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Biological systems are outperforming machines in legged locomoting under almost any conditions. This is
partly due to their capability of learning from failure and adapting their control approach and morpho-
logical features. This paper proposes an approach that extends the spring-loaded inverted pendulum
(SLIP) model with the capability to adapt its attack angle (control) and stiffness (morphology) based
on previous locomotion attempts. A set of different update rules, i.e., how this experience is used to adapt,
are systematically investigated. The results suggest that modifying either attack angle, or stiffness, or
both is beneficial with respect to achieve stable locomotion. Particularly, if the current system configu-
ration (control and morphology) outperforms the previous one, the results suggest that increasing the
angle and decreasing the stiffness of the system leads to more stable solutions. Consequently, the basic
SLIP model extended by the proposed learning capabilities is able to reach stable locomotion over a much
wider range of parameter combinations simply through trial and error.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

Despite the huge success of robotics in general, there are almost
no machines that are capable to stably locomote in rough,
unknown terrain. As a consequence, most of today’s robots work
only in well-defined environments like assembly lines and on the
factory floor. Even state-of-the-art robots are still not able to deal
with the uncertainty, complexity and variety typical of natural
environments and our living and working places. Simply put, if
they can’t model it, they’ll fail. On the other hand, animals, includ-
ing us humans, are particularly good at locomotion and we outper-
form robots in almost any category, including, energy efficiency,
stability, robustness, agility, and many others (Alexander, 2003;
Wieber et al., 2016). This is partly due to the fact that a lot of the
locomotion process happens without the need of an exact model
of the environment. For example, part of self-stabilisation can be
carried out by the morphological structure of the legs. One could
say control is outsourced to the morphology. In robotics, this is
often referred to as morphological computation (Hauser et al.,
2011, 2012, 2014). Another important difference is that animals
are remarkable adaptive. They can locomote over a wide range of
different terrains (Vu et al., 2013; Hurst and Rizzi, 2005;
Dickinson et al., 2000; Cham et al., 2004). Key properties are their
capability of learning from previous experience and their capacity
to adapt, i.e., change their control strategy and/or change their
morphological properties, e.g., like adapting stiffness. While
numerous mechanisms have been proposed to adapt stiffness, typ-
ically referred to as variable compliant mechanisms (Vanderborght
et al., 2013; Wolf et al., 2016), only few have been used to actively
increase locomotion performance. For example, Quy et al. used
adaption of stiffness to improve energy efficiency in single-
legged hopper (Vu et al., 2013).

In this work we propose an approach that implements these
learning and adaptation capabilities on the well-established
spring-loaded inverted pendulum model (SLIP) model, which is a
prevalent model for analyzing running and hopping (Blickhan,
1989). This simple model is surprisingly general as it works over
a wider range of species and locomotion types. In its basic form
it describes the action of the leg by representing it as a lossless, lin-
ear spring of constant stiffness k and rest length lo as shown in
Fig. 1. The leg has no mass and the body is represented by a point
mass. The SLIP model is self-stabilizing, i.e., the system can tolerate
small perturbations without loosing its periodic locomotion pat-
tern (Ernst et al., 2010). Seyfarth et al. showed the range of stiffness
and angle combinations that resulted in self-stability for a simple
SLIP model (Seyfarth et al., 2002; Geyer et al., 2002).
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Fig. 1. Figure shows the two stages in the SLIP model – flight and stance. During the flight phase the length of the massless spring remains constant and the pendulum follows
a ballistic trajectory until the foot comes in contact with ground level. During stance phase the foot position of the leg remains constant. The mass rotates around the foot
position driven by the kinetic energy of the mass. The model switches to flight phase again, when the spring has reached it’s resting length represented by lo . Other
parameters the mass m, the stiffness k, and the attack angel a.
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Naturally, researchers have tried to find ways to widening this
self-stabilizing region. Some have adapted the control of the SLIP
model, such as Seyfarth et al. (2003, 2002) who use the stiffness
and horizontal velocity values to influence the retraction of the
leg during the flight phase and thus change the attack angle at
Fig. 2. Generic rule set used throughout this paper. The left side show the set of rules to a
The figure also shows the range for the different rules. Note that Increase/Decrease and F
clarity.
touch down. Similarly, Schmitt (2006) changes the attack angle
based on the angle at lift off and desired angle.

Another adopted approach is to change the morphology (stiff-
ness) of the model. Owaki et al. investigated different nonlinear
stiffness function and identified the ones that are beneficial
dapt the attack angle a (rules A1-A5) and the right to adapt stiffness k (rules S1-S5).
ixed/Unfixed are binary. Also included in this figure is an example rule set for added
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(Owaki and Ishiguro, 2006). Similarly, Karssen and Wisse (2011)
optimized offline the stiffness function with respect to disturbance
rejection. Also using increasing the number of leg segments, like in
Rummel et al. (2008) and Rummel and Seyfarth (2008), lead to
nonlinear stiffness functions and a bigger region of self-
stabilization.

Blum et al. (2010) combined both previously mentioned meth-
ods by adding control strategies to change both angle and stiffness
in the flight phase, ready for touch down. Iida and Tedrake (2007)
use reinforcement learning to tune the motor frequency of a one
legged robot based on the SLIP model.

While all these approaches are able to widen the region of
stable pairs of attack angle and stiffness, they don’t allow to learn
from unsuccessful starting parameter (stiffness/attack angle) com-
binations. If these starting parameters are outside the area of self-
stability there is no possibility of becoming stable.

We propose a method that allows the SLIP model to adapt its
attack angle (control parameter) and stiffness (morphological
parameter) based on previous experience. It uses the information
from failed runs to guide the change, i.e., how the angle and/or
stiffness of the model has to be adapted to eventually get to the
stable region. We investigate systematically various rules and eval-
uate their performance.

In the next section, we briefly explain the SLIP model and
described the used methodology. In Section 3 we present results
Fig. 3. Figure shows the amount of stable parameter combinations for all possible attack a
indicates that no stable solution could be found with this starting position. It can be seen
the background reflects the average traveled distance for this given angle/stiffness combin
the references to color in this figure legend, the reader is referred to the web version of
and discuss their implications in the Section 4. Finally, we present
a future outlook.
2. Method

2.1. The SLIP model

This SLIP model has been introduced in Blickhan (1989) (and
discussed further in McMahon and Cheng (1990)) as generic model
of legged locomotion. Historically, the movement of the leg is
formed of two phases; the flight phase and the stance phase, as
shown in Fig. 1. We follow the simulation layout from Seyfarth
et al. (2003).

The leg was simulated in Matlab using the Forward Euler
method for integration with a time step of Dt ¼ 0:001 s. The SLIP
model was simulated until either the leg fell over (the vertical
height of the mass was less than ground level, i.e. y < 0) or the
maximum time of t ¼ 10 s (¼ 100000 simulation time steps) was
achieved. If the leg had not fallen over after 10 s it was considered
stable. For this paper, the time from the point the leg is starting to
move to when it falls over or it reaches 10 s is called as an episode.
Therefore, the maximum length of one episode is 10 s. Since, our
approaches allows to learn from previous experience, e.g. either
from a failed episode of t < 10 s or from a successful episode, we
ngle and stiffness for basic SLIP model that does not adapt its parameters. A pink dot
that such a fixed SLIP model has very few stable starting points. The color coding in
ation. The lighter the color the further it was able to locomote. (For interpretation of
this article.)
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assume the model can ‘‘get up” again and start with slightly chan-
ged parameters (either different attack angle a or stiffness k, or
both). We allow the simulation to run a total of 100 episodes to
learn from experience. This 100 episodes are referred to as one life
time. The resting length of the leg in the simulation was 1 m, the
point mass was 80 kg. This is consistent with the values used in lit-
erature, see (Seyfarth et al., 2003).
Fig. 4. (A) shows the success rate (as defined in the text) for all 800 tested angle changing
rules. The red circle shows the location of the best sets of rules that are also detailed in T
rate for a non-learning model, see Fig. 3). Areas of similar success rates seen in 1st, 4th, 6th
the performance of the best angle changing rule set [Increase, Unfixed, Fixed, 0.67, 0.23]. A
The red circle highlights an area of unexpected problem starting points discussed in the
referred to the web version of this article.)
2.2. Rule set design

This section introduces the basic set of rules that was used to
learn from one episode to another. Depending on the rules the SLIP
model will either change the attack angle a, the stiffness k, or both.
We systematically investigate all possible combinations of this
basis rule set to obtain the best solutions. The goal was to have a
rule sets. Each column represents 100 rule sets that share the same first three binary
able 4. The red line on the bottom shows the base line success rate (i.e. the success
and 8th columns are due to the redundancy of the Rule A5 in these cases. (B) Shows
pink dot indicates that no stable solution could be found with this starting position.
text. (For interpretation of the references to color in this figure legend, the reader is



Fig. 5. The graphs show how the top angle changing rule set attempts learn a stable solution. The top figures shows how the rule adapts its angles over multiples steps with
respect to the underlying cost function landscape. The bottom graphs show how the angle is changed over time. (A) Shows results for a successful starting angle. (B) Shows
results for an unsuccessful starting position (from a pink dot). In both cases the green diamond indicates the start position, a red star the final position. The stiffness in both
cases is kept constant at 20,000 N/m. The green lines on the bottom graphs show the angle where the model would be stable. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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SLIP model that can, through learning from failure and correspond-
ing adaptation, reach stable solutions. The generic rule set as well
as an example rule set are shown in Fig. 2.

The sets of rules for exploring the adaptation of attack angle and
stiffness are similar. Each set consists of five individual rules. At the
end of each episode the adaptation is based on the achieved dis-
tance Di and the distance achieved in the previous episode Di�1.
Note that for a successful run the achieved distance is the distance
the SLIP model has traveled after 10 s. For an unsuccessful run it is
the distance traveled before model has fallen over.

The key parameter for the adaptation process is the difference
between these two distances, i.e., DD ¼ Di � Di�1.

The first rule dictates whether, upon a positive DD, the param-
eter (either a or k) should increase or decrease. Symmetry is
employed, so if DD is negative the opposite occurs. Rule 2 dictates
whether, when the parameter is to increase, this increase should be
Table 1
Top 5 successful angle changing rule sets and their corresponding success rates. These
top rules can also be seen in Fig. 4 within the red circle.

Rule set Success rate

Increase, Unfixed, Fixed, 0.67, 0.23 78.93%
Increase, Unfixed, Fixed, 0.78, 0.23 73.91%
Increase, Unfixed, Fixed, 0.45, 0.12 71.12%
Increase, Unfixed, Fixed, 0.34, 0.12 71.12%
Increase, Unfixed, Fixed, 0.56, 0.12 69.31%
dependent on DD or a fixed value. Similarly, Rule 3 dictates
whether, when the parameter is to decrease, this amount should
be fixed or unfixed.

If the parameter change is unfixed (regardless of whether it is
increasing/decreasing or) the algorithm uses following Equation
to calculate the parameter change.

parameter change ¼ l
2þ DD

; ð1Þ

where DD ¼ Di � Di�1 and l is given by A4/S4. Note that if A3/S3 is
unfixed, A5/S5 is redundant. The parameter change is then added or
removed from the current parameter depending on Rules 2=3.

If a fixed value is to be used Rules 4 and 5 dictate this value, 4 if
the new parameter configuration has performed better, 5 if it has
performed worse.1

If the parameter is changed according to the rules to a value
that is outside of the range (< 20�; > 90� or a negative stiffness)
the learning process is terminated (the lifetime is finished) and
the rule set is determined unsuitable.

Based on these basic rules, we investigated all possible combi-
nations. Considering that Rules A1, A2, and A3 are binary (i.e.,
either fixed/unfixed or increase/decrease) and we explored Rule
A4 and Rule A5 for values from 0.01 to 0.9 in 10 discretized steps,
we investigated at total of 23 � 10 � 10 ¼ 800 combinations (see for
1 Note that varying stiffness rules S4 and S5 are multiplied by a factor of 104 to
llow for the difference in magnitude between stiffness and attack angle.
a
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example Fig. 4A). The same number of different rule set were
explored for the stiffness adaptation using Rules S1-S5.

For each of the 800 combinations we systematically tested a
wide range of possible pairs of attack angles a and stiffness values
k. The range encompassed for a, values from 20� to 90� (in 40 dis-
crete steps) and for k from 2000 to 60,000 N/m (also in 40 discrete
steps). This results in 1600 different angle/stiffness pairs. This
Fig. 6. (A) shows the success rate (as defined in the text) for all 800 tested stiffness chan
binary rules. The red circle shows the location of the best sets of rules that are also deta
success rate for a non-learning model, see Fig. 3). Areas of similar success rates seen in 1s
(B) Performance of the best angle changing rule set [Increase, Fixed, Fixed, 0.89, 1]. A pink
interpretation of the references to color in this figure legend, the reader is referred to th
range was selected as it fully encompasses the stable region (deter-
mined by Seyfarth et al. (2002)), but still includes a large enough
area where stability is not available with the basic SLIP model.
For a given set of rules we simulated the model with all 1600 dif-
ferent starting pairs and observed if the system was able to achieve
stable locomotion through applying the rule over a lifetime (i.e.,
over 100 episodes).
ging rule sets. Each column represents 100 rule sets that share the same first three
iled in Table 4. The red line on the bottom shows the base line success rate (i.e. the
t, 4th, 6th and 8th columns are due to the redundancy of the Rule S5 in these cases.
dot indicates that no stable solution could be found with this starting position. (For
e web version of this article.)
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To assess whether a rule set is good or not, a success rate was
defined. The success rate is number of points out of all 1600 possi-
ble starting points that lead to a stable solution (in percentage). For
example, a rule set always able to find a stable solution would have
a success rate of 100%. Since we use the same number of simula-
tions for all rules, we can quantitatively compare them within
the explored parameter range.
3. Results

3.1. The baseline: SLIP with no parameter changes

First, we simulated the standard SLIP model (i.e., no online
adaptation of parameters) to establish a baseline. We tested the
model over the previously described 1600 angle and stiffness com-
binations. Since no learning was included the stiffness and angle
parameters were unable to change.

Fig. 3 shows the performance. A pink dot indicates a starting
condition where a stable solution could not be obtained through-
out the model’s life time. The figure clearly shows that a standard
SLIP model only a small set of stiffness/angle combinations are
leading to stable locomotion. This area of stability is in literature
often referred as J-Figure (e.g., Seyfarth et al., 2002.) The success
rate for the non-learning SLIP model was 3.75% (60 out 1600
parameter pairs were stable).
Table 2
Top 5 successful stiffness changing rule set and their corresponding success rates.
These top rules can also be seen in Fig. 6 within the red circle.

Rule set Success rate

Increase, Fixed, Fixed, 0.89, 1.00 51.0%
Increase, Fixed, Fixed, 0.78, 0.89 50.5%
Increase, Fixed, Fixed, 0.56, 0.67 49.9%
Increase, Fixed, Fixed, 0.45, 0.56 49.3%
Increase, Fixed, Fixed, 0.67, 0.78 49.3%
3.2. Adapting the attack angle

This section describes the result from testing rules that change
the attack angle a. Every combination (a total of 800) was tested
and the results in form of success rates are presented in Fig. 4.
Table 1 summarizes the top 5 rule sets (they are also highlighted
in red in Fig. 4A). The best rule obtained a success rate of 78.93%,
which is much higher compared to the standard SLIP model with
3.75% (the corresponding base line is the red line in Fig. 4A).

The top scoring rule sets from Table 1 all follow a similar learn-
ing mechanism. If the current distance Di is larger than the previ-
ously achieved distance Di�1 the angle of attack is increased. The
amount is inversely proportional to dD. This allows the agent to
climb the gradient of the SLIP model without overshooting the glo-
bal optimum (which is in the J-Figure). Accordingly, if the leg per-
formance was worse than the previous run, i.e., DD < 0, the angle
was reduced by a fixed amount.

Fig. 4A also shows that any combination of our proposed rules
for changing the attack angle is performing better than the default
SLIP model, i.e., all success rates are higher than the base line in
red. Similar to the Fig. 3 we tested all starting combinations of a
and k for the best rule set, see Fig. 4B. It can been seen clearly that
the region that leads to stable solutions is much bigger (success
rate 78.93%) compared to the standard SLIP (success rate 3.75%,
see Fig. 3). But there are also some limitations visible in Fig. 4B.
It seems for starting points left to the J-figure (i.e., smaller angles)
most of the points reach a stable solution (i.e., not a pink dot),
while on the right side (higher angle values) the performance is
limited. To further investigate that we looked at starting parame-
ters specifically on the right side and on the left side and observed
the change of a over time. If the starting angle is on the right hand
side of the J-Figure, the learning mechanism will zig-zag away
from the optimal region.

By looking at the underlying gradient we can see that either
side of the peak stability region the gradient is negative. Conse-
quently, when on the right side of the solution the update rules
will lead away from the stable region, see Fig. 5B.

Given this gradient arrangement, a rule set that would be able
to distinguish between ”left” and ”right” would perform even bet-
ter. However, our proposed setup did not allow for this, because we
assume the system does not have the information in which direc-
tion the stable region is located. Another problem starting point
area is shown by the red circle in Fig. 4B. By looking at the devel-
opment of the attack angle over time we observed oscillation
between an angle slightly below the stable region and one slightly
above it. Interestingly, this behaviour is unique to the top rule set
and is not observed in the other top 4 rules listed in Table 1. How-
ever, the other rules have lower success rates due more unstable
points on the right-hand side (i.e., at higher attack angles).

3.3. Adapting the stiffness

In addition to the angle changing rule set testing, we also tested
800 stiffness changing rule. Fig. 6A summarizes the obtained suc-
cess rates. Table 2 shows the top 5 stiffness changing rule sets.

For the best stiffness adaptation rule we plotted the region of
success starting points, see Fig. 6B. The corresponding success rate
was 51%. One can see that the parameter regions that lead to stable
solutions is much bigger than for the SLIP without learning (com-
pare Fig. 3, success rate 3.75%), but it’s smaller compared to the
best angle adaptation rule (see Fig. 4, success rate 78.93%). Again,
any of the tested adaptation rules performs better than the stan-
dard SLIP model with fixed parameters (compare red baseline in
Fig. 4A).

As with the angle changing rule sets, the top five stiffness
changing rule sets all follow the same three starting rules. The stiff-
ness value is increased if the leg performs better than in the previ-
ous episode D > 0, and decreased if DD < 0. Both the increase and
decrease of the stiffness is fixed regardless of the magnitude of DD.

In contrast to the attack angle adaptation rule sets, where one
rule seems to stand out with respect to performance, for stiffness
adaptations there seems be various rule sets with the different first
three rules (for example [Decrease, Fixed, Fixed], and even [Decrease,
Unfixed, Fixed], see Fig. 6A) that are also very successful.

3.4. Adapting and attack angle and stiffness simultaneously

Finally, the adaptation of both, attack angle and stiffness, was
investigated. Due to the high number of possible combinations
(640,000) not every single possible rule set was tested. In fact, it
would take just under 1 year of simulation time to complete all this
testing. Instead a simpler approach was taken.

First, a stiffness and angle changing rule set was created by
combining the best angle changing rule set (Table 1) with the best
stiffness changing rule set (Table 2), i.e. [Increase, Unfixed, Unfixed,
0.67, 0.23] for adapting the attack angle, and [Increase, Fixed, Fixed,
0.89, 1] for adapting the stiffness. Fig. 7 shows the corresponding
performance. The success rate was 75.56%, which is a little bit
lower than the best angle adaptation rule (78.93%), but higher than
the best stiffness adaptation rule (51.0%).

Although the overall success rate of the combined rule set is
lower than the top angle changing rule set, an advantage of this
combination is that the problem area shown in Fig. 7 does not
show here. A disadvantage of this combination is the region high-



Fig. 7. Performance when the best stiffness and angle changing rule sets are combined, i.e., [Increase, Unfixed, Fixed, 0.67, 0.23 (angle) Increase, Fixed, Fixed, 0.89, 1 (stiffness)].
The black circle highlights an interesting area of unexpected problem starting points. See text for discussed.

Table 3
Table showing top 5 of the 25 different rule set combinations tested.

Angle rule rank Stiffness rule rank Success rate

1 4 76.31%
1 3 76.31%
1 2 76.25%
1 5 75.81%
1 1 75.56%
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lighted by the black circle in Fig. 7, which seems to emergence
because of the combination. The approach of simply combing the
best angle attack and stiffness adaptation rule sets is rather naive.
Potentially, there are other rule sets that perform better. Due to the
huge search space, however, we are constrained. However, we
tested all combinations of our top 5 rules (i.e. 25 combinations).
The summary of the top five combinations can be found in Table 3.
Interestingly, they all use the best angle rule set, but use inferior
stiffness rule sets to achieve higher success rates.
4. Discussion and further work

The paper shows that by allowing the SLIP model to learn from
previous experience, it is able to recover from a much wider range
of possible starting combinations of control parameter (attach
angle) and morphological parameter (spring stiffness). This add a
new level of adaptivity. While in this work the environment was
fixed, it is clear that having this capability to learn, can enable
SLIP-model-based machines to deal with a wide range of changing
environments. In addition, it would allow to cope with morpholog-
ical changes, e.g., wearing off stiffness in the locomotion system
due to age. In this paper we only explored a small number of pos-
sible rule sets with a brute force approach. Our results in combin-
ing adaptation of angles and stiffness suggest however that even in
this small set of rules, potentially, there is still numerous combina-
tions that might lead to even better performing systems. Nonlinear
optimization approaches, like Genetic Algorithms, could be used to
explore this big parameter space. Clearly, extending the rules with
additional features will potentially improve performance as well.
Both will be part of future work.
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