pulses, cells reproduce either by a factor
tor μ = δ (for cells that induce gene expression at a delay).
ulse is only a fraction of the maximal internal energy, such
owever, cells in the lowest (critical) energy level die if they
nly the quickly responding subpopulation (fraction q) loses
el of the delayed subpopulation (fraction 1 − q) remains
me growth (=dead cells), whereas cells with intermediate
hest energy level Emax. Long sugar pulses (L) on the other



Box 1
Long-term population growth rate

The long-term population growth rate λ is
defined through

λ ¼ lim
T→∞

1
T

log2
NT

N0
; ð6Þ

where time T is a discrete measure for
the number of nutrient pulses and the
total population size NT after T pulses is
described by a Markov chain

NT ¼ μTNT−1 ¼ N0

YT
i¼1

μi ; ð7Þ

with N0 the initial population size. Here μi is
the stochastic factor by which the population
grows in pulse i. The μi depend both on the
realization of the environment (short or long
pulse, abbreviated as S- or L-pulse, respec-
tively) and on the fraction q of cells that
responds with the quick strategy (see below).
By combining Eqs. (6) and (7), the long-term
growth rate can be expressed as an average
over all logarithmic growth factors, that is,

λ ¼ lim
T→∞

1
T

XT
i¼1

log2μi ≡ log2μ: ð8Þ

However, since cells contain a certain
memory about their history in the form of
their internal energy level, the growth factors
depend not only on the duration of the current
pulse but also on the stochastic sequence of
all previous pulse durations: The more short
pulses arrive in a row (“S-chain”), the more
dangerous the environment gets for the
population. For instance, the sequence
SLSLSL is harmless with respect to extinction
of a population, since long sugar pulses reset
all cells to the highest energy level in every
second sugar pulse, whereas the sequence
LLLSSS causes the death of cells that
respond quickly during the last three pulses
(for M = 2).

Consequently, the average of the logarith-
mic growth factors in Eq. (8) has to be taken
over all possible sequences of pulses. The

analysis simplifies, however, by noting that a
long pulse always resets the whole population
to the highest energy level and thereby
“erases” the memory of all cells. Hence,
during long pulses, which occur with proba-
bility 1− p, the population always grows by a
factor μL(q) = (1 − q)δ + qγ. In contrast,
the survival of a short sugar pulse depends
on the history of previous pulse durations,
and we have to average over all sequences of
S-chains. The probability to find the sequence
LSnL, that is, the probability to have exactly n
short pulses in a row, is given by (1 − p)
pn(1 − p). The associated growth (or survival)
factor is determined by the fraction of cells,
which responded quickly at most twice
within the S-chain of length n (for M = 2);
that is,

μSn qð Þ ¼
X2
k¼0

n

k

 !
qk 1−qð Þn−k : ð9Þ

With this, the long-term population growth
rate in Eq. (8) takes the form.

λ qð Þ ¼ 1−pð Þ log2μL qð Þ
þ 1−pð Þ2

X∞
n¼3

pn log2μSn qð Þ: ð10Þ
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Thereby, Fig. 3B characterizes the behavior of the
coarse-grained model of Fig. 2 over a broad
parameter range. Note that qopt never reaches the
boundary values zero or one; that is, a heteroge-
neous strategy always outperforms the pure strate-
gies of delayed response and quick response. For
more internal energy states, it will also always be
favorable to have a certain fraction of quickly
responding cells, since additional internal energy
states provide a buffer against unfortunate se-
quences of short sugar pulses. For completeness,
we note that the qualitative behavior of the coarse-
grained model changes when we consider the
extreme case of just a single intermediate level
(M = 1). In that limit, a regime emerges where a
homogeneous delayed response is optimal. This
case is of theoretical interest, since the model then
becomes similar to Kelly's problem of optimal
gambling [43,44]. We will present a full theoretical
analysis of this and other extensions of the current
work elsewhere.
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Fig. 3. Optimal response strategies in the coarse-grained
model for growth and survival. (A) The population growth rate
λ ismaximal formixedstrategies, inwhich thepopulation splits
into a quickly and a slowly responding subpopulation (0 b q
1). The higher the probability p of short sugar pulses in the
environment, the lower is the optimal fraction of quickly
responding cells (black dots). Themodel parameters areM =
2 internal energy states and γ/δ = 2, with γ = 2.2 and δ = 1.1.
(B) Dependence of the optimal fraction of quickly responding
cells on model parameters forM = 2 internal energy states.
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Taken together, the analysis of the coarse-grained
model of Fig. 2 has shown that the advantage of
heterogeneous timing (reduction of the risk of cell
death) can outweigh its disadvantage (a fraction of
cells is transiently maladapted after environmental
changes). However, another key question cannot be
addressed within the coarse-grained model, due to
its simplified nature with only two pulse lengths and
cellular response options: How much variability in
the induction times should cells display; that is, what
is the optimal width of the delay time distribution? To
address this question, we now turn to a model that
allows for a continuous range of delay times.
Howmuch variability in induction times is optimal?

In the examples where heterogeneous timing of
gene induction has been observed experimentally,
the time delays τ of cells spanned a continuum
range, as in the distribution shown in Fig. 1B. The
most important characteristic of the delay time
distribution P(τ) is its width, which measures the
variability in gene induction times. Intuitively, a very
large width should be disadvantageous, since a
large fraction of cells would then spend a long time in
a maladapted state after an environmental transition.
On the other hand, a very small width should also be
disadvantageous, given that heterogeneous timing
mitigates the risk of energy deficits from gene
induction, as we have seen above, and heteroge-
neous timing cannot be effective if the width is too
small. Hence, one would expect an intermediate
width to be optimal.
In order to test if there is indeed an optimal width and

what sets its timescale, we turn to a more fine-grained
version of the model considered above. In particular,
we allow for a continuous delay time distribution P(τ),
with which we can examine the effects of varying
the mean and the variance of the delay time. For
this purpose, it is sufficient to use a uniform
distribution between a minimal and maximal delay
time, τmin b τ b τmax, as shown in Fig. 4A. Fluctuations
in natural environments will also display a continuum
of time scales, so we choose a similar uniform
distribution for nutrient pulse durations L, with a
maximum Lmax but no minimum duration (see
Fig. 4A and Methods). As a consequence, the energy
deficit in a short pulse will also take on continuous
values, leading to a whole spectrum of internal energy
states within the population. Similarly, there is now a
continuum range of growth factors, depending on the
time delay of a cell and the duration of the nutrient
pulse. As detailed in Methods, we study this contin-
uous model with the help of numerical simulations.
To put our model into the relevant regime, we set

the parameters such that an average nutrient
pulse permits growth for quickly responding cells.
Specifically, we take the nutrient concentration of
pulses to be S = 0.2 mM, for which the amortization
time is about 55 min with the parameters of Fig. 1C,
and set themaximal durationLmax of pulses to 3 h.We
then scan a rangeof values for τmin and τmax to vary the
mean delay time 〈τ〉 between 0 and 100 min, and its
standard deviation σ between 0 and σmax ¼ hτi= ffiffiffi

3
p

,
the maximal standard deviation obtainable given a
uniform distribution with mean 〈τ〉.
Figure 4B plots the resulting long-term population

growth rates λ as a function of the mean delay time
〈τ〉 and the normalized standard deviation σ/σmax.
Here, λ is obtained from long-time simulations of
the model as described in Methods. Figure 4B
can be regarded as a fitness landscape for
different regulation strategies, all within the class of
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Fig. 4. Continuous model for heterogeneous timing. (A) Growth model with a continuous distribution of nutrient pulse
durations and cellular response times. (B) The long-term growth rate λ was simulated over 50,000 nutrient pulses and is
shown as a function of the average 〈τ〉 and the standard deviation σ of the distribution of cellular response times. (C) The
short-term growth rate Λ measures average population growth simulated over 50 nutrient pulses, whereas the long-term
survival probability Σ in panel D measures the fraction of populations surviving 50,000 nutrient pulses. While the short-term
growth rate is maximal for the most rapid and homogeneous response strategy (〈τ〉 = 0 and σ = 0), long-term survival is
only possible if the population responds with a minimal width and average response time. The product of short-term growth
rate and long-term survival probability (E) is almost indistinguishable from the long-term growth rate in panel B, suggesting
that a trade-off between short-term growth and long-term survival determines the overall fitness of the population. All data
in panels B–D were obtained from the average of Navg = 1000 independent simulations, see Methods for all details. The
maximal environmental pulse duration was chosen to be Lmax = 3 h at a nutrient concentration of S = 0.2 mM; all other
simulation parameters are as chosen in Fig. 1C.
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heterogeneous timing, but differing in their timing
statistics. Black areas in the graph correspond to
growth rates of zero or less and thus represent non-
viable strategies. We observe a pronounced peak in
the landscape at average delay times 〈τ〉 of around
20 min and the maximal possible variability. Note
that the maximal variability corresponds to a delay
time distribution that ranges from zero to 2〈τ〉, that is,
the optimal distribution has a total width of around
40 min, smaller but comparable to the amortization
time of 55 min.
Before studying the relation between the optimal
width and the amortization time, we focus on the
trade-off that underlies the shape of the fitness
landscape. Figure 4C shows the same type of plot as
Fig. 4B, but with the average growth rate determined
over a short time of only a few pulses (see Methods
for details). This short-term growth rate, denoted Λ,
is maximal when the delay time is zero, that is, when
cells respond immediately to a pulse, without
variability. Why the long-term growth rate λ displays
a different behavior is revealed by inspecting the

Image of Fig. 4
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survival probability of populations. We quantify the
survival probability as the fraction of populations that
has not reached population size zero by the end of
the simulation. Figure 4D plots the long-term survival
probability Σ for the same parameters as the long-
term growth rate in Fig. 4B. This survival probability
exhibits a sharp ridge, where Σ drops from one to
zero when the variability of delay times is too small.
In contrast, the short-time survival probability corre-
sponding to Fig. 4C is always almost 100%, since a
fatal series of nutrient pulses is very unlikely to occur
in the short term.
That the long-term growth rate λ results from a

trade-off between short-term growth and long-term
survival is seen in Fig. 4E. This panel shows the
product of the short-term growth rate Λ and the long-
term survival probability Σ, yielding a plot that
resembles the long-term growth rate λ in Fig. 4B.
Intuitively, this approximate factorization corre-
sponds to a separation between the effects of typical
events and the effects of atypical, catastrophic
events. The typical growth behavior is sampled
already over a short observation time and then does
not change. In contrast, a short observation time
does not suffice to reveal the effects of rare events,
and the probability to encounter catastrophic events
increases with observation time.
Figure 5 shows that even with the finite observation

time of our simulations, there is a clear connection
between the amortization timeand the optimalwidth of
the delay time distribution. We varied the external
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Fig. 5. Correlation between the optimal heterogeneity in
timing of gene induction and the theoretically expected
amortization time τa. The data on the x-axis represent the
optimal full width (2bτN) of the delay time distribution
simulated with the model of Fig. 4 at different nutrient
concentrations, while the data on the y-axis represent the
theoretical expectation of the amortization time (Eq. (3)) at
the same nutrient concentration and under identical
parameters (parameters are chosen as in Fig. 4). The
black line shows a linear correlation with slope 1 and a y-
axis intercept of 19 min.
nutrient concentration S in our model to change the
amortization time τa according to Eq. (3). For each
value, we then optimized the long-term growth rate λ
as above. As in the case of Fig. 4B, we found optimal
distributions with maximal width at a certain average
delay 〈τ〉. The circles in Fig. 5 show a scatter plot of the
amortization times τa against the corresponding full
widths 2〈τ〉 of the optimal delay time distribution. As
seen by comparison to the black line (slope one and
offset of ≈19min), this scatter plot is compatible with a
linear relationship over a broad range. At very low
nutrient concentrations (corresponding to large
amortization times), the optimal distributions deviate
from the linear relationship. This behavior reflects the
fact that at very low nutrient concentrations, gene
induction no longer results in a net benefit; that is, it is
best for cells to not respond to the pulses at all.
Returning to the long-term survival probability of

Fig. 4D, it is now clear that in the limit of infinite
observation times, the survival of a population is
guaranteed only with a heterogeneous timing regu-
lation strategy, in which the total width of the delay
time distribution is at least as broad as the
amortization period. If this is the case, some cells
do not commit themselves to gene induction before
others have fully recovered their investment.
Discussion

Up to this point, we established a functional
interpretation of the phenomenon of heterogeneous
timing, as a microbial strategy to mitigate the risk of
energy deficits incurred by responsive gene induction
in fluctuating environments. The central concept of
this interpretation is the amortization time for the
production of enzymes, which emerges from the time-
dependent cost–benefit analysis depicted in Fig. 1C.
To illustrate the concept, we used the example of a
carbon utilization system, for which the benefit can be
quantified in terms of the carbon carrying molecules
provided by the enzymes of the system. However,
our main conclusion is more broadly applicable:
Heterogeneous timing can be advantageous as a
bet-hedging strategy whenever resources are
scarce, such that the costs of gene induction are
significant, and the environment fluctuates rapidly
and unpredictably. For instance, when a starving
population of cells is suddenly exposed to an
additional stress, for example, due to a change in
osmotic conditions or pH, the induction of the
corresponding stress response system will reduce
the death rate but is costly. This situation will lead to
an amortization time similar to Eq. (3), that is,
expressed as a ratio of the cost of the stress
response system to the rate of recovering this cost,
but with different specific parameters.
We found that heterogeneous timing eliminates

the risk of energy deficits, if the width of the delay

Image of Fig. 5
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time distribution reaches the amortization time. With
an even wider distribution, cells would on average
spend more time in a maladapted state than
necessary for bet-hedging, reducing the long-term
growth rate of a population. Hence, delay time
distributions with a width comparable to the amorti-
zation time are optimal. The key question is then a
question of numbers: What are the actual amortiza-
tion times for inducible systems under different
environmental conditions? Our estimates for the
case of carbon utilization systems indicated amorti-
zation times of several tens of minutes at low nutrient
concentrations, comparable to the observed spread
in response times of such systems. In the future, it
will be important to find ways to probe the amortiza-
tion dynamics of enzymes experimentally.
Which molecular mechanisms can generate hetero-

geneous timing and, at the same time, match the width
of the delay time distribution to the amortization time of
the induced enzymes?While the functional question of
the present paper is independent of the molecular
mechanisms, we nevertheless want to discuss at least
one architecture of a bacterial signaling circuit that can
perform this task. First of all, a mechanism for sensing
the environmental change that triggers gene induction
is required. If the environmental change is reflected in
an altered external concentration of a molecule, cells
can sense this externally with a receptor (Fig. 6A), or
import the molecule with a specific transporter and
sense it internally (Fig. 6B). A third option, flux-sensing
[45], will not be considered here. Carbon utilization
systems, such as the arabinose utilization system
depicted in Fig. 6C, typically use internal sensing. It was
previously shown that this architecture naturally leads
to heterogeneous timing of the cellular response [24].
Conceptually, the underlying mechanism is the

“integrate-and-fire” mechanism illustrated in Fig. 6D.
The cellular response, that is, gene induction, is
triggered when the intracellular concentration of the
signal molecule reaches a threshold level. A delay
results from the time needed to reach the threshold.
The duration of this delay depends on the rate at
which the signal molecule is imported, which is
proportional to the number of transporters. However,
since these transporters are only basally expressed
in the uninduced state, there is a considerable cell-
to-cell variation in their number, and hence a similar
cell-to-cell variation in the delay times. A mathemat-
ical model of this mechanism describes the exper-
imentally observed delay time distributions
quantitatively [24,25]. A theoretical analysis of timing
heterogeneity in a more general class of models is
carried out in Ref. [46].
Signaling circuits based on external sensing could

produce a variable delay in the cellular response as
well, given that many sensors and response
regulators also have low copy numbers and consid-
erable noise [47,48]. However, a noteworthy feature
of the internal sensing circuit is that it makes the
timescale of the delay time distribution inversely
proportional to vS, the rate at which the induced
system provides nutrients [24]. As a consequence,
the delay time distribution displays the same scaling
with nutrient concentration as the amortization time,
Eq. (3). In other words, if the width of the delay time
distribution is matched to the amortization time at
one nutrient concentration, it will automatically
remain matched at all nutrient concentrations. In
that sense, internal sensing can be considered as an
efficient strategy to auto-adapt the variability in
induction times.
From a theoretical perspective, it will be interesting

to generalize the existing theoretical framework of
optimal adaptive strategies for populations in fluctu-
ating environments (see, e.g., Ref. [49] and refer-
ences therein) to encompass also the case
considered here. Toward this end, it will be
necessary, for instance, to allow for risks that
depend non-trivially on the duration of environmental
fluctuations and for the possibility of heterogeneous
timing as an adaptive strategy. Finally, another
aspect in the analysis of regulation strategies is
their evolutionary stability. It is not clear whether
heterogeneous timing can be evolutionarily stable.
On short timescales, a strategy with high risk
displays a larger growth rate in fluctuating environ-
ments than strategies with lower risk. If such a high-
risk strategy fixates in the population before a
sequence of unfortunate pulses diminishes its
frequency, the same rare sequence could cause
full extinction of the population [50]. However, the
involved timescales, the population structure in the
ecosystem, and various other factors influence the
evolutionary stability of strategies, and we feel that
this will be an interesting aspect for future research.
Methods

Continuous growth model

Our continuous growth model assumes a stochas-
tically fluctuating environment with independent
pulses of equal nutrient concentration, where the
duration L of each pulse is drawn from the homoge-
neous distribution

w Lð Þ ¼ 1=Lmax 0 ≤ L ≤ Lmax

0 otherwise

�

Each cell responds to a pulse with a stochastic
delay time τ that is also drawn from a homogeneous
distribution,

P τð Þ ¼ 1= τmax−τminð Þ τmin ≤ τ ≤ τmax

0 otherwise

�
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expressed transporter proteins (“integrate”) until the binding threshold KS for activation of the genes in the carbon
utilization system is reached (“fire”). Cell-to-cell variability in the initial number of transporters leads to a broad distribution
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The energetic state of cells is characterized by a
continuous internal variable C, which ranges from
zero toCmax. Upon induction of the nutrient utilization
system, the internal state of each cell follows the
parabolic dynamics of Eq. (2) until the pulse ends or
the maximal level Cmax is reached. From then on,
cells grow at a constant doubling rate λ0 for as long
as nutrient is still present. Cells that due to
unprofitable gene induction reach the state C = 0
are considered non-viable.
Assuming large population sizes, we treat the total

size of the population Nt after the t-th pulse as a
continuous variable. The state of the cell population
after the t-th pulse is specified by the density nt(C)
over the internal states C. The total number of cells
then is

Nt ¼
ZCmax

0

dC nt Cð Þ:

For our numerical simulations, we store the
distributions nt(C) and P(τ) in finite arrays with f
components, where f was chosen sufficiently large

Image of Fig. 6


4773Heterogeneous timing as gene regulation strategy
(f N 200) to make discretization effects negligible.
The stochastic dynamics of the model was imple-
mented as follows. Given the population state nt(C)
after the t-th pulse, we first divide the population into
subpopulations with nutrient level C, delay time τ,
and size nt(C, τ) ≔ nt(C) × p(τ). We then draw a
pulse duration L randomly from w(L) and obtain the
state nt+1(C) by the following update procedure: For
each subpopulation, we calculate the time tmax
at which the internal state Cmax would be reached;
that is,

tmax ¼ τ þ 1
vS

α þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ 2vS Cmax −Cð Þ=kp

q� �
:

If L ≥ tmax, the subpopulation reaches the maxi-
mal energetic state Cmax and grows by a factor
μ(C, τ) = 2λ0(L−tmax). In contrast, if L b tmax, the sub-
population reaches the energetic state C + ΔC(L)
and does not grow. Here, ΔC(L) is defined through
Eq. (2) if cells respond before the nutrient pulse ends
(τ b L), and is zero if the delay time is at least as long
as the nutrient pulse (τ ≥ L). IfC + ΔC(L) ≤ 0, we set
the size of this subpopulation to zero (cells die),
while the size remains unchanged otherwise. We
obtain nt+1(C) by summing over all subpopulations
with different delays τ but the same energetic
state C.
To characterize the typical behavior of cell

populations, we perform a large number Navg of
simulation runs, for a period of T pulses each. This
yields the final population sizes NT, i with the index i
denoting the simulation run (i = 1 … Navg). Based
on these data, we then compute two observables,
which quantify the survival probability and the
average growth rate of populations. The survival
probability ΣT is defined as the fraction of populations
that have not reached a size of zero; that is,

ΣT ¼ 1−
1

Navg

XNavg

i¼1

δ0NT ;i ð11Þ

using the Kronecker delta δij. The average growth
rate ΛT is defined as the population average of the
time-averaged growth rates,

ΛT ¼ 1
NavgΣT

XNavg

i¼1

1−δ0NT ;i

� �1
T

log
2

NT ;i

N0
: ð12Þ

In the Results section, we analyze the long-term
growth rate λ computed by evaluating ΛT for T =
50,000. We also analyze the corresponding long-term
survival probability Σ ≡ Σ50,000 and the short-term
growth rate Λ ≡ Λ50 computed with T = 50 nutrient
pulses. The short-term growth rate is dominated by
the typical environmental fluctuations, since very
few populations encounter a succession of several
badly-timed pulses within the short time window,
whereas the long-term growth rate includes the effect
of such rare events. In contrast, the survival probability
is dominated by the rare events. Taken together,
this rationalizes the approximate factorization observed
in Fig. 4E.
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