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ARTICLE INFO ABSTRACT

Keywords: While clinical and biomedical information in digital form has been escalating, it is socioeconomic factors that are
Population health important determinants of health on the national and global scale. We show how collective use of data mining
Socioeconomic

and prediction algorithms to analyze socioeconomic population health data can stand beside classical correlation
analysis in routine data analysis. The underlying theoretical basis is the Dirac notation and algebra that is a
scientific standard but unusual outside of the physical sciences, combined with a theory of expected information
first developed for analyzing sparse data but still largely confined to bioinformatics. The latter was important
here because the records analyzed (which are for US counties and equivalents, not patients) are very few by
contemporary data mining standards. The approach is very unlikely to be familiar to socioeconomic researchers,
so the theory and the advantages of our inference nets over the Bayes Net are reviewed here, mostly using
socioeconomic examples. While our expertise and focus is in regard to novel analytical methods rather than
socioeconomics per se, a significant negative (countertrending) relationship between population health and
equity was initially surprising, at least to the present authors. This encouraged deeper exploration including that
of the relationship between our data mining methods and traditional Pearson's correlation. The latter is sus-
ceptible to giving wrong conclusions if a phenomenon called Simpson's paradox applies, so this is also in-
vestigated. Also discussed is that, even for very few records, associative data mining can still demand significant
computational resources due to a combinatorial explosion.
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potential explanatory, primarily socioeconomic, variables for each the

1.1. Background

The explosive growth in medical data in digital form has primarily
been in regard to clinical and biomedical data [1]. However, this has
been primarily of a clinical and scientific nature. The ability of in-
dividuals to access and afford the fruits of growing medical knowledge
is also a strong determinant of health. Data concerning that is essen-
tially socioeconomic health data (SHD). Of course, researchers and or-
ganizations have studied data of this general kind for many years.
Notably, in pursuit of an understanding of the cause of cholera in the
mid-1800s, John Snow had the distribution of cholera deaths and access

38 registration districts of London [2]. Nonetheless, socioeconomic
factors, public perceptions, political opinions and administrative po-
licies can change very rapidly, and modern socioeconomic data relating
to public health have been rather sparse, especially in regard to in-
cluding potential determinants that are now considered as important to
modern industrial nations, including fairness to minority or under-
privileged groups, as equity. From the point of view of our interests in
Big Data, this data is small in the sense of comprising just a few hundred
records, simply because it addresses counties or county equivalent areas
in the US rather than individuals (making it of the order of 100,000
times smaller than potential future patient data in the US case). Such
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data only became publically available in 2018 [3] but is increasing
rapidly; the site produced 2019 rankings as early as around March
2019, and hospital admissions and length stay on a county basis also
became recently available to us, allowing joining of the data. While
making full use of healthcare data overall is still hampered by lack of
interoperability and a universally agreed standard for medical records
[41, which are issues of great interest to the present authors, it was not a
concern in the present study. That is because the data was available in a
common basic form of a spreadsheet.

1.2. Purposes of the present paper and the nature of the challenges

1.2.1. Exploring the utility of recent developments in data mining and
prediction approaches for analysis of socioeconomic health data

The present paper does not aim to be a medical, healthcare, or so-
cioeconomic research study. Rather, the emphasis is on refining theo-
retical and technological approaches, exploring matters arising in the
data mining of SHD and in drawing inference from it with a proposed
universal exchange and inference language discussed below.
Traditional statistical approaches were also used in the present study,
primarily the long standing technique called Pearson's correlation de-
veloped around 1900. This was not least because controversial socio-
economic aspects relating to equity were uncovered, unexpected to at
least the present authors, also as discussed and reviewed in this paper.
Our hypothesis explored here is both (a) that these controversial aspects
are real features of the data that should be addressed by government
administrators and policy makers, and (b) that modern techniques of
data mining and prediction (at least of the kind that we have devel-
oped) can support classical statistical methods and verify, further ex-
plore, and help characterize, findings of that nature. Note here that
while our interest is in developing new tools of broad application, so-
cioeconomic analysis is a well-defined profession, and administrators
and policy makers will expect to see confirmation by such qualified
professionals using a battery of standard recognized methods. The small
size and primarily numerical content of the data means that standard
statistical techniques can easily be applied, so possibly such studies are
underway by others at the time of writing this present paper. Our re-
latively unusual methods are based on the use of the Dirac notation and
associated algebra from quantum mechanics (QM) [5], developed fol-
lowing a speculation that this might provide a basis for basis for a
standard best practice in medical decision support [6]. Nonetheless, as
discussed below, the techniques of most importance in this present
study still belong to the established discipline of structured data mining
[7]1, combined with predictions from the information obtained. Ap-
plying both established methods and our newer methods had the ben-
efit of showing how classical Pearson's correlation scores relate to
likelihood ratios and predictive capabilities measured in terms of sen-
sitivity, specificity etc. based on association (or associative) data
mining. Somewhat surprisingly, we have as yet found no papers dedi-
cated to a study of that kind although of course many researchers use
both Pearson's correlation and data mining (see Discussion Section 5).

1.2.2. Use of data mining techniques for the relatively small amounts of
data from socioeconomic health studies

Socioeconomic data has mostly so far been analyzed by statisticians
using classical statistical methods and the data generally provided are
of a size and nature that facilitates such analyses. The classical statis-
tical methods developed in the late 1800s and early 1900s are parti-
cularly powerful for continuous quantitative data and the continuity in
the data values provides significant information that makes use of low
amounts of data possible. Even methods that are considered non-
parametric in the sense of not using a model such as a normal dis-
tribution assume an elementary underlying model. If one has values
10.5 and 15.2 for something, these are not taken as arbitrary names and
one assumes information regarding certain statistical properties of va-
lues between. Pearson's correlation R also assumes a dominating
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monotonic trend in the data overall. In contrast, data mining for
studying associations between categorical data can easily be applied to
numerical data but only by considering it or rendering it categorical,
typically by binning into ranges such as 10-19, 20-29 etc. Conclusions
can be drawn subsequently about trends by having a continuity model
in mind but information dependent on continuity has been lost by a
kind of segmentation of the data. This can be a strength when classical
statistical models break down concerning the nature of any continuity,
as in strongly non-monotonic behavior, or in the potential appearance
of Simpsons' paradox considered in this paper. More generally, it also
provides fine-grained information about relationships that can be cap-
tured and used to make predictions. However it requires data of much
greater depth, i.e. more records. The data used here comprises only 500
ranked records about the performance of counties or county equiva-
lents, up to some 900 records when distinguished by additional in-
formation in additional columns, such as perceived good performance
and up-and-coming achievement for each of rural and urban areas (four
classes overall). The factors are summary scores for population (com-
munity) health with scores for equity, education, economy, housing,
food and nutrition, environment, public safety, and community vitality.
When joined with annual hospital admissions and length of stay data
distinguished by year 2011-2016, there are just some 372 complete
records with 25 columns. Very recent 2019 data for 500 ranked records
about the performance of counties or county equivalents adds a few
more, and we have added to this paper analyses including these, but the
data are still sparse for modern data mining. Nonetheless, our less
standard data mining approach discussed in this paper is designed to
cope with sparse data because data miners, as they drill further down,
inevitably encounter sparsity even in Big Data. For example, a prob-
ability such as P(A,B,C,D,E,F,G) will have a lot less data to estimate it
than would P(A,B,C,D). The joint event (A,B,C,D,E,F,G) may be seen
only one or two times, or perhaps not at all, but it does not imply that
the probability really is zero as would be seen if a lot more data were
available.

1.2.3. The combinatorial explosion challenge persists for the use of data
mining techniques, even for small data

Here focus is now on the so-called “width” of the data and on the
considerable computer resources that this can often demand. This fol-
lows from the final comments in section 1.2.2 above but to researchers
not familiar with data mining it can still seem surprising that even data
of just a very few records can still provide significant computational
challenges, at least when its fullest benefits are to be obtained by extensive
extraction of the information in that data. The presence of many columns
implies a high dimensional multivariate problem aggravated by the
cardinality of the data. Such data is said to generate a significant
combinatorial explosion in terms of the number of possible distinct joint
events [1]. That is, sampling exhaustive or probabilistic potentially
creates a large number of potentially relevant distinct joint events (A),
(A, B), (C,F, H) (G, L, M, Q) etc. For the original population health data
used here (prior to joining hospital admissions and stay data), the study
had ideally (but not of course in practice) to address potentially some
10'® data-mined combinations of 1,2,3,4,5 ... non-redundant associated
factors at a time, again arising from the combinatorics of columns and
the cardinality, the number of distinct value entries in each column.
This challenge will become more severe in the future as new data is now
being released every year [3]. Of course, the number of counties and
county-like entities in the US is not going to change significantly in the
near future, but more likely is that more detailed new studies will add
new factors, and joining with other county data certainly does. It could
increase the number of combinations to beyond astronomic levels (ty-
pical current rough estimates put the number of fundamental particles
in the visible universe at around 10%®). Records of some N = 100 pieces
of information would have some 2N-1 i.e. approximately 10°C such
combinations even if all entries are binary, and with a more realistic
cardinality, 10°°-10'°°. Such numbers could easily be reached by
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including additional factors, in a future population health study, that
plausibly effect health.

1.2.4. The combinatorial explosion problem is in practice ameliorated by
the sparseness of data

What reduces the above resource problem to some extent, or at least
puts it beyond the responsibility of the researcher, is that when these
numbers above arising from the combinatorial explosion are large, then
most of the joint events will never be seen. The emphasis therefore
shifts to the algorithmic problem of making use of information in sparse
data and the relatively few joint events that can be seen (though it may
still be a very big number). This is not strategy in traditional statistics:
high school teaching states that a study underpowered because of small
data should be put on hold until a larger sample is obtained.
Unfortunately, in healthcare, long deferral is not always a desirable
option, nor is it necessarily appropriate to discard use of data based on
the essentially subjective opinion that it is arbitrarily too small to make
a useful contribution. When using these results to build inference nets
and make decisions, one should take into account that, as in a court of
law, many pieces of weak evidence may combine to override a decision
that would be made without them. Objectively all available data should
be used without arbitrary rejection, and this becomes even more im-
portant when, because of limitation in data size, none of the individual
counts are large. In addition, one should not discard data solely because
it is “poorly supported” in the data, on the basis of rare occurrence.
Even a specific item of data about the occurrence of just two or more
factors can be highly statistically significant and influence predictions,
because the occurrence is a lot less than one would expect on a chance
basis.

1.3. The Hyperbolic Dirac Net, Q-UEL language, and related work

The Hyperbolic Dirac Net (HDN) [8-14] was developed as a kind of
inference net based on Dirac's notation and associated algebra [5,6].
This was extensively used in the present study, although mostly focus
will be on odds (ratios of probabilities) in a way that still preserves the
essential features of the above. HDN development was followed by the
associated Q-UEL language (Quantum Universal Exchange Language)
[15-19] formalized primarily in response to a call for such a Universal
Exchange Language (UEL) in the 2010 “PCAST report” [4]. While the
primary goals of Q-UEL were interoperability and as a proposed stan-
dard canonical representation of elements of medical knowledge that
would also formalize use of probabilities for evidence based medicine,
another major function of Q-UEL was to use those elements as the
building blocks for automated and semi-automated HDN construction.
Subsequently there was the industrialization of that idea as a high
performance system called the Biolngine [20-26].

There is of course a great deal of related work by others (see par-
ticularly our Q-UEL/HDN bibliography refs [8-26] that also include
review of other efforts), and some provide important pillars for our
approach. In hindsight, the HDN and hence indirectly Q-UEL owes a
debt not only to Dirac but also to Pearl's Bayes Net (BN) [27], of which
the HDN could be considered an extension, not least because any BN
could be considered as a subgraph of possible HDNs. Certainly, sim-
plified and crisper rules for building HDNs (while adhering to valid
probability laws and without using the same implied information twice
or making unwarranted omissions of information) have followed not
just from information theoretic considerations discussed later below but
also from considering how to transform a BN into an HDN. See Refs.
[12,13], and especially ref [14]. Q-UEL also owes a debt to XML [28]
and several specific applications of it. The 2010 PCAST report also
stated as follows: “We believe that the natural syntax for such a uni-
versal exchange language will be some kind of extensible markup lan-
guage (an XML variant, for example) capable of exchanging data from
an unspecified number of (not necessarily harmonized) semantic
realms. Such languages are structured as individual data elements,
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together with metadata that provide an annotation for each data ele-
ment.” Q-UEL can be considered as an XML extension, although it is
also true there is a remarkable fortunate coincidence between the ap-
pearance of Dirac notation and XML. This makes Q-UEL a natural
convergence of the Dirac notation and an XML specialized for prob-
abilistic semantics. Q-UEL also borrows the RDF model of the Semantic
Web to define attributes and relationships in its XML-like tags [29].
Many approaches to representing medical records have been XML-
based [18], but to the author's knowledge, only the subsequent Yose-
mite Manifesto [29], by also being a Web-based approach in response to
the PCAST report, came close to Q-UEL in the sense of proposing the use
of the Semantic Web and the RDF method.

Despite the above, to our knowledge no alternative approach with
similar aims resembles Q-UEL in the sense of having elements that
possess algebraic force. This allows Q-UEL's XML-like tags to be used in
calculations of probabilistic measures in medicine, and programming of
inference nets, inference engines, and expert systems [16,19-26]. This
idea is also ultimately also indebted to ideas from other workers in
remarkably diverse sources, from mathematics (e.g. see review in Ref.
[13]), causal arguments (e.g. Ref. [30] concerning the BN, but see
discussion in Section 1.5 (i)). quantum mechanical texts in particular
regard to linear operators and dualization (see Theory Section and ref
[31]) semantics, linguistics and theories of mind (see Refs. [19-21] for
review), and studies of healthcare as a dynamic, complex, and adaptive
system (e.g. Ref. [32], and see Section 1.6 below). Sources on socio-
economics and equity [33-43], as discussed in Section 1.6 below, were
not only important for the present analysis and its interpretations, but
also for promoting the development of some additional support tools
related to joining data and novel graphics representations (see Fig. 3
later below). Because the socioeconomic data available was sparse, we
relied on data mining techniques for sparse data developed in bioin-
formatics [44-46].

1.4. Review of the main features of the Hyperbolic Dirac Net that distinguish
it from the Bayes Net

We have been invited to review and clarify our approach here with
particular reference to its advantages over previous methods. Our ap-
proach will certainly be unfamiliar to almost all researchers in socio-
economics. As exemplified in Section 1.5 below, many criticisms can be
(and have been) made of the BN, but in our opinion there are few if any
proposals that are both (a) definable as being of the same general kind
of inference net approach, while at the same time (b) not so close to the
BN as to be considered as anything other than valuable BN modifica-
tions (see e.g. Ref. [16] for review). Emphasis is on the popular Bayes
Net as gold standard. Related to the above, we were also invited to
emphasize why the hyperbolic complex (h-complex) algebra, and in
effect an h-complex Hilbert space, is seen as the best option for over-
coming the perceived difficulties of Bayes Nets. We have elsewhere
listed a number of advantages of our approach (e.g. Refs. [12-14,16]).
The following, however, stand out in particular, for purposes of the
present paper.

(i) Realism. Perhaps the most general statement of importance is that
relationships in probabilistic knowledge used to model the real
world are clearly better represented more generally by a
Bidirectional General Graph (BGG), essentially what one more
typically thinks of as “a network of interactions”. Use of the full
BGG is supported by methods described in Refs. [12-14], usually
using modules DiracMiner with DiracBuilder [20]. Pearl's popular
BN is by definition constrained to represent knowledge by a Di-
rected Acyclic Graph (DAG), popular partly because it simplifies
modeling that at least adheres to basic laws of probabilistic re-
lationships and facilitates considerations of causality [27]. But this
is not a constraint that we see on interactions in the real world, e.g.
in road, train, and subway maps, electric and electronic circuit
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(i)

(iii)

diagrams, student's mind or concept maps used in study and re-
vision, metabolism, natural neural networks, and not least the
complex interplay of physiological systems including feedback for
homeostasis that are perturbed in disease. Most notably, these ty-
pically include cycles (cyclic pathways) of interactions that the
DAG disallows but the BGG allows. Note that in populations
sampled for classical statistics, complex multiway interactions,
including feedback and other cyclic interactions, occur all the time,
and govern the probabilities obtained.

Bidirectionality. More specifically, the essential feature of any
model that supports a BGG, and notably cycles, is that it must be
able to look in both directions of conditionality at the same time,
e.g. P(A|B) concerning how A is dependent probabilistically on B
and conversely P(B|A) concerning how B is dependent probabil-
istically on A. Bidirectionality is an essential feature of the methods
discussed above [12-14,16,18]. While the BGG, perhaps including
cyclic paths, requires bidirectionality, the converse is not true,
since simpler and restricted graph structures can be bidirectional:
A < B. Bidirectionaity by itself is important: medicine is not only
interested in the probabilities of outcomes, but also in etiologies
(causes), and when cause and outcome are understood, study of
the conditional probabilities in two directions is important. Dir-
acSmash [26], is an odds-based inference net approach that re-
places the BGG by a different concept with similar final effect, but
it still supports bidirectional conditionality through the combined
use predictive odds and likelihood ratio. See Section 2.3. The BN is
in contrast unidirectional by definition, and discouraged other
considerations at the outset by emphasizing a causal model. It
considered that if e.g. A causes B then the converse cannot be true.
However, a direct causal relationship between them (one-way or
two-way) is not a requirement for a probabilistic relationship, as
Bayes rule indicates (Section 2.1), and what determines what
should not be presumed, as the well-known adage of classical
statistics that “correlation does not imply causation” implies. Fi-
nally, the name Bayes Net was chosen to honor Bayes but ironically
it cannot contain Bayes' rule, which is inherently about two di-
rections of conditionality [12-14], and which has consequences:
See Section 1.5 (i) below.

Use of Hyperbolic Complex Probability Amplitudes instead of
Probabilities. While the DAG represents rules for legal construction
of the BN, general rules on how to construct a BGG (in which
probability laws are also obeyed) were originally less obvious and
were tackled on a case by case basis, particularly at branch points
and in any cyclic paths. Quantum mechanics (QM) solves the
problem by encoding probabilities in both directions of con-
ditionality in a probability amplitude that is a single (i.e. scalar)
complex number, i.e. with an imaginary part. In the 1930s Dirac
developed the now standard physicists' notation to facilitate the
use of such algebra by emphasizing the directional aspect [5]. Most
commonly in QM one thinks of the imaginary part being multiplied
by i for which ii = —1, but this ultimately results in a wave de-
scription and the notorious weirdness of QM predictions. In con-
trast, the hyperbolic imaginary number h such that hh = +1, also
rediscovered by Dirac and vital for the theoretical development of
QM for high energy particle physics, results in behavior that we
expect in the everyday world of human experience (unless i is still
present). The structure of QM remains otherwise essentially the
same, so that the mathematical machinery succinctly represented
by Dirac notation can still be used. The use of h is unfamiliar in
medicine, but simple. All that one is ultimately required to know in
going from classical Section 2.1. to QM Section 2.2 below is that
hh = +1. In the authors' opinion, re-expressing the algebra in
terms of h-complex spinor projectors 1 and 1* (Theory Section 2.2)
makes things simpler still. It is true that i and h can both be re-
placed by vector-matrix algebra, but it is doubtful that this can be
considered simpler. While vector-matrix algebra remains possible
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and occasionally essential for more elaborate semantic inference
involving the action of operators as verbs etc., explicit use of
vectors and matrices can mostly be replaced by the elegant sym-
bolic manipulations, essentially an intuitive grammar, that the
Dirac notation represents. For a properly constructed estimate joint
probability, cyclic path, or for certain interesting symmetrical re-
lationships, the value of the h-complex imaginary part should be
zero. See Theory Section 2.2 This provides an important test be-
cause a significant non-zero value signifies failure of coherence due
to breakdown of consistency of probabilities required by Bayes'
rule [12-14], while also indicating the probability values and di-
rection of conditionality required to restore correct behavior. The
h-complex algebra quantifies categorical logic and with the Dirac
notation provides a probabilistic semantics that maps to natural
language [14-19]. Thinking in terms of the h-complex valued
Hilbert space also leads to some useful new graphic ways of re-
presenting evidence based medicine (e.g. Fig. 3 in this paper).

(iv) Better Estimation. This follows from the above and is perhaps the
most practical and striking consideration, and the easiest to assert:
the most basic kind of HDN, at least, can be considered as a Bayes Net
except for the parts of the Bayes Net that are incorrect as unwarranted
assumptions that arise from the unwarranted focus on unidirectional
conditionality implied by the DAG [19,21,22]. One consequence of
this can put medical probability calculations out by factors of say
2-10 times or worse for each branch point in the BN [14]. By any
standards, this should be seen as a startling deficiency, but ad-
mittedly is it easier to state than to justify, so it is discussed below
in section 1.5, and in Theory Section 2.

1.5. Some defenses of the Bayes Net and corresponding counterarguments

Researchers in socioeconomics tend to use “classical” statistical
methods and in some instances the BN may seem as unfamiliar, or as
contentious, as the HDN. Where interested to explore the merits of in-
ference nets, they may well find the BN to be an attractive or safer
choice because of its popularity and some 30 years of use. In fairness to
the BN, its supporters argue several benefits, presented and critiqued as
follows. These go back to, or at least are related to, Pearl's original
points [27], but accounts by supporters may be their own interpretation
or modification, especially since the BN is often justified in terms of
contentious ideas about causality (discussed first).

(i) The BN traditionally seeks to capture cause-effect relationships
and is often said to test or model them. This is also used to justify
the use of the DAG. In the present authors' opinion this aspect
(usually presented as a positive feature of the BN) is the most
objectionable conceptually, although its consequences of needless
neglect of interactions arising from the use of the DAG (causal
model or not) are of most concern in practice (see points (ii)-(iv)
below). Probabilities obtained by observation and counting are
statistics governed by the adage in Section 1.4 (ii) above that
“correlation does not imply causation”. Consequently, many BN
users avoid the causal aspect. For the DAG justified in terms of
causality, the variables as conditional probabilities in a BN should
not be applied in any other order than one that respects order in
time, but then rather than treatment of causality being a bonus
feature, this would greatly limit the BN's range of application.
Even within that range of application, writing one particular
partial expansion of a more complicated probability does not
imply a unique solution to a causal model. Indeed, many example
BNs in the literature that appear to justify causal relations are
actually one of many possible exact expansions of the joint
probability being addressed, so that data were sufficient, the BN is
not an estimate and so was not needed to provide an estimate,
and as an exact solution was inevitably correct irrespective of the
particular expansion used and any causal interpretation. No
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(i)

examples of this have been found concerning socioeconomic data,
but consider the long-standing Wikipedia entry on Bayesian
Networks [30], P(G, S, R) = P(G |S, R) P(S |R) P(R)) is an exact
expansion for any assignment of values G = Grass wet (true/
false), S = Sprinkler turned on (true/false), and R = Raining
(true/false. The statement following is “The model can answer
questions about the presence of a cause given the presence of an
effect” [30], but that did not necessarily require the BN and it
does require prior knowledge of how rain and sprinklers wet grass
and how dry weather causes the sprinkler to be turned on. P(G, S,
R) =P(R |G, S) P(S |G) P(G) is equally valid for probabilities
based on the contingency table based observed number of oc-
currence of the events, but rain was not caused by any state of the
sprinkler or grass. P(R |G, S) may be a much lower probability
than P(G |S, R). However, drawing any deductions about me-
chanism and process from that requires prior knowledge as
common sense and more generally it is a dangerous argument. In
complex interactions in, for example, chemistry and metabolism,
probabilities as concentrations at equilibria or steady state may
be high or low but only kinetic studies, i.e. introducing time, will
reveal mechanism and sequence, e.g. that A <= C <= B, not A <= B
<> C. Somewhat ironically, despite all the above, it seems evident
that studying both “observational inference” or outcomes and
“causal interventions” or etiologies depends on including inter-
actions in both directions of conditionality. But while the HDN
provides this, it does not depend on presumptions about causal
mechanisms.

BNs are considered as very effective by modeling a joint dis-
tribution, to “fill the gaps” in the data and probabilities available.
An HDN can do this similarly, but by considering bidirectional
relationships it has the advantage of an intrinsic representation of
Bayes' Rule as a basis for consistency between probabilities. A BN
certainly does not because Bayes' Rule requires conditionality to
be expressed in both directions. Unless specifically present as a
guide, Bayes' Rule, especially combined normalization and mar-
ginal summation, results in the need for probability values in a
way that is counterintuitive to humans (and forms the basis of
manty probability puzzles) [12]. This leaves it open to human
errors especially whenever there is a subjective component, or
otherwise it requires a contingency table of counts or prob-
abilities, without gaps, in order to ensure that probabilities are
coherent before applying them to the BN [12]. An HDN user
modeling a joint probability (or equivalent in an odds HDN dis-
cussed below) and showing that he imaginary part of the h-
complex value disappears (see Theory Section 2.2).

(iii) The counterargument to the above would be that, providing care

is taken in BN use by preprocessing the data that provides the
probabilities, then BNs and HDNs are in general simply different
estimates. The “filling the gaps” above relates in part to the fact
that inference nets of the BN and HDN kind are at their most
useful as estimates of a complicated probability when there is
insufficient data for exact calculation of it. If built properly by
DAG rules, then the BN is a valid estimate. But this is essentially
the same issue that was partially addressed in Section 1.4 (iv)
above, where it was emphasized that valid estimates are not ne-
cessarily good estimates. The DAG-based approach leads to the
unnecessary neglect of important interactions for which data
would clearly be available, as evidenced by the probabilities that
are calculated [14]. See also Theory Section 2.1. In short, if
constructed correctly, the HDN inevitably must do better at
“filling the gaps”. Any kind of inference net set up by a researcher
could be a poorer model or estimate than it need be, but on the
whole the different HDN building modules tend to pick, or allow
the user to pick, more complicated probabilities (with as many
attributes as possible) that are as free of independency assump-
tions as the data will support.

(iv)

)

(vi)
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Researchers using BNs have on occasion overcome deficiencies of
the BN that arise from omitting interactions, and notably to
overcome the extreme assumption that “parent nodes” in the BN
are independent (i.e. the events etc. described are treated as if
come together at random), because it is confined to the DAG. The
main solution is by use of hidden nodes and parameterization of
them by iterative methods. However, these are essentially mini-
mization/optimization procedures that are not necessarily trivial,
unsuited to large networks especially those with more than one
hidden node, can have the usual difficulties such as local en-
trapment, and are relatively rarely applied [14].

Users can overcome some other major difficulties for a BN that
are implied in the above by avoiding estimation of absolute
probabilities (such as prevalence in populations). Those difficul-
ties evaporate for a BN with use of relative probabilities implied
by renormalization, distributions, and use of odds as probability
ratios. Obviously, the main difficulty here is that absolute prob-
abilities cannot be calculated. But also, these computations of
relative or renormalized values can cause most of the prob-
abilities representing interactions in the net (as well as self or
prior probabilities) to vanish as a result of cancellations due to
division when they do not directly involve the prediction target
[14]. This can sometimes even reduce purely multiplicative in-
ference nets like the BN to a single probability [14].

In regard to the above aspect, the BN can be argued to be no
worse than one of the main forms of the HDN, namely the odds
HDN [26], used in the present paper. The odds HDN calculates
relative probabilities (i.e. odds) and hence does not calculate an
absolute probability. Similarly, it also potentially loses many
probabilities, as odds, through cancellation. But in practice, the
number of interactions considered is greatly increased, not re-
duced. The approach is designed to use only probabilities (and
hence odds) that contain the target, and this is well suited to
HDNs that can contain hundreds of thousands or millions of
probability terms on that basis, as exemplified in the present
paper, with probabilities that can contain many factors (imply
many nodes). It may be argued that this causes it to lose its more
diffuse network character in the sense that all nodes connect to
the target node, but the quantitative results from features such as
branch points and cyclic paths can still be implied in the prob-
abilities used where they can contain many factors. Practical al-
gorithms can be made efficient by using approximations based on
expectation measures [14], but whatever the approach they
usually still represent estimates that imply more interactions than
the typical BN.

(vii) It could consequently be argued that the above odds inference

algorithm could equally well be applied to a BN, and that for an
odds HDN the bidirectional character, or at least some of its
benefits, is lost by discarding bidirectional probabilities, so con-
ferring no relative advantage for the HDN. However, closer in-
spection proves the latter to be incorrect. Odds as probability
ratios in an HDN retain the same essential, including bidirec-
tional, features. The HDN thus remains h-complex, and predictive
odds and likelihood ratios now provide the dual. It is still subject
to Bayes' Rule, albeit with slight modification due to a cancelation
(see Theory Section 2.3 and Eqn. (15)), and benefits arising from
that still apply.

(viii) The BN implies a strategy (the DAG) that is relatively easy to

describe and for the researcher to use where appropriate, and the
notion that something causes something is here particularly
helpful. The most obvious criticism of the HDN is that it is
mathematically more complicated, and inference net construction
is more difficult. Our response should of course be that one must
go with the tools that are needed for the task, and that any sim-
plification comes at a price. Nonetheless, BN construction and
interpretation are still not trivial, and simplicity and complexity
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are matters of taste, familiarity, and perception of relevance.
Moreover, the HDN technology is largely directed at fully or ex-
tensively automatic HDN construction, as an important part of the
“AlI approach”.

1.6. Previous work on the complexity of population health as a system

Prior work of interest to the application domain of the present study
has not been reviewed by us, and some essential aspects are as follows.
For the relatively small data sample used here [3] “complexity” relates
as much to the system itself as it does to the challenges for data ana-
lytics. It is the dynamic and often bidirectional nature of interactions
within the healthcare ecosystem that can make interpretation difficult.
Such complex interactions are particularly evident in the so-called
“Meikirch model” promoted by Birchir and Hahn [32]. They see human
health and wellbeing as a complex adaptive system (CAS), based on five
components. Humans like all biological creatures must satisfactorily
respond to (a) the demands of life, so they need (b) a biologically given
potential (BGP) and (c) a personally acquired potential (PAP). These are
properties of individuals embedded within (d) social and (e) environ-
mental determinants of health. Between these five components of
health there are potentially 10 complex two-way interactions. Of con-
siderable current interest [33-36] is how equity and equality impact,
and how they are impacted by, all the potential determinants. Though
often thought of as the desire for, and implementation of means to,
obtain equality, the term “equity” in the data used here appears to re-
semble equality more closely in terms of the measures on which it is
based [3]. However, definitions of the distinction between equity and
equality differ. In one commonly held opinion [37] equity involves
trying to understand and give people what they need to enjoy full,
healthy lives, while equality aims to ensure that everyone actually gets
the same things in order to enjoy full, healthy lives [37]. In others,
equality refers to equal opportunity and the same levels of support for
all segments of society, while equity goes a step further and refers of-
fering varying levels of support depending upon need to achieve greater
fairness of outcomes [38]. Many definitions converge to the idea that
equity is the determinant as recognizing equal rights and making at-
tempts to implement that, while equality is a hoped-for or actual out-
come, e.g. “Equity is the means/process. Equality is the outcome or end
result of the process” [39]. Some authors appear to switch the two, but
whatever their definitions, equity and/or equality are viewed as vital in
modern education [40] and social structure [41-43]. The OECD (Or-
ganization for Economic Collaboration and Development) appears to
rate the US as performing rather poorly compared with a basket of
primarily European quite prosperous countries [40] in terms of dis-
parity between the literacy of individuals with and without tertiary
educated parents, both for 15 year olds and 26-28 year olds. The dis-
parity seems especially marked for nations when taking account of their
prosperity (e.g. as measured by the Legatum Institute [41]. Social
philosophers may see it as an aspect of, and further evidence for,
anomie, a concept introduced by Durkheim in 1893 [42]. Anomie is a
condition in which society provides little moral guidance to individuals
...” [43]. The natural link here between “guidance” and education is
suggestive, since extending the curriculum of an education available to
all seems a relatively tractable approach to overcoming any unfairness
and misbalance in a social system, at least as a first step. Consequently
some attention is given to correlations and associations with education
in this paper.

2. Theory and review of the notation and principles
2.1. The classical basis and notation

The underpinnings of the basic method (as well some further aspects
by us and others [44-50] used in the present paper), do not replace
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“classical” data analysis and knowledge representation. However, we
argue that they generalize and extend them. Our starting point is the
familiar conditional probability, a purely real-valued scalar value on the
interval O ... 1, primarily historically introduced by de Moivre. It is also
used building block and variable in BNs and in HDNs [12-14]. It is of
the following form.

P(A |B) = P(A, B)/P(B) @

Traditionally, in “classical” frequentist statistics, it is recognized
that such probabilities cannot be seen directly. Eqn. (1) “means in
practice” n(A, B)/n(B), where n(A, B) is the number of times A and B
are seen, and n(B) the number of times B is seen, if those numbers are
sufficiently large. Because the data in this study is very sparse, the
contribution of the counts is represented in this study by an information
theoretic approach [44-46]. The estimate converges to the above ap-
proach as data increases, but it converges to 1 as the data vanishes, then
implying zero information I(A|B) = -log(P(A|B) and appropriately
having no effect of a purely multiplicative inference net. See Section
2.3.

Above and throughout this paper, A and B are used in the usual
traditional way in theoretical discussions; they represent things, events,
states, observation, measurements etc. that can be seen and counted,
giving probabilities that represent degree of truth or scope of applic-
ability (or representing an analogous degree of belief). By analogy with
parameters in XML, in Q-UEL they are generally called attributes, and in
medical contexts they are often called factors, e.g. demographic or
clinical factors. In a theoretical discussion, by either of A and B we can
actually mean several things e.g. one would be a little more explicit by
writing P(A |B, C) stating three distinct things are involved, or P(A |B,
C, D) indicating four, and so on. Also, A and B in Eqn. (1) could each be
whole logical or other expressions A researcher needs to write, B, C etc.
more specifically in practical application. Using our Q-UEL meta-
data: = value notation, one may have for example A as ‘type 2 diabetes’
and B as BMI(kg/m"2): = ’greater than or equal to 25.0’ (here BMI is
body mass index). This Q-UEL attribute notation will be self-ex-
planatory, and while a detailed account would reveal further useful
features, this is not needed here. Note however that single quotes ¢
delimit the character strings used as metadata and value when there is
ambiguity created by embedded whitespace, which would otherwise
signify, by default, the logical operator ‘AND’. The vertical bar ‘|’ in
Eqn. (1) can be rendered as logical ‘IF’ or ‘conditional upon’ or ‘given
that’ or ‘from the sample of’.

Most discussions of directional causality in regard to the BN seem to
us misleading. In Q-UEL and the HDN, we do allow that a probability P
(“A is caused by B”) can exist as a probabilistic semantic statement (see
later below), but it is not necessarily the same thing as P(A|B). One
cannot reasonably say, in terms of conditional probabilities, that A is
caused by B so that P(A|B) > 0 and that P(B|A) = 0 because B causing
A is impossible. It would contravene Bayes’ rule:

P(A|B)P(B) = P(B|A)P(A) (2)

In any event, having only one of P(A|B) and P(B|A) as zero is of
course not what we naturally see in data mining, and importantly a
probability can of course have a non-zero probability even if im-
plausible as a causal statement. For example, consider the following.

P(‘type 2 diabetes’ | BMI(kg/m"2): = ’greater than or equal to 25.0’,
Age(years): = ’16 to 54) = 0.63 3)

P(BMI(kg/m"2): = ’greater than or equal to 25.0’, Age(years): = "16 to
54’ | ‘type 2 diabetes’) = 0.12 (@)

There has been for some time the popular impression that a high
BMI causes type 2 diabetes, but there is also recognition that the con-
verse is also true (e.g. see Ref. [12] for discussion). Admittedly, the
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following would look perfectly reasonable even if interpreted causally.

P(BMI(kg/m"2): = ’greater than or equal to 25.0’ | ‘type 2 diabetes’)

However, Eqn. (3) and (4) also mention an age range. It seems very
unlikely that Eqn. (4) can be interpreted as saying that type 2 diabetes
also causes an age range. In practice, it simply represents the probability
of finding a person with that range of BMI and age in a sample of type 2
diabetic patients. Similarly we can study associations in the specifically
socioeconomic part of the data repository:

P('Population Health": = 'greater than 75' | 'Economy": = 'greater than

75,  'Public  Safety: ='70’, 'Housing: ='50’, 'Study" = 'US-
News2019”) = 0.83) %)
P('Economy': = 'greater than 75, '"Public Safety': = '70’,
'Housing": = '50’, 'Study": = 'USNews2019' | '"Population
Health" = 'greater than 75) = 0.072 (6)

It seems much more likely that economy and related factors cause
higher quality of population health than vice versa, but Eqn. (5) and (6)
cannot alone tell us that. The ability to reach the further kinds of
probability such as P(“A is caused by B”) depends on prior knowledge of
a kind that we often call common sense, but in many cases the direction
of causality is not so obvious a priori, as in the above example of type 2
diabetes. But causal or not, the assumption of unidirectional relation-
ship in the BN, being based on the DAG, does lead automatically to an
assumption that does have a drastic effect on computation. For ex-
ample, the Bayes Net (BN) would compute a branch between B and D
and E as follows.

P(A < (B < D, C < E)) = P(A |B, C) x P(B |D) x P(C |E) )

That is to say, the BN makes the assumption that “parent nodes” of
A, namely B and C, are statistically independent of each other, and the
specific interaction between B and C is lost in this direction of con-
ditionality. It assumes amongst other things that the following “asso-
ciation constant” value

K(B; C) = P(B, C) / P(B)P(C) (8)

has, in the directional of conditionality that matters computationally,
the value 1. This choice affects the estimates of propensities and pre-
valence including joint probabilities [3,4]. This association value of 1 is
hardly even approximately true for most interesting medical data,
especially as symptoms, lifestyle, comorbidities, and not least lab re-
sults are supposed to provide vital clues to the physician by having
strong association values. For example, from our earlier published
studies,

K(‘congestive heart failure’; ‘cardiac arrhythmias’) = 4.14 9

For congestive heart failure with a strongly related comorbidity
such as pulmonary circulation disorder it is 6.55 and with renal failure
5.64 [14]. Recall that this issue arises at every branch of a BN, and it
worsens if there three or more parent nodes in a branch. For medical
data, the assumption that an association constant is simply 1 can lead to
estimates of joint probabilities by a BN as being in error by a factor of
2-10 times or worse, per branch point [14]. Using distributions, re-
normalized values, or relative probability ameliorates this problem, but
it leads to cancelations by division of many of the probabilities, losing
even more interactions [14]. Somewhat similar issues to all the above
arise when considering a property called recurrence, which is invisible
to a BN but that needs to be considered for the use of a BGG [14].

2.2. The Dirac braket as a probability dual

QM can handle interactions in both directions and does not have the
above problems [31]. This because it encodes both directions of
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conditionality in a complex number, usually with an imaginary part
associated with the imaginary number i (such that ii = —1). We may
see, for example,

< momentum(eV-sec):=0.2 | position(Angstrom):=6.3 >

This exemplifies the Dirac braket < A|B > and the encoding of the
dual can be expressed as {P(A|B), P(B|A)} as an i-complex probability
amplitude. However, relating the i-complex case to these component
conditional probabilities is fairly complicated, involving Dirac's recipe
for observable probabilities using a recipe of “ket normalization” and
the “Born rule” [31]. By a Lorentz rotation to the h-complex case (re-
call, also rediscovered by Dirac) this results in classical probability
behavior and a correspondingly simpler treatment. One may write as
follows.

< ‘systolic BP(mmHg):=145| Glucose(mg/dl):=180 >

It has a purely hyperbolic complex value (or purely real if P
(A|B) = P(B|A)) that can be expressed as a Hermitian Commutator of
empirical adjoint probabilities, e.g. conditional probabilities, and in the
equivalent spinor form:

<A |B> = % [P(A|B) + P(B|A)] + h % [P(A|B) — P(B|A)] = 1P
(A|B) + *P(B|A) = {P(A|B), P(B|A)} (10)

Note that the so-called complex conjugate of < A|B >, indicated by the
asterisk in the manner < A|B > *, changes the sign of the imaginary
part, and so < A|B>* = <B|A>and <A[B> = <BJ|A> ¥ asis
also the case in i-complex QM. The physicist's spinor projectors arev = %
(1 + h) and v* = % (1-h). However, the dual {P(A|B), P(B|A)} follows
naturally as a shorthand for \P(A|B) + 1*P(B|A). It is sufficient to write,
for example, the following.

< ‘type 2 diabetes’ | BMI(kg/m"2): = ’greater than or equal to 25.0’,
Age(years): = ’16 to 54’ > = {0.63, 0.14} an

Above, the spinor projectors have the following properties that
make proofs and calculations easy: the idempotent property w =1,
v1* = %, the annihilation property w* =1*1 = 0, and the normal-
ization property 1+1* = 1*+1 = 1. Applying this with Eqn. (10), it
follows that when multiplying such brakets in an HDN, {w, x} x {y,
z} = {wy, xz}. Similarly division, addition, subtraction and many other
algebraic operations can be independently applied to each component
of the dual.

Along with simple extension to the odds as discussed later below,
the above provides most of the relevant, less commonly known, algebra
that is needed for the greater part of the present paper. However a
deeper account provides a greater understanding of some aspects, and is
given in the footnote below.’

! The theory addressed in this paper follows from Dirac's idea of dualization
and its physical interpretation, e.g. see his discussion following his equation
(23) in chapter 2 of ref [31]. There one finds an enigmatic unnumbered
equation that can be re-rendered as < A[B> =1<A[B> + 1* <A|B>,
trivially true by the above normalization rule v + * = 1 that implies
X = 1X + 1*x, where x is real (or at least not h-complex). But it can be more
meaningfully shown to be true from Eqn. (10) and the two other rules of 1 (iota)
algebra, which also allows z = 1x + 1*y where x # y and z is h-complex. If x
and y just happen to take the same value, the result is purely real “by coin-
cidence”, but a real value is necessarily the case when x is not a distinct adjoint
form of y. This applies for self-probabilities P(A), joint probabilities P(A, B),
association constants K(A; B), and odds ratios of evidence based medicine etc.
In contrast, conditional probabilities P(A|B) and P(B|A), predictive odds, like-
lihood ratios (see below) have distinct adjoint forms that imply the existence of
a dual and a potential h-complex value. But it is often important that we can
dualize what is normally thought of as a purely real valued entity; see Section
2.3. In Section 2.5, below, it is also seen how every argument does not need to
be interchangeable. R in < A | R |B > is not, if R is Hermitian.
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2.3. Tag value attributes: probabilities, odds, and association constants

Values that relate to quantities implied algebraically by the tag (and
there may be options as to which are used) are called tag value attributes.
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(A)

The assoc attribute, being symmetric and applying to the relation-
ship, usually appears in the relationship expression, i.e. between, the
two vertical bars ‘| so seen as relating to a Dirac operator expression
(and an eigenvalue of it). A common construction where it is seen is e.g.

< 'Public Safety":='60-69"' Pfwd:= 0.5795 | 'Population Health:='80-89' and 'Environment':='60-69'

Pbwd:=0.0993>

Again note that and is often omitted, logical AND being the default,
and that a comma ‘,’ is also an alternative (but usually indicates that
order might be important for some Q-UEL applications). Note especially
the tag value attributes called Pfwd (probability forward) and Pbwd
(probability backward) that must appear on the tags as knowledge
elements are stored for future use or are to transmitted via the Internet.
If neither is present on the tag nor represented in computer memory (as
the value of the braket as a variable) then the default value is 1. In
practice, data-mined tags usually contain additional features such as a
tag name somewhat analogous to that in XML, and a lot of other detail
for web management and provenance. By the above, Q-UEL tags may
also carry more tag value attributes than the normal probability dual
implies or allows, and applications can optionally use these as alter-
natives, e.g. odds or association constants instead of conditional prob-
abilities. However, except in special indicated cases (e.g. alternative
estimates) they must be consistent with the values implied by the
probability dual. For example, an obvious case by eye is that if Pfwd or
Pbwd take very low values, certain other attributes of interest must also
do so.

Of particular interest are the assoc (association constant) and Ofwd
(odds forward) and Obwd (odds backward). Like Pfwd and Pbwd, they
too have default 1 if not explicitly mentioned. Ofwd corresponds to
predictive odds, and its converse or adjoint form Obwd is a likelihood
ratio.

Predictive odds = PO(A|B) = P(A |B) / P(not A |B) = P(A, B) / P(not
A, B) 12)

Likelihood ratio = LR(B|A) = P(B|A)/P(B | not A) (13)
The odds dual formed from the above is
<A | B>/<notA | B> = {PO(A|B), LR(B|A)} a4

It also applies to a whole HDN, i.e. an odds HDN. The following two
Q-UEL tag examples illustrate the use of probabilities, odds and asso-
ciation constant for a single positive observation, and also use of de-
faults. Pfwd and assoc are omitted in the first case and Ofwd in the
second case.

| if: = assoc: = 6.34) |. Note here the relationship of the above asso-
ciation constant to the braket.

< A|B> ={P(A), P(B) } x K(A; B)} (16)

One use of the assoc value is that P(A|B), P(B|A) and K(A; B} to-
gether allow easy calculation of a full range of probabilities concerned
with A and B, plus many important evidence based medicine and epi-
demiological measures, including odds. Importantly it also provides the
basis for the symmetry correction mentioned in Section 2.1 above, and
the reomoval of the flaw in the BN that parent nodes at a branch point
are independent, one notes first the branch point, e.g. as in Eqn. (5),
and then multiplies the net by a corrective form such as the following
(required at each branch point)

<B,C|?>/<B?> <C|?> = {K(A; B), 1} 17)

See also ref [14] for a rather similar correction in the other direction
of conditionality, relating to the idea of occurrence of things, events,
states etc.

Note above the special attribute ‘?’. Here ‘?’ is the event of pre-
paration or observation that certainly occurred, even if what is set or
measured is uncertain, SO that P(?) =1. Terms
like < A|? > and < B|? > or < ?|A > and < ?|B > are also needed as
analogues of simple, self, or prior probabilities P(A) and P(B), but
which can now be distinguished in two directions of conditionality, and
they are most generally h-complex. Both the HDN and the traditional
BN typically use self or simple, as prior probabilities, updated by the
rest of the net. In Q-UEL and the HDN one defines them as follows.

< A|? > =1P(A) + 1* = {P(A), 1} (18)
<?[B> = 1+ 1* P(?|B) = {1, P(B)} (19)

2.4. Estimation of probabilities and brakets from sparse data

The Q-UEL approach also has roots in an information-theoretic
strategy originally developed in bioinformatics for sparse data [44-46].
A Baeysian degree of belief can be incorporated: the n[ ] are frequencies

< 'Population Health:='ge50' Ofwd:=2.0368 | if:=count:=1 | 'Equity":='ge66' 'County':='Mono County;
California’ 'Class":='Rural-high-performing' 'Rank":='20' Pbwd:=0.002328 Obwd:=0.0630 >

< Population Health:='t50' Pfwd:=0.6678 | if:=(assoc:=22.2249,

count:=1)

|'Equity":='ge66'

'Infrastructure”:='50" 'Public Safety":='50" 'Environment":='70' Pbwd:=0.07523 Obwd:=32.3214 >

Both odds are useful measures in evidence based medicine and other
disciplines. Note that Eqn. (12) gives two forms of predictive odds that
are equal because of cancelation of P(B) by division. Related to that, in
the case of odds applying Bayes Rule really reduces to meaning the
following.

Predictive odds = P(A, B)/P(not A, B) = { PO(A|B), LR(B|A)} {1, PrO
(A)} = likelihood ratio x prior odds 15)

Here the prior odds PrO(A) is defined as P(A)/P(not A) = P(A)/(1-P

of observation (numbers of occurrences), which could be zero, but the v
[ 1 are virtual frequencies reflecting prior belief, e.g. such that belief Be
(A|B) = v[A, B1/v[B]), calculating v[A, B] = Be(A, B) , N for total data
N, and so on. In the present study all v[ ] = 0. These “expected fre-
quencies” contribute to, but are distinct from, the expected conditional
information I(A|B,C, ...) given data d[A,B,C, ...]. It gives an expected
probability P(A|B,C, ...) computed as follows.

P(A[BC, ...) = @EU(AIB, ..) [dIAB, ..1) _ ol(s=1, n[ABC, ..D-Gs=1, nIB,C, ...)
(20)
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In the above equations, {(s, n) is the partially summated Riemann
zeta function:

¢s,m)=1+2°+3°+ .. +n°® 2n

Note that {(s,0) = 0. For s = 1 it emerges naturally from an integral
over possible information values each with a Bayesian posterior degree
of belief [44,45]. In the present study, a modified form called the z
function [20] is used to take account of a small discrepancy between
natural logarithms and zeta functions [20]. The distinction is smaller
when one zeta function is subtracted from another as here.

In practice, data mining in the Biolngine usually delivers the fol-
lowing value for a braket in spinor form

<A B> =1 e§(5=1, n[A, B]+vV[A,B])—((s=1, n[A]+V[A]) + l*e§(5=1, nl[A,
B]+V[A,B])—{(s=1, n[B]+Vv[BD) 22)

As noted above, Q-UEL tags ultimately intended for general use and
sharing carry a great deal of detail for management on the World Wide
Web, as well annotation as to provenance. Provenance includes details
pertaining to use of zeta functions and comparison with tradition cal-
culations e.g.
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where R can represent a relationship (or relationship operator or re-
lator) such as a verb, giving < A | R | B > . In general, we can more
explicitly write.

< subject expression | relationship expression | object expression >

The operator R, or relationship expression generally, is in all in-
teresting cases Hermitian (as is so in QM), such that

<A|R|B> = <B|R*

A> = <B|R|A>* 23)

Here < B | R* | A > the active/passive inverse of <A | R | B>, but
complex conjugation <B | R | A> * meaning (<B | R | A>)*
switches subject and object. If it wasn't, then one would be writing
eg. <A|R|B> = <B|S|A>* For example, < A | if | B> is
often used for < A|B > to present the semantic triple form, but one is
now free to make semantic interpretations of < A|B > such as < B |
are |A > (categorical interpretation) or < B| causes [A > = < A |‘is
caused by’ B > (causal interpretation), though the latter interpretation
in particular still requires external evidence. It is often the case it

<Q-UEL-DIRACMINER-KMETHOD-3-FACTOR-POPHEALTH-SURVEY:=(application:="Perl version
v5.16.3":=DiracMiner158.txt, input:=CommunityHealth.csv, patient/population#:=all:=0-900,
samplesize:=900, incidences:=22, prior=0, tagtime(gmt):='Sat Dec 8 13:24:10 2018'")

'Environment":='60-69' Pfwd:=(Pfzeta:=0.4702:=exp[3.1387-3.8934], classical:=0.4583:=22/48)

| if:='do all':=(assoc:=(standard:=1.4373, atomic:=(strength(nats):=3.1499:=3.1387--0.0112,
Kzeta:=1.2784:=exp[3.1387+13.6048-5.5016-5.3331-5.6632], classical:=1.2353:=22*8/244*206*287)),
Pjoint:=0.0244:=22/900), events:=(P[Education:=40-49]=0.2723~=244/900), P[Housing:=60-

69]=0.2301~=206/900), P[Environment:=60-69]=0.3201~=287/900)) |

'Education':='40-49' and 'Housing":='60-69' Pbwd:=(Pbzeta:=0.0801:=exp[3.1387-5.6632],

classical:=0.0767:=22/287)

Q-UEL-DIRACMINER-KMETHOD-3-FACTOR-POPHEALTH-SURVEY>

When all virtual frequencies v[ ] are zero, the above kinds of Q-UEL
tag value conform with Q-UEL's use of default 1 for Pfwd etc. Because
the probabilities approach 1 as the total amount of data N approaches
zero. However, we rapidly approach classical probabilities, usually
around N = 20, as N increases. It reflects zero information theory which
states that P(A) = 1 if information I(A) = -log(P(A)) = 0. This is held to
be consistent with Popper's principle of evidence and refutation [47]. A
statement unqualified by probability is either a statement tentatively
thought of as having probability 1 awaiting refutation by contrary
evidence, or is an assertion for which there is lack of knowledge or hard
evidence (which may be the same thing). In most real world applica-
tions, the user of an inference net never has access to the vast number of
influences that may impact the calculation. Not including a tag or its
equivalent in a purely multiplicative HDN (or a BN) because we lack
data, knowledge or even awareness, or discarding those where state-
ment of knowledge that it implies makes no sense, is the same as in-
cluding it with probability 1. The overall benefit of this approach to
sparse data is in the HDN inference net context, where as in a court of
law a lot of weak evidence can be brought together to overthrow a
decision made without it.

2.5. Semantic information and automated hunt for information on the
internet

In the present study, the following relates to literature research to
support studies carried somewhat behind the scenes rather than direct
used in inference [19,21,22], but it is part of our Biolngine metho-
dology, and we seek to raise it to represent a fundamental aspect of the
automatic or semi-automatic decision making process. It constitutes a
kind of semi-automated systematic review [23], and follows from the
same Q-UEL basic theoretical principles. Dirac's bra-operator-ket form,

equals < A|B >, and obviously so if a causal interpretation
of < A|B > is taken, but not in general. Except for some special
Hermitian matrices, Hermitian character of the relationships requires
that < A| and |B > are orthogonal vectors, which in logical and se-
mantic terms means that A and B are mutually exclusive.
Then < A|B > = <B|A > =0. This is however no worse than an
interpretation such as the homely example < dogs | if | cats > = <
cats| are | dogs > = 0, while < dogs | chase | cats > is greater than
zero (and the inverse is too, but with a lower probability). Note that we
can perform logical, relational, and syllogistic reasoning, as with the
simple example < A |are |[C> = <A |are |B> <B|are|C>.in
contrast, a construct < dogs | chase | cats > < cats | chase |
mice > has a numerical value that carries little more information than
stating collective truth of the component statements, of the scenario as
a whole, though there can be further utility if there is for example an
ecological or epidemiological effect of such a chain of events, essen-
tially impactful or even causal, e.g. propagating disease by fleas [19].
Notably, the researcher should somehow be able to see or imagine A
causing B, as in seeing dogs chasing cats, and in principle these are also
events that can be observed, sampled, and counted.

Although form < A| if | B > is the most prevalent tag form used in
this paper, in order to use the form of the semantic triple (subject-re-
lationship-object), more interesting verbal relationships did arise in
support studies in the present project. A Q-UEL application XTRACTOR
searched Internet text to obtain the statements of the above kind, par-
sing extracts of text, usually sentences, and putting them in a format
from which that from which these forms < A | R | B >, which may be
may be thought of as “semantic triples”, or forms like < A |R |B |S
|[C>=<A|R|B> <B|S]|C> as “linear semantic multiples” are
readily generated. In effect, XTRACT tags “autosurf and spawn” on the
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Internet. Links and citations in Q-UEL tags illustrated below point
XTRACTOR to go to an process a new web page, generating still more
such XTRACT tags, and this continues in an explosive process. In
XTRACT tags, annotation [Ohtpp ...] signifies a reference that was an
in-text link. Not appearing in these examples is that references found at
the foot of the web page appear as [1http... ], [2http ..., ] etc. [16,22].
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of score such as Economy, Infrastructure, and so on each of which al-
ready represents a curation and pooling by combining scores from
several sources. The later 2019 data as used by us (see below) also
included a score ‘Healthiest Community Score’ as well as the important

<Q-UEL-XTRACT “Population _health |*has *been *defined as| "the health _outcomes |of| "a _group
|of| individuals (including) |as| "the _distribution |of| "such outcomes |within| "the group&#911&#93;
(?_it) Population _health |*is| *an approach |to| health [Ohttps://en.wikipedia.org/wiki/Health] |*aims to
Aimprove| ‘the _health [Ohttps://en.wikipedia.org/wiki/Health] |of] “an “entire human _population; (This?)

human _population (concept)|*does not Arefer to| _animal {OR} plant populations; (This?) human
_population (concept) |*has *been *described as *consisting of| "three components"

| ‘was extracted from’ |

source:='https://en.wikipedia.org/wiki/Population health' time:="Thu Dec 13 15:48:13 2018' extract:=64 Q-

UEL-XTRACT>

<Q-UEL-XTRACT " (?These) |*are| health_outcomes {AND} patterns |of| health {AND} policies {AND}
interventions [Ohttps://en.wikipedia.org/wiki/Population_health_policies_and_interventions]&#911&#93
|as| "A _priority |*considered in *achieving *aim of| Population _Health |*is to *reduce]| health
inequities {OR} disparities |Jamong]| different population _groups [among| “other _factors “the social
_determinants |of| health [Ohttps://en.wikipedia.org/wiki/Social_determinants_of_health] |as| SDOH"

| ‘was extracted from’ |

source:='https://en.wikipedia.org/wiki/Population health' time:="Thu Dec 13 15:48:13 2018' extract:=65 Q-

UEL-XTRACT>

The slightly unnatural reading of some of the above sentences is due
to the fact that it is not simply extracted text. Parsing occurs followed
by reorganization of sentences (or combinations or parts of them) such
that the sentence structure, in general a tree graph, is recomposed as
much as possible into linear semantic multiples as above, that facilitate
extraction of semantic triples < A| R |B > . XTRACTOR tries to make
interpretations that may need curation, e.g. concerning what pronouns,
correlatives etc. actually refer to (e.g. what is referred to by “it”). The
reason for the additional symbols (such as prefix " for verbs) and added
annotation is to disclose the parsing and interpretative assumptions that
were made, because sometimes correct interpretation fails and curation
(by humans or more automatically) is required.

3. Methods
3.1. Data

The original data [3] comprised one record for each of 500 counties
or similar regions that are top scorers in population health, additionally
split into 4 classes of 100 that represent urban high performing, urban
up-and-coming, rural high performing, and rural up-and-coming. Along
the above grouping (urban high performing, etc. plus the class Overall)
the data comprises only scores for population health with 9 other types

‘Population Health’; the former is not specifically medical. To this we
add the County or county equivalent, each of the above 4 classes and
the County and in some studies a preliminary computed normality score
as to how usual, or otherwise, the record is. That makes 11 columns in
all, but still a relatively small number. Although the many data mining
examples used the 2018 data that was that available [3] when accessed
on 12/16/2018, extensive comparisons have been made with recent
2019 data. The 2018 data or overall ranking for the top 500 ranks
counties etc., corresponding to class ‘Overall’, is almost always used
combined with the rankings for the top counties etc. ranked in the top
100 of each of the urban high performing, urban up-and-coming etc.,
comprising 900 records overall. These 900 records had the considerable
advantage over the basic 500 in that they included a wider range of
values particularly for Population Health which would otherwise be
almost entirely confined to the range 50-100; this combination caused
some counties to be counted twice and this was retained in order to
provide more data-minable information, i.e. with the records dis-
tinguished by the above classes and their rank in them. Notice that
when referring to factors as indicated by the name defined as the me-
tadata (column headers), we generally use throughout capitals for
brevity, e.g. “Population Health” as opposed to writing e.g. “population

Use unsupervised DiracMiner to find
suitable targets and conditions, here
Target 'Population Health:=>'50-59',

SMASH calculates predictive odds and likelihood
ratios exactly for the initial input target and conditions
(including their ranges).

Primary condition ‘Education":=>'50-59'

SMASH does unsupervised mining to
find aditional relevant conditions.

SMASH ROC curve tuning 1: optimize M
quality = (100 x accuracy) — 0.01 x (100

SMASH generates many Q-UEL tags to build

= automatically HDN inference net to predict e.g.
'Population Health':=>'50-59' based on likelihood ratio,
for every record. Correct for the use of assumed
independencies by reference to exact calculation.
Verify all odds are coherent by Bayes Rule.

x sensitivity — 100 x specificity)? with

respect to an internal “decision
constant” that in effect runs between
predictive odds and likelihood ratio
values.

Cycle over SMASH for ROC curve tuning 2: optimize
quality = (100 x accuracy) — 0.01 x (100 x sensitivity —
100 x specificity)? with respect to primary condition
»range, e.g. x in ‘Education’:=>’x’, and predictive odds.

Drill-down data
and text mining
studies.

Fig. 1. Tools and workflow for the larger part of the present study.
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health score”, though in the present series of studies capitalized meta-
data also distinguishes the original data to which other data is joined.
The 2019 data is essentially analogous to the above 500 records in Class
‘Overall’ and was used in the analysis of length of hospital stay. Hence
the metadata (here meaning column headers) became as follows.

Healthiest Community 2019 Rank, Community, Healthiest
Community Score, Community Vitality, Equity, Economy, Education,
Environment, Food & Nutrition, Population Health, Housing, Public
Safety, Infrastructure, number admissions 2011, number admissions
2012, number admissions 2013, number admissions 2014, number
admissions 2015, number admissions 2016, average length of stay
2011, average length of stay 2012, average length of stay 2013, average
length of stay 2014, average length of stay 2015, average length of stay
2016.

The joining of the 2019 and hospital data with the hospital data
took account of state and county codes to ensure that counties and
county-like entities were not wrongly assigned (some county names are
popular and occur in several states), and to ensure that they did not
occur twice in this data even with correct assignments to states.
Consequently, this data is purer for statistical analysis on a county basis
in that each county only appears once in the data set. However, only
372 counties were common to the two sets of records joined as avail-
able to us at this time, so resulting in 372 joined records out of the
original 500 socioeconomic health records for 2019. Note that values
under Community become for example ‘Douglas County; Colorado’, i.e.
they include the state, again important because some popular names are
found in many states.

3.2. Tools and Workflows

Although Q-UEL has been defined as a vector-matrix and semantic
programming language (16, 19, 23), few Q-UEL applications have as
yet been encoded in Q-UEL itself. The developmental suite of Q-UEL
applications has over some years been written in the Perl language with
some past experiments in Python and Mathematica and Wolfram lan-
guages [23]. In the Biolngine as the industrialized version, the appli-
cations are currently recoded in the Scala language, well suited for
scalability in a middleware environment specialized to handle “Very
Big Data”. The applications may also produce comma separate value
(CSV) output files to invoke standard statistical methods available in
Python and Microsoft spreadsheets.. The Q-UEL software applications
used here were mainly DiracMiner with DiracBuilder 20] that convert
CSV files to Q-UEL (and to some natural language text as reports to the
physician etc.). There was also use of text analytics by MARPLE/
HDNstudent that converts natural language text to Q-UEL, [22,23], and
DiracSmash in normal and normality score mode, and ALERT and BILL
[26]. The latter three all produce Q-UEL tags as important output, but
also convert CSV files to reordered and/or selected subsets of original
records (in DiracSmash normality score mode with scores added to
records), again reappearing as CSV files.

Refs [22-26] include an account of performance in a more clinical
context, and Fig. 1 captures the main use of DiracMiner and DiracSmash
in this paper. DiracSmash is interesting because it uses the following as
a simple guideline to constructing very large odds-based inference nets,
and also in some sense represents the output as simplified prediction
model developed interactively. It normally requires a target such as
'"Population Health": = 'ge50’, and a Hitlist a list of suspected inter-
dependent factors as conditions or denominators, typically demographic.
It is a logical AND list. Optionally and commonly, there is also a Wishlist
or “Shortlist” that represents suspected independent or individually suffi-
cient factors, though they can “add up” to have a stronger effect. It is a
logical OR list from the perspective of selecting tags to be used in the
HDN and in testing simplified models, but RAND (randomly associated
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AND) between odds in the HDN; that is they represent the in-
dependencies that are the assumptions characteristic of an inference
net. In clinical contexts, they are often symptoms and clinical mea-
surements. As indicated by the example tags used throughout this
paper, binning of scores prior to sampling was automatically applied in
the ranges of 10 such as 50-59, 60-69, 70-79, 80-89, 90-99. Below 10
binning was to ranges of 1, above 100 to ranges of 100, and so on, but
these did not arise in the current data except for the rank in each class
such as urban-up-and-coming. However, ranges set as e.g. Equity =66
are set prior to this binning, and correlation is done prior to binning.
For the present studies, the above binning was essential in both Dir-
acSmash and DiracMiner. When DiracMiner was used, data mining was
unsupervised. When DiracSmash was used, Wishlist was for the most
part not required because focus was on predicting population health
scores above a specified value given a single condition such as the
equity or economy score above or below a specified value. Extensive
high dimensional data mining by DiracSmash was therefore usually
supervised only by the Target and Hitlist entry as queries, which en-
abled easy comparison with Pearson's two-way correlation. This still
allowed large inference nets to be built to confirm a positive or negative
prediction (usually for a high population health score), for which Dir-
acSmash confirmed coherence (as consistency of probabilities by Bayes'
Rule, and correct normalization and marginal summation). The above
positive or negative result was used along with the Hitlist condition, for
optimizing sensitivity and specificity, and generating simplified pre-
diction models, as follows.

3.3. ROC curve tuning

A strong feature of DiracSmash is that it not only makes predictions
but helps propose simplified models which can be considered as “risk
scores” for some specified target. The simplest model, as suggested by
the initial phase present studies and then used throughout, comprised
the Target, a single Hitlst condition, the positive (“yes”) or negative
(“no”) nature of the prediction of the Target given the Hitlist condition,
and the optimal value of the threshold as obtained by ROC curve tuning
[49]. Note that the likelihood ratio drives the prediction model in
DiracSmash and a likelihood ratio of less than 1 causes the prediction to
flip automatically to the complementary form. For example, the target
Equity =66” becomes “Equity < 66”. Roughly speaking, the optimi-
zation by the ROC curve [49] as applied in DiracSmash [26] in effect,
albeit indirectly, moves the threshold (decision point) between like-
lihood ratio as predictor and predictive odds as predictor. To obtain
reasonable balance between sensitivity and specificity, the threshold is
adjusted to maximize the following.

Quality = (100 x accuracy) — 0.01 x (100 x sensitivity — 100 x speci-
ficity)? 24)

The ROC Match as ‘yes’ or ‘no’, and hence as a true or false positive
and true or false negative respectively, usually depends at least in part
on the Hitlist and Wishlist and the number of factors in them with a
different weight. In this study WishlistWeight = 1 so that it dependent
wholly on Hitlist and Wishlist with an equal weight. Each optional al-
gorithm has different adjustable weights for the various influences. In
the following algorithm as used here, the Directionallnfo usually cor-
responds to the exponential of the log-odds-like sum of the information
(positive for. and negative against) the target contributed in-
dependently by each of all the factors on Hitlist and Wishlist.

fractionHits = (countHitlistHits + 1 + (countWishlistHits + 1) X
WishlistWeight) / (numberOfHitlistEntries + 1 + (numberOfWishlistEntries
+1) x WishlistWeight) (25)
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Table 1

Preliminary studies with the 2018 data. Classic Correlations between potential determinants of Population Health in comparison with Predictive Capability based on Associative Data Mining. The data combined the five

classes urban high performing, urban up-and-coming, rural high performing, and rural up-and-coming, and overall.

Predictive capability of HDN  Predictive capability of HDN

predicting Population

Likelihood ratio computed
from HDN. If < 1 then

Size of HDN (number of Q-UEL
odds tags). Original Population

Classical Pearson correlation of Population

Target for prediction is Population Health =87 (except

average stay) predicted with the following as fixed

Boray

predicting Population

health 2018 in same data with 5 classes used for

Health > 50 or < 50 has this
has this specificity%

Health > 50 or < 50 has
this sensitivity%

prediction is for Population

Health < 50

health data had 13 columns, 25

HDN construction. That just for class ‘Overall’ is

shown in brackets.

condition. (ROC curve tuned with respect to range

threshold - see text)

when joined with hospital stay.

91

80
72
72
52

20.733
4.693

197,286
185,444
184,168
144,881
158,905
165,987
118,679
109,962
116,450
168,853

+0.45,(+0.15)

Economy = 51

81

+0.40,(+0.28)

Infrastructure = 60
Education = 45

74
74
67
60
60
60
70
67

3.109
2.261

+0.38,(+0.18)

+0.33,(+0.24)

Food & Nutrition = 61
Public Safety = 67

57
61

1.856
1.586
0.692

+0.21,(+0.10)
+0.15,(+0.04)

0.00,(-0.01)

Comm. Vitality = 60

Housing = 59

57
65
61

0.571

+0.07,(+0.04)
(-0.33),-0.32

Environment > 65
Equity = 66

0.534

61

1.982
0.980

(+ 0.33), + 0.32

-0.13

Equity < 66

49

65

7,646,997 (25 columns)

Average days hospital stay 2016 < 4.5
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match = 'yes' if fractionHits > = matchThreshold &
directionallnfoWeight x directionallnfo = matchThreshold (26)
However, for most studies the Wishlist was empty, as if

wishlistWeight = 0. Also, initially we used directionalInfoWeight = 10,
and given the values of information prevailing in this study, the di-
rectional information served primarily as a break on strong contrary
evidence. In practice, removing this influence by setting
directionalInfoWeight = 0 produced almost identical results. In all the
studies, the essential model was almost entirely based on the likelihood
ratio predicted by the HDN (as 1 or more, or less than 1) and the
minimum fraction of Hitlist and Wishlist entries (factors) that would
have to be on a record for it to register as a positive prediction of the
target. For ROC curve tuning, this prediction was then compared with
the actual value on the target to record it as a true positive or a true
negative, or a false positive or a false negative, from which sensitivity,
specificity, and other performance metrics are calculated. A very low
threshold value for this essentially means that just one determinant as
condition is sufficient to generate a positive prediction, and since there
is just one such determinant in many of the present studies, this is ty-
pically the case. Normally, increasing the threshold value further will
cause the quality measure to deteriorate, so that there is a clear op-
timum, although for most studies here, as described below, an highest
value of Quality was obtained early at threshold 0.05 (reported as 5%)
and persisted as a plateau.

3.4. Detection of anomalous records as unusual data points

For such sparse data as applies in the present study, it is possible
that a rare “outlier” case of extremely good or very bad population
health could depend on a one-off factor or combination of factors that
could be important in providing a clue on how to improve population
health. Important supporting roles were also played by three ap-
proaches to anomalous record detection, pattern discovery, techniques
originally applied to give alerts to patients at risk, and text analytics.
DiracSmash in Normality score Mode, ALERT and BILL were all em-
ployed [26]. ALERT essentially compares every record with every other
record (or a sample selection of other records) with an adjustable model
for similarity/non-similarity. BILL also looks for records that represent
discrepancies but focuses on a single critical parameter such as cost of
an insurance claim value or, in this case, Population Health, assuming
that this value is at least roughly proportional to a sum or average of all
the other factors (scores). It learns the values of various items on re-
cords in order to predict some such total cost or benefit, noting cases
when that differs markedly from what is actually claimed to be the
value on a record. BILL performed somewhat poorly suggesting that
such simple additivity applies only to a very weak extent.

4. Results
4.1. Preliminary studies and overview of principal statistical results

Although this paper is primarily methodological (and not medical or
socioeconomic research) it is instructive to follow, with some discus-
sion, a story for real data in a practical use-case context. A very early
step in most studies is to generate a large Q-UEL tag (a collection of
summer data for each specified study) called the SSMETHOD (statistical
summary) tag. The following tag labeled POPHEALTH-SURVEY-
SUMMARY was generated by DiracMiner in its original Perl version
[20] which carries the “standard statistical summary report” usually
applied at the beginning of each study, not least to report on the
composition of the data. For the data of Table 1 below but confined to
the 500 records of class ‘Overall’, which is the overall ranking for the
top 500 ranks counties and county equivalents. The tag shown in part it
is as follows.
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<Q-UEL-POPHEALTH-SURVEY-SUMMARY:=(application:=' v5.16.3":=DiracMiner158.txt,
tagtime(gmt):="Tue Jan 8 02:48:17 2019":='standard cardiovascular report':='relator after clinical

descriptor':=(name:='Rank’, number:=1))

patients:="input file':=AetnaOverallClass.csv:=('original sample size":=500, 'selected sample

size":=500, 'number of descriptors':=10)

stakeholder:=initiator:=person:=(biostatistician, developer):=name:='Barry Robson'
stakeholder:=initiator:=organization:='data collection":=http://caymanheartfund.com/contact-us/",
stakeholder:=system:=initiating file:="command file:=Qcommand.txt:='containing initiating
tag":='(rsvdchar open bracket)Q-UEL-POPHEALTH-SURVEY-REQUEST patients:="input
file':=AetnaOverallClass.csv columns:=0-1 (rsvdchar bar) have:=if:='do all' (rsvdchar bar) Q-

UEL-QUERYTAG-POPHEALTH-SUMMARY-REQUEST(rsvdchar close bracket)'

stakeholder:=system:=application:='Perl":=version:='Perl version v5.16.3":='application

name":=DiracMiner158.txt
stakeholder:=system:="input data file':='AetnaOverallClass.csV'

stakeholder:=system:='output data file':='output.txt:=comment:='contained this tag Q-UEL-

POPHEALTH-SURVEY. Standard redirection if not disposed to screen.'

comment:=("**STATISTICAL NOTATION USED BY GENERATING APPLICATION NAMED

DiracMiner158.txt***',
'Reporting (mean value)+/-(dispersion), i.e. meaning range mean-
dispersion...mean+dispersion.’,

'Dispersions are P95 (range holds 95% of values), SD standard deviation, SE standard error, CI

confidence interval.")

Rank:='250.50+/-(282.90P95, 144.34SD, 144.92SDs, 6.45SE, 12.65Cl, 0.02Skew, -

2.94Kurtosis)'
Pfwd:='assuming random association':=183.05%:="-logPfwd":=-2.102872

| have:=if:='do all(do all)' |

County:=('Falls Church city; Virginia':=0.20%, 'Douglas County; Colorado":=0.20%, 'Los Alamos

County; New Mexico':=0.20%, 'Broomfield County; Colorado":=0.20%,

[many items omitted for brevity]

Note that for 500 records in which each is for a distinct county or
county equivalent appears once, we expect each to appear as 0.2%, as is
the case and consistent with the report 'original sample size: = 500 on
the tag. It is also useful for reporting detailed distributions of clinical,
population health, and epidemiological and social data based on age
and sex, although these factors were not distinguished in the data
available for the present study. However, general central tendency and
dispersion descriptors of the distributions of the data by value are re-
ported on the tag for the data detected as quantitative, as follows.

‘Population Health: = '74.32+/—(17.70P95, 9.03SD, 9.63SDs,
0.40SE, 0.79CI, 0.96Skew, 4.74Kurtosis).

Equity: = '59.12+/—-(30.65P95, 15.64SD, 15.88SDs, 0.70SE,
1.37CI, 0.12Skew, — 2.47Kurtosis)'

Education: = '55.77 +/—(25.29P95, 12.90SD, 13.16SDs, 0.58SE,
1.13CI, 0.18Skew, — 2.13Kurtosis)'

Economy: = '66.54+/—(24.14P95, 12.32SD, 12.69SDs, 0.55SE,
1.08ClI, 0.32Skew, —1.15Kurtosis)'

Housing: = '56.96+/—(29.15P95, 14.87SD, 15.10SDs, 0.67SE,
1.30CI, 0.13Skew, — 2.42Kurtosis)'

‘Food & Nutrition: = '62.85+/—(22.71P95, 11.59SD, 11.94SDs,
0.52SE, 1.02CI, 0.32Skew, — 1.13Kurtosis)'

Environment: = '59.88+/—(23.41P95,
0.53SE, 1.05CI, 0.26Skew, — 1.56Kurtosis)'

‘Public Safety": = '69.40+/—(19.38P95, 9.89SD, 10.37SDs, 0.44SE,
0.87CI, 0.64Skew, 1.51Kurtosis)'

‘Community Vitality": = '63.47 +/—(20.71P95, 10.57SD, 10.95SDs,
0.47SE, 0.93CI, 0.42Skew, — 0.35Kurtosis)'

The principal initial findings of socioeconomic interest are also
discussed here first to provide an initial overview, and are shown in
Tables 1 and 2. However, these initial studies (and Table 3 later below)
make relatively simple use of data mining since, for comparison with
pairwise Pearson's’ correlation, Population Health is explored for trend
with other factors just one at a time. Table 1 reports on the 2018 data or
overall ranking for the top 500 ranks counties etc. (corresponding to
class ‘Overall’), but now joined with the rankings for the top counties
etc. ranked in the top 100 of each of the urban high performing, urban

11.94SD, 12.25SDs,
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up-and-coming, rural high performing, and rural up-and-coming
classes.

A more detailed explanation of the calculations here and in
Table 1-3 below are given below in this Section, but the main measures
reported correspond to standard notions in classical correlation and
evidence based medicine, and the general meaning should be intuitive.
Except in one study (last row) to make comparison with Table 2, this
2018 data used in Table 1 did not contain joined hospital stay data.
There are 800 records in total in which some counties or county
equivalents occur twice but are distinguished by e.g. urban up-and-
coming and the score within that class for use in data mining. It has the
important advantage of including data for a variety of records in which
the score called Population Health is often significantly less than 50,
rather than a floor of around 50. It covers the range 35-100 such that
Population Health =50, arbitrarily chosen, was originally reasonably
used for predictions in Table 1, but later an optimal threshold of 87 was
used. The first value in the correlation Column 2 is for the five com-
bined classes that collectively have some counties or county equivalents
counted twice, while the following value in brackets comes from the
class ‘Overall’ data in which they are counted only once, and so re-
present the correlations of more general and traditional socioeconomic
(as opposed to methodological) interest. Table 2 is perhaps less con-
fusing as counties did not occur twice in the 2019 data as used, and the
numbers in brackets are simply the 2018 numbers on the above
“counties only once” basis for comparison. The results are not greatly
different especially for results of particular interest such as the negative
correlation between Population Health and Equity, meaning that the
basic story does not change, but note that the first of the values in the
pairs of correlations in Table 1 follow the likelihood ratio, sensitivity,
and specificity better. This is consistent with the fact that they are
derived from exactly the same data. Nor are they greatly different in
combined data where the above threshold or range for Population
Heath is taken arbitrarily as 50 but when subject to optimization of
which a suitable value was found to be 87. Of course, from a classical
population analysis point of view, by representing “top counties” by the
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Fig. 2. Scatter plot with regressions for Population Health against its potential determinants in the total combined data.

criteria of that web site [3], the data behind all these Tables 1-3 and the
data mining below still represents a rather biased sample.

As well as Q-UEL tags containing more standard analytical in-
formation such as the SS method tag above, comma separated value
(CSV) files can be generated as input to, for example, a Microsoft
spreadsheet. A scatter plot with best fit linear regression lines is shown
in Fig. 2 for the original combined 900 records mined in Table 1, which
includes some counties or county equivalents twice. This is because (a)
scatter plots and graphs encapsulate important features of the data in an
introductory way prior to extensive analysis, (b) they are appropriate

for comparisons and cross-validations with the general data mining,
and (c) because in this case as noted above, the combined classes in-
clude a lot of data for which the Population Health is less than 50,
covering the range 35-100. As Fig. 2 shows, most factors show a sig-
nificant positive trend as correlation and regression, three have insig-
nificant trend, but only one, Equity, shows a significant negative trend.

Table 2 discussed next below also gives the Pearson's correlations
both for Fig. 2 and for the more limited data in which each county
appears only once. While many factors become less significant for the
smaller data, the striking negative correlation for Equity is essentially
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Fig. 3. Graphic showing h-complex probabilities (probability amplitudes, probability duals) of factors associating with Population Health from the mining of the
combined data associating factors plotted as a function of their real and imaginary parts.
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unchanged. Table 2 looks at the recent 2019 data for the top 500 overall
joined with hospital admissions and length of stay data recently ac-
cessible to us. In contrast to the 2018 data that was extracted by our
methods from the website pages, the data used in Table 2 was down-
loaded as a file already prepared on the site [3] and did not combine
any data from other classes as above. The data mining results by Dir-
acSmash (including likelihood ratio, sensitivity and specificity) shown
in Table 2 therefore do not include duplicate counties. An average score
for Population Health was 72.5. A prediction of Public Health =87 was
again found to be or close to the optimal threshold or range in most
cases, and this was used for the studies in all rows in Table 2 in order to
compare results on a similar basis.

The following notions of significance were used. When looking at
Pearson correlation values in Column 2 of these Tables, by the usual
widely held convention, only negative correlations of —0.2 or less and
positive correlations of +0.2 or more are considered significant.
However, this has no fundamental theoretical basis and correlation, like
all the following “statistics”, is essentially a matter of degree. For
Column 4, a likelihood ratio (of which Relative Risk is an example) of
greater than 1 indicates that the factors in Column 1 that are to be
compared with population health are more likely to represent low or
high scores if the population health score above or below respectively a
stated threshold (=87 in Table 1). Based on conventions at least in our
data mining, odds of this kind are considered as strongly significant if
they represent an absolute information content of 0.5 nat (natural in-
formation units), i.e. the likelihood ratio is e ™% = 1.6487 ... or more,
or e %% = 0.6065 ... or less. The theory of expected information used
[20] causes the likelihood to start to approach 1 as data becomes in-
creasingly sparse. For sensitivity and specificity in columns 5 and 6
respectively, a value around 50% would be a random prediction, but
60%-70% is considered as having some predictive power. Less than
50% would mean worse than random and usually corresponds to a
likelihood ratio less than 1. This actually contains information and is
the reason why predictions of a Target are automatically switched to
those of the complementary state such as Population Health < 87 with
Equity =56. However, to make comparisons less confusing, we repeat
with Population Health =87 with Equity < 56 in such cases.

In examining Tables 1 and 2, as well as Table 3 below, note that the
two-way Pearson's correlation, the likelihood ratio, and the sensitivity
and specificity of predictions, are not precisely deducible from each
other, but they are for the most part mutually consistent. For example,
in Table 1 with results ranked by the size of the likelihood ratio, pair-
wise correlations of Economy, Infrastructure, Education, and Food and
Nutrition with Population health are large and positive when likelihood
ratio exceeds 2 and sensitivity and specificity are reasonably balanced
(see below) and high. Public safety and Community Vitality are mar-
ginal cases by likelihood ratio still exceeding 1, and this is reflected in
rather weak correlation, specificity and sensitivity. Equity and length of
stay in hospital have negative correlation with Population Health,
likelihood ratios less than 1, and rather poor sensitivity and specificity
in prediction. While the above consistency between correlation, like-
lihood ratio and sensitivity and specificity tends to be the case for nu-
merical data, there can be exceptions which tend to come with more
complex non-monotonic relationships. Note also that a reasonable
likelihood ratio such as for Community Vitality =60 does not ne-
cessarily guarantee very high sensitivity and specificity (Table 1). In
Table 2, the general story is the same. The rank order by likelihood
ratio has changed, but Economy, Infrastructure, Education, and Food
and Nutrition remain the top four, while the negative correlations with
Equity are still a strong, and indeed strengthened, feature.

The significant negative correlation of Equity with Population
Health that was at first surprising, at least to the authors, provided a
motivation for further “drill down” with our less traditional techniques
in order to explore further. Length of stay, is considered in Section 4.2.
In the interesting case of Equity, Equity =66 and Equity < 66 were in
turn entered initially to demonstrate the effect and the following
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consideration. In comparing the results of that, note that final predic-
tions from the HDN can vary from exact calculations even with cor-
rections if weak associations are purged from memory, so the likelihood
ratio 1.982 is not the exact reciprocal of 0.534 (the exact reciprocal is
1.873 in Table 1) for Equity = 66 and Equity < 66 runs done sepa-
rately.

4.2. A more detailed description of the statistics and scores generated

Recall that good Population Health was fixed arbitrarily as a score
of 50 in initial studies on combined data, but an optimized value 87 or
more for the data that based only on higher Population Health (Tables 1
and 2), the other factor involved in each case has a range such as In-
frastructure = 60 which is optimized by ROC tuning (see below). This
turns out to be essentially the same in practice as tuning to optimize the
likelihood ratio, and also with respect to predictive odds, which is
proportional to that likelihood ratio by a constant for the given data
that is the prior odds, e.g. P(Population Health = 50)/(1 - P(Population
Health = 50)). In both Tables 1 and 2, Column 2 shows the classical
Pearson's correlation R for Population Health (recall, meaning the po-
pulation health score) with the metadata (column headings) in the first
column, e.g. Economy, and ranges such as = 51 are ignored when
considering this classical correlation. The ranges relate to conversion
the numerical data to categorical for analysis by associative data
mining, which is relevant to the remaining columns. Column 3 relates
to size of the large HDN as an estimate generated for comparison pur-
poses: see Section 4.3.

Column 4 shows the calculated likelihood ratio, an example of
which is Relative Risk. Predictive odds are also calculated but it is the
prediction of Population Health =50 or Population Health =87 is
made as ‘yes’ or ‘no’ according to whether the likelihood ratio exceeds
1, although the ROC curve tuning [26] described below in effect ex-
plores the range between Predictive odds and likelihood ratio. These
odds are computed by the multiplication of Q-UEL tags (corresponding
to brakets, in the theory) obtained by a combination of supervised and
unsupervised data mining. As shown in column 3, this process can
generate very large inference nets because of the number of columns
and the cardinality of the data. To compare the size of our odds HDNs
with the much smaller size of typical BNs, note that the number of
conditional probabilities involved is twice the number of tags (since
each tag represents a dual probability and dual odds) in Column 3. The
multiplication process and expected odds shown on the tags represents
use of the theory of expected information used to get as much in-
formation as possible out of the available data. Though counts may be
few for joint events with many factors, many probabilities computed
from these can be brought together. Recall that, as in a court of law, a
great deal of weak or circumstantial information can accumulate to
overthrow a decision that would be made without it. If data for a tag is
reasonably large, say 20 counts or more for the joint event described by
a tag, then the expected odds closely corresponded.

4.3. Perturbation method and the perturbation correction factor y

Although the above made relatively simple use of data mining,
DiracSmash went through the steps of doing comparative calculations
based on construction of large inference nets as estimates, as Column 3
in each of the Tables indicates [26]. Normally this is done because the
HDN constructed provides an estimate of a complicated odds calcula-
tion (with many factors) that cannot be calculated directly. The Hitlist
by definition contains only interdependent factors as necessary inter-
dependent factors as conditions [26], and usually represents a query for
which there is adequate data (as is confirmed and reported by Dir-
acSmash). Consequently, an exact calculation of the odds is done, based
on the Hitlist as query. Next, a large odds HDN is constructed as an
estimate. The latter brings in unstructured data mining to bring in many
other combinations of factors that include the Target. The correction
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factor y (a multiplier) is now considered that will bring the exact cal-
culation and the HDN as an estimate into alignment. Normally, the
Wishlist is subsequently used to represent independent, necessary, in-
dividually sufficient factors, albeit with accumulative effect, and odds
terms that do not satisfy the Wishlist are removed. The correction factor
x is then applied to the HDN that was built to satisfy both Hitlist and
Wishlist. The Wishlist is empty in the case of producing Tables 1-3, but
the correction factor  is of interest in determining the predictive re-
liability of the data, at least in the context of the approximations that
the odds HDN makes (recall again that any inference net is primarily
used to make an estimate). Typically  is less than 1 representing di-
vision of the HDN by a factor in the range 1-1.2, and not uncommonly
1.5. Although it is of course undesirable that a risk odds reported as 0.3
should really be 0.2, or more seriously that odds for imminent risk
based on strong laboratory data is estimated as say 6 should in actually
be 4, that does not affect a binary yes/no prediction based on a strong
likelihood ratio much more or much less than 1. In much of the present
study the factor  implies a division by a factor which is typically in the
range in range 2-3 (e.g. 2.64 for Population Health =87 given Food &
Nutrition =60) since data is more limited overall and dependent on the
theory of expected information and associated algorithmic features
[26]. In our experience, if a simple traditional clinical calculation of
odds is repeated by including many more patient factors, such dis-
crepancies and worse are common. However, for the smaller set of 372
joined population health and hospital stay records, having an extended
number of columns (with full sampling so that a million or more tags
can be used to build the HDN), can reach a division factor of 10. This is
so in regard to the length of stay data joined with the population health
socioeconomic data. It is worth noting that the discrepancies are in our
experience of the same order of error per node as those in the BN which,
being based on the DAG assumes independencies of parent nodes. In the
case of the HDN these, and the discrepancies represented by 7 are
automatically corrected as part of the overall algorithm.

4.4. Quality measures obtained and ROC tuning

Sensitivity and specificity in Columns 5 and 6 also require more
explanation as follows. The classical correlation and even the likelihood
ratio may not reflect the fullest predictive capability and hence true
information content of the data in terms of true positives and negatives
and false positives and negatives and hence sensitivity, specificity, etc.
when the prediction method is tuned (optimized) by the ROC Receiver
operating characteristics approach) applied in DiracSmash [26]. Recall
that if the likelihood ratio is less than 1, i.e. the prediction is ‘no’ rather
than ‘yes’, then DiracSmash automatically switches the prediction to
the complement, e.g. in Table 1 predicting Housing =59 is switched to
predicting Housing < 59, and predicting Equity =66 is switched to
Equity < 66, and so on. In general DiracSmash allows a number of
different simple prediction models to be tested and this is typically
based on the Hitlist interdependent and Wishlist independent factors
[26]. However, in this case the matter is somewhat simpler and final
sensitivity etc. essentially depend on the prediction as ‘yes’ or ‘no’ as
above, on the target Population Health =50 being seen on each record
with the other factor such as Economy =51 for a true positive, and
conversely Population Health < 50 and Economy < 51 for a true ne-
gative. See Ref. [26] for more details. For most studies in the present
project, namely the studies used to produce Tables 1-3, the above ef-
fectively zero settings for WishListWeight and DirectionallnfoWeight
(See Methods Section 3.3), and a single condition on the Hitlist, meant
that in many cases the ROC tuning largely served to reject a Quality
threshold value of zero and accept the first non-zero threshold value
tested, which was 0.05 (reported as 5%), the same Quality then con-
tinuing as a plateau to threshold 1. Note that this does not necessarily
imply an equal balance of sensitivity and specificity. In most cases
reasonable balance is obtained so that Quality is only slightly less than
accuracy which follows the lowest measure. In a case of a very poorly
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balanced sensitivity and specificity with respect to range and ROC op-
timization, as obtained for predicting Population Health =75 given
Economy =75, True positives etc. are TP = 85 FP = 40 TN = 197
FN = 182, Accuracy = 56%, Sensitivity = 32%, Specificity = 83%, and
Quality = 30%. Generally accuracy lay in the range from sensitivity to
specificity inclusive and typically near the mean, and Quality is slightly
less than the lowest of sensitivity and specificity. Although accuracy is a
popular choice for reporting, it is not a good one. It is well known that it
can be misleadingly high in certain circumstances sensitivity and spe-
cificity are not balanced, depending on the balance between TP and TN
[26].

4.5. Studies on predicting hospital length of stay

As yet, while the data joined with admissions and length of hospital
stay gives an interesting negative correlation with Population Health, in
this small current data it is as sufficiently weak so as to be considered
insignificant by standard criteria. This is supported by rather poor
predictive capability to predict Population Health from length of hos-
pital stay and vice versa, as shown by sensitivity and specificity. With
correlation in the insignificant range, likelihood ratios both close to 1,
and sensitivity and specificity close to random (50%). Hence, most of
the detailed analyses and results are omitted for brevity here, but will
be subject to further study elsewhere because they could be due to
competing factors. For example, counties with good population health
and economy might allow patients to stay in longer, competing with the
possible tendency that longer stays are likely to be reduced by good
population health in the county.

Nonetheless, worth mentioning here are other stronger determi-
nants of length of stay found in the 372 joined records that come from
the original admissions data, namely the number of admissions an-
nually, as shown in Table 3. Specifying all available current year data
2011-2016 data admissions (for a variety of threshold values for each
year) as interdependent necessary factors is not significantly more ef-
fective than using just one of these years.

Also, the correlations and likelihood ratios show that the length of
hospital stay tends to increase with number of admissions, at least for
this small sample of 372 small joined records. This is not the case for the
analysis of the original un-joined length of stay records that essentially
just comprises number of admission from 2011 to 2016 and annual
average length of stay from 2011 to 2016. Preliminary studies indicate
that this difference between full admissions data and joined data is not
simply an artifact due to the much smaller amount of joined data (372
records compared with 2173). It is to be recalled that the county po-
pulation health data available to us is biased in the sense of only
comprising high ranked counties. Consequently, it appears that for
those counties that rank relatively highly in scores such as economy and
population health, there is a significant, though not strong, correlation,
likelihood ratio, and predictive power between number of admissions
and length of stay in hospital. The reason for this positive correlation is
not obvious though it also appears plausible that the larger hospitals
have greater flexibility to accommodate longer stays, and possibly pa-
tients in poorer health might tend to be transferred to a larger hospital.

4.6. Results considered in h-complex space

As the above demonstrates, many results obtained by the metho-
dology described here can be described in classical probability and
statistical terms, but considerable extra insight and capability comes
from the fact that probabilities, predictive odds and likelihood ratios
are really expressed in an h-complex space. Graphic representations are
often helpful. In Fig. 3, each point is the h-complex value of data-mined
Q-UEL tag representing a Dirac braket < A|B > for a particular set of
several factors. In this case A is Population Health =50 while B will
typically be some four other factors, Economy, Education etc. Each Q-
UEL tag from data mining associations of the kind considered here
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carries two probabilities (attributes Pfwd and Pbwd) corresponding to a
probability dual represents a probability dual of form {P(A|B), P(B|A)}
related to an h-complex value as in Eqn. (10). Importantly for the
present paper, the tags also carry odds attributes (predictive odds Ofwd
and likelihood ratio Obwd), but probabilities are perhaps easier to
understand graphically in regard to approach to limiting values be-
cause, just as probabilities have limits 0 and 1, their h-complex coun-
terparts are confined to the so-called “iota diamond” shown in Fig. 3.
The corners are bound by the corners with values 0,1, 1 and 1*. The
abscissa (x-axis) corresponds to %2 [P(A|B) + P(B|A)] as the real or
“existential” part of Eqn. (10), representing the probability P(“some A
are B”) which by definition is equal to the P(“some B are A”), i.e. the
symmetrical component of the relationship between A and B. In this
case P(B|A) is small, consistent with the next consideration below, so
note that the real value is approximately 2P(A|B) and doubling the
value on the diagram gives the real probability (albeit subject to esti-
mation by the use of the zeta function to estimate expected information
in this study). Consequently the values correspond to a range of P(A|B)
from 0.2 to 1.0 with a majority at about 0.8. The ordinate (y-axis)
corresponds to %2 [P(A|B) — P(B|A)] as the imaginary or “universal” part
of Eqn. (10), the asymmetrical component representing P(“All B are
A”), i.e. the extent to which most B are A, from which we can deduce P
(“All A are B”), the extent to which most A are B, but it is not the same
thing. If these points had been reflected through the abscissa to the
lower part of the diagram, one would have conclude the at most A are
B. In such cases when the points lie well above or below, the data are
said to be “polarized”.

The fact that P(“All B are A”) is here very high, and the majority are
as high as possible subject to constraint of the real value, means that the
large majority of combinations of factors include high health scores.
This is somewhat artificial due to the nature of the data which is for top
ranking communities only. We would say that by that the data are
“artificially polarized”. Nonetheless, that is not obvious without at least
some preliminary inspection of that data or a description of it. These
kinds of diagrams help us recognize that and interpret accordingly, and
also inspection of the points in the diagram as in the box to the upper
right of Fig. 3 reveals less obvious, more specific, information. Similar
diagrams may be obtained for HDNs as estimates of brakets with many
more factors. Nonetheless, a diagram is not particularly helpful for
every aspect of interest: often, knowledge of the value suffices. Notably,
those HDNs designed to estimate a joint probability should theoretically
all be represented by points that all lie on the abscissa, so a single
number suffices. Recall that this is because the imaginary part should
vanish for the imaginary part of an HDN calculating a joint probability
from both directions P(A|B) and P(B|A) of conditional probability, or
the corresponding odds, whence the probabilities are said to show co-
herence with respect to Bayes’ rule, but it is rare that it is exactly zero,
and in this case the small amount of data meant an important role for
estimation of effective probabilities using the zeta function. The joint
probability ratios for these studies were typically zero to two decimal
places and almost all represented less than 4.0% of the real part of the
joint probability ratio, which is considered sufficient for the purpose.

4.7. Studies related to Simpson's paradox

Classical Pearson's correlation studies supported well our data
mining and prediction from it, including in regard to the controversial
negative trend between Equity and Population Health; however, since
Person's correlation and related techniques can sometimes show what is
considered a reverse trend due to Simpson's paradox, this demands
some consideration. See Fig. 4.

Simpson's Paradox applies when the direction of a relationship at
the population-level may be reversed within the subgroups comprising
that population, and seems most likely to occur when inferences are
drawn across different levels of explanation, from populations to sub-
groups, or subgroups to individuals [50]. In the case of the present data
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Simpson's Paradox could apply as shown in the schematic diagram in
Fig. 4, in which the overall trend of a putative causative factor with
Equity remains undesirably negative, but at least success has been
achieved in each group. The paradox is often described as applying
when a trend appears in several different groups of data but disappears
or reverses when these groups are combined. In this study, when all
scores except Population Health are added or averaged and plotted
against Population Health, the regression slope is 0.10 and correlation
becomes insignificant. This is consistent with poor predictive power for
BILL that assumes at least a roughly additive effect as discussed in
Methods Section 3.3. Note that correlation is also weak in “computer
experiments” in which scores (except Population Health) are averaged
over just a few factors such as economy as potential determinates of
population health are removed one at a time or collectively, giving
regressions slopes of 0.10-0.16.

The schematic Fig. 3 is reminiscent of Fig. 2, and Equity is fairly
complicated, so making it a possible candidate for Simpson's Paradox
because like the other scores it comprises several subgroups combined
prior to the public availability of the data. In this case these are Racial
Disparity in Educational Attainment, Segregation via Theil Index, heath
conditions equity via Air Toxics Exposure Disparity Index Score and
Premature Death Disparity Index Score, Income Equity via Gini Index
Score and Poverty Disparity Index Score, and Disability Employment
Gap [3]. Detailed collated subgroup data is not available at the time of
writing but data mining can reveal hidden underlying variables that
have impact by partitioning data, here the various scores, into ranges of
value that each form a categorical class. As Fig. 2 and particularly
Tables 1 and 2 indicate, most factors correlate positively with Popula-
tion Health. However, that the trend is not in general the same re-
gression. The linear regression is significantly considerably offset
meaning that the intercepts would have to be adjusted by a consider-
able amount to bring them into alignment. The possibility is open that
Economy, Education, and Food and Nutrition etc. create separate un-
derlying unknown subgroups, or even that, for example, high (or low)
scores for these factors more directly represent fairly distinct groups
within which Equity does increase with Population Health. For ex-
ample, areas with good food and nutrition are not necessarily those
with good housing or with good infrastructure, but represent in some
way “a different kind” of population. The possibility that Simpson's
paradox applies is usually tested by a segmentation approach to the data,
and associative data mining looks at categorical data and quantitative
(numerical) data rendered categorical by putting it into ranges, e.g.
60-69, 70-79 and so on, which can be readily varied. Selected areas of

Positive
trend of
individual
groups
Putative
dependent
factor
Negative
trend of
combined
E quity > groups

Fig. 4. A Purely Schematic Illustration of Simpson's Paradox. The trend beha-
vior within a single group can sometimes by exploring rectangular sections of
the scatter plot.
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Fig. 2 that can be explored optimized by adjusting binning ranges. It
can also be explored by adjusting thresholds of ranges such as 50 in
'Equity": = 1e50’ (“less than or equal to 50”) in target, Hitlist and
Wishlist to other values, by selecting records prior to analysis that
contain various ranges, and even by selecting records in which, for
example, a putative dependent factor such as economy a related by an
equation with positive slope, specifically looking to see if a positive
trend within a group is consistent with the counts, probabilities and
odds. For brevity only one example tag is given here, pulled out by the
predictive odds query PO(Population Health = 50, Equity < 66, rest
unsupervised) = 40.
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A pattern may be insignificant and coincidental or even occur less
than would be expected on a chance basis, and what constitutes pat-
terns can change sensitively with the data. The major objections (e.g.
Ref. [52]) on “patterns” as “rules” mostly relate to the latter. However,
they sometimes contain many more factors (potential determinants)
than those found in association studies, when there are many instances,
they can be considered as useful for proposing potential rules worthy of
consideration, such as the following. It applies to this study and is
consistent with the notion of sub-groups and Simpson's Paradox. “In

< 'Population Health='ge50" Ofwd:=47.0755 | if:=count:=46 | 'Equity":='le66' 'Community

Vitality':='60-69' 'Public Safety":='70-79' Pbwd:=0.0538 Obwd:=1.4565 >

Despite querying for and examining many tags in the above manner,
and despite changing and seeking to optimize the score ranges in data
mining to segment the data, no strong evidence was found of the overall
involvement and impact of Simpson's paradox, at least as described in
Fig. 3, when using associative data mining. There are inevitably inter-
esting exceptions, but whether these are usefully interpreted as hints of
the paradox is open to debate (See, Discussion and Conclusions Sections
5 and 6). Consequently, the extensive data mining results will be pre-
sented elsewhere in a broader discussion of the Equity problem. Es-
sentially, they support the negative Pearson's correlation and the a main
finding is that an overall negative correlation is a genuine feature of the
current data. In general, predictive odds and likelihood ratios exceeding
1 associated with factors exceeding a critical score, except in the case of
Equity, which required 'Equity: = 'le66’, i.e. Equity <66. Higher Po-
pulation Health with strong predictive odds and likelihood ratios, as-
sociate with economy, infrastructure, and education scores in parti-
cular. Unsupervised data mining in DiracSmash [26] and DiracMiner
[20] shows the above to be associated with each other, and with above-
average community vitality, public safety, environment, and food &
nutrition (here, found variously in the 50-69 range). In contrast, Equity
scores above any range produced no tags with significant positive
predictive odds, but they do for Equity considered low (here, equal to or
below 66). Purely unsupervised data mining by DiracMiner [20] sup-
ports this and shows the above to be associated with each and with
above average community vitality, public safety, environment, and
food & nutrition (here found variously in the 50-69 range). Generally
speaking, associative data mining with an unsupervised component like
that above is considered more powerful than pattern discovery as fol-
lows.

4.8. Pattern discovery tags and “Rule” generation

SMASH optionally also generates pattern tags for purposes of pattern
discovery. A pattern is simply a combination of factors (in the present
study there is no need to consider a particular order), that occurs more
than a specified number of times in the data. This number is just 2 in the
present study, although the counts of occurrences were often quite
high, as shown in the following example tags.

records where the equity score is 66 or more, population health can be good
providing that two or more of community vitality, food and nutrition, public
safety and infrastructure are at a reasonable level possibly reflecting public
and administrative care irrespective of economy, education and housing”.
“Rules” like this are, however, also commonly considered as subject to
changing with increases in data. An estimated probability Pfwd for such
as P(factors | 'Equity": = 'ge66’) does not have the same meaning here as
it does in other tags and detailed discussion is beyond present scope,
but briefly it is the number of occurrences divided by the total number
of all patterns found, and here it is lower than is typically the case. The
definitive measures relating to estimated true probabilities and odds are
those odds tags in Section 4.7 above. Those showed associations that
follow the negative trend of Pearson's correlation for Equity with other
factors, and pattern discovery cannot be considered as contradicting
that, but it does suggest that high Equity can be positively associated
with other scores in certain circumstances and indicates what circum-
stances are worthy of further investigation.

4.9. Anomalous case detection

BILL, ALERT, DiracSmash Normality score [26], and the DiracMiner
Patient Analysis mode [20], emphasize anomaly detection. This is
concerned with detecting unusual records or unusual features on re-
cords, including potentially erroneous or fraudulent records. Anom-
alous records in the current study may be considered as unusual cases
concerning counties, effectively counties that are unusual within the
context of the current analysis. They may provide useful information
and clues to interpretation because they might be considered outliers.
For example, records showing high Equity and high Population Health
might provide important clues as to future course of action to improve
both. BILL did not prove useful in this particular study (though the fact
that it did not find Population Health as not even remotely additive in
terms of the other factors is not inconsistent with the idea that Simp-
son's Paradox might be present). ALERT was initially expected to be
inappropriate because it is reasonably expected only to work with very

<Q-UEL-PATFACTORS-4 'Population Health:='ge50' 'Public Safety":='60-69' 'Community

Vitality':='60-69' Pfwd:=0.00020553
| if:=count:=49 | 'Equity":='ge66' Q-UEL-PATFACTORS-4>

<Q-UEL-PATFACTORS-4 'Population Health:='ge50' 'Food and Nutrition':='50-59' 'Public

Safety:='60-69' Pfwd:=0.00020553
| if:=count:=49 | 'Equity":='ge66' Q-UEL-PATFACTORS-4>

<Q-UEL-PATFACTORS-4 'Population Health":='ge50' 'Food and Nutrition':='50-59'
'Environment":='60-69' Pfwd:=0.00020134 | if:=count:=48 | 'Equity":='ge66' Q-UEL-

PATFACTORS-4>

<Q-UEL-PATFACTORS-4 'Class":='Overall' 'Population Health":='ge50" 'Infrastructure':='70-79'

Pfwd:=0.00019714
| if:=count:=47 | 'Equity":='ge66' Q-UEL-PATFACTORS-4>

<Q-UEL-PATFACTORS-4 'Population Health":='ge50' 'Food and Nutrition':='50-59' 'Community
Vitality:='50-59' Pfwd:=0.00019295 | if:=count:=46 | 'Equity":='ge66' Q-UEL-PATFACTORS-4>
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Table 4
Score entries on the records for counties scoring Normality score 1 or less.
County Population Equity Education Economy Hous-ing Food & Environ- Public Community Infra-
Health Nutrition ment Safety Vitality structure
Los Alamos County; New 94.4 83.1 66.5 67.2 86.2 68.7 76.7 72.8 75.5 88.6
Mexico
Morgan County; Utah 90.1 77 63 77.9 55.3 63.5 75 77.7 75.1 63.6
Ozaukee County; Wisconsin 90 72.6 77.3 79.8 60.5 65.7 66.1 70.2 71.3 76.4
Lincoln County; South 88 66.2 56 86.8 80.7 50.3 61.6 62.1 79 83.4
Dakota
Hamilton County; Indiana 85.1 69.1 77 91.2 73.2 54 47.8 63.8 83.2 83.2
Delaware County; Ohio 82.8 72.9 73.1 88.5 69.6 53.3 53.8 64.1 84.1 79.3
Dukes County; Mass. 63.6 72.5 82.4 68 34.5 71.9 57.2 60.2 91.7 86.5

large numbers of records, but interesting results were obtained. Top-
ranking records indicate the most unusual, and the top 10 were as
follows. Note first that, in normal use for very large data, Pfwd is very
small for unusual records, and the smaller that value, the more unusual
the record. Because data was sparse, the following top 10 are also all
those records at Pfwd 0.94 or less.
<Q-UEL-ALERT:=(application:=DiracAlert48.txt, 'language version":='v5.16.3',
input:=CommunityHealth.csv.txt, tagtime:="Fri Dec 28 14:44:30 2018') 'claimed entry":='Population
Health':='89.7' Pfwd:=0.93 | if | ID1":='"Urban-high-performing' 'Seen times':='100' 'ID2":='San Mateo
County; California’ seen:=2 'ID3"='39' record:=139 compare:=452,106 Q-UEL-ALERT>
<Q-UEL-ALERT:=(application:=DiracAlert48.txt, 'language version":='v5.16.3',
input:=CommunityHealth.csv.txt, tagtime:="Fri Dec 28 14:44:30 2018') 'claimed entry":='Population
Health':='73.7' Pfwd:=0.94 | if | ID1":='"Urban-high-performing' 'Seen times':='100' 'ID2":='Clear Creek
County; Colorado' seen:=2'ID3":="20' record:=120 compare:=428,289 Q-UEL-ALERT>
<Q-UEL-ALERT:=(application:=DiracAlert48.txt, 'language version":='v5.16.3',
input:=CommunityHealth.csv.txt, tagtime:='Fri Dec 28 14:44:30 2018') 'claimed entry':='Population
Health':='84.4' Pfwd:=0.94 | if | ID1":='"Urban-high-performing' 'Seen times':='100" 'ID2":='Summit County;
Colorado' seen:=2 'ID3"="21' record:=121 compare:=429,74 Q-UEL-ALERT>
<Q-UEL-ALERT:=(application:=DiracAlert48.txt, 'language version":='v5.16.3',
input:=CommunityHealth.csv.txt, tagtime:='Fri Dec 28 14:44:30 2018') 'claimed entry':='Population
Health':='86" Pfwd:=0.94 | if | ID1":='"Urban-high-performing’ 'Seen times":='100" 'ID2":='Hunterdon County;
New Jersey' seen:=2 'ID3":='35' record:=135 compare:=446,119 Q-UEL-ALERT>
<Q-UEL-ALERT:=(application:=DiracAlert48.txt, language version":='v5.16.3',
input:=CommunityHealth.csv.txt, tagtime:="Fri Dec 28 14:44:30 2018') 'claimed entry":='Population
Health':='83' Pfwd:=0.94 | if | ID1":='"Urban-high-performing’ 'Seen times":='100" 'ID2":='Eagle County;
Colorado' seen:=2 'ID3":='67' record:=167 compare:=488,211 Q-UEL-ALERT>
<Q-UEL-ALERT:=(application:=DiracAlert48.txt, language version":='v5.16.3',
input:=CommunityHealth.csv.txt, tagtime:="Fri Dec 28 14:44:30 2018') 'claimed entry":='"Population
Health':='63.4' Pfwd:=0.94 | if | ID1":='Rural-up-and-coming' 'Seen times":='100' 'ID2":='Keweenaw County;
Michigan' 'ID3"="'12"' record:=212 compare:=254,249 Q-UEL-ALERT>

91.2 in the present data, yet has an extreme gradient of wealth and a
very poor Equity of 17.8, putting its entries at 7 and 8 from the bottom
for the current Equity data used. For comparison, the records that had a
Pfwd of 0.99 or more represented the top 3 that scored as typical, and

<Q-UEL-ALERT:=(application:=DiracAlert48.txt, 'language version":='v5.16.3',
input:=CommunityHealth.csv.txt, tagtime:='Fri Dec 28 14:44:30 2018') 'claimed entry":='Population
Health":='76.7' Pfwd:=0.94 | if | ID1":='Rural-up-and-coming' '‘Seen times":='100" 'ID2":="Walworth County;
South Dakota' 'ID3":="27" record:=227 compare:=218,80 Q-UEL-ALERT>
<Q-UEL-ALERT:=(application:=DiracAlert48.txt, 'language version":='v5.16.3',
input:=CommunityHealth.csv.txt, tagtime:='Fri Dec 28 14:44:30 2018') 'claimed entry":='"Population
Health:='58.9' Pfwd:=0.94 | if | ID1":='Rural-up-and-coming' 'Seen times":='100" 'ID2":='"Mackinac County;
Michigan' 'ID3":='76' record:=276 compare:=687,683 Q-UEL-ALERT>
<Q-UEL-ALERT:=(application:=DiracAlert48.txt, 'language version":='v5.16.3',
input:=CommunityHealth.csv.txt, tagtime:='Fri Dec 28 14:44:30 2018') 'claimed entry":='"Population
Health':='69.9' Pfwd:=0.94 | if | ID1":='"Urban-up-and-coming' 'Seen times':='100' 'ID2":='Leelanau County;
Michigan' seen:=2 'ID3":='4' record:=4 compare:=724,400 Q-UEL-ALERT>
<Q-UEL-ALERT:=(application:=DiracAlert48.txt, 'language version":='v5.16.3',
input:=CommunityHealth.csv.txt, tagtime:='Fri Dec 28 14:44:30 2018') 'claimed entry":='"Population
Health":='83' Pfwd:=0.94 | if | ID1":='Overall' 'Seen times":='500' 'ID2":="Eagle County; Colorado' seen:=2
'ID3"='88' record:=488 compare:=167,148 Q-UEL-ALERT>

The method requires inspection of the records because the algo-

rithm does not currently distinguish the multiple ways in which records
can differ (except by changing setup control for the algorithm used and
rerunning). Notably San Mateo county came out as number 8 for
median household income out of 3144 county and county equivalents
in the United States [53], with an appropriately high economy score of
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were as follows. Note that Hawaii County, ranked as most typical of the
records of the 'Urban-up-and-coming’ class, had a fairly typical
Economy of 40-50 and Equity of 50-60, although with Population
Health at 77.6 it was scoring well.
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<Q-UEL-ALERT:=(application:=DiracAlert48.txt, 'language version':='v5.16.3',
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input:=CommunityHealth.csv.txt, tagtime:='Fri Dec 28 14:44:30 2018'") 'claimed entry":='Population
Health":='70.5' Pfwd:=0.99 | if | ID1":='Urban-high-performing' 'Seen times"='100" 'ID2":='New Kent County;

Virginia' seen:=2 'ID3":='40' record:=140 compare:=453,438 Q-UEL-ALERT>
<Q-UEL-ALERT:=(application:=DiracAlert48.txt, 'language version"='v5.16.3',

input:=CommunityHealth.csv.txt, tagtime:='Fri Dec 28 14:44:30 2018'") 'claimed entry":='Population
Health:='42.6' Pfwd:=0.99 | if | ID1":='Rural-up-and-coming' 'Seen times":='100" 'ID2":="Swain County;

North Carolina' 'ID3":='78' record:=278 compare:=804,653 Q-UEL-ALERT>
<Q-UEL-ALERT:=(application:=DiracAlert48.txt, 'language version':='v5.16.3',

input:=CommunityHealth.csv.txt, tagtime:='Fri Dec 28 14:44:30 2018') 'claimed entry":='Population
Health:='78.6' Pfwd:=0.99 | if | ID1":='Urban-up-and-coming' 'Seen times':='100' 'ID2":='"Hawaii County;

Hawaii' 'ID3":='62' record:=62 compare:=774,551 Q-UEL-ALERT>

Note that Los Alamos County New Mexico with a low Normality
Score of 1 and at the top of the list in Table 2 for the DiracSmash
Normality score output, discussed below. It was the 75th ranked tag
from ALERT, as follows.
<Q-UEL-ALERT:=(application:=DiracAlert48.txt, 'language version':='v5.16.3",

input:=CommunityHealth.csv.txt, tagtime:="Fri Dec 28 14:44:30 2018") 'claimed entry":='Population
Health":='94.4' Pfwd:=0.96 | if | ID1":='Urban-high-performing' 'Seen times':='100" 'ID2":='Los Alamos
County; New Mexico' seen:=2 'ID3"='3' record:=103 compare:=403,347 Q-UEL-ALERT>

Los Alamos County is notable as unusual by having Population
Health ranked in the top 4at 94.4 and Equity 83.1. Of course, the
modules BILL, ALERT and DiracSmash Normality score, as well as the
DiracMiner Patient Analysis mode discussed below, are designed to
detect different aspects of typical and unusual character, rather than
provide redundant information by using similar criteria. With ALERT
using the Population Health =50 pooling, the Population Health score
was in this case deemphasized to mean essentially “above average”.
However, ALERT did rank Los Alamos County 8.3% down the list of
likely anomalous records by other criteria.

See Table 4. Normality Score is a special mode of DiracSmash be-
cause it relies on the results of normal associative data mining. It looks
for those records that match the associations of features on the data
mining tags, and focuses on those that emerge with least matches and so
with lowest probabilities of occurring. That is, the lower the normality
score, the more unusual (anomalous) is the record compared with the
others in the data mined set. This mode also selects those records that
have a normality score equal to or less than one specified by the user.
For brevity, class, rank in class, and normality score have been removed
from the records found as show in Table 2, but these represent all the
records with lowest normality scores, of 1 in this study. DiracMiner
PATIENTANALYSIS tags were design to list strongly associated factors
for patients and show the probabilities etc. that the patient will have
those clinical or demographic values based on all other patients sam-
pled. The probabilities could be low, raising alerts that the patent has
unusual clinical values. This readily adapts to entities and entries other
than patients. For example while Equity shows an inverse trend with
education, plenty of cases such as Montgomery County Public Schools
Virginia appear to be very proactive in promoting non-discrimination
[51] and like several others do seem to buck the trend having above
average education and quite high equity.

Virginia appeared often in the pattern and patient analysis tags
generated as urban high performing in particular regard to and
Education and creditable Population Health, though rather typical in
regard to Equity.

4.10. Example use of XTRACTOR with DiracSmash odds tags

In using XTRACTOR to automatically surf and extract information
from the Internet, New Hampshire, was prominent in favoring health
education [54,55]. New Hampshire Department of Education re-
cognized that health education builds students' knowledge, skills, and
positive attitudes about health. Schools there follow NH Minimum
Standards for Public School Approval (Ed 306.40) and NH HIV and
Health Education Law (RSA 186.11 and RSA 189.10) give the New
Hampshire requirements for Health education. New Hampshire pro-
motes a considerable number of best practice points to provide skills-
focused instruction that follows a comprehensive, sequential, culturally
appropriate K-12 Health education curriculum, and argue for allocating
funds and release time to support annual professional development for
teachers of health. In the present analysis using DiracSmash with the
2018 data available at the time, for New Hampshire, scores Population
Health are high if Equity is high and Education scores are 70 or more, so
bucking the negative Equity trend in that specific sense. Note that data
is sparse at typical counts of 4 for joint occurrences of all the potential
determinants shown in the tag, so that expected Information zeta ap-
proach to present more specific cases is important for making what is in
effect an “evidence-so-far estimate” of odds.

<Q-UEL-DIRACMINER-PATIENTANALYSIS-3-FACTOR-CHF-SURVEY:=(application:="Perl
version v5.16.3":=DiracMiner158.ixt, input:=CommunityHealth.csv, patient#:=3, prior=0,

tagtime(gmt):='Sat Dec 8 13:54:09 2018")
'Education:='60-69"' Pfwd:=Pfzeta:=1.0000

| if:="do all:=assoc:=atomic:=(Kzeta:=4.1846, classical:=24.1086:=2*810000.0000/2*214*157) |
'County":='"Montgomery County; Virginia' and 'Equity":='70-79' Pbwd:=Pbzeta:=0.0193

Q-UEL-DIRACMINER-PATIENTANALYSIS-3-FACTOR-CHF-SURVEY>
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< 'Population Health:='ge50' Ofwd:=5.0610 | if:=count:=4 | 'Equity":='ge66' 'Environment':='40-49'
'Education":='70-79" 'County":='Rockingham County; New Hampshire' Pbwd:=0.005783 Obwd:=0.1566 >

< 'Population Health:='ge50' Ofwd:=5.0610 | if:=count:=4 | 'Equity":='ge66' 'Environment'='40-49'
'Education':='70-79"' 'County":='Merrimack County; New Hampshire' Pbwd:=0.005783470bwd:=0.1566 >

< 'Population Health:='ge50' Ofwd:=5.0610 | if:=count:=4 | 'Equity":='ge66' 'Public Safety":='70-79'
'Education':='70-79" 'County":='Merrimack County; New Hampshire' Pbwd:=0.005783470bwd:=0.1566 >

< 'Population Health:='ge50' Ofwd:=5.0610 | ifi=count:=4 | 'Equity":='ge66' 'Housing"='30-39'
'Education":='70-79" 'County":='Merrimack County; New Hampshire' Pbwd:=0.00578347 Obwd:=0.1566 >
< 'Population Health='ge50' Ofwd:=5.0610 | if:=count:=4 | 'Equity"='ge66' 'Housing':='30-39'
'Education’:='70-79' 'County":='Rockingham County; New Hampshire' Pbwd:=0.00578347 Obwd:=0.1566
>

< 'Population Health:='ge50' Ofwd:=5.0610 | if:=count:=4‘ | Equity"='ge66' 'Economy"='80-89'
'Education':='70-79" 'County":='Rockingham County; New Hampshire' Pbwd:=0.005783470bwd:=0.1566 >
< 'Population Health':='ge50" Ofwd:=5.0610 | if:=count:=4 | Equity":='ge66' 'Community Vitality':='60-69"
'Education:='70-79" 'County":='Rockingham County; New Hampshire' Pbwd:=0.00578347 Obwd:=0.1566
>

< 'Population Health='ge50' Ofwd:=5.0610 | if:=count:=4 | 'Equity":='ge66' 'Public Safety":='70-79'
'Education":='70-79" 'County":='Rockingham County; New Hampshire' Pbwd:=0.005783470bwd:=0.1566 >
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[the rest excluded for brevity]

For Virginia Population Health scores are high if Equity is high and
Education scores are 30 or more, so also bucking the negative Equity
trend in that specific sense, but now more typical with a weaker
Education score base of 30. However, counts for joint occurrence of
potential determinants is typically only 2, so use of the zeta function is
again important for making a evidence-so-far estimate of odds.

only highlight the dilemma with equity. New Hampshire only scores 2
on the B-W-M scale but supports the data mining findings because it
does appear to buck the negative equity trend with education, even

< 'Population Health":='ge50"' Ofwd:=3.0501 | if:=count:=2| 'Equity':='ge66' 'Economy":='50-59'
'Education':='40-49 'County":='Amherst County; Virginia' Pbwd:=0.003486 Obwd:=0.0944 >

< 'Population Health:='ge50' Ofwd:=3.0501 | if:=count:=2| 'Equity":='ge66' 'Public Safety':='80-89'-89
'Education':='40-49 'County":='Rappahannock County; Virginia' Pbwd:=0.0034856 Obwd:=0.0944 >
< 'Population Health":='ge50"' Ofwd:=3.0501 | if:=count:=2| 'Equity':='ge66' 'Education':='60-69'
'County":='Montgomery County; Virginia' 'Class":='Overall' Pbwd:=0.0034856 Obwd:=0.0944 >

< 'Population Health:='ge50' Ofwd:=3.0501 | if:=count:=2| 'Equity":='ge66' 'Food and Nutrition":='70-79'
'Education':='30-39'39 'County":='Craig County; Virginia' Pbwd:=0.003486 Obwd:=0.0944 >

< 'Population Health":='ge50' Ofwd:=3.0501 | if:=count:=2| 'Equity":='ge66' 'Education':='60-69'
'County":='Montgomery County; Virginia' 'Class".='Overall' Pbwd:=0.003486 Obwd:=0.0944 >

< 'Population Health:='ge50" Ofwd:=3.0501 | if:=count:=2| 'Equity":='ge66' 'Environment':='50-59'
'Education":='60-69’ 'County":='Stafford County; Virginia' Pbwd:=0.003486 Obwd:=0.0944 >

< 'Population Health:='ge50' Ofwd:=5.0610 | if:=count:=4| 'Equity':='ge66' 'Economy":='30-39'
'Education":='70-79 “"County":='Lexington city; Virginia' Pbwd:=0.0057836 Obwd:=0.1566 >

[the rest excluded for brevity]

See Table 5 (2018 data, more consistent with date of additional
information above). Qualitative and quantitative studies of the re-
lationships between education, socioeconomic factors, geography and
so on are, of course, not uncommon (e.g. Refs. [56-62]). The Brenner-
Wechsler-Mcmannus (B-W-M) study and scores [56] are of particular
interest here by casting light on the comparison between New Hamp-
shire and Virginia. These authors ask “How School Healthy Is Your
State?” and provide “a state-by-state comparison of school health
practices related to a healthy school environment and health”. The
score runs from —7 to +9. Top scorers (score 4-9) are Florida, Hawaii,
Rhode Island, South Carolina, Delaware, West Virginia, New York, New
Jersey. Note the positive correlation of Equity and Education in New
Hampshire. Combining their study with our analysis, it appears that
Population Heath versus Education correlation is very significantly
enhanced for schools with good health education programs, but they

Table 5
Brenner- wechsler-mcmannus study and initial correlations.

though negative correlation of equity with population health en-
igmatically persists. In contrast, Virginia seems a more typical example.

5. Discussion
5.1. Comparing and contrasting our main approach with other methods

In this paper we brought together data mining of both structured
(e.g. spreadsheet analysis) and unstructured data mining (i.e. text
analytic, natural language processing), and automated construction of
probabilistic inference nets that in this study used probabilities derived
from the structured approach. However, structured data mining was the
tool most used. How might our particular variation on that method be

Pearson Correlation for Class
“Overall”

Factor 1 Factor 2

scorer States

Pearson Correlation For B-W-M top

Pearson Correlation New
Hampshire

Pearson Correlation
Virginia

Population Health  Equity
Population Health  Education
Equity Education

—0.324 (negative)
+0.179
—0.357 (negative)

+0.480

—0.363 (negative)

—0.497 (negative)

—0.522 (negative)
+0.617
—0.443 (negative)

—0.498 (negative)
+0.469
+0.049

22



B. Robson and S. Boray

classified? Most broadly described, the main feature used here was
categorical data analytics as contrasted with analysis of continuous
quantitatively values, although it importantly included analysis of
numbers rendered categorical, as ranges. Arguably, major develop-
ments in categorical data analysis are relatively recent, and in part due
to the rise of Artificial Intelligence AI [63]. Data mining to obtain
probabilities with multiple factors [64] is often included in association
or associative data mining [65] (in the present case represented by
DiracMiner and DiracSmash), and is often considered as one of such
tools of Al, especially when combined with automated inference and
prediction. In contrast, the strength of early classical statistics was in
the routine statistical analysis of continuous quantitative variables, and
this has changed relatively little since the development of “classical” or
“frequentist” statistics promoted by Fisher and Neyman in the early
twentieth century [66], building on the earlier work of Pearson [67,68]
and others.

The well-known chi-squared test [67] is prominent in the exceptions
to the above, being an early development due to Pearson, and treating
categorical data; there is a relationship to associative data mining, and
especially to our approach. Finer classification of the association data
mining approach used here is helped by seeing an association constant
such as K(A; B) = P(A, B)/P(A) P(B) as, in the limit of indefinitely large
data, the ratio O/E where O is the observed and E is the expected fre-
quency of observation (counts)in the chi-square test [67]. We consider
mining for probabilities as associative because association in its general
sense is about A and B coming together, and note that P(A|B) = P(A)K
(A; B) and P(B|A) = P(B)K(A; B). The chi-squared test is based on the
chi squared measure (0-E)%/E [67]. However, the squaring losses in-
formation about whether O is greater than or less than the value ex-
pected on a random basis. At least for judging information content as
significance of the brakets as probabilistic statements, our methods
relate in part to data mining based on exponentials of the zeta function
expression {(s = 1, 0) - {(s = 1,E) [69]. This exponential approach O/E
in the limit of large data but is also suited to sparse data and belongs to
the Theory of Expected Information first early developed for bioinfor-
matics [44]. There is a subclass of our methods based on other values of
s that relate ¢ to other kinds of surprise measure, and even directly to
probabilities [46], but only s = 1 was used here, so strictly speaking it
is sufficient to call it a harmonic series (1 + 1/2 + 1/3 + ...) approach.
Unlike those earlier studies, a prime number theoretic approach to data
mining [46] was not used and other techniques were employed for
managing the combinatorial explosion [20,26]. Also, despite the in-
terest in comparing Pearson correlation, we did not use the earlier
technique of reformulating Pearson correlation R values to resemble an
association result or “rule” [70,71]. This is because binning in those
earlier studies was binary, usually into above or below the average
value, which facilitates interconversion with correlation. More elabo-
rate binning that does not presume monotonic trends in the data is best
done as in the present study.

Although there is arguably a deep relationship between aspects of
our methods and neural nets, it is natural to consider them as very
different. When, as in this study, associative data mining is used to
build inference networks, it is usually considered as probabilistic ma-
chine learning [72,73]. Such methods have been described as “top
down” in contrast to the “bottom up” approach using (artificial) neural
nets [74]. Neural nets currently suffer from the disadvantage that
learning is not associated with explicit probabilities but represented by
weights obscurely distributed across the network in a way neither
reusable for different problems nor easily understood by humans. Fully
resolving that problem will ultimately unify top down and bottom up
approaches. Currently, neural nets are best at recognition and cate-
gorization, e.g. of faces, with each set of weights appropriate to each
specific task, but there is the argument that the human brain uses both
bottom up and to down approaches, and hence so should advanced Al
[74]. Deep Learning is at present enjoying considerable popularity
where “deep” usually refers to the introduction of more hidden layers of
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nodes in neural nets [75]. However, in the history of neural nets, extra
hidden layers were always an option, and many authors including
ourselves consider that “deep learning” also applies to refinements in
probabilistic machine learning, especially for data mining of high di-
mensionality including cardinality, and large inference nets built from
it.

5.2. Comparing and contrasting the performance of our approach with
others

Especially because our approach is somewhat unusual, it is com-
parison between final predictive performances of methods that is ea-
siest to quantify. Unfortunately for that purpose, workers in the socio-
economic field have tended to use “classical” statistical methods and in
a descriptive rather than predictive way, even if the data is large [76].
More recently some such projects have used data mining (e.g. Refs.
[77-79]), but the focus is not in general on new methods and com-
paring their predictive power. There have been several relevant studies
using medical records. One of the authors (BR) reviewed these and
argued a reasonable lead to the HDN in predicting adverse events such
as congestive heart failure and renal failure [26] (see also ref [14]). The
problem still remains that comparison is difficult, because even if one
treats a method as a “black box” and focuses on input data and results,
data used are significantly different in nature and size in each study.
Some predications by other workers were more of the nature of diag-
noses than predictions of future events, the former generally being
considered easier because clinical results are supposed to provide
strong clues. Some authors report only accuracy, and a balanced high
score for both sensitivity and specificity is important because a high
accuracy can be obtained by allowing very low sensitivity or a very low
specificity. A recent review of neural net Deep Learning and predictions
of adverse events and future disease states from medical records, in-
dicated accuracy as high as 79% [80]. A preprint by some of the same
authors [81] describing their own Deep Learning approach (DeepPa-
tient) for a selection of some of the serious diseases that the studied
reported areas under the ROC curve of 85%-91%. This suggests ac-
curacies of similar values with a more balanced sensitivity and speci-
ficity of similar value. While fair comparison remains difficult, this
seems comparable with values of 91% accuracy that we obtained. These
results were for the most successful out of 5 different sets of clinical and
demographic factors as predictors of congestive heart failure and si-
milarly 91% out of 3 such sets for renal failure (See Table 2 in Ref.
[26]), noting here that “most successful” is not arbitrary but identifies
the relevant clinical and demographic factors. Example strong predic-
tion results of the present paper for predicting Population health from
Economy at 80% sensitivity and 91% specificity corresponding to 85%
accuracy, and Population Health from Infrastructure at correspondingly
72%, 81% and 75%. However, with very different data and prediction,
there is no particular significance claimed for this comparison except to
note that these kinds of scores indicate useful predictive capability.

5.3. Relative merits of including our kind of approach in routine statistical
studies

Techniques such as neural nets including Deep Learning can classify
or recognize complex features in milliseconds but training on standard
processors is usually measured in hours or days. Even with the avail-
ability of the state of-the-art high-performance computing systems, it
can require days to train deep neural networks [82-84]. For example, it
took six days to train AlexNet, one of the famous systems that estab-
lished Deep Learning [82], on two GTX 580 3 GB processors [83]. Our
own approaches, applied to large clinical or healthcare insurance
claims data of many columns and millions of records, can also take
minutes or hours according to detail and complexity required, but it is
fast for the present kind of socioeconomic data, even including the
combinatorial explosion discussed in Section 1.2.3. For studies by
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DiracSmash in the present paper, training and overall testing including
ROC curve optimization all from start to finish took 10 s for the longest
run in this present study on a relatively slow (2.30 GHz) processor,
although for very high dimensional medical data, runs are typically
around 44 min [26].

5.4. Comments on correlation, likelihood ratio, sensitivity and specificity

The correspondence between Pearson's correlation and the like-
lihood ratio, sensitivity and specificity (when derived from exactly the
same data) not only validates the data mining and inference
net algorithms used but also supports the more general idea that these
last three numbers should be high on the list of promising candidates
for use in routine statistical studies. Hunting for an involvement of
Simpson's paradox is not primarily a matter of looking for agreement or
discrepancy between correlation and our current methods. Rather, it is
a matter of examining data-mined tags (including those that are used
together in large numbers for the purpose of inference) and looking for
contradictions. Though no strong support for Simpson's paradox was
found in the present study, the paradox is a matter of degree and even
hints of it or of non-monotonic behavior can provide clues as discussed
in Section 6.5. DiracSmash displays many more measures than like-
lihood, sensitivity and specificity that we could have reported and used
[26], and DiracBuilder enables the user to create many more measures
as simple examples of inference nets [20]. However, other measures
added little to our present and previous [26] study. Predictive odds is
equal to likelihood ratio multiplied by prior odds (Eqn. (15)). This
makes the likelihood ratio less variable with proportions of factors in
the sample (which dictate prior odds), and so more readily transferable
to other populations and to the specific case such as a patient [26] or by
analogy a county. In any event it is effectively adjustable between
predictive odds and likelihood ratio by ROC curve tuning, essentially
adjusting a contribution from prior odds. The advantage of having both
sensitivity and specificity is that the user may wish to reset control
parameters to favor one over the other, in the manner of optimizing the
utility of a decision process. For example, the potential benefits of
current prostate cancer testing outweigh the stress caused by a positive
result and the harms of further testing and treatment [85]. However,
because of the traditional use of standard methods and ideally unbiased
reporting in the manner of a census, deliberate under or over prediction
is less likely to be a feature of socioeconomic study.

6. Conclusions
6.1. Primary conclusions

The combined use of tools and modes of use described in this paper
appears capable of adding significant value to the analysis of socio-
economic health data. Because the significant negative correlations
between scores for equity and population health, economy etc. were
unexpected at least to the authors, confirmation by several techniques
and measures, including long-established Pearson's correlation, was
particularly important for us. So was some consideration of Simpson's
paradox that can arise in Pearson's correlation, i.e. that a trend appears
in several different groups of data but reverses when these groups are
combined. No strong evidence for extensive appearance and impact of
the paradox was found in this study, but as noted above, its presence is
a matter of degree, and occasional hints of it can provide important
clues (see Section 6.4 below). In general in statistics it is obvious that
Simpson's paradox can matter, but ultimately an alternative argument
is possible here. If a negative correlation of Equity with other factors
applies overall, then socioeconomically it is an unsatisfactory situation
whether Simpson's Paradox applies or not. That is, even if trends with
Equity are positive within a group, the overall trend of the groups is
unsatisfactory. Also, unlike, say, rise of cholesterol with age in a study
of patients receiving a new statin drug, an example of Simpson's
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Paradox in which study age would not be a factor that could be influ-
enced, any underlying trend between subgroups may in the Population
Health case might well be susceptible to curative action. The general
conclusion would still remain that either the equity score is imperfect or
its goal or equal or appropriate opportunity is not yet achieved.

6.2. Ongoing and future development of the techniques

We are conscious that our tools need to be fine-honed to deal with
Simpson's Paradox. In part, this is a relatively simple matter of smarter
control of segmentation and binned value ranges in quantitative data.
However, despite the lack of evidence obtained for the appearance of
Simpson's paradox as it is usually defined, the findings did highlight
that there is not a single yes/no answer. A single statistical measure of
the extent to which the paradox applies would be of considerable value,
and additional information as to which parts of the statistical space, say
as displayed in Fig. 2, are affected, would be extremely useful. This is all
currently underway, but so far it has not produced any significantly
different conclusions for the socioeconomic health data studied here.
Some problems are less readily surmountable at this moment in time.
One is of course simply that the data are very small and further and
finer-grained data will probably be needed in order to confirm the
findings so far. In using the Theory of Expect Information, information
and probability typically start to converge closely to classical values
based on ratios of counts after approximately 20 observations. This
seems consistent with Fisher's recommendation of o = 1/20 (the
threshold of the P value for rejecting the null hypothesis) that is po-
pularly said to be based on the intuitive sense of 1 in 20 contrary ob-
servations as marginal evidence for concern [66]. Be that as it may,
while a few counts of associating events were in the 10-20 range, most
were less than 10. Significantly larger counts are not likely to be de-
livered for the kind of US County data in the foreseeable future, because
counties and equivalents are not likely to change much. This boosts the
argument for the use of a Theory of Expected Information for sparse
data for socioeconomic studies of this kind. There is a more funda-
mental problem in regard to what one means by “explanation” of re-
lationships found. The kind of tentative “rules” that can be generated
about what governs the relationships can be quite complex and it is
typical that the more coverage any rule or rule set provides, the more
complicated it becomes. A very complex statement is not likely to be a
pleasing answer, any more than a long and complicated mathematical
proof is pleasing to mathematicians. It is usually possible to give a
reasonable synopsis of how a criminal trial reached a conclusion even in
quite complex cases, but data mining and/or HDN construction can
involve hundreds of thousands or millions of tags as pieces of evidence.
Nonetheless, a system that gives some kind of explanation is always
preferable. We are building a system in which the knowledge extracted
could engage not only physicians but the community and its adminis-
trators by probabilistic semantics that is intrinsically easy to under-
stand, test and create, by having been built on a human language
model, as well as a common data model [86-88]. Already in clinical
applications the basic knowledge elements can be ranked by strength
and, when displayed in simplified Q-UEL, are easily directly readable by
eye, e.g. < uveitis Pfwd: =0.3 | if | ‘'ankylosing spondylitis'
Pbwd: = 0.2 >, and < uveitis | 'does not necessarily indicate’ | 'In-
tervertebral disc infection’ > .

6.3. Counterexamples and hints of Simpson's paradox can provide clues to
socioeconomic influences

A counterexample of the overall negative trend of Equity with
Population Health etc. can be suggestive of the nature of the socio-
economic problem and how it might be fixed. For example, a promising
“rule” extracted by pattern discovery was that “In records where the
equity score is 66 or more, population health can be good providing that two
or more of community vitality, food and nutrition, public safety and
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infrastructure are at a reasonable level possibly reflecting public and ad-
ministrative care irrespective of economy, education and housing”. As found
in Results Sections 4.9 and 4.10, education also sometimes emerges as a
potentially important factor. For brevity a more detailed analysis of
other will be done elsewhere, and some obviously suggest an appear-
ance of Simpson's paradox in certain parts of the data. For example,
New Hampshire had a positive correlation between Equity and Edu-
cation, and this provides an example of reversal of trend within a
subgroup. It is the relatively rare case of Education and Equity not
correlating negatively and in data mining. However, nothing suggests
to us that this is better seen in terms of Simpson's paradox as imposed
to, say, the appearance of informative outliers in the data, and either
way, it provides a possible clue worthy of further investigation. Al-
though Education was not always the most prominent among factors
which associate with high Equity and Population Health, it is plausible
that this is somehow a stronger factor in the problem detected, e.g.
current planning for equity might have worse-than-little effect on po-
pulation health score because it needs increasing equity in education.
Also, introducing a strong health guidance syllabus for all may raise the
influence of education to that of a major determining factor for popu-
lation health.

6.4. Some comments on equity and education

The above suggests a potential role for education in enhancing
equity. Of all contributing factors that might be addressed to enhance
equity, education seems the easiest to implement, involve by far the
least cost, and seems inherently unlikely to risk any negative con-
sequences. The Center for Disease Control Healthy Schools Program
may provide further useful data that will be explored [55]. It supports
programs administered by states that focus on improving the well-being
of youth through healthy eating, physical education and physical ac-
tivity, reducing risk factors associated with childhood obesity, and
managing chronic health conditions in schools. It may not be possible to
separate out equity, education and health, and they may need to be
treated fundamentally as “a bundle”. European studies tend to see
equity, education and health as an integrated holistic whole, and
highlight transitions between schools, as well as bullying and sense of
some kind of inequality and deficiency, as challenging to health (e.g.
Refs. [57-59]). US researchers are also “on the case” (e.g. Ref. [60]),
and many look both locally and internationally for an understanding
(e.g. Refs. [61,62]). Although further study is required, the experiment
of enhancing equity in education and importantly equity in health
education is indicated, would seem a worthy aim in itself, and as noted
above, would be relatively cost-effective and highly unlikely to have
any negative consequences.

6.5. Concluding Remarks

It remains that the authors are cautious about making such de-
clarations outside our area of main expertise, but for three main in-
teresting reasons. First and most basically, not only was the approach
somewhat unusual (though supported by classical correlation studies),
but also the data comprised scores developed by the data preparers, not
the present authors. Hence the impact of this requires further in-
vestigation by specialists including those skilled in use of socio-
economic metrics. Second, while our focus has indeed been methodo-
logical, to help extend the AI toolkit, the state of the art of Al is still
such that predictions by any such methods must be supported by vali-
dation [89]. The Alan Turing Institute in London [90] makes a parti-
cular study of what is required for safe and ethical AL Incidentally but
remarkably, it is highly appropriate for the present paper that the first
item on the list on their site as examined earlier in 2019 was fairness,
i.e. measuring and mitigating inappropriate bias against subgroups. It
was followed by transparency, i.e. improving our understanding of how
algorithmic systems operate with a view to their applications in the real
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world, and by matters of privacy, robustness, resilience, and control to
avoid unintended behaviors. Although the list and its details have
changed from time to time, fairness as lack of discrimination currently
remains a first priority of the Institute at the time of writing [90]. In
other words, matters related to equity are considered as major issues for
the development of AL Third and finally, note that our findings for
population health and economics etc. with respect to equity, from the
US data used, are not consistent with findings on economics and equity
more globally. At the global level, on average, increases in the level of
income inequality lead to lower transitional GDP per capita growth, and
increases in the level of income inequality have a negative long-run
effect on the level of GDP per capita [91], supported by a number of
studies [92-95]. None of this detracts from the desirability of im-
proving equity, not simply from an ethical perspective but also from an
overall economic one, and again education emerges as of interest.
Economists appear to accept that “equity-enhancing policies, particu-
larly such investment in human capital as education, can, in the long
run, boost economic growth, which, in turn, has been shown to alle-
viate poverty” [95].
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