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ABSTRACT

An analytical model for a spherical poroelastic tumor embedded in normal poroelastic tissues under
creep compression is presented in this paper. The tissue is modeled as a cylindrical sample containing
a spherical inclusion having different material properties. Analytical expression for the volumetric strain
generated inside the inclusion during creep compression is obtained. Error analysis is carried out by com-
paring the results from the developed analytical model with corresponding results obtained from an
established finite element software for a number of samples with different material properties. The error
is found to be below 2.5% for the samples with a small inclusion and 7% in the samples with a large inclu-
sion. The analytical solutions reported in this paper can greatly impact elasticity imaging techniques aim-
ing at reconstructing mechanical properties of tumors such as Young's modulus, Poisson’s ratio,
interstitial permeability and vascular permeability.

Spherical model

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

The development of mathematical models that can accurately
represent the mechanical behavior of cancers has been an active
area of research for the past four decades. Several mechanical mod-
els incorporating the effects of osmotic and lymphatic pressure,
vascular permeability and interstitial permeability on the mechan-
ical behavior of tumors have been proposed (Baxter and Jain, 1989;
Baxter and Jain, 1990; Baxter and Jain, 1991; Jain, 1998; Jain et al.,
2007; Jain et al., 2014; Netti et al., 1997; Sarntinoranont et al.,
2003; Swabb et al., 1974). Models considering the effect of elevated
interstitial fluid pressure (IFP) and enhanced permeability and
retention (EPR) on fluid transport mechanisms inside tumors
(Netti et al., 1995; Netti et al., 2000; Stapleton et al., 2013;
Swartz et al.,, 1999) as well as models considering the effect of
residual strain and stress on the mechanical behavior of cancers
(Byrne and Chaplain, 1996; Jones et al., 2000; Kyriacou et al.,
1999) or tumor growth (Sciumé et al., 2014; Krembheller et al.,
2018) have also been developed. These mathematical models were
found clinically helpful to develop diagnostic instruments and
treatment protocols for cancers. However, a common limitation
of most of the aforementioned mechanical models is that they
involve only the strains generated by the tumor’s growth or by
the fluid pressure or solid stress developed inside the tumor. These
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models do not apply to the case where the tissue is externally com-
pressed as in many elasticity imaging technologies (Ophir et al.,
1999).

After the seminal work by Eshelby (1957) on the mechanical
behavior of an elastic inclusion inside another elastic material
under remote load, many important studies have been reported,
which focused on the mechanical behavior of an elastic/poroelastic
inclusion inside another elastic/poroelastic material (Ateshian
et al,, 2007; Rice et al, 1978; Song et al.,, 2016b; Song et al.,
2016a). Rice et al. (1978) reported a model of the displacements,
strains and fluid pressure inside a poroelastic inclusion embedded
in a poroelastic material. However, the solutions by Rice et al.
(1978) are not in closed-form and require computation of a num-
ber of numerical integrals. In the works of Song et al. (2016b,a),
the authors developed the expressions of the shear modulus for
spherical and cylindrical poroelastic inclusions embedded inside
another poroelastic material. The expressions for the displacement,
stress and pore pressure are given in the Laplace domain, and no
closed-form analytical expressions are obtained in the space or
time domain, limiting their applicability to parameter estimation
or other relevant analyses. In the work of Ateshian et al. (2007),
analytical solutions for the strain components and fluid pressure
have been developed in cylindrical coordinates for a spherical
inclusion under compression, but the inclusion shape has been
approximated as a cylinder.

Cryer (1963) was the first to report the analytical solution
for the fluid pressure inside a uniform poroelastic sphere under
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application of a normal traction force over the surface of the
sphere. He showed, theoretically, that, under sustained compres-
sion, the reduction of fluid pressure (due to the applied load) is
not monotonic inside the poroelastic sphere. Rather, the fluid pres-
sure increases initially with time and then it starts to decrease and
eventually becomes zero. This effect is known as the “Mandel-
Cryer effect”. Cryer did not investigate the time evolution of the
stress and strain during consolidation of the sphere. Later, a com-
plete set of analytical expressions for the various stress and strain
components inside the sphere was derived by Mason et al. (1991).
A similar analysis of the consolidation of a sphere for large dis-
placements/strains generated inside the sphere as a result of the
application of high stress was reported by Gibson et al. (1989).
These studies are applicable to a uniform poroelastic sphere and
do not apply to a poroelastic sphere embedded inside another
poroelastic material.

The mechanical behavior of human tissues has often been
described using poroelastic models (Cowin and Doty, 2007;
Pflaster et al., 1996), which are based on the poroelastic theory
proposed by Biot (Biot, 1941; Biot, 1962; Cheng, 2016). Biot’s the-
ory is also at the basis of multi-phasic theories. According to these
theories, a tissue is considered as a combination of at least two
phases, i.e., a fluid phase and a solid phase (Ehlers and Markert,
2001; Suh and DiSilvestro, 1999). An example of multi-phasic the-
ory is the biphasic theory developed by Kui, Lai and Mow (Mow
and Lai, 1980; Mow et al., 2012; Mow et al., 1980; Mow et al.,
1994). Using the biphasic theory, the first full analysis of the defor-
mation behavior of a uniform poroelastic cylinder was reported by
Mow et al. (1980) and later expanded by Armstrong et al. (1984). In
the work of Armstrong et al. (1984), expressions of fluid pressure
and strains were obtained for creep compression and stress relax-
ation inside a uniform poroelastic cylinder. Recently, four and five
phase poroelastic models for tumor growth have been developed
by Sciume et al. (2014) and Kremheller et al. (2018). In the study
of Sciume et al. (2014), the extra-cellular matrix of the tumor is
modeled as a deformable porous solid matrix with Green-elastic
and elasto-visco-plastic material behavior. A dynamic vascular
tumor model combining a multiphase porous medium framework
for avascular tumor growth is proposed by Kremheller et al. (2018),
where angiogenesis is modeled by treating the neovasculature as
an additional phase of the material.

Human tissues are known to exhibit time-dependent
compression-induced fluid pressure, stress and strain (Duck,
2013; Fung, 2013; Lakes, 1998; Leiderman et al., 2006). This is
the underlying motivation at the basis of the development of ultra-
sound poroelastography (Konofagou et al., 2001; Righetti et al.,
2004; Righetti et al., 2007). In poroelastography, the spatial and
temporal distributions of the axial and lateral strains generated
in a tissue under compression can be determined from the
acquired ultrasound data using dedicated algorithms (Islam et al.,
2018a; Nair et al., 2011). The spatial and temporal distributions
of the lateral and axial strains are linked to the underlying mechan-
ical properties of the poroelastic material (Islam et al., 2018d;
Islam et al., 2018e).

In previous works, we have developed analytical models for the
strains and fluid pressure inside non-uniform poroelastic samples
by assuming that both the inclusion (tumor) and background (soft
tissue) are of cylindrical shape (Islam et al., 2018c; Islam et al.,
2018b; Islam et al., 2018d; Islam et al., 2018e). Most tumors, how-
ever, can be best approximated by spheres. An analytical model for
the strains developed in a spherical inclusion embedded in a back-
ground with different poroelastic properties under creep compres-
sion would be helpful to better understand the mechanical
behavior of tumors and estimate their mechanical properties from
poroelastography data. However, such a model is not available yet.
In this paper, we develop an analytical model of a spherical poroe-

lastic inclusion embedded inside a cylindrical poroelastic sample
under constant uniaxial compression. We then present a closed-
form analytical solution of the volumetric strain inside the poroe-
lastic inclusion and validate the solution using a commercial finite
element simulation software.

Detailed nomenclature used in this paper is given in Table 1.

2. Problem formulation and analytical model

The cylindrical poroelastic sample containing a spherical inclu-
sion used in the analysis reported in this paper is shown in Fig. 1
(A). This sample is used to represent a tumor embedded in normal
tissue. In this figure, the method used to apply the external com-
pression is also shown. Two rigid, parallel, impermeable compres-
sor plates have been used to hold the sample and exert
compression upon it. Perfect slip (i.e., frictionless) boundary condi-
tions can be assumed to exist between the compressor plates and
the sample (Berry et al., 2006; Armstrong et al., 1984; Zhou et al.,
2015). The ‘perfect slip’ boundary conditions are important to
ensure that the normal component of the fluid velocity at the inter-
face of the compressor plate and the fluid in the sample is zero and
the tangential component of the fluid velocity is unrestricted.
Although these boundary conditions do not affect our analytical
model of the volumetric strain inside the inclusion under the
assumption of ‘remote load’ (Eshelby, 1957), these boundary con-
ditions are important for the derivation of analytical models of
strains and fluid pressure in uniform samples and cylindrical sam-
ples with cylindrical inclusions (Berry et al., 2006; Armstrong et al.,
1984; Islam et al., 2018e; Islam et al., 20184d).

The boundary conditions for a poroelastography experiment
are: (1) on the bottom plane of the cylindrical sample, there are
no displacements; (2) on the right edge of the sample, there is no
fluid pressure (Berry et al., 2006) and (3) a constant uniaxial stress
is applied at the top boundary of the sample. The inclusion is
assumed to be perfectly bonded to the background material.

Based on the theory of Eshelby, the applied uniaxial stress (o)
from the top of the sample in a poroelastography experiment
(see Fig. 1(A)) is transferred over the full outer surface of the spher-
ical inclusion (Eshelby, 1957). Therefore, when we are interested in
the analysis of strains and fluid pressure inside the tumor, the
problem can be thought as one of a poroelastic sphere under a uni-
form compressive/volumetric stress (o,) over its outer surface.
Under these conditions, the volumetric strain and fluid pressure
become functions of the spherical coordinate R (radius) and time
t inside the poroelastic inclusion (Mason et al., 1991). Conse-
quently, the problem can be simplified from a cylindrical coordi-
nate system to a spherical coordinate system. Below, we derive
the formulations for the various parameters inside the inclusion
(0 < R < a) in spherical coordinates (Fig. 1(B)). .

The first basic equation for spherically symmetric poroelasticity
is the continuity equation of the pore fluid, which can be written as
(Islam et al., 2018d; Leiderman et al., 2006)

Table 1
Nomenclature.
Term Symbol Term Symbol
Radius of inclusion a Radius of sample b
Young's modulus of Ep Young’s modulus of E;
background inclusion
Poisson’s ratio of Vp Poisson’s ratio of \
background inclusion
Interstitial permeability of kpy Interstitial permeability k;
background of inclusion
Microfiltration coefficient »p Microfiltration coefficient Ai

of background of inclusion
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Fig. 1. (A) A schematic of a cylindrical sample of a poroelastic material with a spherical poroelastic inclusion of radius a. The sample is compressed between two compressor
plates. The compression is applied along the negative z direction. (B) Schematic of the inclusion under compressive load.
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where € is the volumetric strain and p is the fluid pressure inside
the inclusion. o is Biot’s coefficient, k; is the interstitial permeability

and S is the storage coefficient of the inclusion. Here the microfiltra-
LpVSV

tion coefficient of the inclusion y; =y, + y,, with y, = v and

A= LPLSL Lyy and Ly, are the vascular and lymphatic permeabilities
inside the inclusion. 5—VV and % are the surface area to volume ratio
of the capillary and lymphatic walls, respectively. Under the
assumption that y, > y,,y; becomes approximately equal to y,,
i.e., y; =~ yy (Netti et al., 1997; Leiderman et al., 2006). The storage
coefficient S is defined as

S=¢Cr + (o — ¢)Cs, (2)

where ¢ is porosity, C; is the compressibility of the fluid, and C; is
the compressibility of the solid particles. In the case of incompress-
ible constituents, S = 0 and « = 1. It should be noted that Eq. (1) can
be written for fluid pressure inside the inclusion only if the intersti-
tial permeability of the inclusion is much lower than the interstitial
permeability of the background, when the interstitial permeability
has comparable or dominant effect as the vascular permeability
on the mechanical behavior of the inclusion. Eq. (1) is always appli-
cable for fluid pressure inside the inclusion when the inclusion’s
vascular permeability is dominant over its interstitial permeability.
Using S = 0,0 = 1, the continuity equation can be written as

e o*p 20p
i ki (8R2 R E)R) — Aib- (3)

The volumetric strain € inside the inclusion is related to the
radial displacement u by

2
ou 2u 1 8<”R )
€=t 0 =— —". (4)
dR'" R R* OR
The second basic equation for poroelasticity is the equation of
radial stress equilibrium, which can be expressed as
O0ge ORrrR — OTT
 URR — V1T
R T°T R
where oy and oqr are the total stresses in radial and tangential
directions. The total stresses can be separated into the effective
stresses and the fluid pressure by

-0, (5)

ORR = Opg + P, Orr = Opp +P. (6)

The equation of radial stress equilibrium can be written now as

O0kg Ok — O'Irr op
R 2T R TR @
Using Eq. (4) and the stress-strain relations
Ohp = — <K1- - %G,—) -2G; gR’ (8)
0%:*(’({*%6[)6*26,‘?, (9)

the equation of equilibrium can be expressed in terms of the volu-
metric strain as

4 oe 0p
<I<i+36>8R R (10)

where K; is the compression modulus of the inclusion in fully
drained conditions, and G; is its shear modulus.

Let the aggregate modulus be Hy = K; +G; (Armstrong et al,,
1984). So, from Eq. (10), we can write

o€ 0p
Haigp = 5p- (11)
Integrating with respect to R, we obtain
1
€= + 12
7P+ (12)

where Q is an integration constant.

Let us assume that p = p'e fazit, Q = Qe HaZit € = ¢'e Haitit, ¢
and p’ depend on both space and time coordinates. Using these
new variables in Eq. (3), we get

'e—Haili 2
olee ) (‘”’ wp) oty pre 13)

at oRZ "R R

Simplifying this equation, we obtain

) L O€ o’p 20p )
_H..v.e e Haixit —Hpixit 7= _ Jo. e Haixit
Hyiy€'e +e 30 kl(aRz R AR R

_ Xip’e_HAiZit. (14)

Removing et from both sides, this equation results in

o  (&p 20p ,
—Hpiy€ +— ki <8R2 RoR) ™ b (15)
which can be written as
, o (’p 20y
_Xi(HAle —p)+5 k,(aRz +Eﬁ . (16)
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Using p’ + Q' = Hy€' (Eq. (12)), we can write Eq. (16) as

, o€ o*p 2 0p
Using Hyi %5 =2 (Eq. (11)) and Ha 25 = ‘;,)’22‘,’; (differentiating Eq.
(11) with respect to R), we can write Eq. (17) as
. O€ %€ 2 o€
-%Q +E*HAiki <8Rz+R8R)' (18)

In this equation, Q' is a constant which depends on the bound-
ary condition. If it is possible to find a solution for €, which
satisfies

o*¢ 2 9¢€ 1 o€
R TROR Hyk ot~ ° (19)

and all boundary and initial conditions, Q' becomes zero.
We now define the following dimensionless variables,

Ei— a’t
a’ _HAjki.

Using these dimensionless variables, we can write for € from
Eq. (19)

oe e
gt oR?

R=

(20)

2 9¢
ROR

(21)

To remove the partial derivative in R, we introduce a new vari-
able y, which is related to € as

(=) - Lok

€ (R,t) - Ew(m). (22)
Eq. (21) can be written in terms of ¢ as

W = @ (23)

ot oR?

Taking the Laplace transform of Eq. (23) and using the initial

condition zp(ﬁ, 0) = 0, we obtain

Py -

—=_ Sl// = 0, 24
Y (24)
where  denotes the Laplace transform of .

3. Solution for volumetric strain inside the inclusion

The general solution of Eq. (24) can be written as

n}(ﬁ,s) =A(s) cosh(x/Eﬁ) + B(s) sinh (ﬁﬁ) (25)
Therefore, using Eq. (22), € can be written as
E’(ﬁ,s) = % cosh (\/Eﬁ) +? sinh(\/Eﬁ). (26)

The first boundary condition for the volumetric strain inside the
inclusion can be written as (Mason et al., 1991)

R=1, e(l,f):e’(l,E)Z—W%,bo, 27)

where v, is the lateral to axial strain ratio inside the inclusion, E, is
the effective Young’s modulus calculated by taking the ratio of axial
stress to axial strain inside the inclusion. The second boundary con-
dition states that the volumetric strain is not infinite at the center of
the inclusion, i.e.,

R=0, [€(0,t)] < o0, > 0. (28)

Using Egs. (27) and (28), we can write € from Eq. (26) as
(Verruijt, 2013; Cheng, 2016; Mason et al., 1991)
- ~ 7_&
e(R,s)f E,
o (T+ve)(1-2v,)
[(1—ve)s+2(1—-2v,)sinh(v/s) —2(2—2Ve)+/scosh(v/5)]
sinh( /R

R

(29)

The inverse Laplace transform of this equation can be written as
(Mason et al., 1991)

4. & (1=2ve)(1 4 ve)
14=
) ( 3 [2(1 Fve)1—2v) — (1 —ve)zx,,]

sinh (R /X, ) exp(—xat
x <A."> ) (30)
Rsinh(y/x,)
where x, are the roots of the characteristic equation
C(x) = tan(v/X) 20-2v)Vx (31)

T R2(1=2v0) — (1= ve)¥]

Computation of the roots from the characteristic equation is
shown in Fig. 2. Using Eq. (20), Eq. (30) can be written as a function
of the time variable t and the space variable R as

(1=2ve)(1 4 ve)

'(R, = _0v 1 45
CRO="5" +3;[2(1+ve)(1—2ve)7(17ve)2xn]

sinh (8/X,) exp (—xn ”g*—ﬁ“)
x B sinh(y&y) ’

(32)

where K, :ﬁ. Eshelby’s inclusion formulation can be used to

calculate g,, which is equal to one-third of the axial stress inside
the inclusion and K., i.e., E. and v, from the applied load ¢ and
the Young’'s modulus and Poisson’s ratio of the inclusion and the
background (Eshelby, 1957).

By changing the variable from € to € and using the fact that
€(R,00) = €(R,00) = —%£,0 < R < q, the equation for the volumet-
ric strain inside the inclusion can be written as

10 .
5
®
o 0
-5
-10

0 50 100 150 200 250 300
X

Fig. 2. Computation of roots from the characteristic equation.
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oy 4& (1 =2ve)(1 4 ve)
Rty=-2x (143
o Kex< +3;[2(1+ve)(1—2ve)—(1—ve)2xn]

sinh (8 y/%7) exp (—xn Harkit
& sinh(y/x,)

) exp(HAixio). (33)

4. Finite element simulations

The commercial finite element simulation software ABAQUS,
Abaqus Inc, Providence, RI, USA has been used to validate the pro-
posed theory (Documentation, 2006). The ‘coupled pore fluid diffu-
sion and stress analysis’ module of ABAQUS has been used for this
purpose (Documentation, 2006, 6.7.1). We have added the detailed
theory of poroelastic simulation in ABAQUS in the Appendix.

We validate our theory in two steps. First, we show that our
developed theory is accurate for computing the volumetric strain
in a spherical sample under compressive stress (Fig. 1(B)) (see
Appendix). Second, we show that our theory can also be used to
compute the volumetric strain inside the inclusion in a cylindrical
sample under creep compression (Fig. 1(A)). In this case, the com-
pressive stress on the sphere has been computed using Eshelby’s
theory as described in Section (3).

4.1. Cylindrical samples

Due to the cylindrical and spherical symmetries of the cylindri-
cal sample and inclusion, a 2D solution plane is analyzed in ABA-
QUS, as shown in Fig. 3. The dimensions of the cylindrical sample
are 20 mm in radius and 40 mm in height. The radius of the spher-
ical inclusion is assumed to be 3 mm in samples A-I and 7.5 mm in
samples ]J-R. A Heaviside step load of 1 kPa is applied on top of the
cylindrical samples.

We assume the following boundary conditions for the cylindri-
cal samples: (1) the bottom plane of the sample is fixed, i.e., the
axial displacement is zero at the bottom plane, (2) on the right side
of the sample, the fluid pressure is zero and (3) the sample is com-
pressed from the top, i.e., a constant uniaxial stress is present at
the top boundary of the sample. A perfect bonding condition has
been assumed between the inclusion and the background. Perfect
slip (i.e., frictionless) boundary conditions between the compressor
plates and the sample have been assumed.

4.2. Specifications for the samples

The vascular permeability in the samples is modeled using
seepage coefficient as described in our previous work (Islam
et al., 2018f). The specific weight of the fluid is taken as 1 Nm3
to match the definitions of permeability in ABAQUS and in our
developed theory. The CAX4RP mesh is used to model all the sam-
ples. The response of the simulated samples is recorded for 300 s at
1 s time intervals.

]
Compressor
plate

L ]

Fig. 3. The 2D solution plane for the three dimensional sample shown in Fig. 1(A).

Eighteen cylindrical samples with different material properties
are simulated to analyze the theories developed in this paper. Nine
of the eighteen cylindrical samples have inclusion radius of 3 mm
and nine have radium 7.5 mm. The simulated samples are summa-
rized in Tables 2 and 3. Young’s modulus of the normal tissue is
chosen as 32.78 kPa based on previous literature (Leiderman
et al.,, 2006; Netti et al., 1997). As the tumors can have a broad
range of Young’s moduli (Rzymski and Opala, 2011; Zhi et al,,
2007), up to ten inclusion-to-background contrasts are considered.
Poisson’s ratio values of 0.4,0.45 and 0.47 for the tumors and nor-
mal tissues are used (Fung, 1993; Mpekris et al, 2017;
Stylianopoulos et al., 2013). Based on previous literature (Netti
et al., 2000; Swartz and Fleury, 2007), tumors can have a broad
range of interstitial permeability. Therefore, different values of
inclusion-to-background permeability contrast (1,2,1000) are
simulated in our study. The vascular permeability of the tumor
and normal tissue are chosen based on the values reported by
Leiderman et al. (2006) and Netti et al. (1997). Among the eighteen
cylindrical samples, in samples A, G, ] and P, the interstitial perme-
ability is dominant over the vascular permeability inside the inclu-
sion, whereas in samples C, F, H, L, O and Q, the vascular
permeability is dominant over the interstitial permeability. In
other samples, the interstitial permeability and vascular perme-
ability have comparable effects inside the inclusion.

5. Parameter estimation

To demonstrate the feasibility of the proposed closed-form
solution in estimation of different mechanical parameters, we gen-
erated clean signal of volumetric strain using Eq. (33) for the
mechanical parameters of samples A, D and G and then added
Gaussian noise of different SNRs (30,40 and 60 dB) with the signal.
We estimated the mechanical parameters from these noisy data
and computed the error in estimated parameters as described in
Appendix.

6. Error analysis

An error analysis is carried out to quantify the error between
the results obtained using the developed analytical model and
the corresponding results obtained using finite element method
(FEM). The following formula is used to calculate the root mean
squared error (RMSE) for the volumetric strain computed from
the analytical model:

T R
ZZ(Ea(tv r) - Ef(t7 r))z

_ [
RMSE = TSR

100 x R
X — R
> "€r(100,1)

Here, T is the total number of time samples considered, R is the
number of points along the radial direction of the inclusion, €, is
the volumetric strain estimated by the analytical model and ¢ is
the volumetric strain estimated by the FEM. To generate the error
values in Table 4, we used the first 100 samples, i.e., T = 100. We
considered 3 radial positions, i.e., 0.5,1.0 and 1.5 mm inside the
small inclusion and 0.8,2.4 and 4.0 mm inside the large inclusion
of the cylindrical samples. This implies that R = 3.

(34)

7. Results

To obtain the instantaneous value of the volumetric strain inside
the inclusion from the developed analytical model, we use the initial
value theorem as applied to Eq. (29) shown in the Laplace domain.
Putting s—o0 in Eq. (29), we get €(t = 0*) = 0. The instantaneous



M.T. Islam, R. Righetti/Journal of Biomechanics 89 (2019) 48-56 53

Table 2
Description of the samples with inclusion radius of 3 mm.
Sample name Ep (kPa) E; (kPa) Vb Vi ky (m* N~'s71) ki (m*N~'s1) 1 ((Pas)™) i (Pas)™™)

A 3278 97.02 047 045 8.53 x 1078 1.8x107" 9.00 x 107° 5.00 x 107°
B 3278 97.02 047 045 8.53 x 1078 5.103 x 1071 1.89x 1078 5.67 x 1078
C 3278 97.02 047 0.45 853 x 1078 204 %10 1.89x10°8 5.67 x 1078
D 3278 163.90 047 0.40 5.103 x 107 1° 5.103 x 10713 1.89x10°8 5.67 x 1078
E 3278 327.80 0.45 0.40 5.103 x 107 1° 5.103 x 1071 3.78 x 1078 5.67 x 108
F 32.78 97.02 047 0.45 204x10°" 204x10°" 1.89x 1077 5.67 x 1077
G 3278 97.02 047 0.45 563 x 1078 1.188 x 10713 594 x 107° 33x107°
H 3278 97.02 047 0.45 2.04x 1071 204x107" 594 x 1078 2.83x1077
I 32.78 163.90 047 0.40 1.021 x 107° 1.021 x 10712 3.78 x 1078 1.134 x 1077

Table 3

Description of the samples with inclusion radius of 7.5 mm.

Sample name E, (kPa) E; (kPa) Vb Vi ky (M N1 s 1) ki (m*N~'s1) 1 ((Pas)™) i (Pas)™™)

J 32.78 97.02 047 045 1.125x107° 1.125 x 10712 9.00 x 10°° 5.00 x 107°
K 32.78 97.02 047 045 3.189 x 107 3.189 x 10712 1.89x10°8 567 x 1078
L 32.78 97.02 047 045 1.276 x 1071° 1.276 x 10713 1.89x10°8 567 x 1078
M 3278 163.90 047 0.40 3.189 x 107 3.189 x 10712 1.89x10°8 567 x 1078
N 3278 327.80 045 0.40 3.189 x 107° 3.189 x 10712 3.78 x 1078 567 x 1078
0 32.78 97.02 0.47 0.45 1.276 x 1071 1.276 x 104 1.89 x 1077 5.67 x 1077
P 3278 97.02 047 0.45 0.742 x 107° 0.742 x 10712 594 x107° 33x107°
Q 32.78 97.02 047 0.45 254 x 107" 127 x1071 594 x10°% 2.83x1077
R 3278 163.90 0.47 0.40 6.38 x 107° 6.38 x 1072 378 x 1078 1.134 x 1077

Table 4
Root mean squared error between results from analytical model and FEM in
cylindrical samples.

Sample name RMSE (%) Sample name RMSE (%)
A 0.87 ] 2.05
B 0.87 K 2.52
C 0.98 L 1.22
D 1.77 M 2.93
E 2.48 N 6.84
F 0.92 0] 2.17
G 0.88 P 2.08
H 0.91 Q 2.19
I 1.13 R 2.91

values of total radial and circumferential stresses inside and outside
the inclusion become zero at the instant the strain/load is applied.
Thus, the volumetric strain is zero. However, the effective stress
on the solid matrix is not zero, which triggers the recoiling behavior.
The recoiling nature of the solid phase induces a pressure gradient,
which facilitates fluid exudation. When the solid matrix is fully
relaxed, the volumetric strain depends only on the bulk modulus
of the inclusion and the applied strain, which can be found by letting
t—soo in Eq. (33). The volumetric strain at steady state can be found
as — ¢z Therefore, at time t = 07, the inclusion behaves as an incom-
pressible solid with Poisson’s ratio of 0.5 while, at steady state, the
inclusion behaves as a compressible solid with Poisson’s ratio equal
to the one of the solid matrix.

7.1. Cylindrical samples

Analytical and corresponding FEM results for nine simulated
samples (A-I) are shown in Figs. 4-6. Figs. 4-6(A)-(C) show the
time evolution of the volumetric strain inside the inclusion in sam-
ples A-I. From these figures we see that, for all samples, at time
t = 0%, the volumetric strain inside the inclusion is 0. As time pro-

gresses, the negative volumetric strain increases and reaches a
value that is dependent on the elastic compression modulus of
the inclusion and the compression applied to the sample. Good
visual correspondence between analytical and FEM results can be
observed for all simulated samples.

In samples A and G, we see that the volumetric strain varies
with space inside the inclusion. This is because, in these samples,
the interstitial permeability is dominant over the vascular perme-
ability inside the inclusion. If the interstitial permeability is dom-
inant over the vascular permeability, the fluid needs to pass a
distance to exude, which gives rise to non-uniform fluid flow and
pressure inside the inclusion. This makes the volumetric strain
spatially dependent as the volumetric strain depends on the fluid
pressure inside the inclusion. On the other hand, in samples C, F
and H, we see that the volumetric strain does not vary with space.
This is because in these samples, the vascular permeability is dom-
inant over the interstitial permeability. As the capillary vessels are
distributed throughout the inclusion (which is the case in real
tumors) and, as a result, the fluid flow and pressure are the same
everywhere inside the inclusion. In other samples (B, D, E and I),
as the interstitial permeability and vascular permeability have
comparable effects, the volumetric strain has much lower spatial
variation than that in samples A and G.

In Table 4, the error in the computed volumetric strain from the
developed analytical model in comparison to that from the FEM is
reported. From this table, we see that the error is overall very small
(< 2.5%) in samples with small inclusion, which suggests the cor-
rectness of the proposed model. The error increases inside the sam-
ples, where the inclusion and background have high Young's
modulus and/or Poisson’s ratio contrast.

The errors in computed volumetric strain in samples J-R are also
shown in Table 4. We see that overall, the error increases (as high
as 6.84%) in samples with large inclusion in comparison to the
samples with small inclusion. In the samples with large inclusion,
the assumption of remote load may not be fully satisfied. The large
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Fig. 4. Volumetric strain at different positions inside the inclusion of samples A (A), B (B) and C (C).
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Fig. 5. Volumetric strain at different positions inside the inclusion of samples D (A), E (B) and F (C).
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Fig. 6. Volumetric strain at different positions inside the inclusion of samples G (A), H (B) and I (C).

errors in these samples are results of the violation of the assump-
tion of remote load.

We reported the error in estimated mechanical parameters
from the noisy data created from the proposed analytical solution
in the Appendix. The error is found to be small at all SNRs, i.e.,
< 0.05%, < 2% and < 10% in estimation of Young’s modulus, inter-
stitial permeability and vascular permeability.

8. Discussion

In this paper, we present and analyze an analytical model for a
spherical solid tumor embedded in normal tissue under creep com-
pression. By solving the poroelastic differential equations from the
model, we derive the closed-form analytical expression for the vol-
umetric strain inside the inclusion.
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In the developed analytical model, we considered a creep exper-
iment. However, the developed expression of volumetric strain (Eq.
(33)) is also applicable to stress relaxation experiments assuming
that all other conditions remain the same. In this case, the applied
stress in Eq. (33) would need to be calculated through o = E,¢,,
where €, is the uniaxial strain applied to the sample. We have
reported the analytical expression of the volumetric strain inside
the inclusion only. The analytical expression of the strains inside
the background of the sample far away from the inclusion can be
calculated using the theory developed in Leiderman et al. (2006).

The developed analytical model and solutions can have a strong
impact on quantitative medical imaging technologies, such as
quasi-static ultrasound and magnetic resonance elastography.
They can be used to estimate mechanical parameters of cancers
such as Young’s modulus, Poisson’s ratio, interstitial permeability
and vascular permeability. These mechanical parameters are of
great clinical significance as they are important markers of malig-
nancy in tumors and can greatly affect efficacy of therapies (Baxter
and Jain, 1989; Rzymski et al., 2010; Sarntinoranont et al., 2003;
Sinkus et al., 2005; Swabb et al., 1974; Zhi et al., 2007). The analyt-
ical expressions also allow determination of the time dependent
volumetric strain in a tumor when material properties are known.

The main limitations of the proposed analytical model reside in
the assumptions undertaken to develop the theories. First, the pro-
posed analytical model is developed under the assumption of
remote load, which requires the inclusion size to be much smaller
than the size of the sample. In our recent work (Islam et al., 2018g),
we found that this assumption holds in practical elastography
experiments, and parameters (Young’s modulus, Poisson’s ratio)
reconstructed in a breast phantom based on this assumption
match with the corresponding parameters provided by the manu-
facturer. Second, the developed model is not applicable when the
interstitial permeability has dominant/comparable effect on the
strains and fluid pressure in comparison to the vascular permeabil-
ity inside the tumor and the interstitial permeability of the normal
tissue is lower or comparable to the interstitial permeability of the
tumor. However, based on reported values of interstitial perme-
ability and vascular permeability of tumors and normal tissues
(Baxter and Jain, 1989; Baxter and Jain, 1990; Baxter and Jain,
1991; Netti et al, 1995; Netti et al., 1997; Netti et al., 2000;
Sarntinoranont et al., 2003; Swabb et al., 1974), this scenario is
unlikely to occur in most cancers.

In our problem formulation, the spherical inclusion is shown at
the center of the cylindrical sample. However, the developed the-
ory is applicable for an inclusion located anywhere in the sample
as long as the ‘remote load’ assumption is satisfied and the applied
load acts uniformly on the surface of the inclusion (Eshelby, 1957).
The sample can also be of any shape but should be sufficiently
large to satisfy the ‘remote load’ assumption and should be per-
fectly flat (horizontally) where the load is applied. Finally, we note
that, although the proposed model has been developed for applica-
tion in ultrasound poroelastography, it can also be useful in fields
such as rock mechanics, ceramic engineering, soil and petroleum
engineering, where the scenario of a poroelastic inclusion embed-
ded inside a poroelastic material frequently arises.

9. Conclusion

An analytical model for a spherical poroelastic inclusion embed-
ded inside a cylindrical poroelastic sample under constant pressure
is developed, and a closed-form analytical expression for the volu-
metric strain inside the spherical inclusion is derived. This model
can be thought as representing a spherical solid tumor embedded
inside normal tissues in an elastography experiment. On this
regard, the developed model can be useful to reconstruct material

properties of the tumor, which are helpful for diagnosis and treat-
ment of cancers.
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