
Contents lists available at ScienceDirect

Computers in Biology and Medicine

journal homepage: www.elsevier.com/locate/compbiomed

Smeared multiscale finite element model for electrophysiology and ionic
transport in biological tissue
M. Kojica,b,c,∗, M. Milosevicb,d, V. Simicb, V. Geroskib, A. Ziemysa, N. Filipovice, M. Ferraria
aHouston Methodist Research Institute, The Department of Nanomedicine, 6670 Bertner Ave., R7-117, Houston, TX, 77030, USA
b Bioengineering Research and Development Center BioIRC Kragujevac, Prvoslava Stojanovica 6, 3400, Kragujevac, Serbia
c Serbian Academy of Sciences and Arts, Knez Mihailova 35, 11000, Belgrade, Serbia
d Belgrade Metropolitan University, Tadeuša Košćuška 63, 11000, Belgrade, Serbia
eUniversity of Kragujevac, Faculty for Engineering Sciences, Sestre Janic 6, 34000, Kragujevac, Serbia

A R T I C L E I N F O

Keywords:
Electrophysiology
Nerve network
Biological tissue
Cell interior
Organelles
Multiscale models
Composite smeared finite elements

A B S T R A C T

Basic functions of living organisms are governed by the nervous system through bidirectional signals transmitted
from the brain to neural networks. These signals are similar to electrical waves. In electrophysiology the goal is
to study the electrical properties of biological cells and tissues, and the transmission of signals. From a physics
perspective, there exists a field of electrical potential within the living body, the nervous system, extracellular
space and cells. Electrophysiological problems can be investigated experimentally and also theoretically by
developing appropriate mathematical or computational models. Due to the enormous complexity of biological
systems, it would be almost impossible to establish a detailed computational model of the electrical field, even
for only a single organ (e.g. heart), including the entirety of cells comprising the neural network. In order to
make computational models feasible for practical applications, we here introduce the concept of smeared fields,
which represents a generalization of the previously formulated multiscale smeared methodology for mass
transport in blood vessels, lymph, and tissue. We demonstrate the accuracy of the smeared finite element
computational models for the electric field in numerical examples. The electrical field is further coupled with
ionic mass transport within tissue composed of interstitial spaces extracellularly and by cytoplasm and orga-
nelles intracellularly. The proposed methodology, which couples electrophysiology and molecular ionic trans-
port, is applicable to a variety of biological systems.

1. Introduction

In this study we extend our previously formulated smeared meth-
odology for modeling mass transport in biological tissue to electro-
physiological problems and ionic transport. Here, we first briefly out-
line the motivation for the development of the models applicable in
these new areas.

Fundamental processes in living organisms are governed by the
nervous system. The physical foundation for the functioning of this
system is the generation and propagation of electrical signals. The
electrical field in the living organisms includes not only the nervous
system – central unit (brain) and network of nerves, but also the entire
tissue space: extracellular domain, cell membranes and intracellular
space (cytosol and organelles).

The basic approach in determining the electrophysiological prop-
erties of all compartments and signal propagation characteristics is in
designing experimental procedures and clinical protocols. Here we cite

examples of these related mainly to heart electrophysiology. For ex-
ample, in Ref. [1] a so called ‘clamp’ experiment was designed to de-
termine characteristics of the membrane currents, with formulation of
constitutive relations and material parameters for currents conduction.
These relationships established a basis for subsequent experiments,
modifications and extension of the constitutive relationships, e.g. Refs.
[2–5].

A large number of computational models have been introduced, in
analytical and numerical (computational) form. The models are related
to electrical signal propagation within neural cells, among cells, along
nerve fibers-axons, and within the extracellular space. The models in-
corporate enormous complexities which include, among many factors,
the role of various transmitting molecules, currents carried by ions
through membranes and composite media, as well as intricate geo-
metry. The complexity of the material parameters is illustrated in Fig. 1
(a), showing the conductivities of potassium and sodium molecules
passing through a cell membrane - in terms of the membrane potential
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(defined as the difference in potential from inside to outside of the cell)
[2]. On the other hand, the network of nerves is very irregular, with
irregular branching, as, for example in the case of the Purkinje fibers
shown in Fig. 1b [6]. The theoretical foundation for electrical signal
transmission in the body can be found in textbooks of general phy-
siology [7–9] or those related to neural physiology [10]. We refer here
to few particular computational models related to heart modeling – as a
representative organ with electrical signaling coupled to mechanics -
and mainly based on the finite element method. A review of compu-
tational methods for heart physiology is given in Ref. [11], while those
related to coupling electrical field and mechanical response have been
the subject of complex modeling in numerous references, for example in
Refs. [12–14].

Considering complexity of computational modeling of physical
fields (e.g. electrical) within a body, or even within an organ, it is de-
sirable to have a methodology feasible for practical applications. We
have introduced a smeared concept for mass transport in capillary
system and tissue, refs. [15–18], and demonstrated its superiority with
respect to traditional modeling methods. The introduced composite
smeared finite element (CSFE) for mass transport served as a basis for
generalization in Ref. [19] to finite element (FE) modeling of any
gradient-driven field problem. This general formulation will be im-
plemented here to model electrical field within networks of nerves and

tissues, and also to couple it with ionic transport.
The variation of electrical potential of cell membranes, due to

electrical signals transmitted by the nervous system, triggers other vital
processes within living cells. For example, calcium waves within muscle
cells, fundamental for the muscle contraction, are induced by changes
of the membrane potential. Mechanical models for muscles rely on the
calcium concentration changes within cells [12,20–23]. Electrical field
also affects transport of charged particles (used in nanotechnology) or
drug molecules [24,25] and this kind of mass transport will also be
included here.

The paper is organized as follows. In the next section the basic
smeared methodology is summarized, while in the next two sections the
basic smeared equations are derived for electrical field and ionic
transport. Then, in Section 5 we demonstrate accuracy and efficiency of
the smeared models, and in Section 6 we give the summary and con-
cluding remarks.

2. Basic equations for a general smeared model of a physical field
relying on the gradient driven law

Before formulating the smeared methodology, we consider a ‘de-
tailed model’ of a composite medium. In Fig. 2 is shown a schematic of
a medium composed of continuum domains-compartments and a net-
work of fiber-like 1D domain. Note that the domains can have a hier-
archical character (domain 4 is within domain 3 in the figure), as in
case of cells with organelles inside. It is assumed that each domain has
its own FE mesh of continuum elements, while 1D domains (such as
blood vessels, or nerve fibers, or axons) have their own 1D finite ele-
ments with the coordinate axes along the elements (x̄ axis depicted at
one of these fibers).

Additionally, the connectivity elements are introduced to couple the
fields between two domains with a common boundary. These elements
are located at the nodes common for the two domains, as nodes A, B,
…,E shown in the model and enlarged (at the top of the figure). Each of
the connectivity elements has two nodes, 1 and 2, with nodal values
representing the two domains ( out and in in the figure). Practically, at
a common node at the boundary, two nodes are specified at the same
spatial position, with the following characteristics: transport coefficient
according the membrane (or wall) material property, cross-section
equal to the surface area Am belonging to that node, and the length hm
equal to the membrane (wall) thickness. It can be seen that the detailed
model requires significant effort to generate, and in case of complex
medium such as tissue, the model generation would be an impractical
or even impossible task. This task would be much more demanding if

Fig. 1. a) Conduction coefficients for potassium and sodium molecules passing through cell membrane (lower panel) in terms of membrane potential (upper panel),
according to Ref. [2]; Purkinje fibers in the heart wall, according to images from Ref. [6].

Fig. 2. Schematic of detailed model of a composite medium, 2D representation.
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instead of connectivity elements, continuum FEs are employed for
membranes.

We now introduce a smeared model by formulating a continuum
composite finite element (CSFE) which includes all constituents (con-
tinuum and 1D) in a way that the true physical fields, corresponding to
a detailed model, are represented in a smeared (a kind of average)
sense, with adequate accuracy. A schematic of the smeared model, for
the same detailed model of Fig. 2, is shown in Fig. 3a, with only con-
tinuum elements present. There are few conceptual steps to formulate
the CSFE element.

First, it is necessary to transform the 1D balance equations into the
corresponding continuum format. The derivation of the Darcy and
diffusion tensors is given in Ref. [18] while, for a general physical field,
the continuum transport tensor is derived in Ref. [19]. This tensor can
be expressed as

=D
A

D A1
ij

tot K
K K Ki Kj

(1)

where

=A Atot
K

K
(2)

is the total area of 1D compartments in a reference volume, surrounding
a point in space, with cross-sectional areas AK; DK and Ki are transport
coefficients along the 1D elements and directional coefficients, re-
spectively.

The next important statement in the CSFE formulation is that each
domain has its own field within the corresponding volume of the CSFE.
Hence, the FE node of the CSFE has a number of nodal variables K

(‘degrees of freedom’) equal to the number of domains Nd, as shown in
Fig. 3b. The domain volume VK is related to the total element volume as

= =V r V V r dV, and dK V
K

K V
K (3)

where rV
K is the volumetric fraction.

Finally, we include connectivity elements to couple the corre-
sponding domains. Namely, at each node we specify connectivity ele-
ments coupling two domains, according to the above described con-
nectivity elements in the detailed model. The cross-sectional area AJK of
a connectivity element at node J can be expressed in the form

= =A r V r r V( ) ( )JK AV
K

K J AV
K

V
K

K J (4)

where rAV
K is the area coefficient, i.e.

=r A
VAV

K K

K (5)

and (VK)J is the volume of the total space of the continuum belonging to
the node J. Note that all the surfaces, volumes and the volumetric and
area ratios, are assigned to nodes, which in practical applications is

convenient for modeling of any non-homogenous property.
The general form of balance equation of a gradient-driven physical

process can be written in the form [26].

= + =c
t

D
x x

q sum on i j i j, , ; , 1,2,3m ij
i j

V

2

(6)

where is physical quantity of the process; cm is “mass coefficient” (=0
for Darcy flow through porous media,= 1 for diffusion, and= ρcT for
heat conduction, where ρ is mass density and cT is specific heat); qV is
the volumetric flux. The finite element balance equations for continuum
elements (including the one-dimensional elements represented by the
continuum with the corresponding volumetric fraction and transport
tensor), for a domain K, time step t and equilibrium iteration i, can be
written as [19,27].

+ = +
t t
M K Q Q M

K

1 1 ( )
i

i ext v i i t

i i

( 1)
( ) ( 1) ( 1)

( 1) ( 1) (7)

where t and are nodal variables at the start and end of the time step,
Qext is the nodal vector due to external effects to the finite element,
matrices M and K , and volumetric nodal vector QV , are

=M c N N r k
V

dVIJ
V

m I J

= =K D N N r k
V

dV sum on i j i j, , : , 1,2,3IJ
V

ij I i J j, ,

=Q N q r dVI
V

V
I V V

K

where NI are interpolation functions and V is the element volume. Note
that we use the implicit Euler backward integration scheme, indicated
by the right upper indices of the matrices, which is unconditionally
stable, provides the best accuracy with no error propagation [28,29].

The balance equation for connectivity elements has the form (7),
with two nodes, zero volumetric term, and the matrices with the cor-
responding membrane ‘mass’ and transport coefficients cmm and Dw.

= = = =M M c A h M M c A h1
3

, 1
6mm m m mm m m11 22 12 21

= = = =K K K K D Aw m11 22 12 21

The above concept has been implemented to diffusion (including
convection) and fluid transport through capillary network and tissue,
with demonstration of accuracy of the smeared methodology
[15,17,18]. To improve the smeared model accuracy, a correction
function was introduced in Ref. [16]. Additional effects present in drug
delivery, such as partitioning, can be included in the connectivity ele-
ments, as shown in these references. The smeared model can be

Fig. 3. Schematic of the smeared model. a) Smeared 2D FE mesh for the detailed model in Fig. 2; b) Composite smeared finite element CSFE with different domains
and nodal ‘degrees of freedom’ K , and connectivity element at node J between two domains. (from Ref. [19] with permission).
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extended to composite media with solid fibers in a way shown in Ref.
[30]. Accuracy of the 1D current flow with axial and lateral currents,
modeled by a composite 1D finite element, is shown in Appendix 1.

3. Smeared model for electrical field

Here, the fundamental equations for electrostatics are summarized
and then the smeared model is formulated in detail, following the
general concept in the previous section.

First, consider electrical flow within nerve fibers. As schematically
shown in Fig. 4a, the current flows along the axon, but there is also
lateral flow through the axon wall due to so called spines [3,7,9,10,31]
shown schematically in Fig. 4a. The governing balance equation relies
on the so-called cable theory. For the axial current flow along a nerve
without lateral flow, the basic relation is

=I G V
xx a

e
(10)

where Ix is the current density along the fiber axis x (as schematically
represented in Fig. 4a) Ga is axial conductivity and Ve is electric po-
tential. We will further use term “current” for current density (A/(unit
area)). In case of large nerve fibers, there is practically only the axial
flow, and the FE model consists of the 1D elements with a standard
form (7) of balance equations [18,19].

The lateral flow can be expressed in the form (taking that current
going out of the fiber is positive),

= + +I G V V C V
t

V
t

I( )mem m e
in

e
ext

m
e
in

e
ext

ion
(11)

where Gm and Cm are wall conductivity and capacitance, respectively;
Ve

in and Ve
ext are potentials within fiber and in the surrounding; and Iion

is ionic current due to flow of various charged molecules through the
wall. The lateral flow is modeled by connectivity elements 1,2 at double
nodes along fibers and on the cell membranes (Fig. 4).

The balance equations for axial current flow along the fibers are
transformed into the continuum format, with the conductivity tensor
according to (1), i.e.

=G
A

G A1
ij

tot K
aK K Ki Kj

(12)

where GaK are axial conductivities of individual fibers. The lateral flow
from fibers and flow through cell membranes are modeled by con-
nectivity elements, with balance equations of the form (7) and matrices
(analogous to expressions (9)), i. e.

= = = =M M M M C Ae e e e
m mem11 22 12 21

= = = =K K K K G Ae e e e
m mem11 22 12 21

where Amem is the surface area belonging to nodes 1,2, either from a
fiber surface or from a cell membrane. This surface is related to the
volumetric fraction of the domain according to (4). Additionally, there
is a source term in the balance equation due to ionic current Iion for a
node J, as

=Q A IVJ
e

memJ ionJ (14)

Regarding the electrical potential within a continuous media, the
fundamental continuity equation can be derived for electrostatics from
Maxwell's equations [10] as

= + =
t

V
x x

G V
x x

q sum on i i, : 1,2,3e

i i
i

e

i i
e
V

2 2

(15)

where ε is dielectric constant; Gi are conductivities in coordinate di-
rections xi; and qe

V is a source term (due to ion flux). This equation can
be transformed into the FE format [27] so that the balance equations
has the following form

+ = + + +
t

M K V
t
M K V Q Q1 1

IJ IJ eJ
i

IJ IJ eJ
i

eI
V

eI
ext( ) ( 1)

(16)

where QeI
ext are external effects to the element, and

= = =M N
x

N
x

r dV K G N
x

N
x

r dV sum on i i, , : 1,2,3IJ
V

I

i

J

i
V IJ i

V

I

i

J

i
V

=Q N q r dVeI
V

V
I e

V
V

In case of the continuity domain representing a network of small
nerve fibers, we have:

= = =M K G N
x

N
x

r dV sum on i j i j0, , , : , 1,2,3IJ IJ
V

ij
I

i

J

j
V

(18)

In summary, the main characteristics of the composite smeared fi-
nite element (and the corresponding FE model) for electrical potential
within a biological system are as follows:

• Large nerve fibers (big axons) are modeled by 1D finite elements,
connected to a network of small fibers
• Small fiber network is represented by a continuum with the corre-
sponding volumetric fraction and conductivity tensor (12); the
balance equation is (16) with the element matrices (18)
• Continuum domains include: extracellular space, different groups of
cells, and organelles within cells. They occupy the volumetric frac-
tions rV-s of the element, and the balance equation (16) include

Fig. 4. Schematic of nerve fibers and cells. a) Dendritic tree [3] and 1D finite elements along the fibers with connectivity elements 1,2; b) Cell with current IV through
membrane due to potential difference membrane, and ionic current Iion due to molecule flow modeled by connectivity elements 1,2.
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matrices and source term (17)
• Lateral current flow from fibers and through membranes of cells and
organelles is modeled by 1D connectivity elements with matrices
(13) and source terms (14)

The data necessary for the smeared model consists of the geome-
trical part associated with the FE nodes: volumetric fractions rV

J , area
coefficients rAV

J , volumes VJ belonging to nodes, wall or membrane
thicknesses, geometric characteristics of the fiber network; and material
data, which also can be associated with the FE nodes: conductivities -
within fibers, through membranes and within continuum domains, di-
electric constants, capacitances of walls and membranes, characteristics
of the ionic currents through membranes.

4. Smeared model for ionic transport

Gradient driven transport of charged molecules (ions)/particles in a
continuum space or through biological membranes is affected by the
field of electrical potential. Also, the ions change the field of electrical
potential, therefore there exists a coupling between ion transport and
concentration, and the electrical field. Here, we first summarize the
fundamental equations in this physical problem and then present a
smeared FE methodology for computational modeling.

The mass flux Ji in direction xi of ions m has a part corresponding to
diffusion and, additionally, a part due to the electrical force based on
the Nenrst-Plank equation; and can be expressed as [24].

=J D c
x

Dz F
RT

c V
xi

m
m

i

m
m e

i (19)

where D is diffusion coefficient, zm is molecule valence, F is the Faraday
constant, T is absolute temperature, and cm is concentration. Then the
mass balance equation is

= + =c
t x

D c
x

Dz F
RT

c V
x

sum on i i, : 1,2,3
m

i

m

i

m
m e

i (20)

The FE balance equation which follows from this equation has the
form (7) for the concentration field, with the source term due to elec-
trical effects

=Q DFz
RT

N
x

c V
x

r dVI
mE

m

V
I

i

m e

i
V
K

(21)

This source term can be evaluated as follows:

= +Q Q QI
mE

I
mE

I
mE1 2 (22)

where

=Q DFz
RT

N c
x

V
x

dVI
mE

m

V
I

m

i

e

i

1

(23)

= =Q DFz
RT

N c V
x x

dV DF z
RT

N c z c dV1
I
mE

m

V
I

m e

i i

m

V
I

m

m

m m2
2 2

(24)

In the last equation the electrostatic balance of charge due to ionic
charge contribution is considered, according to Ref. [24]. Summation in
the last equation includes all ion types involved in mass transport.

The source term in equation (17) due to presence of ions within the
domain can be calculated as

=q z F c
te

V

m
m

m

(25)

Next, we present the fundamental relations for ionic transport
through cell membranes, following refs. [25,32]. The relations given
below are based on the Nernst equation

= =a
a

e N zFE
RT

,i

o

N
(26)

where ai and ao are molecular activities on the two sides of the mem-
brane (‘inside’ and ‘outside’). Assuming linear distribution of the gra-
dient of electrical potential across the membrane thickness, the flux
through the membrane can be expressed as

= + = +J J J P a a P N
e

a a e( )
1

( )n d n on in d N od id
N

(27)

where indices ‘n’ and ‘d’ stay for neutral and ionized forms of molecules
for fluxes Jn and Jd, permeability coefficients Pn and Pd, and molecular
activities. The steady state of the electrical field is assumed. Activations
can be related to the concentration of molecules c as

= =a f c a f k c,n n d n pH (28)

where fn and kpH are material constants which take into account che-
mical and electrochemical characteristics of the transported molecules
(details are given in Refs. [25,32]). Substituting (28) into (27) and
using material properties at both membrane sides, the expression for
the molecular flux can be expressed as

= +J P f c c P N
e

f k c e k c( )
1

( )n n o i d N n pH
o

o
N

pH
i

i (29)

where kpH
o and kpH

i are constants at the two sides of the membrane.
The relation (29) leads to formulation of the diffusion matrix for the

membrane connectivity element. The matrix terms in equation (9) are
now

= = + =

= +

K K A P f P N
e

f k K K

A P f P Ne
e

f k

1

1

mem n n d N n pH

mem n n d
N

N n pH
i

11 21
0

22 12

(30)

where Amem is the membrane surface belonging to a FE node, according
to eq. (4). In one of the examples (Example 5.3) we will demonstrate
implementation of this connectivity element.

We note that the composite smeared finite element contains field of
concentration of each ion and for each domain. A practical computa-
tional procedure in modeling the coupled problem between electrical
field and ionic concentration is implemented in our FE software
package PAK [33] with the following steps:

1) Electric potential field is determined using concentration distribu-
tion from the end of previous step, for all ion types.

2) Concentration field of each molecule is calculated using the elec-
trical potential from step 1.

Steps 1 and 2 are repeated until differences in solutions for both
electrical potential and concentration of ions satisfy the adopted con-
vergence criteria.

5. Discussion – reference to other computational models

In this section we compare the introduced smeared model with
other computational models available in literature. Electrophysiology,
as well as particulate/molecular transport, has long been the subject of
experimental and theoretical research. Various numerical models,
starting with analytical to today's modern computational models, have
been formulated and implemented. Here we refer mainly to the models
related to heart electrophysiology and emphasize novel features of our
smeared models important for applications.

Initial models of cardiac electrophysiology rely on the seminal work
of Hodgkin and Huxley [1]. In reviews [11,34] monodomain and bi-
domain models of tissue, connected to the basic cell models, are pre-
sented for heart electrophysiology. A critical analysis regarding prac-
tical applications of these models is given in Ref. [35], with particular
reference to the format of data preparation, as CellML and software
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simulator Chaste [36]. The approach that most resembles our smeared
models in principle, is the so-called bidomain model introduced dec-
ades ago [37–40], derived from discrete models by using homo-
genization procedures. The bidomain model was further extended to a
model with two types of cells, called the extended bidomain model
[41]. The governing balance equations of the three continuum domains
(extracellular space and two cell types) in Ref. [41] are derived ac-
cording to the ohmic conduction law using the conductivity/resistance
characteristics of each domain. Additionally, the terms corresponding
to membrane conduction and ionic currents Iion between the three do-
mains are included. These membrane terms take into account the
membrane conduction and capacitance properties, and the corre-
sponding area-to-volume ratios. The FE nodal variables consist of the
potentials of the three continuum domains.

For purposes of comparison to our model, we show here the fun-
damental equations of reference [41] using our notation. For the three
domains, cell group 1, cell group 2, and extracellular space, the equa-
tions are (terms not important for our analysis: stimulus current and
gap effects, are omitted).

+ + =r
x

C V
t

V
t

I
x

G V
x

0AV
i

m
e e

ext

ion
i

e

i

(1) (1)
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(1) (1)
(1)

+ + =r
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e e
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(2) (2)
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+ + =
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G V
x x

G V
x

0
i

e

i i

e

i i

ext e
ext

i

(1)
(1)

(2)
(2)

( )
( )

where the upper indices 1 and 2 correspond to the first and second
group of cells, while ‘ext’ stands for the extracellular space. These
equations are then transformed to the FE format in a standard Galerkin
weighting procedure used above [26], and integration is performed
over the entire domain volume.

We further summarize differences between our smeared model and
the bidomain or the extended bidomain model (called further as the
previous models). Also, we emphasize our new formulations.

1. Considering electrophysiology, the first and fundamental difference
between previous models and our smeared models is that the pre-
vious models are case sensitive, while ours are general. The previous
models rely on the apparent material properties of the entire tissue,
while our models use the true material parameters, independent on
the tissue composition. This difference comes from the assumptions
used in the derivation of the governing balance equations. In the
previous models, these equations (e.g. equation (31)) are derived by
homogenization over the entire tissue volume, including cell mem-
branes, through the area factor rAV and continuity conditions at the
membranes [40]. Integration is therefore performed over the entire
domain, without including the participation of volumetric fractions
of the individual constituents (compartments). This represents a
significant drawback which can be illustrated in the following
simplified example: Assume we have a current flow to a closed
domain composed of different types of cells and extracellular space,
separated by membranes, with their own conductivities and di-
electric constants. The electric charge and potential within each of
the constituents must depend on their respective volumetric frac-
tions. Therefore, the traditional models practically deal with the
apparent material parameters which depend on the structural
composition of the tissue. On the other hand, our smeared models
consider the entire medium as a composite where a compartment K
occupies the volume specified by volumetric fraction rV

K , and the
balance equations are set by using the true material parameters of
that compartment. No additional condition is employed and the
equations are independent of the tissue composition. The compart-
ments considered here include: large vessels, large neural fibers,

capillary network, small neural fibers, extracellular space, and dif-
ferent groups of cells composed of cytosol and organelles. The spa-
tial numerical integration goes over the r VV

K occupied by the com-
partment K. For organelles, both in diffusion and in
electrophysiology, the volume fraction has a hierarchical character,
i. e. for a cell group N,

=V r r VN
k

V
k

V
N (32)

where rN
k is the relative volume ratio of the organelle with respect to the

cell volume, whose ratio rV
N is related to the finite element volume V.

Accuracy of our smeared models is assessed by comparison to the de-
tailed FE models of a composite tissue, given here and in our previous
publications [15,16,18,42].

2. A significant novelty of the smeared model is the representation of a
1D processes (e.g. fluid flow, diffusion, electric conduction within a
fiber-like domains) by continuum equations with a consistent
transport tensor (1); and integration goes over the CSFE volume
occupied by the 1D network space. This approach was initially in-
troduced in our cited references for convective and diffusive trans-
port, along with the demonstration of the accuracy of solutions, and
herein is applied to electrophysiology. The entire His-Purkinje
system of the heart [43] can be modeled using our smeared con-
tinuum representation in a way analogous to modeling a capillary
network [18]. Our model has a significant distinction with respect
to, for example, the model in Ref. [44] which is based on the bi-
domain formulation and averaging over the fiber cross section.

3. The electrostatic equation (15) used in our formulation are more
general than those in (31), since they take into account the rate of
change of the potential (the term on the left-hand side), which
previous models omit.

4. Formulation of the connectivity elements between different physical
fields is a unique feature of the smeared models. These elements are
particularly suitable for including specificities of the membranes
(cells, organelles) and vessel walls such as partitioning at the
membrane/wall common surface with the continuum, or material
nonlinearities in case of transport or electric conduction. The in-
clusion of gap junctions between cells, introduced in Refs. [41,45],
or the condition that connections between Purkinje fibers and tissue
occurs at the fiber ends, is straightforward by employing the ap-
propriate connectivity elements. Also, ionic currents due to ion flow
through membrane channels (Iion) [5] can be included in these
elements, as well as transport of specific molecules such as calcium
[46–49]. Geometrical terms related to the connectivity elements are
described above (equations (3)–(5)). There are also important fea-
tures of the connectivity elements regarding the convergence rate
during equilibrium iterations at the global level – the matrices of
these elements have a so-called tangent character for improved
convergence [29]. These elements are also computationally effi-
cient, since they do not require numerical integration (as needed in
implementation of equation (31) in traditional models).

5. A 1D finite element is introduced to model current flow which in-
cludes current conduction along a neural fiber and lateral loss of
electrical charge through the fiber surface [3]. The FE formulation is
based on cable theory and the element accuracy is assessed by
comparison to analytical solutions; details provided in Appendix 1.
This element is formulated for modeling electrical signal transmis-
sion along large axons, however it is also applicable for modeling
smaller neural fibers such as in case of Purkinje network within the
heart. Our concept is straightforward and simple (with demon-
strated accuracy) when compared to Ref. [44], where a complex
homogenization procedure was employed to couple 1D signal pro-
pagation within the Purkinje network to a bidomain continuum
model of the heart tissue.

6. Another novelty introduced is our procedure for bidirectional cou-
pling of the ionic transport and electrical field. In the continuous
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domains (extracellular space, cell interior, organelles) this proce-
dure relies on equation (20) which is transformed to the FE frame-
work. Also, the coupling is included into our connectivity elements,
following formulation given in Ref. [25]. The presented metho-
dology is suitable and straightforward for general applications at the
organ level (in Refs. [25,50] only cell interior is considered), as
demonstrated by the presented examples.

There are a number of issues, not mentioned above, that are im-
portant when considering electrophysiology and coupling to other
physical fields in living organisms, for which the smeared methodology
can be effectively applied. For example, procedures that improve
computational efficiency of the monodomain and bidomain models, e.g.
in Refs. [51–54] - with specific solution algorithms [22,55–59], or
analysis of stochasticity in the heart electric signal propagation dy-
namics [60], can be implemented into our smeared models. Finally,
coupling electrophysiology to the mechanics of muscles [21,22,61–63],
including multiscale muscle models [64], can be efficiently im-
plemented into our smeared models.

Since there are many computational models in electrophysiology
and muscle mechanics, particularly related to the heart, validation
becomes crucial [65] for patient-specific reliable computer simulations
[66].

6. Numerical examples

Several examples are selected. The purpose of these examples is to
demonstrate applicability, accuracy and efficiency of the presented
smeared modeling methodology. The basic idea is to show accuracy
considering electrical signal transfer from nerve fibers to extracellular
space and further to cells. The connection between nerve fibers and
cells in the model goes via extracellular space which also represents the
fiber-cell junctions present in the biological systems. The first example
is designed with an electrical gradient across the field. Other examples
assume a small isolated region of tissue (here we used the geometry of
cells as in Ref. [17]) with prescribed potentials within nerves. Isolated
tissue domain means that gradients with respect to the surrounding
domain are neglected. The last example includes ionic transport cou-
pled with the field of electrical potential.

6.1. A tissue domain with electrical potential gradient

A square tissue domain is shown in Fig. 5. It is assumed that there is
a nerve fiber network, with given constant potential at two boundaries,
while the lateral boundaries are impermeable both for tissue and fibers.
The data used in the model are

Fiber diameter: 0.25mm Volume fraction: rV=0.35 (35%)
Membrane conductivity: 0.1 S/mm2 Capacitance: 0.1 F/mm2.
Conductivity: Fibers 1 S/mm Tissue: 2 S/mm.
Dielectric constant: 0.1 F/mm.
In Fig. 6 are shown mean potentials developed over time for the

tissue and for the fiber domain, obtained by using the detailed model
(1D elements for fibers, 2D elements for tissue, and connectivity ele-
ments for fiber lateral currents) and the corresponding smeared model
(number of potentials at FE nodes is 2 - for fiber and tissue domain).
There are some differences, as expected, due to gradients in both fiber
and tissue domains. As will be seen in the subsequent examples, this
difference is smaller when there is no gradient within fibers (which is
physiologically more realistic). Also, the goal of the examples here is to
demonstrate accuracy of transport from capillary system to cells or
signal propagation from nerve network to cells. Effects of the gradients
as in this example are dependent on the model size, which here are not
further investigated; accuracy analysis in case diffusion and presence of
gradients is given in Ref. [18].

6.2. A tissue domain with cells and organelles

Here, we consider an isolated 2D tissue domain with two groups of
cells and with three organelles within each group (as used in Ref. [17]),
shown in Fig. 7. Cells have different material parameters and volu-
metric fractions. It is assumed that six nerve fibers are present (normal
to the 2D space), with prescribed potentials as function of time. Three
cases of prescribed potential are used – constant, bolus, and as in
Purkinje fibers in heart.

Geometry

Nerve fibers (6) Mean diameter 4.76 Volumetric fraction 0.043

Cell group 1 (24) 6.30 0.307
Organelle 1 3.64 0.334
Organelle 2 1.16 0.334
Organelle 3 1.10 0.031

Cell group 2 (21) 6.16 0.260
Organelle 1 3.17 0.270
Organelle 2 1.39 0.051
Organelle 3 1.46 0.057

Material data

Extracell and fi-
bers

Conductivity
10−7

Membrane conductivity 4
10−12

Capacitance
10−14

Cell 1 and orga-
nelles

10−7 4 10−10 10−12

Cell 1 and orga-
nelles

10−7 4 10−12 10−14

Initial values:
E= 0 in extracellular space, 0.07 in cells, 0.05 in organelles

The detailed model consists of 2D elements used for all continuum
domains and also for all membranes of cells and organelles, with pre-
scribed potential at the surfaces of the nerve fibers. In the smeared
model we have 2D elements only, which include nerve fibers, all con-
tinuum domains and membranes, with 10 nodal potentials as nodal
variables (depicted in Fig. 7). Note that all membranes and the surface
of the fibers are modeled by connectivity elements (with no additional
nodal variables). For the insight into difference in model size of the two
models we give the number of equations of the system to be solved:
69457 for detailed model, 1089 for smeared model. Besides the en-
ormous difference in effort to prepare two models, the size of the
models and therefore the computational difference is of the order of
102.

Fig. 5. A square tissue domain (10× 10 mm) with network of nerves (in red)
connected with tissue. Prescribed constant electrical potential at the two
boundaries.
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6.2.1. Constant potential in fibers
It is assumed that the potential within fibers is constant and equals

to 0.08V. We use a small value for prescribed potential in order to
detect differences in domains with micron size. The potential fields for
three different time points, for detailed and smeared model, are shown
in Fig. 8.

It can be seen that the uniform fields of the smeared model agree
with the corresponding domains within the detailed model. The evo-
lution of the mean potential for several domains is shown in Fig. 9,
demonstrating very high degree of agreement. This is expected since
the potential fields in the detailed model are practically uniform for
each spatial domain. Some delay can be noticed in potential evolution

Fig. 6. Mean potential in nerve fibers (left panel) and in tissue (right panel) evolution over time. Prescribed potential in fibers at boundary (Fig. 5).

Fig. 7. A tissue domain of size (50× 50 μm) with cells and nerve fibers (N1 to N6) normal to the plane. Detailed model with 2D elements (left panel) and smeared
model (right panel). The data used in the models are given below (units: length μm, potential V, conductivity S/μm, membrane conductivity S/μm2, capacitance F/
μm2).

Fig. 8. Fields of electrical potential in case of constant potential of 0.08V within nerve fibers. Three time points and several domains, detailed and smeared model.
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within cells, and particularly within organelles in the cell group 2 due
to smaller membrane conductivity for this organelle.

6.2.2. A bolus function for potential in fibers
It is assumed that a bolus-type function is given within nerve fibers,

as shown in Fig. 10.
The evolutions of the potential within different domains computed

by either model are practically the same, Fig. 11. As in the case of
constant potential, there is a small time delay and difference from the
prescribed potential within nerve fibers, due to membrane resistances.

6.2.3. A function as in Purkinje fibers
Finally, here we use the function for prescribed potential as in the

Purkinje fibers of the heart [2]. Due to the high value of the potential
within the fibers, the potentials in all domains are practically as in the

fibers, and are the same when using either one of the two models. The
evolution of the potential in any of the domains is as shown in Fig. 12.

6.2.4. Model with potassium and sodium currents included
Here we include into the model currents through cell membranes

due to potassium and sodium flow through the membranes (in eq. (11)).
Details of the calculation of these currents are given in the Appendix 2.
We use values of potential corresponding to the last equilibrium itera-
tion, hence it is an Euler backward integration scheme; effects of the
integration algorithm of the ionic currents on the solution accuracy is
studied in Ref. [67]. It is assumed that the potential in nerve fibers is
constant and equal to 0.08V.

Electrical potential field for four time points and for the detailed
model is shown in the first row of Fig. 13. It can be seen that the po-
tentials in the interior of cells are different in the two groups due to
different material properties. In the second row we display the potential
field for cell interior of group 2. It can be seen that there is agreement
between the two models.

Graphs for the change of the mean potentials over time within
different domains are shown in Fig. 14. The effect of ionic currents can
be noted – the ultimate values of potentials are: 0.6V for extracellular
space, 0.08V for cells (as is prescribed in fibers). The potential within
extracellular space is higher than in cells due to outward net ionic
current flow.

6.3. Model with coupled diffusion of ions and electrical flow

In this final example, we consider coupled electrical and con-
centration fields. The same model as in Fig. 7, but now additionally
with five capillaries C1…C5, is shown in Fig. 15. Nodal variables in-
clude concentrations in all domains except in nerve fibers, while the
potential field is present in all domains except in capillaries. Here, a
structural mesh is used for the smeared model to demonstrate that this
simple mesh can also provide accurate results. Number of equations for

Fig. 9. Evolution of the mean potential in case of constant potential of 0.08V within nerve fibers. Four domains, detailed and smeared model.

Fig. 10. A bolus-type prescribed electric potential in nerve fibers.
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detailed model is 72458 and for smeared model is 1200.
The same data as for example 6.2 is used for the electrical field,

while for diffusion the material data are as follows, according to Ref.
[25]: Diffusion coefficient is the same for all continuum domains:
103 μm2/s.

Diffusion coefficients for membranes are also the same for all con-
tinuum domains: 103 μm/s, Partitioning coefficients: P= 10 at cell
membrane of cell group 2, and P=10 at organelle membrane of cell
group 2.

Coefficients Pn, Pd, kpH
o , kpH

i and fn are equal for all cells and or-
ganelles: Pn= Pd=1, =k kpH

o
pH
i =10−6, fn=1.2382. Material data for

evaluation of the coefficient fn are as given in Ref. [25].
Bolus-type function is used as in Fig. 10 for both electrical potential

(maximum is 0.8 V) within nerve fibers and for concentration in ca-
pillaries (maximum is 10−4mg/μm3).

Concentration and electrical potential field, obtained by the detailed
model, at time 1s, is shown in Fig. 16. Differences in concentration

Fig. 11. Electric potential vs. time for detailed and smeared model within different domains for bolus function in Fig. 9 within fibers.

Fig. 12. Electrical waveform within Purkinje fibers of the heart [2].

Fig. 13. Fields of electrical potential in case of ionic currents of potassium and sodium included; detailed model – upper panel, smeared model –lower panel.
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between the two groups of cells are notable due to partitioning P= 10
for cell group 2. Mean concentration and electrical field evolution,
obtained by the two models, are shown in Figs. 17 and 18, respectively.
It can be seen, as in previous examples, that there is good agreement
between the two models. Some differences are expected due to very

non-uniform concentration and electrical potential fields. We have
specified some extreme conditions within the model: two cell groups
are located in separate spatial domains and with different material
properties – it is taken that there is partitioning for cell and organelle
membranes of cell group 2.

7. Summary and concluding remarks

A general smeared methodology for field problems, formulated in
Ref. [19] as a generalization of the previously published applications
for diffusion within tissue [15,17], is extended to include the electrical
potential field. This expanding model also incorporates membrane ionic
transport, particularly important in muscle and heart electromechanics
[1,2,9,21,22]. The concept is further enhanced by including ionic
transport in tissue so that the concentration and electrical potential
fields are coupled. Also, a composite cable finite element (CCFE) is
introduced for electrical signal propagation within axons and its accu-
racy is verified (see Appendix 1).

Selected examples demonstrate accuracy and efficiency of the
smeared method. The composite smeared finite element (CSFE) is a
continuum element which contains all domains within the biological
system. The domains occupy a volumetric fraction of the element and
have their own physical fields, hence the nodal variables include all
fields. Moreover, the complex 1-D gradient driven fields are substituted
by a continuum representation with the corresponding transport tensor.
The physical fields of the CSFE are coupled by connectivity elements

Fig. 15. Detailed and smeared model for coupled electrical flow and ionic diffusion.

Fig. 16. Concentration (left panel) and electrical potential fields (right panel) at time t= 1s, coupled diffusion and electrical flow, detailed model.

Fig. 14. Evolution of the mean potential in extracellular space and cells, detailed
and smeared solutions; with ionic currents of potassium and sodium included.
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(spatially fictitious) at nodes which take into account size and proper-
ties of membranes (walls) which physically separate the domains.
Besides the good solution accuracy (in comparison with detailed
models), the smeared models are easy to generate when simulating
processes within complex structures and geometrical shapes of biolo-
gical systems. Furthermore, the smeared models (implemented in our
multipurpose software package PAK [33]) are orders of magnitude
smaller in the number of equations when compared to detailed models.

Thus, we conclude that presented FE models based on the smeared
concept offer a novel computational tool for practical applications in
biomedical investigations.
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Appendix 1

FE model of electric conduction in nerves based on the cable theory, formulation of the composite cable finite element (CCFE)

We formulate a 1D finite element for electric conduction using the fundamental equation for electric conduction along fibers according to the so-
called cable theory; this specific finite element is called Composite Cable Finite Element (CSFE). The theory was initiated William Thomson in 1850s
who developed mathematical models of signal decay in telegraphic cables. Later, these models were implemented and experimentally verified in
neuroscience.

Analytical solution. In accordance with equations (10) and (11), the cable equation in which both axial and lateral currents are taken into
account, can be written as

= + +G V
x

G V V C V
t

V
t

I( )a
e
in

m e
in

e
ext

m
e
in

e
ext

ion
2

2 (A.1)

In order to compare numerical solution using our composite cable finite element (CCFE), we will omit the ionic current Iion and assume that the
external potential is Ve

ext is equal to zero. These assumptions do not reduce the proof of the validity and accuracy of the CCFE. Hence, the equation
(A1) can be written as

= +
r

V
x

c V
t

V
r

1
l

e
in

m
e
in

e
in

m

2

2 (A.3)

were rm (Ω·mm) and cm (F/mm) are membrane resistivity and capacitance, respectively, and rl (in Ω/mm) is the longitudinal intracellular resistance
per unit length; they can be expressed as

Fig. 18. Mean electrical potential vs. time for coupled problem, detailed and smeared model solutions, within extracellular space (left panel) and cytosol of cell type
1 (right panel).

Fig. 17. Mean concentration vs. time for coupled problem, detailed and smeared model solutions, within extracellular space (left panel) and cytosol of cell type 1
(right panel).
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where Gm is specific membrane conductance (Siemens/mm2), inverse of Rm; l (Ω·mm) is electrical resistance of the axoplasm; Ga is the nerve
conductance (in Siemens/mm).

Further, a length constant λ can be introduced as a parameter that indicates how far a stationary current will influence the voltage along the
cable. The length constant can be specified as

= r
r
m

l (A.7)

The first term at the right-hand side of (A3) affects the rate of change of the potential, which tends to a steady state distribution with time
increase (theoretically – infinite time, practically – enough large time period). The steady state condition corresponds to cm =0, so that (A.3)
reduces to

=d V
dx

Ve
in

e
in2

2

2 (A.8)

A general solution of this equation is

= +V C e C ee
in x x

1
/

2
/ (A.9)

ConstantsC1 and C2 can be determined from boundary conditions. We will further use the conditions as in our numerical solutions: x= 0, V=V0;
x= L, VL=0, where L is the length along the cable. Then, the solution is

= ( )V V
e e

e ee
in

L L
L x L x0

/ / (A.10)

Composite Cable Finite element. A 1D finite element model for a nerve fiber is schematically shown in Fig. A1.

Fig. A1. Composite Cable Finite Element (CCFE). The element includes axial conduction along the element axis (current Ix) and lateral between the fiber and the
surrounding tissue (current Imem). The axial conduction is modeled by the 1D conductivity FE terms, while the lateral part is modeled by the connectivity elements
1,2 at each node.

The axial conduction balance equation, for the equilibrium iteration i, of the CCFE is represented in a standard form - equation (7), which, for the
2-node element with nodes I and J, is

= =K V I K V I J sum on J, , 1,2;IJ
a

e
in J i

I
ext

IJ
a

e
in J i( ) ( 1) (A.11)

where II
ext is the current coming from the neighboring elements (the II

ext cancel for all internal nodes of the FE system), and the matrix terms are

= = = =K K K K r
L

Ga a a a

e
a11 22 12 21

2

(A.12)

where Le is the element length.
The lateral electric flow is modeled by connectivity elements 1,2. The connectivity element represents the electric flow through the surface

belonging to the element. For a node J the size of this surface is

=A r L2J J (A.13)

where LJ is the length belonging to the node. Then, the balance equation for the element 1,2 at the node J is

+ = + +
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(A.14)

where V1 and V2 are potentials in the fiber Ve
in and the surrounding tissue Ve

ext , respectively; VJ
t is potential at start of times step; and the matrices are
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given by equation (13) where the surface area Amem is evaluated according to (A.13).
Numerical results. The goal is to validate accuracy of the CCFE element by comparing numerical results with the analytical solution (A.10). Data

used in numerical FE model are:
V0= 1mV; VL=0; L= 10mm (length of the domain), cable diameter r= 0.5mm, Ranges of values used in numerical solutions are:

• Ga =[1, 100] [S/mm]
• Gm =[1, 100] [S/mm2]
• cm =[0, 1, 100] (F/mm2)

FE model consists of 1D composite cable finite elements (CCFEs), and surrounding continuum with prescribed V=0 at all nodes (Fig. A2).
Dimension of the continuum is 10×1mm, and FE division is 100 x 2. There are also 100 CCFEs.

Fig. A2. FE model of nerve fiber (CCFE elements) with surrounding 2D tissue.
Distribution of electrical potential in 1D fiber, for three values of the nerve conductance Ga, is shown on Fig. A3. It can be seen how the electrical

signal propagation increases with Ga.

Fig. A3. Distribution of electrical potential in in the nerve fiber at stationary state, for case with: Ga=1, 10, 100, and Gm=1, cm=1.
We have selected several material data sets to illustrate how the material parameters affect the solutions. The data sets, and the values of length

constant, λ, are:

Ga =1, Gm =1, r= 0.5, λ=0.5

Ga =100, Gm =1, r= 0.5, λ=7.07

Ga =1, Gm =100, r= 0.5, λ=0.0707

Ga =100, Gm =100, r= 0.5, λ= 0.71

Diagrams of electric potential distribution along nerve fiber in the stationary state are shown in Fig. A4. There is evident agreement between the
numerical and analytical solutions. It can be seen that solutions Ga =1, Gm =1 and Ga =100, Gm =100 are the same, while increase of Gm leads to
decrease of the electrical propagation length.

Fig. A4. Electrical potential vs. length of nerve (analytical and numerical solution) for stationary state for various (Ga, Gm) values, cm=1.
Change of the potential profiles over time, for Ga= 100, Gm=1, cm= 10, is shown in Fig. A5. It can be seen from this figure how the profiles
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approach to the stationary shape. The stationary profile is reached after 20s, since after that time the profiles remain practically the same (changes of
potential in all points become very small).

Fig. A5. Electrical potential profiles for several time moments during transient states. Data: Ga=100, Gm=1, cm=10. The stationary profile is reached at t= 20s.
Finally, we show in Fig. A6 how time for reaching the stationary state depends on the specific capacitance of membrane cm. It can be seen that

dependence is linear.

Fig. A6. Time of reaching the stationary state vs. specific capacitance of membrane (cm), for Ga=1, Gm=1.

Appendix 2

Computation of the ionic currents through cell membranes

Here are presented the fundamental relations for calculation of membrane currents of potassium and sodium according to Ref. [2], and further
implementation of these relations into the incremental-iterative FE form. These relations are experimentally determined for Purkinje fibers.

The potassium current IK is expressed as (in μA/cm2)

= +I g g V V( )( )K K K m K1 2 (A1)

where gK1 and gK2 are membrane conductivities, Vm (in mV) is the membrane potential (defined as the difference between potentials inside and
outside of cell, and VK is equilibrium potential (in Ref. [2] taken to be −100mV); dimension of gK1 and gK2 is [μA/(cm2 mV)]. According to
experimental measurements, the expressions for the conductivities are:

= + +g V V1.2 exp[( 90)/50] 0.015 exp[( 90)/60]K m m1 (A2)

=g n1.2K2
4

where

=dn
dt

n n(1 )n n (A3)

where
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For sodium current density INa the expression is

=I g V V( )Na Na m Na (A4)

where VNa=40mV and

= +g m h400 0.14Na
3 (A5)

Expressions for parameters m and h are as follows:
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and
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We further integrate equation (A3) and (A6) within time step. Equation (A3) can be written as

= +dn
dt

n( )n n n

Implicit integration scheme is used within time step t , so that

=
+
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where the right-upper indices t and +t t refer to the start and end of time step.
The analogous expression can be obtained for the parameters m and h:
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With these coefficients determined for the end of time step, the conduction coefficients can be determined and the currents specified in (A1) and
(A4) can be calculated. We calculate coefficients in (A7) and (A9) using the corresponding mean values of membrane potential Vm,

= + +V V V1
2

( )m m
t

m
t t

(A12)
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