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Abstract

The effect of gap junctions as well as the biological mechanisms behind seizure wave propagation is not completely understood.
In this work, we use a simple neural field model to study the possible influence of gap junctions specifically on cortical wave
propagation that has been observed in vivo preceding seizure termination. We consider a voltage-based neural field model
consisting of an excitatory and an inhibitory population as well as both chemical and gap junction-like synapses. We are able
to approximate important properties of cortical wave propagation previously observed in vivo before seizure termination. This
model adds support to existing evidence from models and clinical data suggesting a key role of gap junctions in seizure wave
propagation. In particular, we found that in this model gap junction-like connectivity determines the propagation of one-bump
or two-bump traveling wave solutions with features consistent with the clinical data. For sufficiently increased gap junction
connectivity, wave solutions cease to exist. Moreover, gap junction connectivity needs to be sufficiently low or moderate to

permit the existence of linearly stable solutions of interest.
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1 Introduction

Neural field equations have been used to study spatiotem-
poral brain phenomena in the form of traveling waves and
stationary pulses (Amari 1977; Wilson and Cowan 1972;
Bressloff 2012). Applications of neural fields to study brain
dynamics include modeling EEG rhythms (Liley et al. 2002;
Foster et al. 2011), epileptic seizures (Zhao and Robin-
son 2015), and geometric visual hallucinations (Ermentrout
and Cowan 1979; Bressloff et al. 2001), among many other
applications. Traditionally, neural field models consider only
chemical synaptic connections (Ermentrout 1998; Coombes
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etal. 2014; Coombes 2005; Bressloff 2012). However, differ-
ent studies have also incorporated the effect of gap junctional
coupling between pairs of neurons and neuronal networks
(Coombes 2008; Kopell and Ermentrout 2004; Chow and
Kopell 2000; Ermentrout 2006; Lewis and Rinzel 2003;
Kepler et al. 1990; Sherman and Rinzel 1992), and in the
continuous limit of an infinite number of neurons (Steyn-
Ross et al. 2007; Laing 2015; Elvin 2008).

Gap junctions (also called electrical synapses) are small
microdomains that form direct intercellular connections that
allow diffusion of ions and small molecules between adja-
centcells (Goodenough and Paul 2009). They are constructed
of assemblies of channel proteins called connexins arranged
around a central pore. Gap junctions allow for electrical
and chemical communication between cells, as found in the
nervous and cardiovascular systems. There is a diversity of
connexins that can lead to different ionic selectivities through
the channels (Evans and Martin 2002). It has been found
that calcium (Ca®") can move across the gap junctions (Saez
et al. 1989; Fujii et al. 2017; Lacar et al. 2011). At the same
time, there is evidence that high levels of calcium can close
gap junctions (Rose and Loewenstein 1976). Also, there is
numerical evidence linking gap junction distribution to the
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rate of ion and molecule transport. For example, in Chen and
Meng (1995), an estimate was obtained for the efficiency of
intercellular transport based on different gap junction dis-
tributions in the intercellular membrane. Gap junctions are
gated and the flow of molecules can be restricted by voltage
and chemical agents. Thus, there is a dynamic component
determining gap junction connectivity that is also affected
by their distribution. In terms of timescales, there is a notice-
able difference between the timescale of action of electrical
synapses and of chemical synapses. Chemical synapses have
a delay from approximately 1 to 100 ms, whereas electrical
synapses act with almost no delay (about 0.2 ms) (Coombes
and Zachariou 2009). Therefore, gap junction transmit sig-
nals more rapidly than chemical synapses do.

There are different mathematical models that have been
established to include gap junctions. In Keener and Sneyd
(1998), a model of intercellular calcium wave propagation
was established as a reaction—diffusion model. In Bressloff
(2016), a model of cells connected via stochastically gated
gap junctions was established. This model is based on
a one-dimensional system with diffusing molecules with
appropriate boundary conditions and gated gap junctions.
In Steyn-Ross et al. (2007, 2012), Steyn-Ross et al. devel-
oped a mean-field treatment of gap junctions establishing
an effect of electrical synapses in the form of diffusion. In
Laing (2015), Laing introduced gap junctions to quadratic
integrate-and-fire neurons. In the latter three works (Steyn-
Ross et al. 2007, 2012; Laing 2015), the modeling of gap
junctions is based on the assumption that this type of con-
nection obeys Ohm’s Law, and their effect is proportional to
the voltage difference of the connected cells.

There is evidence found in the literature about spatiotem-
poral patterns in the form of waves present during seizure
events observed in clinical recordings at microscopic and
macroscopic scales. In Perucca et al. (2013), it is men-
tioned that seizure-like events have distinguishable stages:
the beginning of the seizure, followed by epileptiform dis-
charges, then spike and wave events, and seizure termination.
In Jirsa et al. (2014), fast discharges and spike and wave
events are considered fundamental to understanding brain
dynamics during seizure-like events of different species.
Martinet et al. (2017) assessed the spatiotemporal volt-
age dynamics during human seizure, finding evidence of
traveling waves of activity propagating at microscopic and
macroscopic scales during seizure, with more waves and
more consistent source directions being detected at the micro-
scopic spatial scale. The authors estimated the wave velocity
with a mean value of 390 mm/s during seizure termination
and 660 mm/s during pre-seizure. Evangelista et al. (2015)
showed that spike and wave patterns toward seizure termi-
nation displayed in the thalamo-cortical connectivity. The
seizures that presented these wave patterns also displayed
an increase of cortical synchronization with an active effect
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of thalamic outputs. The authors suggest that this cortical
synchronization might help achieve seizure termination. In
Proix et al. (2018), a model of seizure dynamics observed
in epilepsy was established and compared to clinical data
concluding that spike and wave discharges have a part in syn-
chronous seizure termination. Schevon et al. (2012); Weiss
et al. (2013) proposed that signature brain dynamics during
epilepsy are led by an ictal wavefront that permits the pres-
ence of traveling waves of synaptic activity. These waves
further induce small-scale slow dynamics that might deter-
mine mechanisms of seizure termination (Smith et al. 2016).
In general, all the above evidence of spatiotemporal patterns
present during seizure events suggests that understanding
these kinds of patterns present during epileptic seizures
might help improve treatment methods to treat drug-resistant
epilepsies.

The effect of gap junctions during epileptic seizures is still
unknown. It has been suggested that propagation of activ-
ity during epileptic seizures is independent of the effect of
gap junctions (Zhang et al. 2014) or that the effect of gap
junctions on propagation is not significant (Mylvaganam
et al. 2014). In contrast, references Jin and Chen (2011);
Carlen et al. (2000); Dudek et al. (1998) reported that gap
junctions are of great importance in the generation, syn-
chronization, and development of seizures. Thus, we find
contradictory evidence in the literature about the role of elec-
trical synapses during seizures. To address this controversy,
we establish a voltage-based neural field model describing
the mean activity of an excitatory and an inhibitory popula-
tion preceding seizure termination to study the possible effect
of gap junctions on wave propagation. In this neural field
model, we include both chemical and electrical synapses.
Our goal is to indirectly attack the possible effect of gap
junctions on seizures by studying the effect of gap junctions
on wave propagation, which has been observed in vivo before
seizure termination (Gonzdlez-Ramirez et al. 2015).
In Gonzdlez-Ramirez et al. (2015), a simple activity-
based neural field model consisting of a chemically cou-
pled excitatory population as well as an adaptation term was
used to model traveling wave solutions observed preceding
seizure termination. In the model presented here, we establish
a voltage-based neural field consisting of an excitatory pop-
ulation and an inhibitory population as well as both chemical
and electrical-like synapses. The addition of more features
in the modeling process makes it more feasible to investigate
the effect of different factors on the existence of wave solu-
tions observed preceding seizure termination. Thus, we can
improve our biological hypothesis in an aim to understand
the mechanisms leading to seizure wave propagation.

The paper is structured in the following format. In Sect. 2,
we establish the voltage-based mathematical model; we then
explore the existence of wave solutions and the effect of
parameter choices. In Sect. 3, we study the effect of gap junc-
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tions on wave propagation with features consistent with in
vivo observations. We first focus on the existence of traveling
wave solutions and later discuss the properties of these wave
solutions to characterize one-bump or two-bump solutions
displaying the properties of interest in this model. In Sect. 4,
we perform a linear stability analysis of the one-bump trav-
eling wave solutions and describe the extension to the case
of two-bump solutions. In Sect. 5, we perform numerical
simulations to validate our theoretical results for one-bump
solutions. Finally, we present the conclusions in Sect. 6. The
motivation of the model is described in Appendix A.

2 Mathematical model

We consider a voltage-based neural field model consisting of
an excitatory and an inhibitory population. We incorporate
the effect of electrical synapses through the addition of diffu-
sion terms for both the excitatory and inhibitory populations
(Steyn-Ross et al. 2007; Elvin 2008). Additional information
about the model motivation is provided in Appendix A.

Letu, (x, t) and u; (x, t) be variables describing the local
activities of the excitatory and inhibitory populations, respec-
tively. The following equations determine the time evolution
of u, (x,t) and u; (x,1):

Ju
ate (x,1) = —dette (X, 1) + Uegee @ H(ue(x,1) — k)
282'/[6
— de8ie ® H(ui(x, 1) — ki) + D ) (x,1)
(D
ou;
aTl (. 1) = —ou; (X, 1) + oigei ® H(ue(x, 1) — ke)

92u;
— aigii @ H(ui(x, 1) — k) + Dfﬁ (x,1)

The states u,(x,t) = 0 and u;(x, t) = 0 are considered
as resting states. H (-) denotes the Heaviside function. The
convolutions and the diffusion terms determine the chemi-
cal and electrical spatial synaptic contributions, respectively.
The convolutions are defined by

+00 |x—yl
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where we chose an exponential function as the kernel of
the convolution. A more general function can also be used
(Ermentrout 1998).

The parameters of model (1) are defined as follows: «,
and «; are the decay rate parameters for the mean activi-
ties of the excitatory and inhibitory populations, respectively.
The parameters o, for {j, k} = {e, i}, account for the
spatial decay of the chemical synaptic connectivity within
and between the excitatory and inhibitory populations. The

parameters k;, for j = {e, i}, represent the activity thresh-
old of each population. The parameters D, and D; account
for the diffusive gap junction-like coupling strength of the
excitatory and inhibitory populations, respectively.

2.1 Parameter assumptions

We establish the following assumptions about the parameters.
These assumptions are based on information found in the
literature as well as simplifying assumptions to make the
mathematical analysis manageable.

(i) We focus our analysis on obtaining traveling wave
solutions in the parameter ranges of cortical waves
observed in vivo preceding seizure termination. We
are mainly interested in wave widths varying from
approximately 2000-5000 wm and wave speeds vary-
ing from approximately 100-500 pm/ms (Gonzélez-
Ramirez et al. 2015). However, we also explore the
existence of waves with features in different ranges.

(i1) In Gonzdilez-Ramirez and Kramer (2018), an activity-
based neural field model with an excitatory and an
inhibitory population was used to describe traveling
waves preceding seizure termination. It was found that
it was more feasible to obtain traveling wave solu-
tions in the desired ranges when considering inhibition
decaying one order of magnitude slower than excita-
tion. Therefore, we focus mainly on «; = %. However,
the effects of gap junctions on the existence of waves
are also explored when both excitation and inhibition
are decaying at the same rate. The delay of chemi-
cal synapses ranges from 1 ms to 100 ms (Coombes
and Zachariou 2009), whereas the electrical synapses
act with almost no delay. Given the difference between
the action timescales of the two types of synapses, it
is difficult to establish a value for «,. Throughout the
manuscript we have fixed a value of &, = 1 (1/ms) and
we have explored the existence of traveling wave solu-
tions with this timescale. However, in Fig. 6b, we have
also explored the existence of traveling wave solutions
for faster timescales and its effect on the existence of
traveling wave solutions in the range of interest.

(iii) Following our analysis described below of the travel-
ing wave solutions of (1), we set 0., = 0, Tie =
oji, and 0, < 0j.. The choice of these parameters
affects the wave profile as shown in Fig. 1. In order to
obtain traveling wave solutions with the desired profile,
we consider the chemical synaptic connectivity acting
locally excitatory and laterally inhibitory. This is also
motivated by results described in Ermentrout and Ter-
man (2010), Bressloff (2012) for voltage-based neural
fields. We consider chemical synaptic connectivity mea-
sures ranging from 40pm to 2 mm, as is reported in
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the literature (Reimann et al. 2013; Wilson and Cowan
1972; Peyrache et al. 2012; Braitenberg and Schuz 1998;
Frascoli et al. 2011).

(iv) In Fukuda et al. (2006), there are important measure-
ments related to gap junctions that permit the estimation
of diffusive strength. In Schmitz et al. (2001), little
gap junction connectivity was found between excita-
tory neurons. This is consistent with theoretical results
of Ermentrout (Ermentrout 2006). In Steyn-Ross et al.
(2007), amean-field model was developed including gap
junctions obtaining Turing patterns. Using the results
found in Fukuda et al. (2006), gap junction connectivity
was estimated in Steyn-Ross et al. (2007) under differ-
ent connectivities obtaining ranges varying from 0.1 to
0.6 cm? for the inhibitory population. These results will
be analyzed later in the manuscript. In Steyn-Ross et al.
(2007), they used the results of Schmitz et al. (2001) and
set the excitatory diffusion coefficient to be a fraction of
the inhibitory diffusion coefficient. They also explored
the possibility of diffusion coefficients closer to being
equal, i.e., D, = D;. Motivated by this, in our work
we explore two possibilities: D, = % and D, = D;.
We remark that the diffusion coefficients are squared in
model (1).

2.1.1 Traveling wave solutions

We are interested in traveling wave solutions of system (1).
To obtain these solutions, we rewrite the system in a moving
coordinate frame z = x — ct, with ¢ > 0, and find sta-
tionary solutions of this system. The stationary solutions are
traveling waves moving to the right with a constant speed
¢ and a constant width w. We are particularly interested
in pulse (one-bump) solutions as observed in the clinical
data (Gonzélez-Ramirez et al. 2015). However, two-bump
solutions could also model the “reverberation” of activity
described in Gonzalez-Ramirez et al. (2015). Therefore, we
assume that the activity threshold that determines the Heavi-
side function is crossed at least twice each for the excitatory
and inhibitory populations, at the points z = {w.o, Wer}
and z = {w;o, w;r}, respectively. For a right-moving travel-
ing wave, w; is the right-most point where the solution u
crosses the threshold & j, and w j is the left-most point where
u; crosses kj, for j = {e, i}. These assumptions determine
conditions for existence of waves and permit the existence of
one-bump solutions (which cross the threshold exactly twice)
or two-bump solutions (which cross the threshold four times).
For the moment, we assume that w;p < weo < Wi < Wey.
That is, an excitatory wave is followed by an inhibitory wave.
In Sect. 2.1.3, we address this assumption and study different
scenarios for these four parameters. The width of the excita-
tory wave is determined by w.s — w0, and the width of the
inhibitory wave is determined by w; s — wjo.
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Assuming nonzero diffusion coefficients and using a
Green’s function (Evans 2010; Stakgold and Holst 2011),
we can explicitly obtain excitatory and inhibitory traveling
wave solutions of system (1) having the following profile:

uer ifz < wjo

Uy ifwip <z < weo

uz(z) = | Ue3 wif 3
Ueq ifw,-f < Z = Wef

if weg < z

IA

Ues if 7 > Wer
uip if z < wjo

un if wio < 2

IA

We0

ui(z) = quiz if weo <z < wir @

Uiq ifwif < Z = Wef

uis ifz > wey

The different terms that form the parts of these solutions
and a sketch of their derivation are presented in Appendix B.

2.1.2 Conditions for the existence of traveling wave
solutions

The existence of the traveling wave solutions described above
is determined by glueing conditions (also called matching
conditions), which are conditions on the points where the
activity achieves the chemical synaptic threshold:

e (We0) = ue(wef) = ke ©)
ui(wio) = ui(wir) = ki (6)

In order to have a traveling wave solution moving with
speed ¢ and width w, Egs. (5) and (6) need to be satisfied.
In Sect. 2.1.5, we explore the existence of such waves with
speed and width in the desired range of interest (see Assump-
tion (i) above). Before that, in Sect. 2.1.3, we establish more
parameter relationships.

Given the parameter assumptions that we have established
above, there are six free parameters remaining: o, D;, Oee,
oie, ke and k;. We note, however, that k., and k; are deter-
mined by Egs. (5) and (6), so we only need to focus on the
four parameters «,, D;, 0., and oj.. Also, we need to fur-
ther restrict the assumption wjp < wep < Wiy < Wer tO
simplify our problem. To do so, in Sect. 2.1.3, we fix the
four free parameters (o, D;, 0. and o;.) and explore the
effect of changing the terms w0, w;o, wes and w; s restricted
to satisfy (5) and (6). In particular, in the next two sub-
sections we see the effect of changing the assumption that
wio < Wep < Wif < wes on the traveling wave profile,
motivating further parameter assumptions. With this, we aim
to restrict the relationship between the w; terms to further
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(a) Activity
1.0f
5|
~7000 2000 z

Fig. 1 Traveling wave profile. Examples of traveling wave profiles of
the excitatory (red) and inhibitory (blue) populations. a Two-bump solu-
tion. This two-bump solution will be addressed in Sect. 3. b Pulse
solution. The parameters used in each subplot are the following: a

explore the parameter relationship between «,, D;, 0., and
Oje.

2.1.3 Traveling wave profile

In contrast with activity-based neural fields (Bressloff 2012;
Ermentrout 1998), in the voltage-based neural field formu-
lation the traveling wave solution profile is more strongly
affected by changing the parameters. The kernel of the
connectivity term, and therefore the extent of the synaptic
connectivity, as well as the gap junctions are important fac-
tors in the wave profile (see Fig. 1).

We have four free parameters concerning the width of the
traveling wave: weo, w;0, Wes, and w;y. These parameters
determine the start and the end of the traveling wave pro-
file for the excitatory and inhibitory populations. Since we
are considering a right-moving traveling wave solution (i.e.,
Z = x — ct), we are assuming that an initial excitatory wave
(that starts to propagate at w,r) produces an inhibitory wave
(at w;r). Inhibition induces the excitatory activity to go back
toward rest (at w.(), which then induces the inhibitory activ-
ity to go back toward the rest state (at w;p). After analyzing
wave solution profiles under different conditions for w.o and
wjo satisfying w;o < wep, we do not find a significant effect
on the profile of the wave under these variations. Therefore,
given that the wave solutions are translationally invariant and
to simplify the number of free parameters, we assume that
the excitatory and inhibitory waves start to go back to the
rest state at the same point, that is w.o = w;o = 0. Two free
parameters remain concerning the width of the traveling wave
solutions: w,s and w; . After numerical examination under
different parameter configurations, we find that the choice
of wer and w; ¢ has a significant effect on the traveling wave
profile. Therefore, we set wjy = wer — Aw for Aw > Oand
study the effect of changing Aw in the existence conditions
determined by (5) and (6). That is, we are assuming that the
excitatory and inhibitory waves do not start to propagate at the
same time (excitatory wave starts at w,y and inhibitory wave

(b) Activity

A

Qe = 11/ms,; = 0.1 l/ms, D, = 10 wm//ms, D; = 100 wm//ms,
0j = 200 um, 0;; = 500 wm for j = {e,i}; ba, =1 1/ms, a; = 0.1
1/ms, D, = 300pum/y/ms, D; = 300pum//ms, o, = 200 m,
0ij = 500 wm for j = {e, i} (color figure online)

starts at w;y), but both populations go below their respec-
tive thresholds at the same time (at w;p = w.q). For now,
we focus only on the existence of traveling wave solutions
and later discuss whether they are one-bump or multi-bump
solutions.

2.1.4 Determining Aw

We analyze different parameter choices to explore the effect
of Aw on the existence of traveling wave solutions that satisfy
Egs. (5) and (6). For small values of Aw, we find the exis-
tence of two traveling wave solutions, whose speed and width
do not lie in the range of interest from Assumption (i). After
a critical value that depends on the other parameters used, a
new traveling wave solution appears (see Fig. 2). This wave
solution has speed and width in the desired range of interest.
We find that small changes to the parameters produce qual-
itatively similar results. However, the critical value of Aw
is determined by the different choices of parameters. In par-
ticular, giving a choice of parameter values a high enough
value of D; destroys the upper branch of physically realis-
tic wave solutions. This will be further discussed in Sect. 3.
Due to the numerical examination in Fig. 2 and our choice
of parameters, for the moment we fix Aw = 400 to be in the
range of parameters of observable waves. However, in Fig. 5,
we explore the influence of gap junctions on the existence of
traveling wave solutions under different scenarios for Aw to
determine wave propagation.

2.1.5 Existence of traveling wave solutions

We determine the existence of traveling wave solutions that
satisfy (5) and (6). In the figures, we plot the excitatory wave
width, we . The inhibitory wave width is determined from the
assumption w; f = w,r — Aw. Considering both Egs. (5) and
(6) to be satisfied, we obtain Fig. 3. In Fig. 3a, we have curves
determining conditions (5) and (6) for the excitatory (red)
and inhibitory (blue) populations, respectively. The points
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Wave Increment (Aw)

Fig.2 Existence of traveling wave solutions determined by Aw.a Wave
width (jum) versus wave increment (Aw). For low values of Aw, we
observe the existence of two traveling wave solutions. The width of these
waves is below 800 pum, which is well below the range of interest (see
Assumption (i)). Above a critical value of Aw &~ 225um, a new trav-
eling wave solution appears whose wave width lies between 3000 pm
and 5000 pwm, which is a subset of the range of interest. b Wave speed
(wm/ms) versus wave increment (Aw). Similarly to a, for low values of
Aw, we observe the existence of two traveling wave solutions whose
speed lies below the range of interest (below 100 um/ms). Above the
same critical value as in a, we see the existence of a faster wave solution
whose speed lies between 100 um/ms and 350 wm/ms, which is within

(a)

600F

(b) Activity

Wave Speed

5] © = wn
f=3 (=3 (=3 (=3
e

S
S

() 500

400¢

300¢
200

0 : . . .
0 100 200 300 400 500 600 700

Wave Speed

Wave Increment (Aw)

the range of interest. In a, b, we show the existence of traveling wave
solutions for the given parameter configuration. Not all the solutions
lie in the range of interest. We note that for small values of Aw, two
low branches of wave solutions exist giving unrealistic wave features.
For a value of Aw ~ 225um, a new branch of traveling wave solutions
appears with features more consistent with the in vivo data. We also
note that as Aw is increased, the width and speed of the wave solutions
in the middle branch increase toward the range of interest. Parameters
used for this figure: a, = 1 1/ms, &; = 0.1 1/ms, 0,; = 200 wm and
0ij =500 pmfor j = {e, i}, D; = 100 pm//ms, D, = 10 pm//ms.
Small changes in parameters produce qualitatively similar results and
produce a variation of the critical value of Aw

(c) Activity

0, 4
0 1000 2000 3000 4000 5000 6000
Wave Width

N ot
0

Fig.3 Existence of traveling wave solutions. a Existence of wave solu-
tions is determined by the intersection (red points) of conditions (5) (red
curve) and (6) (blue curve). We observe the existence of two traveling
wave solutions whose wave width is below 400 wm and are not in the
range of interest. There are also two wave solutions lying in or very close
to the range of interest. One of these waves has a wave width of approxi-
mately 3525 wm and a wave speed of approximately 168 pum/ms, which
is within the range of interest (wave profile shown in b). The other wave
solution of interest has a wave width of approximately 997 pm and a
wave speed of approximately 66 wm/ms, which lies very close to the

of intersection of the two curves determine traveling wave
solutions that satisfy both conditions. In the example shown
in Fig. 3, we observe the existence of four different trav-
eling wave solutions. Two of these solutions have widths
and speeds below the range of interest as well as physically
unrealistic widths given the assumption w;r = wer — Aw.
The two wave solutions in the range of interest are further
considered. It is important to remark that these results are
obtained for a fixed value of D; and a fixed value of Aw.
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‘ ~2000~_/ 3000 4000
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—o02t

range of interest (wave profile shown in ¢). b, ¢ Traveling wave solu-
tion for the excitatory population (red) and the inhibitory population
(blue). The red and blue points indicate where the activity threshold
is achieved for the excitatory and inhibitory population, respectively.
The traveling wave solution in b is a two-bump solution that crosses
the activity threshold four times. The traveling wave solution in ¢ is
a pulse (one-bump) solution that crosses the activity threshold exactly
two times. Parameters used for this figure: o, = 11/ms,o; = 0.1 1/ms,
0j = 200 um and o;; = 500 wm for j = {e, i}, D; = 100 wm/./ms,
D, = 10 pm/+/ms (color figure online)

In the following section, we explore the existence of wave
solutions varying the diffusive coupling strength. Also, in
Sect. 4, we explore the linear stability of solutions of inter-
est. It is important to determine the stability of the traveling
wave solutions obtained because we are interested in trav-
eling wave propagation observed in vivo; a traveling wave
solution that is observable in vivo would be expected to be
stable. In this work, we will focus only on the linear stability
of pulse solutions.
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(a) @;=0.1/ms D, =D; /10 (b) «;=0.1/ms D, = D; (c) aj=1/ms D, =D; /10
5000 5000/ 5000
< < <
§ 4000 _§ 4000 § 4000
= 3000 = 3000 = 3000
o ] o
= 2000 = 2000 = 2000
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0 0 0
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400
Gap Junction (D;) Gap Junction (D;) Gap Junction (D;)
(d) @;=0.1/ms D, = D; /10 (e) @;=0.1/ms D, = D; () aj=1/ms D, =D; /10
500 500 500
o 400 T 400 T 400
(9] (5] Q
& 300 & 300 & 300
[ o (5]
= 200 = 200 = 200
= 100 ; = 100 = 100
0 0 0
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400

Gap Junction (D;)

Fig. 4 Effect of gap junctions on wave propagation. We describe the
exact conditions regarding the gap junction coupling coefficient (D;)
for wave propagation in the range of interest. First row a—c shows exci-
tatory wave width w,s (wm) versus diffusive coupling coefficient D;
(iwm/4/ms). Second row d—f shows wave speed ¢ (jum/ms) versus diffu-
sive coupling coefficient D;. a,d We note the existence of three branches
of traveling wave solutions. The upper branch lies in the range of interest
and consists of mostly two-bump traveling wave solutions and unstable
one-bump solutions. The upper branches exist up to a critical value of
D; near 220 m//ms. The upper branches lie in the range of interest,
and linear stability analysis suggests that the middle branch is stable
for D; less than approximately 140 pm//ms (see Sect. 4). The lower
branch is not in the range of interest and is not physically realistic as
it has a width smaller than 400 wm and we are under the assumption
wif = wer —400. We also note that the gap junction connectivity estab-

3 Effect of gap junctions on cortical wave
propagation

In this section, we analyze the effect of gap junctions on the
existence of cortical traveling wave solutions. To do so, we
fix the parameters ., o,;, and o;; subject to the parameter
assumptions established above. We then vary the parame-
ters D, and D; subject to the parameter relationship (iv) and
use Egs. (5) and (6) to determine the existence of traveling
wave solutions. In Figs. 4 and 5, we explore the effect of gap
junction connectivity on the existence of traveling wave solu-
tions. In Fig. 7, we describe the properties of traveling wave
solutions shown in Fig. 4a and label them as two-bump trav-
eling wave solutions or one-bump traveling wave solutions.
In Fig. 7, we also establish the linear stability of one-bump
traveling wave solutions by means of an Evans function
developed in Sect. 4. In this way, we determine the conditions
due to the gap junctions for wave propagation in the range

Gap Junction (D;)

Gap Junction (D;)

lished in Assumption iv, where Turing patterns occur, lies well above
the critical value of D;. b, e We note the existence of an upper branch
of traveling wave solutions up to a critical value of D;. We also note
that the middle branch does not lie in the range of interest and the lower
branch cannot satisfy the assumption w;y = w.y — 400. ¢, f We note
the existence of a low branch whose width and speed do not lie in the
range of interest. Parameters fixed in all subplots: o, = 1 1/ms, o}
=200 pm and o;; = 500 wm for j = {e, i}, Aw = 400. Parameters
usedinaandd: oy = 0.1 1/ms, D, = %. Parameters used in b,
e:a; = 0.1 1/ms, D, = D;. Parameters used in ¢ and f: o; = 1
1/ms and D, = %. We have extensively explored different parameter
configurations and obtain qualitatively consistent results after a small
variation in parameters. In particular, the parameters used in plots a, d
show one of the best scenarios in which the middle and upper branches
of traveling wave solutions lie in or very close to the range of interest

of interest. After carefully analyzing distinct parameter con-
figurations (see Fig. 4), we conclude the importance of gap
junctions on wave propagation. In particular, for low values
of inhibitory diffusive coupling strength and slow-decaying
inhibition (i.e., «; = o, /10), we show the existence of three
traveling wave solutions for the excitatory population with
different speeds and widths (Fig. 4a, b, d, e). Of these wave
solutions, the one with the narrowest width and slowest speed
is not in the range of interest; additionally, its width lies
below 400 pwm and we are considering w;f = wer — Aw
with Aw = 400, so we do not obtain a physically fea-
sible traveling wave solution for the inhibitory population.
The two remaining traveling wave solutions have widths and
speeds that lie in or near the range of interest. In Fig. 4a,
d, after we increase diffusive coupling strength enough, we
see a bifurcation of the two significant solutions collapsing
and disappearing. Hence, for sufficiently large values of D;,
only the non-realistic traveling wave solution is present. Lin-
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Fig. 5 Effect of gap junctions on wave propagation modifying Aw.
We now consider different choices for Aw and study the effect of
gap junctions on seizure wave propagation. First row a, b shows wave
width and wave speed versus diffusive coupling coefficient D;, with
Aw = 100pm. In a, we observe wave solutions whose width lies in the
range of interest. In b, we observe the appearance of a new solution at
D; ~ 130 pm/+/ms due to the fact that both matching conditions have
asymptotes at wer A~ 30 wm for that value of D; (not shown). How-
ever, all the wave solutions in b are not in the range of interest. This
analysis is consistent with Fig. 2. Second row ¢, d shows wave width

ear stability analysis developed in Sect. 4 suggests that the
one-bump solutions in the middle branch are stable up to
some value of D; before the bifurcation value (Fig. 7a). The
exact value at which they change stability is determined by
the parameter configuration. After this value and up to the
bifurcation value of D;, one-bump solutions in the middle
branch are unstable. In the upper branch, we initially have
two-bump traveling wave solutions that transform into unsta-
ble one-bump traveling wave solutions before the bifurcation
value that destroys the middle and upper branches. For more
details, see Fig. 7. Thus, in order to have traveling wave solu-
tions as observed in the in vivo clinical data, gap junctions
play an important role as the diffusive strength needs to be
sufficiently low or moderate to permit the presence of (lin-
early) stable traveling waves. In Fig. 4a, d, we note that the
critical value of D; that determines the bifurcation is well
below the values established in Assumption iv in which Tur-
ing patterns occur. Therefore, traveling wave solutions exist
in this model in ranges of feasible gap junction connectivities.
In Fig. 4c, f, we explore the same scenario for a faster-acting
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and wave speed versus diffusive coupling coefficient D; for a choice of
Aw = 800pm. In ¢, d, we observe wave solutions whose speed and
width lies in the range of interest. However, Aw = 800pum implies a
large lag between the excitatory wave solution and the inhibitory wave
solution. In a—d, we obtain qualitatively similar results as in Fig. 4a, d,
implying a critical value of D; above which no traveling wave solutions
exist in the range of interest. Parameters fixed in all subplots: o, = 1
1/ms, a; = 0.1 1/ms, 0,; = 200 wm and o;; = 500 wm for j = {e, i},
D, =2

-1

inhibition (i.e., &; = «,) and obtain no wave solutions in the
range of interest. This is consistent with analysis developed
in Gonzalez-Ramirez and Kramer (2018).

In Fig. 5, we perform a similar analysis changing the
choice of Aw. We obtain results that are consistent with the
results in Fig. 2. For small values of Aw, we do not find wave
solutions of interest. For values of Aw greater than a critical
value, we obtain wave solutions lying in the range of inter-
est. However, biophysical mechanisms cannot permit a very
large value of Aw. Also, as far as we know, it is not possible
to estimate the in vivo value of Aw.

In Fig. 6a, we analyze the effect of modifying the choice
of Aw on the existence of traveling wave solutions. In par-
ticular, we show the minimum and maximum gap coefficient
(D;) such that the traveling wave solution is in the range of
interest. Also, in Fig. 6b, we analyze the effect of changing
the timescale of the excitatory population () on the exis-
tence of traveling wave solutions. We find that the existence
of traveling wave solutions is affected by both the diffusion
coefficient D; and c,.
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Fig.6 Maximum and minimum D; that determine the existence of trav-
eling wave solutions. a The plot shows the range of values of D; that
determines the existence of traveling wave solutions for a given Aw.
The red line indicates the minimum value of D; that determines trav-
eling wave solutions whose width are below the range of interest. The
blue lines indicate the minimum and maximum values of D; that deter-
mine the existence of traveling wave solutions in the range of interest
(between 1000 pm to 6000 wm). We note that regardless of our choice
of Aw, the maximum diffusion coefficient D; is less than 250. This
indicates that for all choices of Aw, the bifurcation shown in Figs. 4
and 5 is always present. b Similarly to a, we now explore the existence
of traveling wave solutions for different timescales of the excitatory

4 Stability analysis

We are interested in the stability analysis of the traveling
wave solutions determined above (see Fig. 4) as we wish to
relate these solutions to clinical data observed in vivo. In
order to do so, we focus our analysis on the linear stability of
these solutions as linear stability suggests important features
of the traveling wave solutions. To determine the linear sta-
bility analysis, we first bound the essential spectrum on the
left-hand complex plane and determine an Evans function on
a convenient domain whose zeros determine the point eigen-
values of the system. For this, we follow the work developed
for nonlocal equations in Kapitula et al. (2004) and Sandstede
(2007).

In this work, we only focus on the construction of an Evans
function for one-bump traveling wave solutions where the
activity threshold is crossed at exactly two points. It is also
mentioned how to incorporate a similar analysis for two-
bump wave solutions.

We consider system (1) under the moving frame (z, t)
where we consider the variable z = x — ¢t and formally
linearize system (1) about the traveling wave solutions u}
and u} (determined by (3) and (4)). For this, we consider
perturbations u.(z,t) = ul(z) + u.(z,t) and u;(z,t) =
uy(z) + u;(z, t) where i, (z, t) and u; (z, t) are small. When
linearizing, we consider the Heaviside function as a dis-
tribution and use properties of the convolution term. After
linearizing we obtain:

(B)soop ]
400} ]
300} ]
200} ]

100 1

Gap Junction (D;)
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population (assuming «; = «,/10). For «, less than approximately 4,
we see that the minimum and maximum values of D; range from 1 to
approximately 400. For o, values larger than 4, we see a bifurcation
in the way the diffusion coefficient affects the existence of traveling
wave solutions. That is, low values of D; give rise to unrealistic travel-
ing wave solutions. The diffusion coefficient that permits the existence
of traveling wave solutions is more limited as «, increases. Finally,
for values of «, greater than 11, we only obtain non-realistic traveling
wave solutions. Parameters fixed in all subplots: a; = /10, o,; =200
pm and o;; = 500 pm for j = {e, i}, D, = %. Parameters used in a
o, = 1 1/ms. Parameters used in b Aw = 400 (color figure online)
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Assuming separation of variables, we propose that i, (z, t)
= eMi,(z) and u;(z,t) = eMit;(z) where A € C. This
assumption will establish the eigenvalue problem. Deter-
mining the values of A for which bounded solutions of this
eigenvalue problem exist will help determine the linear stabil-
ity of the traveling wave solutions (for details see Sandstede
2002). After substituting the assumption, we obtain a sys-
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tem of ordinary differential equations where the derivative is
taken with respect to z. For simplicity and to clarify notation,
we will remove the bars (i1,(z) = u.(z) and u; (z) = u;(z)).

o0

At = C”; — Qe + ‘xe/ gee(z - y)(s(ug(y) - ke)ue(y)dy
00

o0
- Ote/ gie(z — M8} (y) — kj)u; (y)dy + Du,
= N ®)
Aup = Cu; — iU + o / 8ei(z — y)8(u2(y) —ke)ue(y)dy
-0

o0
— f gii (2 — S (Y) — kug (n)dy + D2,
o0

where the derivatives have been taken with respect to the
variable z. We assume that the wave solutions crossed the
threshold twice for each the excitatory and the inhibitory
population at {w.o = 0, wer} and {w;o = 0, w;r}, respec-
tively. For a two-bump traveling wave solution, we would
need to consider for each population the four points at which
the activity crosses the threshold. In the case of a pulse solu-
tion under the previous assumptions, we obtain:

’ 2.
Aty =cut, — ey + Du,

Ae8ee(2) Qe8ee(Z — wef)

+ 2 (0) + =y (wer)
[ uz©) | luz(wepy |
Ae8ie(2) Qe8ie(Z — Wif)

a0 1O+ Ty |0

i i l
" 9)
Au; =cu), — aju; + D?u;
a;gei(2) Qi gei (2 — Wef)

U (0) + 2422 0y (wep)
EROIN luzwey |
a;gii(z) @;8ii (z — wif)

+ ui(0) + ——————u;(wiy
Tz Ot Ty )

Hence, we deal with a nonlocal eigenvalue problem.
We consider a family of bounded linear operators 7'(}) :
C*(R,C?) — CY(R, C?)definedby f(z) — Df.,+cf.+
(A f — K(f(2)), where K(f(z)) is the nonlocal part
givenby K (f(2)) = X7 g(z—2;) f (z;) for some g € C°
and A(L) € C?*2. Then, clearly system (9) can be rewritten
in this form. Also, we note that the nonlocal part of T factors
through the space C” and is compact. On the other hand, we
consider the local part of T as Tioc = D% + cd% + A(M).
The operators T and T, differ by a compact operator imply-
ing that their essential spectrum is the same (Kapitula et al.
2004). We can compute the essential spectrum of the cor-
responding 7jo. determined by (9) by Fourier transforming
the system. We obtain that the essential spectrum is deter-
mined by the vertical lines Re(A) = —ngz — o, and
Re()) = —Dl.zk2 — «; for k € R. In this way, we bound
the essential spectrum of the operator T in the left half com-
plex plane. Thus, in order to establish the linear stability of
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the traveling wave solutions, it is necessary to determine the
point eigenvalues.

4.1 Construction of an Evans function

We construct an Evans function for A in the region £2 = {A €
C | Re(h) > —e} where € > 0, such that the eigenvalues
of the corresponding A(A) determined by system (9) have
strictly negative real part. Thus, we expect to detect potential
wave instabilities in the region §2. We establish a complex
valued Evans function such that the roots of the Evans func-
tion are in correspondence with the point eigenvalues. To do
so, we start by considering bounded solutions of system (9).
Using the variation of parameters formula we obtain:

Ae

ue(z) = JZ+4D2 (o + )

X[/ M@=y (Mue(o) + Mue(wef)

he(0) he(twe)
+/_oo P2y (%((Oy))ue(m + %ue(wd)
i <(g)) o= gieli-y(;,-;if) ity ))dy ] (10)

c+a/c2+4D% (0o +2)
— A

_ c—/c?—4DZ(ac+))
= ——;n —— and

he(z) =] uz(z) | and siemilarly for the inhibitorye population:

where A =

o

ui(2) = ——m—m
V2 +4D (o + 1)

. |:/ JEIE)) (gL(y)ue(O) + Mug(wef)

he(0) he(wer)
_iiii((g)) niO = %”i(wi.f))dy
+ /_ Zoo JRUTERS (ie: ((g)) 00 + & }fey(;:; f)ue(we_f)
@~ gy o] an

et/ 2+4D? (aj+1) .

where A3 = T, 4 =
hi(z) =1 U} (2) |.

We look for the bounded nontrivial solutions of u,(z) and
u;(z). To do so, we substitute the values of z = 0, z = wey
and z = w;y in (10) and (11) and rewrite the corresponding
system in matrix form taking advantage of the nonlocal terms
determining a matrix D(X). By construction, the eigenvalue
equation (9) has a nontrivial solution when the determinant
of the Evans function vanishes, where

c—/c2=4D?(a;+1)

257 and

E(A) =det [D(A) — I (12)
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where we determine the linear stability of the pulse solutions. We
find that for values of D; up to a point (D; =~ 140 pm//ms
D) = (p1(V) p2(h) p3(M) Osx1 Osx1 pe(r)) for the parameter choices in Fig. 7), the pulse solutions in the
middle branch are linearly stable. Above that point, we have
d linearly unstable pulse solutions in the middle branch, which
an last up to the bifurcation value of D;. The upper branch has
ey (J5 ey + [0 g (v)dy)
(f g (dy + [ g ()dy)
Mg, (r)dy + [UE 20 g ()dy )
PG = . wf (13)
) gy (1)dy + [ M0 g (v)dy )
foo er(wif— y)ga (y)dy + fw,f Ao (wif— })g e(y)dy>
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- _ 0 _
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_ - 0 _
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—y 0 _
he(?ljef) (f()oo et })gee(y - wef)dy + f,oo et y)gee(y - wef)d)’)
. _ 0 -
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#“fef) (fljjf et (e ) g (y — wep)dy + [Loh 20 ™) gy, (y — wef)dy)
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- _ 0 —y
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o

[c2+4D3 (e )
classify the traveling wave solutions in the upper branches
found in Fig. 4a as pulse (one-bump) or two-bump traveling
wave solutions. As mentioned in the caption of Fig. 4, the
parameters used in Figs. 4a, d and 7 show one of the best
scenarios for existence of traveling waves in which the mid-
dle and upper branches that determine wave solutions lie in or
very close to the range of interest. Using the Evans function,

where A; = for j = {e,i}. In Fig. 7, we

two-bump solutions up to a point (D; &~ 185 um/./ms) rel-
atively close to the bifurcation value and unstable one-bump
solutions above that point. The linear stability analysis also
strengthens the discussion in Sect. 3 that a low or moder-
ate gap junction coupling coefficient permits the existence of
traveling wave solutions in the range of interest. In particular,
to obtain linearly stable pulse solutions under the configura-
tion of parameters determined by Fig. 7 with features very
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Fig. 7 Linear stability analysis of pulse solutions. a Stability analysis
of Fig. 4a showing one-bump solutions (blue curves) and two-bump
solutions (red curves). The linear stability analysis has been done for
the one-bump solutions. The solid blue lines indicate linearly stable
solutions (middle branch with D; < 140 um//ms) and the dashed
blue lines indicate linearly unstable solutions (middle branch with
140 < D; < 217wm/4/ms, and upper branch with 185 < D; <
217 wm/+/ms). The lower branch (black curve) is well below the range
of interest, so it is not considered in this analysis. b Example of Evans
function computation of a linearly stable solution. The graph shows the
zero contour lines of the real part of the Evans function (red curve)
and the imaginary part (blue curve). We observe only an intersection

similar to in vivo clinical data, there is a limited range of
values of D; near 140 wm/+/ms (middle branch in Fig. 7a).
If the diffusion coefficient is much less than 140 pum/./ms,
then the features of the traveling wave solution are not as sim-
ilar to in vivo waves. If the diffusion coefficient is more than
140 wm/+/ms, then the traveling wave solution becomes lin-
early unstable, and after increasing the diffusion coefficient
enough traveling wave solutions cease to exist. Thus, in this
simple model, the effect of D; is critical and we are able to
replicate important features observed in vivo in a very limited
range of values of the gap junction-like coefficient.

5 Numerical simulations

In this section, we corroborate our theoretical results by
performing numerical simulations of model (1). The the-
oretical results in Fig. 4a, d show a bifurcation value of
D; ~ 217 um/,/ms above which traveling wave solutions
no longer exist. Additionally, the linear stability analysis in
Fig. 7 shows that the one-bump traveling wave solutions in
the middle branch are stable for D; < 140 wm/./ms and
unstable for 140 < D; < 217 wm//ms. In the upper branch,
one-bump solutions exist and are unstable for 185 < D; <
217 wm/+/ms. We therefore use numerical simulations to
examine the behavior of the system (1) with values of D; in
each of these ranges.

Figure 8a shows the results of the numerical simulation
with D; = 100 um//ms, in the linearly stable region of the
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at the origin (black point) showing a simple zero eigenvalue due to
the translationally invariant property of the wave solutions. ¢ Exam-
ple of Evans function computation of a linearly unstable solution. The
eigenvalues are marked with black points. In addition to a simple zero
eigenvalue, we observe an eigenvalue with negative real part and an
eigenvalue with positive real part indicating wave instability. Parame-
ters used for these plots: o, = 1 1/ms, o; = 0.1 1/ms, o,; = 200 and
oij =500 for j = {e,i}, D, = %. Wave solution features analyzed
under the Evans function: b Linearly stable wave solution in the middle
branch. D; = 1 um/4/ms, ¢ = 36 um/ms and w = 716 um. ¢ Lin-
early unstable wave solution in the middle branch. D; = 200 pm//ms,
¢ =122 pm/ms and w = 1623 pm (color figure online)

middle branch. After a brief external input (in the form of
a step function), the activity initially spreads outs and then
converges on a traveling wave with a constant wave speed of
¢ ~ 65 um/ms and a constant wave width of w & 990 wm.
These values of ¢ and w are similar to the analytic results in
Fig. 4a, d.

The plots in Fig. 8c, d show the results of the numeri-
cal simulations with D; = 216 wm//ms corresponding to
the middle and upper branches of Fig. 4a, d. Consistent with
the instability demonstrated in Fig. 7, we were unable to
find external inputs that led to traveling wave solutions with
constant speed and width. We therefore initiated these sim-
ulations with the wave profiles determined from the analytic
solutions. For a short amount of time, the wave propagates
with speed and width similar to the values expected from
the analytic results (¢ ~ 140 pm and w ~ 1930 wm/ms in
Fig. 8c; ¢ 148 pm/ms and w 2080 wm in Fig. 8d).
After approximately 15 ms, the solution diverges noticeably
from the traveling wave solution and no longer maintains
constant speed and width. This behavior is consistent with
the expected instability (Fig. 7) of the traveling wave solu-
tions in this parameter range.

In Fig. 8b, we increase D; to 218 um/+/ms, which is in
the range above the bifurcation value where traveling wave
solutions cease to exist. We observe that the width of the
activity increases over time (from approximately 2090 pm at
t = O ms to approximately 2750 pm at# = 10 ms). Aftert &~
10 ms, the initial wave of activity splits into two waves whose
widths then also spread out over time. Further increasing D;

~
~

~
~
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Fig.8 Numerical simulations. We perform numerical simulations with
various values of D; above or below the bifurcation value (D; =~
217 pm/+/ms) identified in Fig. 4a, d. The plots in this figure show
the activity (color scale) of the excitatory population as a function of
space and time. a With D; = 100 pm/+/ms, the numerical simulations
support the existence and stability of a traveling wave solution corre-
sponding to the middle branch of Figs. 4a, d and 7a. b When D; is
above the bifurcation value of D; ~ 217 wm/./ms, the wave spreads
out over time, in contrast to traveling wave solutions where the width
and speed remain constant over time. ¢, d With D; slightly below the
bifurcation value, simulations are shown corresponding to the middle
(subplot ¢) and upper (subplot d) branches of Fig. 4a, d; the traveling
wave solutions propagate for only a short amount of time before the
wave width and wave speed diverge from constant values, supporting
the conclusion in Fig. 7 that these traveling wave solutions are unsta-

produces results that are qualitatively similar to Fig. 8b, but
the wave spreads out faster and splits in two earlier as D;
increases. Thus, the numerical results shown in Fig. 8 support
our theoretical analysis.

6 Conclusions

In this paper, we investigate the possible effect of gap
junctions on seizure wave propagation preceding seizure ter-
mination. Using a voltage-based neural field model including
gap junctions, we are able to replicate traveling wave solu-
tions with features observed in vivo. In our analysis, we find
the existence of a critical value of the gap junction con-
nectivity such that one-bump and two-bump traveling wave
solutions with the desired speed and width cease to exist.
Above this critical value, wave solutions tend to spread out
over time due to the effect of gap junction connectivity.
Both one-bump and two-bump solutions successfully repro-
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ble. In all subplots, the numerical simulations were performed using
Strang operator splitting with Euler’s method for the nonlinear convo-
lution terms and the Crank-Nicolson method for the decay and diffusion
terms (Ax = 1 pm, Ar = 0.005 ms, and the spatial domain has peri-
odic boundary conditions). For a, a brief step-function input was used
to initiate activity. For ¢, d, we consider initial conditions determined
by the profiles expected from the analytic solution (3) and (4). For b,
no analytic solution exists in the range of interest, so the initial condi-
tions and thresholds from d were used. Parameters fixed in all subplots:
@ = 1 1/ms, o; = 0.1 1/ms, 0,; = 200pum and o;; = 500 um
for j = {e,i}, D, = %. Parameters that differ by subplot: a D; =
100 wm//ms, k, = 0.235001, k; = 0.273941; b D; = 218 pm//ms,
ke = 0.121415,k; = 0.126148; ¢ D; = 216 wm//ms, k, = 0.127676,
ki = 0.132995;d D; = 216 um//ms, k, = 0.121415, k; = 0.126148

duce wave features observed in vivo. Two-bump solutions
could help to replicate the reverberation of activity that has
been observed in seizure wave propagation preceding seizure
termination. Stability analysis performed in this model sug-
gests that there is a critical value of the gap junction-like
coefficient that permits the existence of one-bump linearly
stable solutions with features similar to the observed waves.
Therefore, these results provide support to existing evidence
found in the literature suggesting a key role of gap junctions
during seizure wave propagation. However, it is important
to note that this is a simple model that produces traveling
wave behavior of interest. Future extensions for develop-
ing more biophysically realistic models could include the
incorporation of the dynamic nature of gap junctions or their
aggregation, as well as a key factor concerning the difference
between the timescales of action of chemical and electrical
synapses. It is necessary to establish more realistic biophys-
ical models to study the exact role of gap junctions during
epileptic seizures.
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A Appendix: Model motivation

A biophysically based and widely used model for describing
the somatic membrane potential V;(#) of a single neuron is
Ermentrout (1998); Bressloff (2012):

dv;

? = —Ilcon + Isyn + Igap + Lext (7
where C is the cell capacitance, /.oy, is the membrane current,
Isyn denotes the (chemical) synaptic input currents entering
the cell, Iy, denotes gap junction input currents and Jey are
any external currents. For the moment, we ignore the external
currents.

The membrane current is modeled by Ohm’s Law and
determined by the term Ic0n=2k gx(V — Ey), where each
k determines a specific ion diffusing through channels in the
cell membrane, and g and Ej determine the gating dynamics
and reversal potential of the kth channel, respectively.

We assume that the net chemical synaptic input into neu-
ron i from a population of neurons is determined by sy, =
Zj Y8t — T;”)(VSyrl — V(t)), where g; represents the
synaptic dynamics determined by presynaptic neuron j, Viyn
is the synaptic reversal potential, and 7!" determines a dis-
tribution of firing times of neuron j. Here, we consider no
synaptic depression and ignore dendritic architecture. Also,
we assume that the chemical synaptic inputs sum linearly.

Gap junctions allow direct diffusion of ions and small
molecules between adjacent cells (Goodenough and Paul
2009). Therefore, we assume that the gap junctions are
also modeled by Ohm’s Law in a diffusive manner Iy, =
Zj %(Vj — V;) where R is the resistance.

Therefore, we obtain from (17):

= con—l—ZZgJ(I—Tm)(ngn
+Z;M—m
J

dVl
V(n)

(18)

We observe that the term /g, resembles the discretization
of a one-dimensional second spatial derivative (similar to
Steyn-Ross et al. 2007). That is, considering three aligned
neurons j — 1, j and j + 1, the input from gap junction
coupling on cell j is

% (Vier = V) + (Vi1 = V)

1
= 2 (Viei =2V + V1)
_ (A0 (Vim1 =2V + Vi) (19)
R (Ax)?
a2V;
~ 2 J
D] 8x2
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Without the inclusion of gap junctions, (18) can be further
reduced. This is done by considering a temporal averag-
ing of (18) to obtain a closed system of integral equations
to later reduce to Wilson—Cowan or Amari-type equations
(Ermentrout 1998; Bressloff 2012). The potential V; can be
considered to be converted into a firing rate by means of a
nonlinear function. This can help to establish the potential
in a network of neurons as a set of Volterra equations that
can be further reduced into the voltage-based model (20). In
this reduction, the variable u, now accounts for a mean vari-
able denoting the activity of a neuronal population. We note
that model (20) does not include action potentials. For this
reduction to happen, it is necessary to include the assump-
tion of a slowly acting synaptic current. However, we have
mentioned that gap junctions are faster-acting than chemical
synaptic current, so this assumption is not valid for gap junc-
tions. We suggest that this may be rectified by considering
instead an anomalous diffusion. As a step in this direction,
we propose a simple model considering an excitatory and
inhibitory population, together with both chemical and elec-
trical synapses, where the electrical synapses are modeled by
simple diffusion:

Ju
eun——%wun+%%®kun ke)
azu,
—egie @ H(u;i(x,t) —k;) + Sy x,t)
Sus (20)
a—tl (x, 1) = —ajui (x,1) + igei @ H(ue(x,t) —ke)

Bzu'
—a;gi @ H(u;(x, t)_k)+D a ()C r)

In this model, there is no dynamic component for the gap
junction coupling and architecture of the gap junction dis-
tribution is not considered. However, we propose that this
model is of interest for determining if wave propagation as
observed in vivo preceding seizure termination is possible
under a simple scenario. This could provide a useful foun-
dation for developing more realistic models including gap
junction coupling that mimic wave features observed in vivo.

B Appendix: Traveling wave solutions

We now provide a sketch of the derivation of the traveling
wave solutions (3) and (4). We first consider system (1) in
moving frame (z, t) where z = x — ct We look for stationary
solutions of this system such that azf (z,t) = 0, implying
uj(z,t) = uj(z) where j = {e,i}. We derive a Green’s
function (Stakgold and Holst 2011; Evans 2010) that helps
solve the inhomogeneous differential system that arises. The
Green’s function that we derive has the following form:
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—L—exp(ri(z—y)) ifz<s . %ij _ 9ij =z
\/02+4“/D2 Fexp{rie —win) J{ 12 oijri  1+oijr o

G(z,5) = o (21) 26)

—L —exp(rn(z—y)) ifs <z
Fr (2 9)
—c+4, /e 4da; D? —c— /2440, D?
=_ v V" 77 This

where r| = D D

Green’s function solves the inhomogeneous system by con-
sidering:

and rp, =

uj(z) 2/ G(z,s)P(s)dy (22)
P(S):/ gej(s_y)H(ue(y)_ke)
—gij(s — y)H(u;(y) — k;)dy (23)

where g = ZL exp ( Il ) and H is the Heaviside func-
O jk

”jk
tion. Assuming u;(y) > k; for wjo < y < w;y we obtain:

s—wel s—wi0
PO = [ agoar- [ gy 4)

S—Wef —wif

Assuming w;p < weo < w;r < w,s and substituting (21)
and (24) into (22) we obtain the traveling wave solutions (3)
and (4):

Uji if z < wjp
ujpp ifwip <z < we
* o .
uj(z)— uj3
ujs ifwiy <z < wer

ifwe <z < wif (25)

ujs ifz > Wef

where

O(j Z — We0
uji(z) = | —=—=———= )| exp :
2,/c? +4a; D3 ej
% O‘ej _ O’ej
1 —o.jr 1 —ojr
+€Xp<z - wef>( Oej _ Ogj )
Oe¢j 1 —oejr 1 —ogjra
— w; O .
() ()
O’l'j 1 —a,-jrz 1 —cr,-jrl
Jrexp(Z — wio)( TR )
0ij 1—(7,-,~r1 1 —ojjr
+exp(ri( ) %, 2
xp| r1(z — w —
bl <0 1+aejr1 r
n ( ) O‘ej 2
exp| r1(z — wer _ =z
Ptz of 1 +crcjr1 T — 0¢jT1 r

0ij 2
+exp( r1(z — wio) R ppa—
_p

1—(7@]r1

l—l—a,jr]

ujr(z) =

u;j3(z) =

uja(z) =

()l ()
— || exp
2,/c? +4a; D3 Oej
% O‘ej _ O’ej
1 —o.jr2 1 —oejry
S
Oej L—oejr1 1 —o0¢n

— w; o o
+exp : & . - L
O'l'j 1 —U,'jrz 1 —U,'jrl

+exp(_(Z;‘wi0))< % % )

1+0Ur1 1+0,‘jl‘2
+exp<r1 (z—w ))( Oej + 3
<0 1 —aejrl 1+Ue]r1 r
i 2
) T — O¢jT1 Z)

n ( ) 0ij 2
€X| I —w - —
P2z i0 1+O’,jr2 1 —0jjr r

+ ex rnz—w
P( 1( ef) 1+<Te,r1

9ij

+
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