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A B S T R A C T

Low-rank structure is a powerful priori characteristic that is exploited in constrained magnetic resonance
imaging (MRI). In this paper, we build two low rank matrices TV and TH from weighted k-space data according to
the duality between the sparsity in the difference image and the low-rankness of a reciprocal spectral domain.
Then, we propose a two-step constrained MR image reconstruction method. First, the vertical and horizontal
difference images are recovered via enforcing low-rankness of matrices TV and TH. Then, the image is re-
constructed via the least squares method. In the first step, the nuclear norm of a matrix is replaced by the
minimum Frobenius norm of two factorization matrices and the alternating direction method of multipliers
(ADMM) algorithm is applied to recover the difference images. This singular value decomposition (SVD) free
method leads to fast reconstruction. The experimental results demonstrate that the proposed method outper-
forms other low rank based methods.

1. Introduction

Magnetic resonance imaging (MRI) is a widely used imaging mod-
ality for clinical diagnosis because of its non-invasiveness and the
ability to effectively depict soft tissue changes. However, the inherently
slow scanning time limits its applications. To address this issue, many
sparse sampling methods have been proposed to accelerate MRI [1–6].
The crux of these methods is to exploit the features of images to com-
pensate for incomplete measurements. For example, compressed sen-
sing based MRI methods have successfully exploited the sparsity of
magnetic resonance images in various transform domains, such as
wavelet transform [7], contourlet transform [8], and gradient trans-
form [9–12].

Low-rank structure is another useful feature for sparse sampling
[13–16]. In 2009, Candes et al. [15–16] proposed low-rank matrix
completion from randomly located observations by minimizing the
nuclear norm of the matrix. Inspired by the matrix completion method,
Chen and Chi [13] proposed recovering a 2D signal X∈ ℝn1×n2 with
spectral sparsity r from at least r log n n( ( ))4

1 2O time-domain samples.
They constructed a two-fold Hankel matrix Xe called the effective en-
hanced form of X, and reconstructed X by minimizing the nuclear norm
of Xe.The MR image reconstruction problem in the sparse sampling
scenario can be seen as a k-space matrix completion problem. In 2015,
Kong and Ye [17] proposed constructing a low-rank 2D-Hankel matrix

H formed by k-space data. The idea originates from the fact that the
sparsity of an MR image leads to the low-rankness of a matrix in the
reciprocal spectral domain due to the annihilating filter relationship
[14,17–19]. They estimated the fully sampled k-space data by enhan-
cing the low rankness of matrix H. According to the theoretical guar-
antee proposed in [13,15–16], the sparser the MR image is, the smaller
the rank of matrix H is, and the fewer measurements are needed for
recovering k-space data. Haldar developed a low rank model named
LORAKS for the reconstruction of an MR image with limited support or
an MR image that has a smooth phase [20]. He constructed low rank
matrices named C, G and S using local k-space neighbourhood data, and
applied an iterative majorize-minimize (MM)-based algorithm to re-
construct images [20–23]. Matrix C has a structure similar to that
proposed by Kong and Ye [17]. The same conclusion exists for matrix S,
and the results showen in [20] demonstrated that enforcing the low-
rankness of matrix S leads to better reconstruction than enforcing the
low-rankness of matrix C.

In this paper, we propose a two-step image reconstruction scheme.
In the first step, we construct two low rank matrices TV and TH with
weighted k-space data and recover the vertical difference image XV and
the horizontal difference image XH by enforcing the low rankness of TV
and TH. In the second step, the image X is estimated from XV and XH
using the least squares method. To reduce the computational com-
plexity, we replace the nuclear norm of the low-rank matrix with the
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minimum Frobenius norm of two factorization matrices, which can
reduce the computational time due to the absence singular value de-
composition (SVD). In addition, the alternating direction method of
multipliers (ADMM) algorithm is applied to solve the corresponding
optimization problem. In [24], Patel et al. proposed reoncstruct XV and
XH first, and then reconstruct the image X. In constrast, we reconstruct
the difference images XV and XH by enhancing the low-rankness of the
matrices TV and TH instead of enhancing the sparsity of XV and XH.
Experimental results show that the proposed method outperforms the
LORAKS method and the gradient sparsity based method [24], which
demonstrate the effectiveness of our method.

The rest of the paper is organized as follows. Section 2 explains the
proposed method. The results and analysis are presented in Section 3,
the conclusions are presented in Section 4.

2. Method

As indicated in previous research works, a lower rank matrix needs
a smaller amount of measurements to be recovered. Given the duality
between the sparsity in the primary space and the low-rankness of a
matrix in the spectral domain, we hope to find a sparser representation
of the image so that we can construct a lower rank matrix in the spectral
domain.

Generally, the horizontal and vertical differences of an MR image
are sparser or more compressible than the original image, as shown in
Fig. 1. If the image is a piecewise constant image, its vertical and
horizontal difference images would only contain nonzero values around
the edges where the dayta are sparse. Therefore, we chose to construct
low-rank matrices with weighted k-space measurements and re-
construct sparse vertical and horizontal difference images by enhancing
the low rankness of these matrices and then estimating the original MR
image.

In this section, the idea behind the LORAKS method will be in-
troduced to reconstruct the difference images. We construct two types
of low-rank matrices: CV and CH matrices, SV and SH matrices. For the
sake of convenience, we use TV to represent CV or SV, and TH represent
CH or SH. Next, we begin by demonstrating how to construct TV and TH
using the weighted k-space data according to the annihilating filter and
the properties of the 2D Fourier transform. Then, a two-step re-
construction method is described in detail.

2.1. Low rank matrices TV and TH

Recently, researchers have proposed constructing low rank Toeplitz-
like or Hankel-like structural matrices using spectral data under the
assumption that the image is sparse or limited in support. Let X∈ ℂm×n

denote an MR image. If X is sparse or limited in support, it is easy to
find a smooth function or an annihilating function A∈ ℂm×n that does
not overlap with the support of X, i.e., ΩX:

= =X i j A i j A i j i j( , ) ( , ) 0, where ( , ) 0 , ( , ) X (1)

where (i, j) denotes the element position of X, i=1, 2, … , m, and
j=1, 2, … , n. LetX andA denote the Fourier transform of X and
A respectively. The filter A can be accurately truncated by a circular
window with the radius R. According to the 2D convolution theorem,
the following relationship is implied:

w p u q p q[ , ] [ , ] 0
p q

k k k k
( , )k k R

X A
(2)

where = +p q p q R{( , ) : }R k k k k
2 2 2 2 and (w,u) belong

to the set of 2-D frequencies defined by
Ω(w,u) = {(wk1,uk2) : k1∈ {1,⋯,m},k2∈ {1,⋯,n},∀(w,u)∈ ℤ2}. Assume
that the elements in ΛR have been assigned an order such that the point
(pk, qk ) corresponds to the kth element of ΛR, and k = 1, … , NR,
where NR is the number of elements in ΛR. If we introduce a vectorA
to denote the vectorized annihilating filterA in ΛR, then Eq. (2) can be
reformulated as a matrix-vector product:

C 0A (3)

where C∈ ℂL×NR is the chopped convolution matrix composed of X ,
i.e. =C l k w p u q( , ) [ , ]l k l kX , L = (m−2R+1)
(n−2R+1), l = 1, … , L, where w u( , )l lX is the lth element of
X , and (pk, qk) denotes the kth element ofA . From Eq. (3), we can see
that matrix C is rank deficient.

In LORAKS method, Haldar proposed to construct low rank matrices
exploiting the sparsity or the smooth phase of the image. Generally, the
differences images are sparser than the original image, as shown in
Fig. 1. Thus, we introduce the idea behind the LORAKS method into the
gradient domain. We construct two low-rank matrices TV and TH with
weighted k-space data. The difference images XV and XH are obtained
using the following equations:

=X i j X i j X i j( , ) ( , ) ( 1, ),V (4)

=X i j X i j X i j( , ) ( , ) ( , 1)H (5)

Smooth functions AV and AH that satisfy the following annihilating
filter relationship can be easily found.

= =X i j A i j A i j i j( , ) ( , ) 0, where ( , ) 0 , ( , )V V V XV

(6)

= =X i j A i j A i j i j( , ) ( , ) 0, where ( , ) 0 , ( , )H H H XH

(7)

where ΩXV and ΩXH are the supports of XV and XH respectively.
We use VX and HX to denote the Fourier transform of difference

images which can be obtained from k-space data by Eqs. (8) and (9),
respectively, as follows.

=w u e w u( , ) (1 ) ( , )V
w m2 j /X X (8)

=w u e w u( , ) (1 ) ( , )H
u n2 j /X X (9)

We also call VX and HX the weighted k-space data in this paper.
According to

(a) Original MR image (b) Vertical difference image (c) Horizontal difference image

Fig. 1. (a)–(c) MR image that is 256× 256 and its differences.
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w p u q p q[ , ] [ , ] 0
p q

V k k V k k
( , )k k R

X A
(10)

w p u q p q[ , ] [ , ] 0
p q

H k k H k k
( , )k k R

X A
(11)

where VA and HA are the truncated Fourier transform of the smooth
functions AV and AH respectively, we can obtain two chopped low rank
convolution matrices CV ∈ ℂL×NR and CH ∈ ℂL×NR composed of the
entries in VX and HX , respectively. That is, =C l k( , )V

w p u q[ , ]V l k l kX , and =C l k( , )H HX w p u q[ , ]l k l k .
In [14,17,25], the authors state that for a 1D signal with sparsity r,

the rank of the corresponding Hankel structure matrix is r. They also
give the proof and extend this principle to 2D images, i.e.,
r sparse image r rank D Hankel structure matrix2

F
. There-

fore, we know that rank(CV) < rank (C), and rank(CH) < rank (C).
As in LORAKS we construct another type of low-rank matrices,

namely, SV and SH. From Eqs. (6) and (7), we know that

=X i j A i j X i j A i j( , ) ( , ) ( , ) ( , )V V V V (12)

=X i j A i j X i j A i j( , ) ( , ) ( , ) ( , )H H H H (13)

where ∗ denotes the complex conjugation.
Based on the convolution theorem, we have:

X i j A i j w p u q p q( , ) ( , ) [ , ] [ , ]V V
p q

V k k V k k
( , )k k R

X A

According to the complex conjugation property of the Fourier
transform, i.e., if f(x)⇔ F(w), then f∗(x)⇔ F∗(−w), and we have:

+ +X i j A i j X w p u q A p q( , ) ( , ) [ , ] [ , ]V V
p q

V k k V k k
( , )k k R

Since the index of (pk, qk) is symmetrical and (−pk,−qk)∈ ΛR, then

+ +

=

w p u q p q

w p u q p q

[ , ] [ , ]

[ , ] [ , ]

p q
V k k V k k

p q
V k k V k k

( , )

( , )

k k R

k k R

X A

X A

Therefore, Eqs. (12) and (13) can be transformed to the following:

w p u q p q

w p u q p q

[ , ] [ , ]

[ , ] [ , ]

p q
V k k V k k

p q
V k k V k k

( , )

( , )

k k R

k k R

X A

X A
(14)

w p u q p q

w p u q p q

[ , ] [ , ]

[ , ] [ , ]

p q
H k k H k k

p q
H k k H k k

( , )

( , )

k k R

k k R

X A

X A
(15)

Since each entry in VX and VA is a complex number, i.e.,
= + jV Vr ViX X X and = + jV Vr ViA A A , respectively, where

the subscripts r and i denote the real and imaginary components of
complex numbers, we can rewrite Eq. (14) as the pair of relationships
below.

+

w p u q p q

w p u q p q

w p u q p q

w p u q p q

[ , ] [ , ]

[ , ] [ , ]

[ , ] [ , ]

[ , ] [ , ] 0

p q
Vr k k Vr k k

p q
Vi k k Vi k k

p q
Vr k k Vr k k

p q
Vi k k Vi k k

( , )

( , )

( , )

( , )

k k R

k k R

k k R

k k R

X A

X A

X A

X A

(16)

+

+

+

w p u q p q

w p u q p q

w p u q p q

w p u q p q

[ , ] [ , ]

[ , ] [ , ]

[ , ] [ , ]

[ , ] [ , ] 0

p q
Vr k k Vi k k

p q
Vi k k Vr k k

p q
Vr k k Vi k k

p q
Vi k k Vr k k

( , )

( , )

( , )

( , )

k k R

k k R

k k R

k k R

X A

X A

X A

X A

(17)

Let VrA denote the vectorized annihilating filter VrA in ΛR, and let
ℋr+ denote the chopped low rank convolution matrix composed of VrX ,
i.e.

=+ l k w p u q( , ) [ , ].r Vr l k l kX (18)

Then, w p u q p q[ , ] [ , ]
p q

Vr k k Vr k k
( , )k k R

X A can be re-

formulated as a matrix-vector product: +r VrA .
The other three 2D Hankel-like matrices ℋr− ∈ ℂL×NR,

ℋi+ ∈ ℂL×NR, and ℋi− ∈ ℂL×NR can be constructed likewise, which
respectively have elements as follows:

=
=
=

+

l k w p u q
l k w p u q
l k w p u q

( , ) [ , ] ,
( , ) [ , ] ,
( , ) [ , ] .

r Vr l k l k

i Vi l k l k

i Vi l k l k

X

X

X (19)

According to Eqs. (18) and (19), Eqs. (16) and (17) can be expressed
as

+
+ +

+ +

+ +
0.r r i i

i i r r

Vr

Vi

A

A (20)

We denote SV ∈ ℂ2L×2NR as

= +
+ +

+ +

+ +
S .V

r r i i

i i r r (21)

Since all the entries in SV come from VX , for simplicity, we use an
operator × ×{ · } : m n L N2 2 RT to represent this mapping,

=S ( )V VT X . Matrix SH can be obtained in the same way, but the
entries come from HX . From Eq. (20), we know that matrices SV and SH
are rank-deficient.

As described above, we introduce the idea behind the LORAKS
method to the gradient domain. The matrices CV and CH have the same
structure as C but their entries are weighted k-space data. The matrices
SV and SH have the same structure as S but consist of weighted k-space
data.

2.2. Recovery of XV and XH

Since TV and TH are rank deficient, XV and XH can be recovered by
enforcing the low rankness of TV and TH, and the image can be re-
constructed via the least squares (LS) method. The overview of our
method is shown in Fig. 2. In this section, the low rank matrix based
method (LR) for recovering XV and XH will be described in detail.

Given the undersampled k-space data y, the undersampled Fourier
transform data of the difference images yV and yH can be obtained by
Eq. (22) as follows:

=
=

y w u e y w u
y w u e y w u

( , ) (1 ) ( , )
( , ) (1 ) ( , )

V
w m

H
u n

2 j /

2 j )/ (22)

Matrices XV and XH can be recovered by solving the following op-
timization problem, respectively:

= +X X y Xargmin 1
2

{ }V
X

V V F V
2

V
S T

(23)

= +X X y Xargmin 1
2

{ }H
X

H H F H
2

H
S T

(24)
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Undersampled 
k-space data

Undersampled

Undersampled

Recovered 

Recovered

Recovered image

LR

LR

LS
VX

HX

Vy

Hy

Fig. 2. Overview of our two-step method. First, we recover the vertical and horizontal difference images XV and XH from the undersampled weighted k-space data yV
and yH respectively. Then the image X is recovered using the least squares (LS) method.

Table 1
Algorithm for solving Eq. (23).

Table 2
Proposed method. First, we recover the vertical and horizontal difference images XV and XH from the un-
dersampled weighted k-space yV, yH by the algorithm summarized in Table 1 respectively, and then the image
X can be estimated using the least squares (LS) method.
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where S is a random undersampled sampling matrix composed of 0
and 1 entries,ℱ corresponds to the Fourier transform operator, and λ is
the regularization parameter. The first term in Eqs. (23) and (24)
guarantees data consistency. The second term enhances the low rank-
ness of TV or TH. The nuclear norm of TV or TH is the sum of the singular
values of TV or TH, respectively. Many algorithms [26–29] have been
successfully proposed to minimize nuclear norms, but most of them use
SVD, which is time consuming, which becomes increasingly expensive
as the sizes and ranks of the underlying matrices increase. In this paper,
the nuclear norm of the matrix is replaced by the minimum Frobenius
norm of the two factorization matrices, as shown in Eq. (25), which
reduces the computational times due to SVD [30–32]:

= + =T M N s t MN Tmin 1
2

( ) . .V
M N

F F
H

V
,

2 2
(25)

where the superscript H stands for the Hermitian transpose. Obviously,
the low-rank matrix TV with a size of m× n can be expressed, non-
uniquely, as a matrix product = × ×T M NV m r n r

H . The initial M and N can
be determined by solving the following optimization problem using the
LMaFit method [33–34],

=MN T s t T i j Q i j i jmin 1
2

. . ( , ) ( , ) , ( , ) ,
M N T

H
V F V

, ,
2

V

where Q consists of undersampled weighted k-space data, and the index
set Ω denotes the supports of the known elements in TV. Another way to
determine the initial M and N is as follows: M(0)=US, N(0)= V, where

× × ×U S V SVD Q( )m r r r n r
H , and r is a parameter to be adjusted.

According to Eq. (25), the problem in Eq. (23) can be reformulated
as

=

+ + =

X M N X y

M N s t MN X

( , , ) arg min 1
2

2
( ) . . { }

V
X M N

V V F

F F
H

V

, ,
2

2 2

V
S

T (26)

where XV is the estimator of XV, M is the estimator of M, and N is the
estimator of N. The associated Lagrangian function of the alternating
direction method of multipliers (ADMM) is given by

= + +

+ +

L X M N X y M N

X MN

( , , , ) 1
2 2

( )

2
{ } .

V V V F F F

V
H

F

2 2 2

2

S

T (27)

Then, each subproblem is obtained as follows.

=

+ +

X X y

X M N

argmin 1
2

2
{ }

V
k

X
V V F

V
k k H k

F

( ) 2

( 1) ( 1) ( 1) 2

V
S

T (28)

= + +M M X M Nargmin
2 2

{ }k
M

F V
k k H k( ) 2 ( ) ( 1) ( 1)

2
2T

(29)

= + +N N X M Nargmin
2 2

{ }k
N

F V
k k H k( ) 2 ( ) ( ) ( 1)

2
2T

(30)

= +X M N{ }k
V

k k k H k( ) ( ) ( ) ( ) ( 1)T (31)

The algorithm we used to solve Eq. (23) is summarized in Table 1.
Similarly, XH can be obtained with the same method.

2.3. Image reconstruction

After we obtain XV , XH , we will solve the following optimization
problem to recover the image X.

= + +

=

y

X

argmin V V F H H F F
2 2 2

1

X X X X X SX

X

X

(32)

where ℱ−1 denotes the inverse Fourier transform operator, = XV VX ,
= XH HX , = e(1 )V

w m2 j /X X , = e(1 )H
u n2 j /X X . We can

obtain X via the least squares (LS) method:

= + +
+ +

w u e w u e w u y
e e I

( , ) (1 ) ( , ) (1 ) ( , )
(|1 | |1 | )

w m
V

u n
H

w m u n

2 j / 2 j /

2 j / 2 2 j / 2X
X X

S

(33)

where S is the position set of element 1 inS . Finally, our method is
summarized in Table 2. In the presence of noise, parameter γ is em-
pirically chosen as 0.1. Without noise, we can obtain X via Eq. (34).

=
+
+w u

e w u e w u
e e

w u

y w u w u
( , )

(1 ) ( , ) (1 ) ( , )
|1 | |1 |

, ( , )

( , ) , ( , )
.

w m V u n H
w m u n

2 j / 2 j /

2 j / 2 2 j / 2X

X X
S

S

(34)

(a) Image1 (b) Image2 (c) Image3 (d) Image4 (e) Mask1 (f) Mask2 

Fig. 3. (a–d) gold standard images used in the experiment; (e) variable density random mask; (f) pseudo radial sampling mask.

Fig. 4. RLNE curves of the eight methods for reconstructing Image2 under
different sampling rates. The variable density random mask is used for simu-
lation.
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The above two schemes are relatively simple, but they are effective.
Other more complicated schemes for reconstructing the image X from
XV and XH can be found in references [24,35].

3. Experimental results

The objective of this section is to demonstrate the potential of our
methods in a variety of settings and to compare with other CS-MRI
methods. All simulations were carried out on Windows 10 and MATLAB

R2016a running on a PC with an Intel Core i5 CPU 3.2 GHz with 12 GB
of memory. Data acquisition was simulated by undersampling the 2D
discrete Fourier transform of the MR images. The number of measure-
ments is quantified in terms of the percentage of fully sampled Fourier
coefficients, referred to as the sampling rate (SR). For quantitative
evaluation, the reconstruction quality was measured by the relative
least normalized error (RLNE) which is a standard image quality metric
indicating the difference between the reconstruction X and the gold
standard image X:

(a) TV Minimization    (b) GradientRec          (c) Loraks C        (d) Two-step Loraks C 

(i) TV Error       (j) GradientRec Error      (k) Loraks C Error    (l) Two-step Loraks C Error 

(e) Proposed 1        (f) Loraks S         (g) Two-step Loraks S         (h) Proposed 2

(m) Proposed 1 Error     (n) Loraks S Error    (o) Two-step Loraks S Error   (p) Proposed 2 Error 

Fig. 5. The magnitude images (the first and the third row) and error images (the second and the fourth row), SR=30%, variable density random sampling mask. (a)
TV Minimization reconstruction, RLNE=8.67%. (b) GradientRec reconstruction, RLNE=8.85%. (c) Loraks C reconstruction with r_C= 30, RLNE=11.04%. (d)
Two-step Loraks C reconstruction with r_C=26, RLNE=9.84%. (e) Proposed 1, RLNE=8.76%. (f) Loraks S reconstruction with r_S=30, RLNE=8.74%. (g) Two-
step Loraks S reconstruction with r_S= 30, RLNE=7.62%. (h) Proposed 2, RLNE=6.71%. (i)–(p) Error images corresponding to the magnitude images shown in
(a)–(h). Images (a)–(i) have been normalized such that the greyscales range from 0 to 1.
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= X X
XRLNE

F

F

3.1. Comparisons in sparse sampling examples

The experiments were conducted on both real-valued images and
complex-valued images. The real-valued Image1 shown in Fig. 3(a)
came from a fully sampled proton density weighted image acquired
from the 0.35 T scanner. The complex-valued Image2 of size 256×256
in Fig. 3(b) [36] was acquired from a healthy volunteer at a 3 T Siemens
Trio Tim MRI scanner using the T2-weighted turbo spin echo sequence
(TR/TE=6100/99ms, 220×220mm field of view, 3mm slice thick-
ness). The complex-valued Image3 and Image4 in Fig. 3(c–d) were
extracted from the in vivo dataset from [37]. This dataset contains 38
slices with 256×256 resolution, using a TSE sequence (1×1mm in-

plane spatial resolution with 3mm thick contiguous slices,
TR= 6000ms, TE= 27ms). The variable density sampling and pseudo
radial sampling are adopted as shown in Fig. 3(e), (f).

For simplicity, our proposed reconstruction scheme using CV and CH
is named Proposed 1, and our proposed reconstruction scheme using SV
and SH is named Proposed 2. To “fairly” compare the performance of the
proposed low-rank method, in addition to the traditional CS-MRI
methods, we also conduct experiments with the MM algorithm used in
LORAKS to reconstruct the gradient image, and then recover the image.
We call this method “Two-step LORAKS”; Two-step Loraks C stands for
the “Two-step LORAKS” method using matrix C and Two-step Loraks S is
the method using matrix S. Thus, the reconstruction methods we com-
pared here are: (1) the TV Minimization method [9], (2) the GradientRec
method [24], (3) the matrix Cbased LORAKS method (Loraks C) [20], (4)
the matrix S based LORAKS method (Loraks S) [20], (5) Two-step Loraks

(a) Gold standard image  (b) TV Minimization    (c) GradientRec (d) Loraks C (e) Two-step Loraks C

(j) TV Minimization Error  (k) GradientRec Error    (l) Loraks C Error    (m) Two-step Loraks C Error

(f) Proposed 1 (g) Loraks S         (h) Two-step Loraks S         (i) Proposed 2

(n) Proposed 1 Error     (o) Loraks S Error    (p) Two-step Loraks S Error   (q) Proposed 2 Error

Fig. 6. The magnitude images (the first and the third row) and the error images (the second and the fourth rows), SR=30%, variable density random sampling mask.
(a) Gold standard image. (b) TV Minimization reconstruction, RLNE=10.54%. (c) GradientRec reconstruction, RLNE=9.29%. (d) Loraks C reconstruction with
r_C=25, RLNE=9.78%. (e) Two-step Loraks C reconstruction with r_C=19, RLNE=9.40%. (f) Proposed 1, RLNE=9.08%. (g) Loraks S reconstruction with
r_S= 25, RLNE=9.48%. (h) Two-step Loraks S reconstruction with r_S= 19, RLNE=9.16%. (i) Proposed 2, RLNE=8.84%. (j)–(q) Error images corresponding to
the magnitude images shown in (a)–(h). Images (a)–(i) have been normalized such that the greyscales range from 0 to 1.
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(a) (b) (c) (d) (e) 

(f) (g) (h) (i) 

Fig. 7. The phase images and error images (image3). (a) Original, (b) Loraks C, (c) Loraks S, (d) Proposed 1, (e) Proposed 2, (f)–(i) Error images corresponding to the
phase images shown in (a)–(e). The results reconstructed from 30% of the variable density random sampling data.

Table 3
RLNEs of the eight methods with the variable density random sampling mask.

Data Methods RLNE (%)

SR=30% SR=40%

Image1 TV Minimization 3.86 2.70
GradientRec 3.53 2.55
Loraks C 5.28 3.66
Two-step Loraks C 4.79 3.20
Proposed 1 4.29 3.05
Loraks S 3.48 2.89
Two-step Loraks S 3.24 2.50
Proposed 2 3.13 2.41

Image4 TV minimization 8.89 7.69
GradientRec 9.08 7.83
Loraks C 9.32 8.14
Two-step Loraks C 9.12 7.78
Proposed 1 8.98 7.92
Loraks S 9.19 7.92
Two-step Loraks S 9.05 7.75
Proposed 2 8.72 7.67

Table 4
RLNEs of the eight methods with the pseudo radial sampling mask.

Data Methods RLNE (%)

SR=30% SR=40%

Image1 TV Minimization 3.61 2.76
GradientRec 3.52 2.74
Loraks C 4.53 3.10
Two-step Loraks C 4.19 2.77
Proposed 1 3.87 2.68
Loraks S 3.16 2.22
Two-step Loraks S 2.91 2.15
Proposed 2 2.85 2.11

Image4 TV Minimization 9.90 7.64
GradientRec 8.96 7.84
Loraks C 9.41 8.03
Two-step Loraks C 8.98 7.58
Proposed 1 8.70 7.44
Loraks S 9.05 7.53
Two-step Loraks S 8.67 7.41
Proposed 2 8.59 7.36

Table 5
Runtime of the six low-rank matrices methods for reconstructing image1 and
image4.

Methods Runtime (s)

Image1 Image4

Loraks C 130.66 167.49
Two-step Loraks C 292.16 231.17
Proposed 1 77.87 80.28
Loraks S 224.40 180.39
Two-step Loraks S 478.54 306.52
Proposed 2 152.03 242.93

Fig. 8. RLNE values versus the filter radius R for the reconstruction of image1
under variable density random mask (SR=40%). Asterisks indicate the se-
lected R-values.
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(a) (b) (c) (d)

Fig. 9. RLNEs versus parameters λ and ρ for the reconstruction of real-valued Image1 and complex-valued Image3 under variable density sampling (SR=40%): (a)
Proposed 1, Image1; (b) Proposed 2, Image1; (c) Proposed 1, Image3; (d) Proposed 2, Image3.

Fig. 10. Images (256×256) used to show the stability of parameter λ selection in Fig. 11. Image1–8 are from left to right and from top to bottom.

(a) (b)

Fig. 11. RLNEs versus λ for the reconstruction of different images with ρ=1 under variable density sampling (SR=40%). (a) Proposed 1, (b) Proposed 2.
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C, (6) Two-step Loraks S, (7) Proposed 1 and (8) Proposed 2.
To objectively compare the different methods, we run the source

code for TV Minimization,1 GradientRec,2 Loraks C and Loraks S3

provided by the respective authors online. In addition, the optimal
parameters are used to guarantee the performance of each method. The
maximum number of iterations kmax= 100, and the convergence con-
dition ηtol=10−5.

The RLNE curves of the eight methods for reconstructing the com-
plex-valued Image2 under different sampling rates are shown in Fig. 4.
We can see that the Loraks C method has the highest RLNEs and the
Proposed 2 method has the lowest RLNEs under sampling rate from
30% to 44%. RLNEs of the Two-step Loraks C method are lower than
those of the original Loraks C, but higher than those of Proposed 1
method. RLNEs of the Two-step Loraks S method are lower than those
of the original Loraks S, but higher than those of Proposed 2 method.

The reconstruction results (the magnitude images and the error
images) of Image2 using the eight methods are shown in Fig. 5. The
reconstruction results of Image3 are shown in Figs. 6 and 7, where the

magnitude and error images are in Fig. 6, the phase images and error
images are in Fig. 7. We can see that two-step Loraks methods out-
performs corrresponding original Loraks methods, but they have
slightly blurred image details compared with the Proposed 2 method, as
shown in the yellow block in Fig. 6. Over-smoothing and block effects
exist in the results of TV Minimization method. From Fig. 7 we can see
that our methods can maintain the phase information when re-
constructing the complex image.

RLNEs under different sampling rates and different sampling masks
are summarized in Tables 3 and 4. The results also demonstrate that the
Proposed 2 method outperforms the other methods.

Since our methods need to solve two optimization problems, the
computational time is a concern. Fortunately, we chose ADMM algo-
rithm and an SVD-free scheme to fulfil nuclear norm minimization. The
running time of our method is shorter than that of LORAKS. From
Table 5, we can see that Proposed 2 has running time comparable to
that of Loraks C. Although Loraks C method consumes less time due to
the smaller size of C, it has the worst reconstruction results. The Two-
step LORAKS is more time consuming than the original LORAKS
method and our methods.

(a) Original image (b) Image with noise (c) Error image 
Fig. 12. The original image and noisy images. (a) Original image. (b) Image with noise, RLNE=17.63%. (c) Error mage.

(a) Proposed 1     (b)  Proposed 2    (c) Proposed 1 noise  (d) Proposed 2 noise  (e) Loraks C noise   (f) Loraks S noise 

(g)Proposed 1 Error (h)Proposed 2 Error (i)Proposed 1 noise Error (j)Proposed2 noise Error (k)Loraks C noise Error (l)Loraks S noise Error 

Fig. 13. The reconstructed images (first row) and error images (second row), SR= 30%, variable density random sampling mask, R=4. (a) Proposed 1 method
without noise, RLNE=4.29%; (b) Proposed 2 method without noise, RLNE=3.13%; (c) Proposed 1 method with noise, RLNE=11.07%; (d) Proposed 2 method
with noise, RLNE=10.39%; (e) Loraks C method with noise, RLNE=12.83%; (f) Loraks S method with noise, RLNE=11.7%. (g)–(l) Error images corresponding to
the reconstructions shown in (a)–(f).

1 http://www.mlustig.com.
2 http://www.cs.ubc.ca/labs/scl/spgl1.
3 http://mr.usc.edu/.
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3.2. Parameter evaluation

Our method involves several parameters. In this section, we conduct
experiments to test how the parameters affect the reconstruction results.
Fig. 8 shows how the RLNE changes as the filter radius R increases. The
testing image is image1, and variable density sampling (SR=40%) is
adopted. We can see that the RLNE tends to be stable as R reaches a
certain value. From [14], we know that R must be large enough to ensure
that the number of columns of the low rank Hankel matrix are greater
than the sparsity of the image. If R is greater than a certain value, the
rank of the matrix will not change, so a low rankness constraint on the
matrix will lead to the same reconstruction result. This explains why
RLNE curve is shown in Fig. 8. The experiments in Section 3.1 are con-
ducted at R=4 to guarantee accuracy and rapid reconstruction.

The regularization parameters λ trade off the contribution of the
data consistency term and the nuclear norm term. The parameter ρ
affects the convergence of the iteration. Fig. 9 displays the plots of the
RLNEs as a function of λ with ρ=0.1–100 for real-valued image1 and
complex-valued Image3. We can see that the RLNE varies slightly if λ is
in the range of 10−10 to 10−4. We also conduct the experiments on 8
MR images shown in Fig. 10 (image1–8) with ρ=1 under variable
density sampling. The results are depicted in Fig. 11, and the optimal λ
is in the range of 10−10 to 10−4. If the parameter λ is smaller than
10−10, the reconstructed image will have a large error, and when λ is
smaller than 10−15, the image cannot be reconstructed.

3.3. Experimental results under noisy condition

To evaluate the performance of our method, we conduct experi-
ments on noisy k-space data and analyse how noise affects the re-
construction results. Additive thermal noise in k-space data is simulated
using complex Gaussian pseudo-random noise. The reconstruction re-
sults we show here are obtained via Proposed 1, Proposed 2 and
LORAKS methods under noise conditions with a mean of 0 and a de-
viation of 15. The original image, noisy image, reconstructed results of
the four methods and the corresponding error images are shown in
Figs. 12 and 13. Since the k-space data is polluted with noise, the re-
constructed images of our methods and LORAKS are degraded. From
these results, we can see that our methods have results comparable to
LORAKS under noisy conditions.

4. Conclusion

In this paper, we proposed a new idea to enrich the low rank matrix
based CS-MR image reconstruction method. We built two matrices TV
and TH using the weighted k-space according to the annihilating filter
and the properties of the 2D Fourier transform. Due to the sparsity of
the vertical and horizontal differences of an MR image, the matrices TV
and TH are low rank. First, we enforced the low rankness of the matrices
TV and TH to recover the vertical and horizontal differences. Afterwards,
the image was reconstructed from these difference images via the least
squares method. The final reconstruction results demonstrated that our
method outperforms other low rank based methods. Our method is
robust to the selection of parameters and can adapt to noise.
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